Machine Precision

» Computer numbers (floating point numbers) are a finite
subset of rational numbers.

» There is a smallest positive computer number € so that

1+e>1



Machine Precision

>> eps
ans =

2.220446049250313e-16

>> x = 1 + eps; disp([eps, (x-1)/eps])

2.220446049250313e-16 1.
>> delta = 0.75%eps
delta =

1.665334536937735e-16

[
®

>> x = 1 + delta; disp([delta, (x -
1.665334536937735e-16 1.333333333333333e+00

=>> Delta = 0.5%eps
Delta =

1.110223024625157e-16

>> x=1+Delta;disp([Delta, (x - 1)/Deltal)

1.110223024625157e-16



Overflow

>> x=271023
x=271023

x =
8.9885e+307

>> X = 2% X

>> y = 2~(-1023)
y = 2~(-1023)

y =
1.1125e-308

>> y = y/(2751)
y = y/(2751)

y =
4.9407e-324

=y =y /2
y=vy/2



Apple Memory Chip: Huge but finite capacity




I[EEE 754 Double Precision Format

exponent fraction
sign (11 bit) (52 bit)

Every floating point number fits within 64 bits.



Round-off Errors and Floating Point Arithmetic

» Binary Machine Numbers: any double precision non-zero
floating point number has form

x=(-1)°2°7123(1 ¢+ f),  with 64 bits.

» s = SIGN BIT: 0 for x > 0 and 1 for x < 0.
» ¢ = CHARACTERISTIC, with 11 bits:

c =2+ 224328 +c4 2" +65 204 622+ 7 2+ 05 2%+ 0o 22 +c102 1127,

with each ¢; = 0 or 1.
» f = MANTISSA with 52 bits

1 1\ %2 52 1\’
f—fl'(2>+"'+fs2'(2> _J.Z;fj.<2)7 each f;=0or 1.

» Floating Point: Binary point always comes after 1,
independent of c.



Round-off Errors and Floating Point Arithmetic

» Binary Machine Numbers: Example binary string

0 10000000011 1011100100010000000000000000000000000000000000000000

» s =0, c = (10000000011); = 1024 + 2 + 1 = 1027, and

SIORIORIONIOMIORION

11111
2r 1023 2102? 1053 (1 ( _____ ))
)= T % s

= 27.5664062.



Round-off Errors and Floating Point Arithmetic
» k-digit Decimal Machine Numbers:
x = +0.didr---dx10", where 1<d1 <9, 0<d;<k,i>2.
» Any positive real number

y = 0.d1d2 ce dkdk+1dk+2 e X 10”,
0.dhdy -~ dy x 10" et fl(y) (chopping)
0.0105 -+ 6 x 10" % fl(y) (rounding),

Q

&

where

rounding = chopping on y + 5 x 10"~ (k1)

> If dx+1 < 5: rounding = chopping.
> If dky1 > 5: cut off dky1 and below, then add 1 to dy.



Round-off Errors and Floating Point Arithmetic

» 5-digit Decimal Machine Numbers for 7:

7 = 0.314159265- - - x 10!
0.31415 x 10 = 3.1415 (chopping)
(0.31415 + 0.00001) x 10" = 3.1416 (rounding).

Q



Absolute error vs. relative error

Suppose that p* is an approximation to p # 0.

» absolute error = |p — p*|,

_ lp=p7]

> relative error Fi

Example

» absolute errors:
|m —3.1415| ~ 9 x 1075, |7 —3.1416| ~ 7 x 107°.

» relative errors:

T = 31415 o jgs IT—3416]
T T

x 1076,



wager

A cool $200, 000 wager by LeSean McCoy, ~ 3%

salary

+ shadymccoy 44m

*PLANET HOLL YWOOD*

93A09-AC79-514¢
$200.000.00 Straight Bet

PB BEST OF 7 SERIES CLE/GS

Cost $200, 000. 00
D: 7693474 External 1D: 18004B8766S
14136 WO00701 Book 01Jun2017 17:19:58

93A08-ACTS- 51QE

Gs let's getting it

David Payne Purdum W Follow
@DavidPurdum

LeSean McCoy bet $200,000 on Warriors to win Finals. It's
largest bet Planet Hollywood took on Finals. Would pay $62,500.
h/t @RomanEdmond1

8:54 AM - Jun 4, 2017



Relative error for chopping

Suppose that y = 0.d1dy - - - dxdiy1dks2 - - x 107, with d; > 1.

y- fl(y} coilidpsy ... x 10" =0didy ... dp x 107
0.didy... x 107

0diy1dysr - - _k
107,
0didy... |

O'dk-l—ldk-l—i! R 4 10n_k
O.dldg L. x 107

But 0.d1d> - - - dkdk+1dk+2 --->0.1,

[(y)
y 0.1




Relative error for rounding

Suppose that y = 0.d1ds - - - dxdir1dkio - x 107, with di > 1.

'y — fily)
y
Proof: Exercise in text.

‘ < 0.5 x 10~k*L,

Floating Point Arithmetic:
RELATIVE ERROR ~ 10+l INDEPENDENT OF n.




Machine addition, subtraction, multiplication, and division

(1
fift

18y= 1)+ A0, #8y= Al ),
o= I~ A 16y =ik )

Some computations involve millions of these operations,
the result could be very different from expected.



Cancellation of significant digits
Suppose that x and y do not differ much:

x = 0.dy---dpopqr--- x 10"

= 0.d1---dpopyr--- o x 10" + € = fl(x) + €y,
y = 0.y dyBpir - x 107

= 0.di- - dpfBpt1--- Pk x 10" + €, = flly) + ¢,

with €y, €, ~ 107k,

The floating-point form of x — y is
FICFIGE — FIGN) = 0.0p110p42 - .. 0k x 10777,
where

0.0p4+10p12...08 = Oapriapin. ..o —0.8p018p12 - - - Be-

Roughly, relative error is

~ |€X‘ + ’6)/’ ~ 10n_k — lof(k*P)
fiifl(x) — fi(y)) 107-P '

error in computing x — y
X=Yy



Quadratic formula for ax2 + bx +c =0

~b+ /b - dac d ~b—/b* —dac
= .Ig = .

X
2a 20

One of x1, xo faces cancellation of significant digits if

|4ac| < b°.



Solving ax? + bx 4 ¢ = 0 the better way

» Compute § = Vb2 —4xaxc

» If b >0 then
N _ —b—-94
1_ 2a 1
if b <0 then
o _ —b+9
P
» Vieta's formula c
Xp = ——

aX1'



Roots to Quadratic to Roots (I)

function xx = quadroot(x)
a = 1;

b =—(x(1)+x(2));

c = xX(1)*x(2);

del = sgrt(b*b-4*a*c);
xx(1l) = (-b+del)/(2*a);
xx(2) = (-b-del)/(2*a);
XX =XX(:2);



Roots to Quadratic to Roots (II)

=>> format long e
format long e
=>> x = randn(2,1)
x = randn(2,1)

X =

1.63023528916472%e+00
4.888937703117894e-01

=>> xx = quadroot(x)
xx = quadroot(x)
XX =

1.630235289164729e+00
4.888937703117894e-01

=>> x = [randn*le5;randn*le-12]
x = [randn*l1le5; randn*xle-12]

X =

1.034693009917860e+05
7.26885133383237%e-13

=>> xx = quadroot(x)
xx = quadroot(x)

XX =

1.034693009917860e+05
2]



Roots to Quadratic to Roots (IlI)

>> a = randn*le-5;b
a = randnxle-5;b =
>> roots([a b c])
roots([a b c])

= 1; ¢©¢ = - randnxle-12;
; € = — randnxle-12;

1
ans =

3.295534380226372e+05
2.938714670966580e-13

>> del = sqrt(b*b-4x*ax*c)
del = sqrt(bxb—4xa%c)

del =
1

=> x(1) = (-b+del)/(2%a);x(2) = (-b-del)/(2%a)
x(1) = (-b+del)/(2%a);x(2) = (-b-del)/(2xa)

x =

2]
3.295534380226372e+05

=> x(2) = (-b-del)/(2%a);x(1l)=(c/a)/x(2)
x(2) = (-b-del)/(2%a);x(1)=(csa)/x(2)

x =

2.938714670966580e-13
3.295534380226372e+05



Horner's Method for Fibonacci's Problem in 1224, with his
Emperor

Solve
f(x) = x>+ 2x* 4+ 10x — 20 = 0.

Fibonacci's Solution

1 1\2 1\° 1\* 1\° 1\°
—1422( = — ) 442 = — ) w4 =) +40( =) .
=12 ()7 () w2 (5) (%) (@) (%)

With Horner's nested sum method, let 7 = (6—10):

x=14+7-(224+7-(7T+7-(42+7-(334+7-(4+4071))))).



Pseudocode for Horner's Method

function SUM = horner(x,a)
£33
%2 horner's method
%
n = length(a):;
SUM = a(n)*ones(size(x)):;
for i=n-—-1:-1:1

SUM = a(i) + x .* SUM;
end

return



Numerical stability: a second order recursion

For any constants ¢; and c2,

1 n
Pn=c1 (5) —+ 23",

is a solution to the recursive equation

10
Pn = 3 Pn-1—Pn2 forn =2,3,....

lim | py| = 00 if o #0,
i PP = otherwise.

c 1 ( 9po —3p1 > .
= , given pg, p1.
(2)-3(%). gvenpm

» condition ¢ = 3p; — po = 0 hard to satisfy exactly in finite
precision computations.



Numerical values go crazy for pg = 1, py = 1/3.

With five-digit rounding arithmetic,

n Computed p,, Correct p, Relative Error
0 0.10000 x 10 0.10000 x 10

1 0.33333 x 10° 0.33333 x 10°

2 0.11110 x 10° 0.11111 x 10° 9% 1077

3 0.37000 x 107! 0.37037 x 107! 1x107°

4 0.12230 x 107! 0.12346 x 107! 9x 1073

5 0.37660 x 1072 041152 x 1072 8 x 1072

6 0.32300 x 1073 0.13717 x 1072 8x 107!

7 —0.26893 x 1072 0.45725 x 1073 7 x 10°

8 —0.92872 x 1072 0.15242 x 1073 6 x 10




Rate of convergence: the Big O

Suppose {B,}°2, is a sequence known to converge to zero, and {a,}°°; converges to a
number . If a positive constant K exists with

lay — | < K|By|, forlarge n,

then we say that {,}°, converges to o with rate, or order, of convergence O(f,). (This

expression is read “big oh of B,”.) It is indicated by writing &, = @ + O(B,). ]
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Math128A algorithms vs. General Purpose algorithms

For any vector x € R”, compute its norm

1

1 n 2
|rx\|2=(xf+x§+~-+x§)2=(Zxﬁ) |
k=1

v

INPUT: n,xq, -, x,.

OUTPUT: Norm.

Step 1: Set SUM = 0.

Step 2: For k=1,--- ,nset SUM = SUM + x, * x,.
Step 3: Set Norm = v/SUM.

Step 4: Output Norm.
STOP.

v

v

v

v

v



Math128A algorithms vs. General Purpose algorithms

# 1l

sy ()

¥ g =

# for kel

B = 5um = X[X) (k)

and

¥ 101 = agrtsum);

¥ disp([nem, abs (nrm-sqrt{nt{nel)*|2tmel) f0)))
Logles] 0000000




Math128A algorithms vs. General Purpose algorithms

el

wpe Jelll L)

e

# for el

S0 = 801 < X(X)#(K):

il

2 1 # et oum);

s diap{[nem, abs(narm(x)-el00tsget [ (neL) (20 ) ))
o 0. 0000es(t



