
Machine Precision

I Computer numbers (floating point numbers) are a finite
subset of rational numbers.

I There is a smallest positive computer number ε so that

1 + ε > 1



Machine Precision



Overflow



Apple Memory Chip: Huge but finite capacity



IEEE 754 Double Precision Format

Every floating point number fits within 64 bits.



Round-off Errors and Floating Point Arithmetic

I Binary Machine Numbers: any double precision non-zero
floating point number has form

x = (−1)s 2c−1023 (1 + f ) , with 64 bits.

I s = sign bit: 0 for x > 0 and 1 for x < 0.
I c = characteristic, with 11 bits:

c = c1·210+c2·29+c3·28+c4·27+c5·26+c6·25+c7·24+c8·23+c9·22+c10·21+c11·20,

with each cj = 0 or 1.
I f = mantissa with 52 bits

f = f1 ·
(

1

2

)
+ · · ·+ f52 ·
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)52

=
52∑
j=1

fj ·
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2

)j

, each fj = 0 or 1.

I Floating Point: Binary point always comes after 1,
independent of c .



Round-off Errors and Floating Point Arithmetic

I Binary Machine Numbers: Example binary string
0 10000000011 1011100100010000000000000000000000000000000000000000

I s = 0, c = (10000000011)2 = 1024 + 2 + 1 = 1027, and

f = 1·
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.



Round-off Errors and Floating Point Arithmetic

I k-digit Decimal Machine Numbers:

x = ±0.d1d2 · · · dk×10n, where 1 ≤ d1 ≤ 9, 0 ≤ di ≤ k, i ≥ 2.

I Any positive real number

y = 0.d1d2 · · · dkdk+1dk+2 · · · × 10n,

≈ 0.d1d2 · · · dk × 10n
def
= fl(y) (chopping)

≈ 0.δ1δ2 · · · δk × 10n
def
= fl(y) (rounding),

where

rounding = chopping on y + 5× 10n−(k+1).

I If dk+1 < 5: rounding = chopping.
I If dk+1 ≥ 5: cut off dk+1 and below, then add 1 to dk .



Round-off Errors and Floating Point Arithmetic

I 5-digit Decimal Machine Numbers for π:

π = 0.314159265 · · · × 101

≈ 0.31415× 101 = 3.1415 (chopping)

≈ (0.31415 + 0.00001)× 101 = 3.1416 (rounding).



Absolute error vs. relative error

Suppose that p∗ is an approximation to p 6= 0.

I absolute error = |p − p∗|,
I relative error = |p−p∗|

|p| .

Example

I absolute errors:

|π − 3.1415| ≈ 9× 10−5, |π − 3.1416| ≈ 7× 10−6.

I relative errors:

|π − 3.1415|
π

≈ 3× 10−5,
|π − 3.1416|

π
≈ 2× 10−6.



A cool $200, 000 wager by LeSean McCoy,
wager

salary
≈ 3%



Relative error for chopping
Suppose that y = 0.d1d2 · · · dkdk+1dk+2 · · · × 10n, with d1 ≥ 1.

But 0.d1d2 · · · dkdk+1dk+2 · · · ≥ 0.1,



Relative error for rounding

Suppose that y = 0.d1d2 · · · dkdk+1dk+2 · · · × 10n, with d1 ≥ 1.∣∣∣∣y − fl(y)

y

∣∣∣∣ ≤ 0.5× 10−k+1.

Proof: Exercise in text.

Floating Point Arithmetic:

relative error ≈ 10−k+1 independent of n.



Machine addition, subtraction, multiplication, and division

Some computations involve millions of these operations,
the result could be very different from expected.



Cancellation of significant digits
Suppose that x and y do not differ much:

x = 0.d1 · · · dpαp+1 · · · × 10n

= 0.d1 · · · dpαp+1 · · ·αk × 10n + εx = fl(x) + εx ,

y = 0.d1 · · · dpβp+1 · · · × 10n

= 0.d1 · · · dpβp+1 · · ·βk × 10n + εy = fl(y) + εy ,

with εx , εy ≈ 10n−k .

Roughly, relative error is∣∣∣∣error in computing x − y

x − y

∣∣∣∣ ≈ ∣∣∣∣ |εx |+ |εy |
fl(fl(x) − fl(y))

∣∣∣∣ ≈ 10n−k

10n−p
= 10−(k−p).



Quadratic formula for ax2 + bx + c = 0

One of x1, x2 faces cancellation of significant digits if

|4ac| � b2.



Solving ax2 + bx + c = 0 the better way

I Compute δ =
√
b2 − 4 ∗ a ∗ c

I If b > 0 then

x1 =
−b − δ

2a
;

if b ≤ 0 then

x1 =
−b + δ

2a
.

I Vieta’s formula
x2 =

c

a x1
.



Roots to Quadratic to Roots (I)



Roots to Quadratic to Roots (II)



Roots to Quadratic to Roots (III)



Horner’s Method for Fibonacci’s Problem in 1224, with his
Emperor

Solve
f (x) = x3 + 2x2 + 10x − 20 = 0.

Fibonacci’s Solution

x = 1+22

(
1

60

)
+7

(
1

60

)2

+42

(
1

60

)3

+33

(
1

60

)4

+4
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1
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+40

(
1
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.

With Horner’s nested sum method, let τ =
(

1
60

)
:

x = 1 + τ · (22 + τ · (7 + τ · (42 + τ · (33 + τ · (4 + 40τ))))) .



Pseudocode for Horner’s Method



Numerical stability: a second order recursion

I

lim
n→∞

|pn| =

{
∞ if c2 6= 0,
0 otherwise.

I (
c1
c2

)
=

1

8

(
9p0 − 3p1
3p1 − p0

)
, given p0, p1.

I condition c2 = 3p1 − p0 = 0 hard to satisfy exactly in finite
precision computations.



Numerical values go crazy for p0 = 1, p1 = 1/3.

With five-digit rounding arithmetic,



Rate of convergence: the Big O



Matlab Primer



Math128A algorithms vs. General Purpose algorithms

For any vector x ∈ Rn, compute its norm

‖x‖2 =
(
x21 + x22 + · · ·+ x2n

) 1
2 =

(
n∑

k=1

x2k

) 1
2

.

I INPUT: n, x1, · · · , xn.

I OUTPUT: Norm.

I Step 1: Set SUM = 0.

I Step 2: For k = 1, · · · , n set SUM = SUM + xk ∗ xk .

I Step 3: Set Norm =
√

SUM.

I Step 4: Output Norm.
STOP.



Math128A algorithms vs. General Purpose algorithms



Math128A algorithms vs. General Purpose algorithms


