Stability Analysis: multistep methods (1)

d
single ODE d—}; =f(t,y), a<t<b, y(a)=a.
Consider multistep method, wog = o, wi = a1, * ), Wm—1 = Om_1,

>» forj=m—1,mm+1,---

Wjit1 = am-1Wj+am—2Wj_1+---+aoWti—m
+hF(tj7VVj+17VVja"'7M/j+1—m)a )(J:a"‘l_Jh



Stability Analysis: multistep methods (1)

d
single ODE d—}; =f(t,y), a<t<b, y(a)=a.
Consider multistep method, wog = o, wi = a1, * ), Wm—1 = Om_1,

>» forj=m—1,mm+1,---
Wjit1 = am-1Wj+am—2Wj_1+---+aoWti—m
+hF(tj;VVj+17VVja"' 7VVj+1—m)7 )(J:a+fh
» local truncation error

LTE Tj+1(h) def Y(tj-i-l)_(amfl Y(tj) + am—2 }/(tj—l) +---+ag y(tj+1_m))

h
—F (5, y(t1), y(4), -+ y(E41-m)) -



Stability Analysis: multistep methods (1)

d
single ODE d—}; =f(t,y), a<t<b, y(a)=a.
Consider multistep method, wog = o, wi = a1, * ), Wm—1 = Om_1,

>» forj=m—1,mm+1,---
Wjit1 = am-1Wj+am—2Wj_1+---+aoWti—m
+hF(tj;VVj+17VVj7"' 7VVj+1—m)7 )(J:a+fh
» local truncation error

LTE 7,41(h) def Y (ti1)—(am-1y(tj) + am2y(tj-1) +---+ a0 y(tit1-m))

h
—F (t}',}/(tj-i,-l),}/(tj), e 7Y(tj+1—m)) .

’Assumptions on F‘

» If f =0, then F =0.

|F (tj tjr1, ujy - s Ujp1-m) — F (&, U1, Ujy - Ujr1—m)|

< L(lujsa = G+ - + |Ujr1—m — Ujr1-ml)



Stability Analysis: multistep methods (I1)

» Definition: consistency

limy_,omaxn,<j<n|7i(h)] =0, limy_omaxo<j<m—1|y(tj) — ;| = 0.



Stability Analysis: multistep methods (I1)

» Definition: consistency

limy_,omaxn,<j<n|7i(h)] =0, limy_omaxo<j<m—1|y(tj) — ;| = 0.

» Definition: convergence

lim,_,omaxo<j<n |y(tj)) — wj| =0



Stability Analysis: multistep methods (I1)

» Definition: consistency

limy_,omaxn,<j<n|7i(h)] =0, limy_omaxo<j<m—1|y(tj) — ;| = 0.

» Definition: convergence

lim,_,omaxo<j<n |y(tj)) — wj| =0

Stability is a much bigger issue‘




Stability Analysis: multistep methods (I11)

single ODE % =f(t,y)=0, a<t<b, y(a)=a.
Multistep method with wp = a, wy = a1, , Wm—1 = am—1,

>» forj=m—1,mm+1,---
Wit1 = am-1Wj+am-—2Wj-1+---+aoWjt+1-m
+hF(tj7M/j+17VVj7"' 7VVj+1*m)a

= amaWjtam oW1+ +aWiii-m (F=



Stability Analysis: multistep methods (I11)

single ODE % =f(t,y)=0, a<t<b, y(a)=a.
Multistep method with wp = a, wy = a1, , Wm—1 = am—1,

>» forj=m—1,mm+1,---

Wit1 = am-1Wj+am-—2Wj-1+---+aoWjt+1-m
+hF(tj7M/j+l7VVj7"' 7VVj+1*m)a

= amaWjtam oW1+ +aWiii-m (F=

» Assume o = o1+ = Qm—1.



Stability Analysis: multistep methods (I11)

single ODE % =f(t,y)=0, a<t<b, y(a)=a.
Multistep method with wp = a, wy = a1, , Wm—1 = am—1,

>» forj=m—1,mm+1,---

Wit1 = am-1Wj+am-—2Wj-1+---+aoWjt+1-m
+hF(tj7M/j+l7VVj7"' ,VVj+1,m),
= amaWjtam oW1+ +aWiii-m (F=

» Assume o = o1+ = Qm—1.

Minimum requirements

> wjt1 =« forall j.
> wj41 remains close to « in finite precision.



Finite recurrence relations (1)

Given wo = g, w1 = 1, "+ , Wim—1 = Qm1,

>» forj=m—1,mm+1,---

Wjit1 = am-1Wj+am—2Wj_1+- -+ a Wjt1—m-



Finite recurrence relations (1)

Given wo = g, w1 = 1, "+ , Wim—1 = Qm1,

>» forj=m—1,mm+1,---

Wjit1 = am-1Wj+am—2Wj_1+- -+ a Wjt1—m-

» To solve for w; for all j, assume

W,
KL _ N forall k.
Wi

» Recurrence becomes

P(Y) = 0, PO A" — (am1 A" a2 AT 1

» thus A must be a root of P()).
» X\ =1 should be a root of P()).

...+ao).



Finite recurrence relations (I1)

» Recurrence relation
Wjit1 = am-1Wj+am—2a2Wj_1+- -+ 3 Wjt1-m-

» characteristic polynomial

PO) E A" — (am 1 A" am 2 AT 4 ).

» If P(\) has m distinct roots A1, -, Ap, then
V|/j:C1)\‘{|_+C2)\J2++Cm)\Jm7 j:O’l,...m_l’m’...

for constants ci, ¢z, - - - ¢y determined by the equations for
0<;<m-1.



Finite recurrence relations (I11)

» Example recurrence relation
Witr = 3w —2wiqp. (m=2)
» characteristic polynomial
PN = M3\ +2=(-1)(\-2).

» Roots of P(\) are 1 and 2.

> recurrence solution
wj = C1 + 02, j=0123,---

where
wo=¢+¢c, wi=c+2c, or

C1:2W0—W1, Cr = W1 — Wp.



Finite recurrence relations (1V)

v

Example recurrence relation

W1 = 2w — 1w (m=2)

v

characteristic polynomial

PO\ = M-2X+1=(0-1>2

v

Roots of P(\) are 1 and 1.

» recurrence solution
wj=C +jC2, j:O71)2737"'

where
wp = C1, w1 = w1 — Wp.



Root conditions

Multistep method with wog = a, wy = a1, -+ , Wm_1 = Om_1,

»forj=m—-1,mm+1,---

Wir1 = am-1Wj+am-—2Wj_1+ -+ a0 Wjt1—m
+h F (t), W1, W, Wis1-m)



Root conditions

Multistep method with wog = a, wy = a1, -+ , Wm_1 = Om_1,

>» forj=m—-—1mm+1,---

Wjt1 Am-1Wj+am—o2Wj_1+---+aWjti-m
+h F(tjv Wjt1, Wi, -+, VVj—i—l—m) )
P()\) = \"— (am,1 Am-t +am-—2 A2 + -+ ao) .

’root condition: every root \; of P(\) must satisfy |\;| < 1‘

Assume multistep method satisfies root condition.

» strongly stable: A =1 is only root of P(\) with magnitude 1.

» weakly stable: P()) has more than 1 distinct root with
magnitude 1.

Otherwise method is unstable.



» strongly stable:

Strongly Stable

1

M
o
)
o

» weakly stable:

1

Weakly Stable




dy

single ODE p

=f(t,y), a<t<b, y(a)=a.

Theorem: Assume multistep method with wy = «,
Wi =01, ,Wm-1 = Om-1,

>» forj=m—1mm+1,--.

Wjit1 = am-1Wj+am-—2Wj_1+ -+ aoWjti—m
HhF (G, wisn, Wy, Witiom) .-



dy

single ODE p

=f(t,y), a<t<b, y(a)=a.

Theorem: Assume multistep method with wy = «,
Wi =01, ,Wm-1 = Om-1,

>» forj=m—1mm+1,--.
Wjit1 = am-1Wj+am-—2Wj_1+ -+ aoWjti—m
HhF (G, wisn, Wy, Witiom) .-

Assume the method is consistent, then

» The method is stable <= it satisfies root condition
<= it is convergent.



example fourth-order Adams-Bashforth method

» 4-step and fourth-order

Wjit1 = M{/'+hF(tj7V'/J'aM/J'—1aM/j—27V‘{I'—3)

where  F (tj, wj, wj_1, Wj_2, wj_3) =

h
g (55 (ty, w))=50F (tj—1, wj—1)+37 (tj—2, wj—2)—9F (tj-3, w;-3)) .



example fourth-order Adams-Bashforth method

» 4-step and fourth-order

Wjit1 = Wj+hF(tj7WjaWj—1aWj—27Wj—3)

where  F (tj, wj, wj_1, Wj_2, wj_3) =

h
g (55 (ty, w))=50F (tj—1, wj—1)+37 (tj—2, wj—2)—9F (tj-3, w;-3)) .

Solution: m = 4,
PO) =M -XAB=X0)-1)

Roots of P(\) are 0,0,0, 1, satisfying root condition:
strongly stable.



example fourth-order Milne's method

> 4-step and fourth-order

Wit = w3+ hF(t, W), wj1, wj2, wj-3)

where  F (tj, wj, wj—1, Wj—2, wj3)
4h

= ? (2f(tj7 WJ')_f(tJ'—la WJ'—1)+2f(tJ'—2’ W.I'—2)) .



example fourth-order Milne's method

> 4-step and fourth-order

witr = w3+ hF (4, w;, w1, w2, wj_3)
where  F (tj, wj, wj_1, Wj2, Wj-3)
4h
= ? (2f(tj7 WJ')_f(tJ'—la WJ'—1)+2f(tJ'—2’ W.I'—2)) .

Solution: m = 4,
PO =M-1=0-1)A\+1)A\-V-1)(A+V-1).

Roots of P(\) are +1, ++/—1, satisfying root condition:
weakly stable as all roots have magnitude 1.



Example: Adams-Bashforth vs. Milne

4
dt

exact solution y(t)

o.8

0.6

—6y + 6,

1 + efﬁl'7

0<t<l,

h=0.1.

Exact Solution vs. Milne vs. Adams-Bashforth

—— Exact
~- - Milne
—# - Adams-Bashforth

0.2

0.4

0.6

0.8



Example: Stiff ODEs (), h = 0.05

d(
dt \ up

(0

_( 9up + 24up + 5cost — 1sint, w(0)\ _1/4
~\ —24u; —51lup —9cost + 3sint )7 \ w(0) ) 3\ 2 )’

> B ( 2e73t—e 3%+ Lcost

exact solution, zombie term e*39t‘
—e‘3t+2e_39t—313cost> ’ ‘

Exact solutions vs. Numerical solutions, h = 0.05
1.5 \\
0.5 T

ol /.——
iy

-1.5




Transient e=3%¢: little effect on solution, big effect on h

i ur \ 9uq + 24up + 5cost — %sint, ur(0) ) 174
dt \ u» /  \ —24u; —51luy — 9cost + %sint "\ w0 ) 3\ 2)’
< up(t) ) B < 2e73t—e 3%+ Lcost

U2(t)

) , ‘exact solution, zombie term e*39t‘

—e‘3t+2e_39t—%cost

e 2% dies out quickly

le-1
le-2|
le-3 |
le-af
le-5|
le-6F
le-7F
le-8f
le-9 |
le-10fF
le-11 f
le-12 |
le-13
le-14 f
le-15

le-16

1e-17 -
o 0.2 0.4 0.6 0.8 1



Example: Stiff ODEs (lIl), h= 0.1

i ur 9uy + 24up + 5cost — %sint, u1(0) ) 1/4
dt \ vz )\ —24uy —5lu; —9cost + 3sint )7 \ w(0) /) 3\ 2 )’
( up(t) > B < 2e 31—~ Lcost

Uz(t)

30t ‘

_ _ exact solution, zombie term e~
—e 3ty 2e 39t—§cost> ’ ‘

t numerical 1 numerical up

0.1 —2.6452 7.8445
0.2 —18.452 38.876
0.3 —87.472 176.48
0.4 —934.07 789.35
0.5 —1760 3520

0.6 —7848.6 15698
0.7 —34990 69980

0.8 | —1.5598e + 05 3.1196e + 05
0.9 | —6.9533e + 05 1.3907e + 06
1.0 | —3.0997e + 06 6.1994e + 06




Test equations for stiff ODEs

dy

™ Ay, y(0)=«a, for A<O0.

> test equation has transient solution y(t) = ave’? that decays
toOast—0.

> test equation has steady-state solution y(t) = 0.

Desired of numerical methods:‘

> convergence:
limy, 0 [y(t7) — wj| = 0.

» numerical stability: small error in « leads to small error in
w;.



Euler's Method (1)

dy

0 Ay, y(0)=a, for A<O.

» Euler's method: wy = «,

Wit1 = wj+hAw; = (1+Ah)wj, j=01,--



Euler's Method (1)

d
ed Ay, y(0)=a, for A<O.
dt

» Euler's method: wy = «,

Wit1 = wj+hAw; = (1+Ah)wj, j=01,---,

» solving for w;:

w, = (1+AhYwo=(1+AhYa,
() —wl = | —(L+AhY]|al.



Euler's Method (1)

d
ed Ay, y(0)=a, for A<O.
dt

» Euler's method: wy = «,

Wit1 = wj+hAw; = (1+Ah)wj, j=01,---,

» solving for w;:
/j

wi = (L+AhYwo=(1+AhYa,
() —wl = | —(L+AhY]|al.

» for convergence, need

1+ Ah <1, or —2<Xh<0O.



Euler's Method (II)

> Euler's method: wy = @, and for j =0,1,--- |

wisr = (L+An)w=(1+An T a



Euler's Method (II)

> Euler's method: wy = @, and for j =0,1,--- |

wiii = (1+Ah)w =1+ hY M a

» Now assume a round-off error of § in wy:

Wo = a + 0.



Euler's Method (II)

> Euler's method: wy = @, and for j =0,1,--- |

wisr = (L+An)w=(1+An T a

» Now assume a round-off error of § in wy:

W():Oé-l-&

> Euler's method numerically produces, for j =0,1,--- |

Wipr = (L+AR) @ =1+ A" (a+0).



Euler's Method (II)

> Euler's method: wy = @, and for j =0,1,--- |

wisr = (L+An)w=(1+An T a

» Now assume a round-off error of § in wy:

W0:a+5.

> Euler's method numerically produces, for j =0,1,--- |

Wipr = (L+AR) @ =1+ A" (a+0).

» round-off error at step (j + 1):

W1 — wip1 = (1+ AhY*E 6.



Euler's Method (II)

> Euler's method: wy = @, and for j =0,1,--- |

wisr = (L+An)w=(1+An T a

v

Now assume a round-off error of § in wy:

W0:a+5.

v

Euler's method numerically produces, for j =0,1,--- |

Wipr = (L+AR) @ =1+ A" (a+0).

v

round-off error at step (j + 1):

Wit — wis1 = (L+ AT 6.

v

for numerical stability, need

1+ Ah <1, or —2<Ah<O.



Multistep Methods (1)

dy
dt

» general multistep method, for j=m—1,m,---,

Ay, y(0)=a, for A<O.

Wit1=am—1Wj+am-—2Wj—1+ -+ a0 Wjt1-m
+h (b f(tj11, Wjt1) + b1 F(&, wj) + -~ + bo F(tjr1-m, Wi1-m))



Multistep Methods (1)

dy
dt

» general multistep method, for j=m—1,m,---,

Ay, y(0)=a, for A<O.

Wit1=am—1Wj+am-—2Wj—1+ -+ a0 Wjt1-m
+h (b f(tj11, Wjt1) + b1 F(&, wj) + -~ + bo F(tjr1-m, Wi1-m))

» for test equation,
Wit1 = am-1Wj+amoaWwj_1+---+aWjti—m
+Ah (b Wjg1 + b1 wj+ -+ boWjy1-m), or
(1 — Ah bm) Wj+1—(am_1 + Ah bm—l) wj—-- ~—(ao + A\h bo) Wjitl-m = 0.



Multistep Methods (1)

dy
dt

» general multistep method, for j=m—1,m,---,

Ay, y(0)=a, for A<O.

Wit1=am—1Wj+am-—2Wj—1+ -+ a0 Wjt1-m
+h (b f(tj11, Wjt1) + b1 F(&, wj) + -~ + bo F(tjr1-m, Wi1-m))

» for test equation,

Wit1 = am-1Wj+amoaWwj_1+---+aWjti—m
+Ah (b Wjg1 + b1 wj+ -+ boWjy1-m), or
(1 — Ah bm) Wj+1—(am_1 + Ah bm—l) wj—-- ~—(ao + A\h bo) Wjitl-m = 0.

» characteristic polynomial

Q(z.Ah) % (1= Ahbp) 2" —(am-1 + A bp_1) 2™ 1= —(ap + Ah by) .



d
test equation d—}; = Ay, y(0)=a, for A<O.

» general multistep method for test equation,

(]. — Ah bm) Wj+1—(am_1 + Ah bm—l) Wj—:-- ‘—(ao + Ah bo) Wjtl-m = 0.



_ d
test equation d—}; = Ay, y(0)=a, for A<O.
» general multistep method for test equation,

(]. — Ah bm) Wj+1—(am_1 + Ah bm—l) Wj—:-- ‘—(ao + Ah bo) Wjtl-m = 0.

» assume distinct roots 51, B2, -+, Bm of

Q(z,\h)=(1 = Ahbm)z™—(am-1 + A bpm_1) 2" 1= - —(ag + Ah by) = 0.



d
test equation d—}; = Ay, y(0)=a, for A<O.
» general multistep method for test equation,

(]. — Ah bm) Wj+1—(am_1 + Ah bm—l) Wj—:-- ‘—(ao + Ah bo) Wjtl-m = 0.

» assume distinct roots 51, B2, -+, Bm of

Q(z,\h)=(1 = Ahbm)z™—(am-1 + A bpm_1) 2" 1= - —(ag + Ah by) = 0.

» there must exist constants ci, ¢, , Cm,

wi=a (1Y +a (B + - 4cm (Bm), for j=0,1,2,--



d
test equation d—}; = Ay, y(0)=a, for A<O.
» general multistep method for test equation,

(]. — Ah bm) Wj+1—(am_1 + Ah bm—l) Wj—:-- ‘—(ao + Ah bo) Wjtl-m = 0.

» assume distinct roots 51, B2, -+, Bm of

Q(z,\h)=(1 = Ahbm)z™—(am-1 + A bpm_1) 2" 1= - —(ag + Ah by) = 0.

» there must exist constants ci, ¢, , Cm,

wi=a (1Y +a (B + - 4cm (Bm), for j=0,1,2,--

» for convergence and numerical stability, we must require

1Bk <1, k=1,2,--- m.



test equation % = Ay, y(0)=a, for A<O.

» assume distinct roots 31, B2, -+, Bm of

Q(z,\h)=(1 = Ahby) 2™ —(am—1 4+ A by_1) 2™ 1= —(ap + Ah bg) = 0.



test equation a = Ay, y(0)=a, for A<O.

dt
» assume distinct roots 31, B2, -+, Bm of
Q(z,Ah)=(1 — Ahby)z"—(am-1+ A bpm_1) zZm .. —(ao + Ah by) = 0.

» for convergence and numerical stability, we must require

1Bk| <1, k=1,2,--- m.



test equation a = Ay, y(0)=a, for A<O.

dt
» assume distinct roots 31, B2, -+, Bm of
Q(z,\h)=(1 = A by) 2" —(am—1 4+ A bp_1) 2™ 1= —(ap + Ah by) = 0.

» for convergence and numerical stability, we must require

1Bk| <1, k=1,2,--- m.

» region R of absolute stability

Rdéf{)\he(c | |Bk] <1 forall zeros By of Q(z,Ah).}



region R of absolute stability: Euler's method

d
test equation d—}; = Ay, y(0)=a, for A<O.

» Euler's method
Wir1 = wj + h (g, wj) = (L+ Ah)w;.
» characteristic polynomial

Q(z,Ah)=z— (1+Ah) =0, withroot By =1+ Ah.



region R of absolute stability: Euler's method

d
test equation d—}; = Ay, y(0)=a, for A<O.

» Euler's method
Wir1 = wj + h (g, wj) = (L+ Ah)w;.
» characteristic polynomial

Q(z,Ah)=z— (1+Ah) =0, withroot By =1+ Ah.

» region R of absolute stability

R={AheC| |14+ Xh <1}



region R of absolute stability: Implicit Trapezoid

d
test equation d—); = Ay, y(0)=a, for A<O.
> Implicit Trapezoid

h Ah
wir1 = Wit (F(G41, wira) + (8, W) = wit—- (Wi + wj) -

2 2
» characteristic polynomial
Ah Ah _ 1+ 3f
Q(z,)\h):<1—2>z—<1+2>:0, with root ﬁlzl 2.

2




region R of absolute stability: Implicit Trapezoid

d
test equation d—); = Ay, y(0)=a, for A<O.
> Implicit Trapezoid

h Ah
wir1 = Wit (F(G41, wira) + (8, W) = wit—- (Wi + wj) -

2 2
» characteristic polynomial
Ah Ah _ 1+ 3f
Q(z,)\h):<1—2>z—<1+2>:0, with root ﬁ1:1_¥.

» region R of absolute stability

R={AhecC| Re(\h)<0.}




region R of absolute stability: Implicit Trapezoid

d
test equation d—); = Ay, y(0)=a, for A<O.
> Implicit Trapezoid
h Ah
witr = wits (F(t1, 1) + £, wy)) = wit—- (wje1 + wy).
» characteristic polynomial

Ah Ah _ 1+ 3f
Q(z,Ah) = (1—2>z—<1+2> =0, withroot p; = 1_¥.

» region R of absolute stability

R={AhecC| Re(\h)<0.}

» Definition: Implicit Trapezoid is A-stable.



regions of absolute stability:
» Adams-Bashforth Two-Step Explicit Method

h
W1 =W+ 5 (3f(tj, wj) — f(tji—1,wj-1)).

» Adams-Moulton Two-Step Implicit Method
h
Wi+l = Wj T 15 (57 (tj+1, wjt1) + 8F (8, wj) — F(tj-1, Wj-1)).-

Regions of absolute stability for two-step methods

~ Ad th T P ici
= Adams-Moulton Two-Step Implicit |

s T

.- -

-2.5 -2 -1.5 -1 -0.5 o



Implicit Trapezoid with Newton Iteration

» Implicit Trapezoid

h
Wit1 = wj + 35 (F(tjr1, wir1) + f(t, wy)) -



Implicit Trapezoid with Newton Iteration

» Implicit Trapezoid

h
Wit1 = wj + 35 (F(tjr1, wiy1) + f(t, w;)).

> wjy1 is root to

5 (F(t1,w) + F(5, ) =0.

Flw) =w-—w—



Implicit Trapezoid with Newton Iteration

» Implicit Trapezoid

h
Wit = wj + o (F(ge1, wiea) + F(8, W)

> wjy1 is root to

5 (F(t1,w) + F(5, ) =0.

Flw) =w-—w—

» Newton lteration: wj(i)l = w; (no predictor); for £ =10,1,---
(0
ey e F ()
AL A G
(+%1)
¢ ¢
) Wj(+)1 ~w— 3 (f(tj+17 Wj( h)+ f(t;, Wj))
AT of
1- % Ty(tj+17 Wj+1)



Implicit Trapezoid example (I)

d
d—}t’ = Bty —t)2+1, 0<t<1, y(0)=-1,
y(t) = t—e ™" exact solution

» Implicit Trapezoid vs. 4™ order Runge-Kutta , h = 0.2

Exact Solution vs. Runge-Kutta ws. Trapezoid




Implicit Trapezoid example (I)

d
d—}t’ = Bty —t)2+1, 0<t<1, y(0)=-1,
y(t) = t—e ™" exact solution

» Implicit Trapezoid vs. 4™ order Runge-Kutta , h = 0.2

Runge-Kutta errors vs. Trapezoid errors




Implicit Trapezoid example (II)

d
d—}t’ = Bty —t)2+1, 0<t<1, y(0)=-1,
y(t) = t—e ™" exact solution

» Implicit Trapezoid, h = 0.25

Trapezoid errors, h=0.2 vs h=0.25

©  Trape=zeid, h — 0.2
—# - Trapezcid, h = 0.25|




Implicit Trapezoid example (II)

d
Y = syt +1, 01, y(0) =1,
y(t) = t—e>" exact solution

tj | 4™ order Runge Kutta
0.0 —-1.0
0.25 0.4014315
0.5 3.4374753
0.75 1.44639¢ + 23
1.0 Inf
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» forward: given a® and b?, ellipse uniquely determined.
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Linear Equations: example of ellipse ’;—j + 45 =1

» forward: given a® and b?, ellipse uniquely determined.

» backward: given points (x1,y1) and (x2, y2) on ellipse,
uniquely determine a® and b?.

2L R
2 p
X3 Y3
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Linear Equations: example of ellipse ’;—j + 45 =1

» forward: given a® and b?, ellipse uniquely determined.

» backward: given points (x1,y1) and (x2, y2) on ellipse,
uniquely determine a® and b?.

2 2
XN
2 p2 )
%L %y
a2 p?

>-<2/32 + y2/22 = 1 and two points on ellipse




Carl Gauss: World's first numerical analyst

sidered one of the three

greate: naticians of all time (al

Archimedes and S cNe :
(Right) Gauss at 24, when he computed the orbit of
Ceres

(Left) Gauss’ sketch of the orbit of
Ceres

(Right) Image of Ceres from the
Hubble tele




Solving Linear Equations

» example: solving for xi, X2, x3, x4 in system of linear equations

E; : X1 + X + 3x4 = 4,
E: 2x1 + x2x — x3 + x3 = 1,
E3 : 3X1 — X2 — X3 + 2X4 = —3,

Es: —x1 4+ 2% + 3x3 — xg = 4,



Solving Linear Equations

» example: solving for xi, X2, x3, x4 in system of linear equations

Eq: x1 + X + 3x4 = 4
E: 2x1 + x2x — x3 + x3 = 1,
E3 : 3X1 — X2 — x3 + 2X4 = —3,
Es: —x1 4+ 2% + 3x3 — xg = 4,

‘Solution techniques (elementary operations)‘

» Multiply equation E; by any constant A\ # 0, with the
resulting equation used in place of E;.
((AEi) = (E))



Solving Linear Equations

» example: solving for xi, X2, x3, x4 in system of linear equations

E; : X1 + X + 3x4 = 4,
E: 2x1 + x2x — x3 + x3 = 1,
E3 : 3X1 — X2 — x3 + 2X4 = —3,
E;: —x1 4+ 2% + 3x3 — xg = 4,

‘Solution techniques (elementary operations)‘

» Multiply equation E; by any constant A\ # 0, with the
resulting equation used in place of E;.
((AEi) = (E))

» Multiply equation E; by any constant A and add to equation

E;, i # j, with the resulting equation used in place of E;.
((Ei + A Ej) — (E1))



Solving Linear Equations

» example: solving for xi, X2, x3, x4 in system of linear equations

E; : X1 + X + 3x4 = 4,
E: 2x1 + x2x — x3 + x3 = 1,
Es: 3x1 — Xy — x3 + 2x4 = =3,
Es: —x1 4+ 2% + 3x3 — xg = 4,

‘Solution techniques (elementary operations)‘

» Multiply equation E; by any constant A\ # 0, with the
resulting equation used in place of E;.

((AEi) = (E))

» Multiply equation E; by any constant A and add to equation
E;, i # j, with the resulting equation used in place of E;.
((Ei + A Ej) — (E1))

» Equations E; and E; can be transposed in order.

((E) < (E))



Solving Linear Equations: example (1)

» example: solving for x1, X2, x3, x4 in system of linear equations

Ei: X1 + X + 3x4 = 4,
E>: 2x1 + xx — x3 + xx = 1,
E3 . 3X1 — X2 — X3 + 2X4 = —37
Es: —x1 + 2x% + 3x3 — xg = 4,

» eliminate x; from E, (E; — 2E1) — (E2):
(2X1 + X — x3 + Xxa )—2(X1 + X + 3xy ):1—2><4.

> new system of equations, same solution in x1, x2, x3, Xa

E; : X1 + X2 + 3x4 = 4,
E; : - X2 — x3 — bxq = -7,
E3 : 3X1 — X2 — X3 + 2X4 = —3,

Es: —-x1 + 2% 4+ 3x3 — x» = 4,



Solving Linear Equations: example (I1)

>

Ei:
E22
Es:
E4Z

X1

3x1
X

_|_

_l’_

X2
X2
X2
2X2

> eliminate x; from E3, Ey:

(E3 — 3E1) — (E3)7

— X3
— X3
+ 3X3

3X4
5X4
2X4

X4

(E4 — (—1)E1) — (E4) .

» new system of equations, same solution in xi, x2, X3, Xa

Eli
E2:
E;z:
E4Z

X1

_l’_

_l’_

X2
X2
4x
3X2

—_ X3
— X3
+ 3X3

+

+

3X4
5X4
7X4
2X4

> |equations Ep, E3, E4 no longer contain xi.

4,
_77
15,
8.



Solving Linear Equations: example (lII)

E1:
E> -
E3Z
E4Z

X1

_l’_

_I_

X2
X2
4X2
3xo

+

X3
X3
3x3

+

+

3X4
5X4
7X4
2X4

47
_7’
—15,
8.

» Use E; to eliminate xo from E3 and E4 by performing

(E3 — 4E2) — (E3),

> new system of equations,

Ei:
E22
Ej:
E4Z

X1

+

X2
X2

X3
3x3

3X4
5X4
1 3X4
1 3X4

(B — (=3)B) — (Ex).



Solving Linear Equations: example (1V),

backward substitution

X1

+ X2

_X2 —

X3

3x3

+

3X4
5X4

13X4
13X4

Il
|
\‘

13
=-13

X1
X2
X3
X4

4 — xo — 3xy
—7+ x3+5x4

—1
13 —13xy

—13
—13

3

= o N



Solving Linear Equations with pivoting (1)

» solving for x1, x2, X3, x4

Ei: X1 — X + 2x3 — X4 = -8,
E: 2x1 — 2x + 3x3 — 3xq = =20,
Es: X1+ x + 0x3 = =2
Es: x1 — X2 + 43 4+ 3xq4 = 4.

» eliminate x; from E;, E3 and Ey:
(E2 — 2E1) — (Ez), (E3 — El) — (E3), (E4 — El) — (E4) .

> new system of equations,

Ei: X1 — X0 4+ 2x3 — x4 = =8,
E,: - x3 — x4 = -4
Es: 20 — x3 + x4 = 0,
E;: 2x3 + 4xq = 12

» | Can NOT use E; to eliminate x» from Ez and E4




Solving Linear Equations with pivoting (I1)

Ei: X1 — X0 4+ 2x3 — Xy
E: — X3 — X
Es: 2% — x3 + x4
E4 . 2X3 + 4xy

» Exchange E; and E3: (Ez) <> (E3) (pivoting)

Ei : X1 — X2 + 2x3 — X4
E,: 2x0 — X3 + X
Ej: — X3 — Xa

E4Z 2X3 + 4-X4



E12 X1 —
E22
Es:
E4Z

X + 2x3 —
2xp —  x3 +
- X3 -

2x3 +

» eliminate x3 from E4: (E4 + E3) — (Ea)

E12 X1 —
E:
E3Z
E;:

» backward substitution:

X4:2, X3:27

X2
2x>

_l’_

2X3 —
X3 +
X3 —

X2:3,

Solving Linear Equations with pivoting (III)

X4 =
X4 =
X4 =
4X4 =

X4 =
X4 =
X4 =
2X4 =

X1 = —7.



System of 2nd order ODEs

System of m second-order ODEs:

d?uy
/ / /
dt2 — fi(t7 uy, uy, Uz, Uy, 7um7um)7
d?u,
/ / /
dt2 = f2(t7 ui, Uy, U, Up, - - 7um7um)7
d%u,
/ / !
dr2 = fm(t, uy, Uy, uz, Up, - - ,umaum)a

with 2m initial conditions

m(@) = o, u(a) =01, wn(a)=az u)a)

um(a) = am, um(a) =d,.

’ Ui, U, -+ , Uy could be vectors.‘




System of 2nd order ODEs: first-order form

n
/
u fi(t,z1,20,23,- -+
7 1 1( y £19 4245 £3,
z 12
2
z = . =4 ué ) f(t,Z) =4 f2(t721722’z37"'
22m
Um
U:TI fm(t7217227z37"'
. dz
System of 2m first-order ODEs: T f(t,z),
a1
/
a7
0%
. C .. def /
with initial condition z(a)=a = [ o2
aOm
O/

22

2z

Z2m

2 Z2m—1,22m)

» Z2m—1,22m)

y Z2m—1, ZZm)

a<t<bh,




