Mathematics 202B, Spring 2014 — M. Christ
Final Examination Solutions

Except where otherwise indicated, problems are set in a general measure space
(X, A, p). (I meant to say that (X,.A, p) is always assumed to be o-finite, but
I forgot to write that.) d is any dimension > 1, and m denotes Lebesgue mea-
sure on R4 LP = LP(X, A, 1) is a collection of equivalence classes of functions
under the equivalence relation of equality almost everywhere with respect to .
[fllp = [[f1lze = [[fllzrxam-
(1a) State the Riesz Representation Theorem for bounded complex-valued linear
functionals.
Solution. Let X be a locally compact Hausdorff space. Let Cy(X) be equipped
with the supremum norm. Let M(X) be the space of all complex Radon measures
on X. Let ¢ : Cy(X) — C be a bounded (complex) linear functional. Then there
exists a unique p € M(X) such that ¢(f) = [, fdu for all f € Cy(X). Moreover,
|l mxy = €]l co(x)=- Finally, this correspondence between elements of (Co(X))* and
M(X) is a bijection. O
(One could also define Radon measures, but I did not insist on that. A complex
Radon measure is a complex measure on B(X), the smallest c—algebra generated by
the open subsets of X, that is of the form u = v, —v_ + i\, —iA_, where vy and
A are finite positive Radon measures; they are outer regular on arbitrary Borel sets,
and inner regular on all open sets.) 0J

(1b) In the proof of the Riesz Representation Theorem for positive linear functionals,
one constructs a measure by first defining a set function on arbitrary sets, then
proving that this function is a measure on a certain o—algebra. What is the definition
of this set function?

Solution. First, for any open set O define v(O) = sup;_ £(f), where f < O means
that f: X — [0,00) is continuous, f(z) < 1 for all x € X, and the support of f is
contained in O. Second, for any set E C X define p(F) = infog v(O), where the
infimum is taken over all open sets O containing £. This p is the set function in
question. Il

(1c) Let (X, A, u) and (Y, B,v) be two measure spaces. How is A x B defined? (I
goofed; this is called A ® B by some authors, including ours.)

How is pu x v defined?

Solution. A x B = A® B is defined to be the smallest o—algebra of subsets of X x Y
that contains all measurable rectangles. A measurable rectangle is a subset of the

form A x B where A € A and B € B.
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i x v is defined as follows: For any set £ C X x Y, define

p*(E) {(X]?gj)} ;/L(AJ)V(BJ)
where the infimum is taken over all countable families of measurable rectangles A; x B;
whose union contains FE.

One proves that p* is an outer measure, and that every measurable rectangle is mea-
surable in the sense of Caratheodory with respect to p*. A theorem of Caratheodory
associates to any outer measure a o—algebra, such that the restriction of p* to that
o—algebra is a measure. The restriction of p* to A ® B is defined to be pu x v. OJ

(1d) Briefly outline an example of a compact set K C R and a continuous function
f : R — R such that m(K) = 0 but m(f(K)) > 0. (You need not prove that your
example is correct.)

Solution. Let C C [0, 1] be the Cantor set defined by successively removing middle
thirds of intervals. After n steps of the construction of C, [0,1] is divided into 2"
open intervals I}, where I} lies to the left of I?' , for each j € {1,2,...,2" — 1},
together with the compact set C,, = [0, 1] \U?ill . Prove that there exists a unique
nondecreasing function g : [0,1] — [0,1] that satisfies g(z) = j27" for all z € [7,
and that ¢ is continuous. Define f(x) = g(x)+ x. Then ¢([0,1]) = [0, 2], g is strictly
increasing, and ¢([0, 1] \ C) can be shown to have Lebesgue measure 1, so ¢(C) must
have Lebesgue measure equal to 1. But of course m(C) = 0. O

(1e) List two major theorems of this course whose proofs either directly relied on
Zorn’s Lemma or the Axiom of Choice, or used other results whose proofs relied
directly on one of these.

Solution. (i) Alaoglu’s Theorem relied on Tychonoff’s theorem (about the compact-
ness of arbitrary products of compact topological spaces), which in turn relied directly
on the Axiom of Choice.

(ii) Our proof of the Hahn-Banach Theorem relied on Zorn’s Lemma. OJ

(1f) Let X be a normed vector space and let X* be its dual space. Define the
weak™ topology.
Solution. This is a topology on X*. Open sets are all unions of finite intersections
of sets

OJ

(1g) Give an example of a sequence of Radon measures p,, on R such that g, — 0
vaguely, but ||p,||pm > 1 for all n.
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Solution. ,(E) =m(E N [n,n+ 1)) for n € N. O

(1h) Define the Schwartz space S. Define the (standard) topology on this space.
Solution. S is the set of all infinitely differentiable functions f : R¢ — C with the
property that for each o and each M there exists C' = C, s ¢ such that |09 f(x)] <
C(1 + |z])™ for all x € RL (S is given a vector space structure via pointwise
addition and scalar multiplication.)

S has the topology defined by the countable family of seminorms

fllkar = sup > (14 |z))M[05 f()].
xeRdOSW\SM

This is the smallest topology that contains all sets

Vornrs ={f €S :f = gllkar <0}
O

(1i) The proof of an important result of this course relied on the fact that the second

derivative of () = €” is nonnegative. State that result.

Solution. Hélder’s inequality: If p € [1,00] and ¢ =p' =p/(p— 1) (¢ = 00 if p = 1;

q=1if p=o0) then fg € L' and | [ fgdu| < ||fllzrlgllza. 0
(The convexity of e” is not needed to treat the cases p = 1, co of Holder’s inequality.

I didn’t quibble about this distinction.)

(1j) Let p € [1,00) and let f, g € LP(R). Define: g is a strong L? derivative of f.
Solution. g is a strong LP derivative of f if
y ' (7_yf — f) — ¢ in L’ norm as y — 0.

O
(One can make this definition either for genuine functions or for equivalence classes
of functions; changing f, g on sets of measure zero has no effect in the definition.)

(1k) State Chebyshev’s inequality.
Solution. Let p € [1,00) and f € L? = LP(X, A, ). Then for any a € (0, 00),

pz = [f(2)] > a}) < o P fI5.
0J

(11) In this course we proved that the set of all infinitely differentiable functions
with compact supports is dense in LP(R?) for 1 < p < oo, by deducing this from the
simpler fact that C,(R?) is dense in LP. What technique or techniques was/were used
in this deduction? (Short answer; a few words suffices.)

Solution. Convolution with C* (compactly supported) functions. O



(One could also mention the procedure of forming the family o;(z) = t 4ot 'z),
but I view that as a subsidiary idea and I gave full credit for mention of convolution
with C'* functions.)

(2) Show that convolution is associative. That is, for any f, g, h € L*(R¢, B, m),
(f*g)*h= fx(gxh)almost everywhere.

o I have simplified your task slightly by assuming Borel measurability.

o Recall that (f x g)(z) = [ f(z — y)g(y) dm(y).

o You may use facts shown in the course concerning convolutions of two L' functions,
such as that the integral defining such a convolution is absolutely convergent for almost
every x € R?, and defines an L' function of x.

o Hint: Use Fubini’s Theorem.

Solution. Choose representatives f, g, h of the associated equivalence classes. These
are Borel measurable functions, defined at every point of R?. Let € R?. Consider
the functions @, : R x R? — C and VU, : R? x R* — C defined to be

D, (y,2) = f(x —y — 2)g(y)h(z) and W, (u,v) = f(z —u)g(u —v)h(v).

Each is a product of three factors, and each factor is a Borel measurable function,
being the composition of a Borel measurable function with an invertible linear map-
ping. For instance, (z,y,2) — f(z —y — z) is the composition of F(u,v,w) = f(u)
with the mapping (u, v, w) — (u—v —w, v, w); F is measurable since it is of product
form and f is measurable.

For almost every z, ®, € L'. Indeed, we know by Tonelli’s Theorem that

//RR =9, 2) dmfy. 2) //@ y, 2)| dm(y)) dm(2),

and that y — ®,(y, z) is Borel measurable for every z and that the inner integral
defines a Borel measurable function of z. We have proved in the course that

/ / 1B, (y, 2)| dim(y)) dm(z / / (@ — 2 — )] - g(w)] dm () h(z)] dm(2)
= [0l e = )bt ()

is finite for almost every x. Therefore for almost every z € R?, &, € L}(R? x R9).
Therefore by Fubini’s Theorem, for any such =z,

J U] =2 gt dmheyam:) = [[ - fa—y=2)gh) dmiy.2),



that is,

((f *g) = h)( //Rded (Y, z) dm(y, z).

Now for any x € R, ®,(y,z) = U, (u,v) where (u,v) = (y + z,z). Because the
mapping (y, z) — (y + 2, 2) is an invertible linear transformation of R? x R? with
Jacobian determinant = 1,

// D, (y,z)dm(y, 2) // U, (u,v) dm(u,v).
Rd xRd RdxRd

For any z, ®, € L'(R? x R?) if and only if ¥, € L*(R? x R?); so ¥, € L! for almost
every .
For any « for which ¥, € L', a direct application of Fubini’s Theorem gives

/Lmﬁ““WmWWZ/Q/%mwmm»mm>

= [ =) [ gu= o) dme)) dmw

z/f@—w@*MWMmW)

= (f*(g*h))(x).
We conclude that ((f * g) * h)(z) = (f * (g * h))(z) for almost every z € R O

(3) Let X be a normed vector space and let V' be a subspace of X. Show that if V
is norm-closed then V' is weakly closed.
Solution. Suppose that V' is a norm-closed subspace of X. Suppose that z ¢ V. By
a corollary to the Hahn-Banach Theorem, there exists f € X* such that f|y = 0,
and f(x) = 1. Theset O = {y € X :|f(y) — 1| < 1} is an open subset of X in the
weak topology, which contains z but contains no element of V.

Thus we have shown that X \ V' is open in the weak topology; so V is weakly
closed. OJ

(4) Let X be a locally compact Hausdorff space and B the o—algebra of Borel subsets
of X. Let p be a (positive) Radon measure on B. Prove that for any p € [1,00),
Co(X) is dense in LP(X, B, u).

Solution. Consider any Borel set £ C X satisfying 0 < u(E) < oo. Let ¢ > 0. By
inner and outer regularity of Radon measures (on sets of finite measures), there exist
K C E C O a compact set and an open set, respectively, such that

p(E) —e < p(K) < p(E) < w(0) < p(E) +e.
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By Urysohn’s Lemma there exists ¢ € C.(X) such that ¢ = 1 on K, ¢ is supported
in O, and 0 < ¢(x) <1 for all z € X. Therefore

1g —¢| < 1lok.

Therefore
11 — ¢, < u(O\ K)'/7 < (2¢)'/7.

So we have shown that 1z can be approximated arbitrarily closely in LP norm by
functions in C.(X).

Now consider any f € LP. Let ¢ > 0. There exists a simple function g =
25:1 ¢y lp, such that ||f — g||, < e, where each set £, is Borel and p(E,) < oo.

Choose ¢, € C.(X) such that ||¢, — 1g,[, < NY(1 + max, |c,|)"'e. Then ¢ =
Y Cnen € Ce(X), and ¢ satisfies

1o =gl <D lealllpn — 1o, Il e,

using Minkowski’s inequality (the triangle inequality for L” norms). In all, || f =, <
2¢e, again by Minkowski’s inequality. U

(5) Let (K,) be a sequence of functions in L'(R?) such that ||K,||z: is uniformly
bounded, [p, K,dm = 1, and for any 6 > 0, [, s [Ku(2)|dm(z) — 0 as n — oo.
Show that if f : R? — C is bounded and uniformly continuous, then f * K,, — f
uniformly on R%.

Solution. Let A = sup,, || K,|[;r < oo. Let € > 0 be given. Choose § > 0 so
that |f(x) — f(2')] < e whenever |x — 2’| < §. T’ll write ||f||o as shorthand for
SUp,cpa | f(2)|; this supremum is indeed equal to the L* norm anyway, for any
bounded continuous function.

For any n,

[ Ko(x) — f(z) = / f(x — ) Ka(y)dm(y) — f(z)
_ / (F(@ —y) — (@) Kny) dm(y)



since [ K, = 1, and consequently
75 Kale) = 5@ < [ |0 =) = F@)] - 1K) dinly)
-1AEJﬂx—w— F@)] - 1Ky dmiy)
+Amﬁﬂx—w—f@M¢Kawwm@)
< [ elRaldm) 420 Sl [ Kol dm(y

ly|>0

geA+mmw/‘|Kamwm@»

ly|>d

Choose N < oo so that f|y‘>6 | Ko (y)| dm(y) < (14 ||f]lso) '€ for all n > N. Then
we have shown that

|(f * K)(z) — f(z)] < Ae +2¢ for all n > N.
Since € > 0 is arbitrary, this completes the proof. O

(6) Let (X, A, u) be o-finite. Let p € [1,00) and let ¢ = p' = p/(p — 1) be the
exponent conjugate to p; ¢ = oo if p = 1. Let T : L — LP be a linear mapping.
Suppose that whenever f,,, f € LP and f,, — fin L norm, [ T(f,)gdp — [T(f)gdu
for all g € L9. Prove that T is bounded.

Solution. Consider the graph Gr = {(f,T(f)) : f € LP} C LP x LP. To show that
Gr is closed, consider any sequence (f,) € L? such that f, — f € LP and T(f,,) —
F € LP as n — oo, with convergence in LP norm for both sequences. In order to
apply the CGT, we must show that F' = T'(f).

If I # T(f), then there exists a bounded linear functional ¢ € (LP)* such that
U(F) #L(T(f)). The dual of LP is canonically isomorphic to L?; there exists g € L9
such that ¢(h) = [hgdp for all h € LP. Thus [ Fgdu # [T(f)gdu.

Since T'(f,) — F in LP norm,

/ﬂhwwzaﬂh»%am:/qu%n%%

because ¢ is continuous. On the other hand, it is a hypothesis of this problem that

/T(f)gdu = lim [ T(f,)dp

Thus the assumption F' # T'(f) has led to a contradiction.



L? is a Banach space. Therefore T is a linear mapping from one Banach space
to another Banach space, which has closed graph. Therefore by the Closed Graph
Theorem, T' is bounded. U

(Incidentally, one does not need the full strength of the LP—L? duality here. One
only needs to know Holder’s inequality, and the fact that if 0 ## h € LP then there
exists g € L% such that [hgdu # 0. To construct such a function g is easy, even
if X is not ofinite. Just let g be the product of A with the indicator function of
{z: N7' < |h(z)| < N}, for sufficiently large N € N.)

(7) Let X be a Banach space of countable dimension. (That is: There exists a
countable subset {x,} of X such that every element of X can be represented as a
finite linear combination of these elements, and if > ¢,z,, = 0 and ¢, = 0 for all but
finitely many n, then ¢, = 0 for all n.) Show that X has finite dimension.
Solution. (This is perhaps a bit tricky, but it was on one of the problem sets.) If
{z,} is finite there is nothing to prove, so suppose the contrary. I’ll prove that X is
spanned by a finite subset of {x,}, which is a contradiction.

Enumerate the given basis using N, so our basis is {z,, : n € N}. Let W,, be the
collection of all finite linear combinations of these basis elements; W), is the collection
of all quantities Zi:[:l Cnpn, where N ranges over all of N.

W, is a subspace of X. Since it is finite-dimensional, W, is closed. Since U,W,, =
X, and since X is a complete metric space, by the Baire Category Theorem there
must exist N such that the closure of Wy contains some open ball of positive radius.

Since Wy is closed, it contains a ball of positive radius. Therefore for any y € Wy,
Wy — y contains an open ball centered at 0. Since Wy is a subspace, it contains all
of X. O

(There was a silly and unintentional slip in the formulation of the problem on
the exam, but it was actually correct: If X has countably infinite dimension then a
contradiction is reached. Therefore any assertion can be proved; in particular, X has
finite dimension.)

(8) Let T = R/Z. Consider the measure space (T,.A,m) where A denotes the
Lebesgue measurable sets and m is Lebesgue measure. Let a € R be irrational.
Define T : L*(T) — L*(T) by Tf(z) = f(x + «) — f(z). Here addition is interpreted
modulo Z, so x + a € T. Consider any g € L*(T). Give a necessary and sufficient
condition on g for there to exist a solution f € L*(T) of the equation T'f = g.
Solution. Tf = 7_,f — f. We know that for all n € Z and all h € L'(T),

—~

T,h(n) = /h(x —y)e T dm(x) = e*%iynﬁ(n).



Recall that since T has finite measure, L?(T) C L*(T) by Hélder’s inequality.
Thus

~

Tf(n) = (e*™" —1)f(n) Vn € Z.
Therefore if g € L? and T'f = g, then
(2" —1) f(n) = §(n) Vn € Z.
The factor (627”“” — 1) vanishes for no integer n, because « is irrational.
If f € L? then fE L?. Therefore given g € L?, a necessary condition for there to
exist a solution f € L? is that
Tian =2~
) 3 [ — 1 m)? < .
neZ
Convesely, if g € L? satisfies (1), then there exists f € L? satisfying T'f = g.
Indeed, the mapping h +— h is a bijection from L*(T) to ¢*(Z). Therefore if g
satisfies (1) then there exists (a unique equivalence class of) f € L? such that f(n) =
(e?mion — 1)_1§(n) for every n € Z. Then T f(n) = g(n) for every n. Since the
mapping h +— h from L? to (2 is injective, T'f = g. O



