Midterm 2 Problem List
Math 16a, Spring 2009

H. Woodin
—solutions—

1. Find the maximum value of av/b given thata > 0,6 > 0anda + b = 1.
Sincea + b = 1, we haven = 1 — b. Hence we seek the maximum value of
f(b) = (1= b)Vb=b"? — b2
for b > 0. Differentiating using the power rule:
F1(0) = (1/2)pW271 — (3/2)b¥/271 = (1/2)b71/2 — (3/2)b"2.

The maximum value off (b) on the interval(0, co) must occur at a point
wheref’(b) = 0. Set
f'(b) =0
and solve fom. This gives
(1/2)bY2 — (3/2)b"/? = 0,
multiplying both sides by-b'/2,
(3/2)b— (1/2) =0,

and sob = 1/3.

Therefore the maximum value must occur whtea- 1/3. a +b = 1, so
a = 2/3, and the maximum value {2/3)/1/3.



2. Suppose that

7 b

9(@27—3-

a) How many relative minimum points are there ofg(z)?

b) How many relative maximum points are there ofg(z)?
¢) How many inflection points are there ofg(z)?

Differentiating
g (x) =25 — 2" = 2*(2* - 1)

and
g () = 62° — 4a® = 2°(62% — 4).

Settingg’(x) = 0 and solving forz we get

r=0,z=10rx = —1.

Further
g(x)>0 if z< -1
gx)<0 if —1<z<0
gdx)<0 if 0<z<1
g(x)>0 if 1<z
Therefore

e ¢(z) has a relative maximum at1,
e ¢(z) has neither a relative minimum or a relative maximuna at 0,
e ¢(z) has a relative minimum &t

Answer: There i point wherey(x) has a relative minimum.

Answer: There i point whereg(z) has a relative maximum.
To find the inflection points we set'(x) = 0 and solve for:. We get

r=0,z=+/2/30rx=—/2/3.



Further

g"(z) <0 if < —/2/3
g"(x) >0 if —\/2/3<2x<0
g"(z) <0 if 0<xz<+/2/3
g"(x) >0 if /2/3<z
Therefore
e g(z) has an inflection point at = —+/2/3,

e ¢(z) has an inflection point at = 0,
e ¢(z) has an inflection point at = /2/3.

Answer: There arg]inflection points.



3. Find the points on the graph ofy = 2/2? that are closest to the point
(0,0).

Suppose thatz, y) is a point on the graph of = 2/22. The distance from
(z,y) 10 (0,0) is:

Diz,y) = [l = 0 +(y = 0" = o + )%
Substituting2/x? for y we define
F(x) = [2° + (2/2°)"]'V? = [ + (4/2")]"/2.

We must find the values (if any) aof at which F'(x) has a minimum value.
Let
G(z) = (F(x))* = 2 + (4/2"),

Since the values of (x) are positive /'(x) has a minimum value at = «

if and only if G(z) has a minimum value at = a. Therefore we shall try
to find the values of at which the functiorz(x) has an absolute minimum
point.

The domain of7(z) is
(_007 0) U (07 OO)

and so ifG(z) has a minimum value then it must occur at a point the deriva-
tive of G(z) is 0. Differentiating

G'(z) = 22 — (16/2°),

and
G"(z) =2+ (80/z°).

ThereforeGG(x) is concave up everywhere on its domain.
SettingG’(z) = 0 gives the equation

27 = 16/2°.
Multiplying both sides by:® and dividing both sides by gives:
2% =38.
Solving forz we getr = v/2 orz = —/2.
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G(z) is concave up o0, o), therefore the valué'(1/2) must be the min-
imum value ofG(z) on (0, c0). Similarly G(z) is concave up oif—oo, 0)
and soG (—+/2) is the minimum value of#(x) on the interval—oo, 0).
However

G(—V2)=G(V2)=2+1=3.

ThereforeG(x) has a minimum value at both= —+/2 and atr = v/2.
Thus the points

(—v2,1) and(v/2,1)

are points on the graph gf= 2/z? which are closest t(0, 0) are the points.
Further these are the only such points.



4. Sketch the graph of
f(z)=2?/4 — 272 /4.

First identify the domain. The domain ¢fz) is (—oo,0) U (0, 00).

Next determine where the function is positive, negativel &nd the z-
intercepts.

Solvingz?/4 — x7%/4 = 0 givesz* — 1 = 0 (mutipling both sides by?).
There are two solutiong,and—1.

Thus f(z) > 0 on(—o0,1) and on(1,c0); and f(z) < 0 on(—1,0) and
(0,1). Thex-intercepts occur at = —1 and atr = 1.

Next compute the derivative to look for relative extremenp®iand to iden-
tify where f(z) is increasing and where it is decreasing.

f'(x) = 2x/4 + 2273 /4. Solving f'(z) = 0 gives2z/4 +2273/4 = 0
which reduces ta* + 1 = 0 (multiplying both sides bytz?, and dividing
both sides by2). This has no solutions, sf(z) has no relative extreme
points.

Finally solvef’(z) > 0 to determine wher¢(z) is increasing. But

x4+ 1

fl(r) =2x/4+227%/4 = 573

The numerator is always positive. $§z) > 0 on (0,00) and f'(z) < 0
on (—o0,0).

Summary: f(z) has no relative extreme pointg,x) is decreasing on
(—o0, 0) and increasing of0, co).

Next compute the second derivativefdfr) to look for inflection points and
to identify wheref (x) is concave up and whe&z) is concave down.
f"(x) = 2/4 — 627*/4. Solving f"(z) = 0 gives2 — 6z~* = 0 which re-
duces tor* — 3 = 0 (multiplying both sides bgz*). This has two solutions,
—3Y4 and3'/4.

Now solvef”(z) > 0 to determine wherg(x) is concave up.

xt—3
2zt

f'(x)=1/2—-327%)2 =



The denominator is positive (for atl# 0). Thus solvingf”(x) > 0 reduces
to solvingz* — 3 > 0. This givest < —3Y/* or z > 34,

Summary:

f(x) is concave up Olﬁ—oo, _31/4);
f(x) is concave down 0|(|_31/47 31/4);

f(z) is concave up orf3'/4, o).

Thus f(z) has inflection points at = —3'/* and atz = 3. The two
inflection points are,

(—3Y4,3Y2/4 — 37Y2/4) and (314,312 /4 — 371/2/4)

Combining all this information we sketch the graph on thetpege.
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5. Find the maximum value of

(@) = (°/8) — (2°/6)
on the interval [—2, 1]
First solvef’(x) = 0. f'(x) = 2" — 2% = 25(2* — 1). So f'(x) = 0 gives
25(2* — 1) = 0. This has three solutions;1, 0, and1.
The maximum value of (x) on the interval[—2, 1], must occur at-2, 1 or
wheref'(z) = 0.
Thus the maximum value of(x) on the interval[—2, 1] must occur at-2,
—1,00rl.

At this point one can simply evaluaféz) at each each of these 5 vlues of
x and pick the largest.

Alternatively one can examine the graphfdf:) more closely.

f'(z) = 2°(2* —1). Solving f'(x) > 0 givesz®(z* — 1) > 0 which reduces
to-1<zxz<Oorz > 1.

Thus

f(zx) is decreasing ofr-oc, —1);

f(zx) is increasing oni—1, 0);

f(zx) is decreasing of0, 1);

f(z) is increasing ort1, co).
Thereforef (z) has relative minimum points at = —1 andz = 1, and a
relative maximum point at = 0.

Thus the maximum value ¢f(z) on the interval[—2, 1] cannot occur at-1
or 1 (becausef(z) has relative minimum points there). So the maximum
value of f(x) on the interval[—2, 1], must occur at either2, 0, or 1.

Evaluatingf(z) at these vaules af:

f(=2) = (-2)%/8 = (=2)°/6 = 2°(1/2 — 1/6) = 2°/3;
f(0) = (0)°/8 = (0)°/6 = 0;
F(1)=(1)%/8— (1)5/6 =1/8 —1/6 = —1/24.

Clearly the largest of these valuesfis-2).

Answer:|26/3




6. Supposey = ((Inz)?)” for z > 0. Find y/(1/e).
Recall that ife > 0 andb > 0 thena® = e®!»¢,

Thus ;
y = ((lnx)2)x _ 6acln((lnac) )

Now computely /dx using the chain rule:
dy/dz = "™ ) gz In((In z)?)] /da

sinced[e”]/dx = €”.
To computel[z In((In z)?)]/dx use the product rule:

dlzIn((Inz)?)]/dx = xd[In((In 2)?)]/dz + In((In z)?)d[x]/dx
and so
dlzIn((Inz)?)]/dz = xd[In((In2)*)]/dz + In((Inz)?)

sinced[z|/dz = 1.
Next using the chain rule again:

dlIn((Inx)?)]/dx = (1/(Inz)?)d[(Inz)?)/dx
and using the general power rule:
d[(Inx)?)/dr = 2(Inx)d[Inz]/dr = 2(Inz)/x.
Putting everything together:
dy/dz = "™ (3(1/(Inx)?)2(Inz) /2 + In((Inz)?)) .
Evaluation atl /e:
y'(1/e) = e ((1/e)(—2¢) +0) = —2.

Answer
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7. Find the point, or points, on the graph ofy = vIn x that are closest to
the point (3/2,0).

The domain ofy is [1, c0). The distance between a point vIn z) on the
graph ofy and the point3/2,0 is:
Distance= [(z—3/2)*+(VInz—0)*"? = [(z—3/2)*+(VInz)}"? = [(2—3/2)*+In z]*/2,

since(vInz)? = Inz (why?).
Thus we must find the value(s) ofin [1, co) where the function

Fl@) = [(xz —3/2)* + Ina]"/?

has global minimum points. These are the same values where the
function

g9(x) = (f(2))* = (z = 3/2)* + nx
has global minimum points oi, co) (why?).
These values of must be eithet or whereg'(z) = 0.

r(2e —3)+1

g'(x) =2(x = 3/2) + (1/z) = (22 = 3) + (1/x) = "
and so (by factoring the numerator)

2z —1)(x — 1).

g(x) =

Solvingg'(z) = 0we getr = 1/2 orx = 1.

Thus the global minimum point a@f(x) on [1,00) must occur atr = 1.
Check: Notice thay'(x) > 0 on(1, co) and sog(z) is increasing onl, co).
This implies thay(x) has a global minimum point o, o) atz = 1.

Answer:| (1,0)
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8. Sketch the graph of
fz) = (a* = 1)/(a" + 1).

Clearly for allz, f(x) = f(—=z). Therefore the graph of(x) is symmetric
about they-axis.

The domain off (x) is (—oo, o). Further

lim f(x)=1= lim f(x)

T—00 T—r—00

and so the line with equation,= 1 is an horizontal asymptote for the graph
of f(x) asz tends tooo and asr tends to—co.

Differentiating using the quotient rule
f(z) = ([x4 +1)(d(2* — 1) /dz) — [2* — 1](d(z* + 1)/dx)) J(z* +1)2

Now
d(z* — 1) /dr = 42° andd(z* + 1) /dx = 42°,

and so

fllz) = (2" + 1](456 ) — [2* = 1](42?)) /(2" + 1)
= ((427 +423) — (427 — 423)) /(2* + 1)?
= 8z3/(z* + 1)
Settingf’(x) = 0 and solving forr givesxz = 0. Further
o f'l(z) < 0ifx <0,
o f'(z)>0if x> 0.

Thereforef (x) has a minimum value at = 0.
We now investigate concavity. Again differentiating usthg quotient rule,

f'(x) = ([* + 1(d(82%) /dz) — 8z*(d(a®* + 1)*/dx)) /(z* + 1)*.
Simplfying

Fi@) = ([ + 12(240%) — (809)[(2) (2 + 1))(4a%)) /(@* + 1)°
— ([t + (" + 1)(2402) — 642%)) /(2 + 1)
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Thus
f(x) = ((a?4 +1)(242%) — 64x6)) J(z* +1)3

Finally
f'(x) = (242% — 402°) /(2* + 1)® = ([82°])(3 — bz*)) /(z* + 1)°.

We next look for inflection points. Settinff'(x) = 0 and solving forr we
get three solutions

=0,z =(3/5""andz = —(3/5)"/*
Further

o f"(x) <0ifz*>3/5i.e.ifx < —(3/5)*orif z > (3/5)"/*
o f"(x)>0if z* <3/5i.e.if —(3/5)/* < 2 < (3/5)/4.

Therefore

e f(z)is concave down it < —(3/5)"* orif x > (3/5)'/4,
e f(z)is concave up if-(3/5)"/* < 2 < (3/5)Y/4.

Thusf(z) has two inflection points; at = —(3/5)/*
and atr = (3/5)"/4.
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9. Find the maximum value of

The domain off (x) is (—o0, 00). Therefore iff(z) has a maximum value
it must occur at a point where the derivative)is

Differentiating using the quotient rule,
f(z) = ([z* + 1)d(2?) /dx — 2°d(z* + 1) /dz) [(z* + 1)
Now
d(2?)/dx = 2z

and
d(x* +1)/dr = 423
Substituting and simplifying:
f(x) = ([z*+ 1d(2?)/dx — 2*d(x* + 1) /dx) [(x* + 1)?
= (2z[z* 4+ 1] — 2*[42?]) /(z* + 1)?

([22° + 2z] — 42°) /(2" + 1)?
= 2z —22°)/(z* +1)?

(2z)(1 — ) /(z* + 1)2.

Settingf’(x) = 0 and solving forz we get three solutions,

r=—-1,z=0,z=1.
Further
o f(x)>0if0<z<1,
o fl(x)<0if 1 <.

Thus f(z) has a relative maximum at = 1 and furtherf(1) is the maxi-
mum value off (z) on the interval0, co). For all z,

flx) = f(—x)

and so the graph of (z) is symmetric around the-axis. Now f(0) = 0
and f(z) > 0if x # 0. Therefore the maximum value ¢fx) on (0, co)
must be the maximum value ¢{x).

Finally f(1) = 1/2 and sol /2 is the maximum value of (x).
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10. The curve defined byz? + y? = 9zy is called the folium of Descartes.

Let (a,b) be the point where this curve intersects the graph of) = /=
and e > 0. Find the equation of the line tangent to this curve at the
point (a, b).

First we find the pointa, b) where the graph af = /x intersects the curve
defined by
2? +y® = 9xy.

Substituting,/z for y we get
2° + (Va)? = 92(v/x)
which we can rewrite as
3+ 257 = 922,
Subtractingr®/? from both sides we get
2 = 8232,

Solving forx we get either: = 0 or

3?2 =8

which we obtain by dividing both sides hy/?.
The equation:3/? = 8 has one solution; = 4.
Thus the graph of = /= intersects the curve

3 4 237 = 93/

exactly twice, once where = 0 and once where = 4.
Thereforen = 4 andb = /4 = 2.

Next we calculatéy/dx using implicit differentiation. Differentiating both
sides of the equation
2® 4+ y® = 9y

we get
d(z® 4+ ) /dx = d(9zy) /dx.
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Now
d(z® +y®)/de = d(23)/dx + d(y?)/dx
= 32? + 3y*(dy/dz).

and
d(9zy)/dx = 9y + 9x(dy/dx).

Substituting we get
322 + 3y*(dy/dx) = 9y + 9x(dy/dx),

which we can rewrite as

372 — 9y = (97 — 3y?)(dy/dx).
Solving fordy /dx we get that

dy/dz = (32* — 9y)/(9z — 3y?)
provided thabz — 332 # 0.
We seek the slope of the line tangent at the point

(a,b) = (4,2).

Now 9(4) — 3(2)* = 36 — 12 = 24 +# 0 and so we may use the formula to
calculate the slope;

(3(4)% — 9(2))/(9(4) — 3(2)%) = 30/24 = 5/4.

Finally we can use the point-slope formula to obtain the &quoeof the
tangent line.

y—2

= =5/4

r—4 /

which simplifies to give
y—2=(5/4)xr -5

or simply
y=(5/4)x — 3.
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11. Supposer and y are differentiable functions of ¢ related for all ¢ by the
equation
v Inz +2y+1=0.

Suppose thatz(0) = e. Find 2/(0).
Differentiating both sides of the equation

v lne +2y+1=0
with respect ta gives

(y*Inz+2y+1) _ d(0)
dt dt -

Now

and
diy*Inz +2y +1)/dt = d(y*Inx)/dt +d(2y)/dt + d(1)/dt
= 2y(dy/dt)(Inz) + y2(1/z)(dz/dt) + 2(dy/dt)
Thus for all values of:

dy

W (1) )—+2—_0.

2y(Inx) o

When

the equation
vV lnz +2y+1=0

gives thaty® + 2y + 1 = 0, soy = —1.
Now z(0) = e, and so the equation

2y(lnx)§i +y¥(1)x )— + 2% —0
gives
2(=1)(Ine)y'(0) + (=1)*(1/e)a’(0) + 2y'(0) = 0;
and so

(—=2)y/(0) + (1/€)2'(0) + 24/(0) = 0.
This simplifies to:
(1/e)2'(0) =0

and sar’(0) = 0.
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12. Supposef(z) = 222 Inx — 2% + 4x
How many relative extreme points does (z) have? Why?
First calculate the derivative ¢f(x):

df(x)] d2z°Inz] d[z?] = d[4z]

dr dx Cdo + dx
and so p J9a2]
f@)) _detina
dx dx
Using the product rule:
d[22* In 7] o d[In x] d[z?]
—— =2r*——— 4+ 2lnz——
dx . dx e dx
and so
2
w = 22%(1/x) + 2Inx(22) = 22 + 4z In z.
x
Substituting:

dif(z)]  d[22°Inz]
de dx
Solving4zInz + 4 = 0 looks difficult. The hint suggests looking for the
minimum value ofg(x) = f'(z).

— 2z =4xlnzx + 4.

The domain ofg(x) is (0, 00) so the minimum value must occur where
eitherg’(z) = 0 or whereg/(z) is undefined.

Using the product rule:

g(r) =80y

d[In z]
dx

+ (lnx)%i]

and so
g (x) =4(1+Inx).

Thusg'(z) is defined for alle > 0 and so the minimum vaule g@f x) must
occur whergy'(z) = 0.

Solving¢’(x) = 0 givesz = 1/e. Furtherg’(z) < 0for0 < x < 1/e and
g (z) >0forl/e < x.
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Thereforey(z) has a global minimum point at=1/e.

Finally,g(1/e) =4((1/e)In(1/e) + 1) = 4((1/e)(—1) + 1) = 4(1 — 1/e).
Sincee > 1,1 —1/e > 0 and sog(x) > 0 for all z in (oo, 0).

Butg(z) = f'(x) and sof (z) has no relative extreme points sin€éz) # 0
for all z in (0, 00).
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13. Find the equation of the line tangent to the ellipse

JJ2 y2
TR
4 * 9
at the point where the ellipse intersects the graph of

y = (3/2)V/3z.
We first solve for the point of intersection. Substitutifig2)+/3z for y in
the equation for the ellipse we get:

2 [(3/2)V3a]

T 9 =1
which simplifies to:

x? [(9/4)(3z)

T A !
4 + 9
This further reduces to:
22+ 3r=4.
There are two solutions; = —4 andz = 1. Butz > 0 since we are

looking for a point on the graph of = (3/2)v/3z, sox = 1. This gives
y = (3/2)v3.

Next we compute the slope of the line tangent to the ellipshatpoint
(1, (3/2)4/3), using implicit differentiation.

Differentiating both sides of the equation,
2

T —1
4

2
)
+ L
9

with respect tar we get,
dy

and solving forZ,
Y o))
Thus at the point(1, (3/2)v/3), the slope of the tangent line is:
—(9/4)(1/[3/2V3)) = —(3/2)/V3 = —(1/2)V3.
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Finaly the equation for the tamgent line is:
y— (3/2)V3=(—(1/2)V3)(x - 1)

or

y =2v3— (V3/2)z.
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14. Suppose(z) is a differentiable function with domaifi-oco, o) such that
for all z, ¢'(x) = 4g(x). Suppose (1) = 1. Find g®(2).

By the theorem in the book, there exists a constastich that
g(x) = Ce**,
We need to solve fof’. We are given,
g(1)=1.
ThereforeCe*! = 1. This gives
C=e"

and sog(z) = e~ tel®.
Now we can compute?(x) by differentiating twice, getting

gP(2) = e (4)(4)e* = 16e ™.
Evaluating atr = 2,

gP(2) = 16e4e*? = 16e 48 = 16¢™.

Answer:| g®?(2) = 16¢*
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15. Suppose that
g(x) = |z] + 2°.
a) How many relative minimum points are there ofg(x)?
b) How many relative maximum points are there ofg(z)?
¢) How many inflection points are there ofg(z)?

gxy=z+2® if >0
g(x)=0 if z=0
gx)=23—x if <0

Differentiating
gd(x)=1+32% if >0
gx)=322-1 if z<0
By matchingg(z) is not differentiable at: = 0.

Solvingg'(z) = 0 givesr = —1/+/3. Thus the only candidates for relative
extreme points foy(z) are atr = —1/+/3 and atr = 0.

Determining the sign of’(z) yields:

gd(x)>0 if 2<—-1/V3
gx) <0 if —1/V/3<x<0
gx)>0 if 0<uz

Therefore

e g(z) is increasing orf—oo, —1//3],
e g(z) is decreasing ofi-1/+/3, 0],
e ¢(z) isincreasing o0, —oo, 00).

Therefore

e g(z) has a relative maximum point atl //3,
e g(x) has relative minimum point at = 0.
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Answer for part (a): There ig 1] relative minimum point.
Answer for part (b) : There if 1] relative maximum point.
To find the inflection points we must compute first compyfter).

g"(x)=6x if >0
g"(x) =6z if <0

andg”(0) is not defined (why?).
Therefore
e g(x)is concave down oo, 0)

e g(x) is concave up oif0, co).

g(x) is continuous at = 0 and soy(x) has an inflection point at = 0 and
this is the only inflection point of(z).

Answer for part (c): There i 1]inflection point.
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