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ABSTRACT. A long standing open problem in the theory of hyperfinite
equivalence relations asks if the orbit equivalence relation generated by a
Borel action of a countable amenable group is hyperfinite. In this paper
we prove that this question always has a positive answer when the acting
group is polycyclic, and we obtain a positive answer for all free actions of
a large class of groups including the lamplighter group Z2Z and all virtu-
ally solvable groups having finite Priifer rank. This marks the first time
that a group of exponential volume-growth has been verified to have this
property. In obtaining this result we introduce a new tool for studying
Borel equivalence relations by extending Gromov’s notion of asymptotic
dimension to the Borel setting. We show that countable Borel equiva-
lence relations of finite Borel asymptotic dimension are hyperfinite, and
more generally we prove under a mild compatibility assumption that
increasing unions of such equivalence relations are hyperfinite. As part
of our main theorem, we prove for a large class of solvable groups that
all of their free Borel actions have finite Borel asymptotic dimension
(and finite dynamic asymptotic dimension in the case of a continuous
action on a zero-dimensional space). We also provide applications to
Borel chromatic numbers, Borel and continuous Fglner tilings, topolog-
ical dynamics, and C*-algebras.

1. INTRODUCTION

The asymptotic dimension asdim(X, p) of a metric space (X, p) is a large-
scale analog of Lebesgue covering dimension. It was first introduced by
Gromov in 1993 as a quasi-isometry invariant of finitely generated groups
[14] (for a survey of asymptotic dimension and its applications to group
theory, see [I]). In recent years, a related notion of dynamic asymptotic
dimension was introduced in the context of topological dynamical systems
by Guentner, Willet, and Yu [16]. While a few of our results pertain to
topological dynamics and dynamic asymptotic dimension, our main focus is
to further adapt the notion of asymptotic dimension to the context of Borel
equivalence relations, and to investigate its applications.

Let X be a standard Borel space, let p : X x X — [0,400] be a Borel
extended metric on X, where by extended we mean that the value +oo is
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allowed, and define the Borel equivalence relation E, = {(z,y) € X x X :
p(x,y) < oo}. When every class of E, is countable, we define the Borel
asymptotic dimension of (X, p), denoted asdimp(X, p), to be dif d € NU
{+0o0} is least with the property that for every radius r > 0 there exists a
Borel equivalence relation F' C E, such that the F-classes have uniformly
bounded finite diameter and every ball of radius r meets at most d+ 1 many
classes of F. The original notion of asymptotic dimension, which we will
refer to as standard asymptotic dimension for clarity, is defined in the same
manner but without the Borel measurability restrictions. In particular, we
always have asdimp (X, p) > asdim(X, p).

It is perhaps a bit surprising that in the Borel context the most pertinent
information is whether or not the Borel asymptotic dimension is finite, as
the following theorem reveals. For the statement below, recall that a metric
p is proper if every ball of finite radius has finite cardinality.

Theorem 1.1. Let X be a standard Borel space and let p be a Borel proper
extended metric on X . If the Borel asymptotic dimension of (X, p) is finite,
then it is equal to the standard asymptotic dimension of (X, p).

We also find that Borel and standard asymptotic dimension agree modulo
a meager set.

Theorem 1.2. Let X be a Polish space and let p be a Borel proper extended
metric on X. Then there is an E,-invariant comeager set X' C X such that
asdimp(X’, p) = asdim(X’, p).

In this paper, our primary focus will be the Borel asymptotic dimensions
associated with Borel group actions and, ultimately, the subsequent appli-
cations to the theory of hyperfinite equivalence relations. If G is a countable
group and 7 : G x G — [0, +00) is a proper right-invariant metric on G, then
to every Borel action G ~ X of G on a standard Borel space X one can
associate a Borel proper extended metric p; : X x X — [0, +00] by declaring
pr(x,y) to be the minimum of {7(1g,g): g € G, ¢g-x =y} when this set is
non-empty, and co otherwise.

For a countable group G, the standard asymptotic dimension of (G, )
does not depend upon the choice of the proper right-invariant metric 7 [I,
Prop. 62] and is referred to as the asymptotic dimension of G. Similarly,
for a Borel action G ~ X the Borel asymptotic dimension of (X, p;) does
not depend on the choice of 7 (see Lemma . To simplify terminology, we
will therefore speak of the Borel asymptotic dimension of the action G ~ X
and write asdimp(G ~ X).

Our main theorem is below. Recall that a normal series for a group G is a
sequence G = Go>G1>...>G, = {1} of normal subgroups of G. We refer
to Gk /Gr+1 as a quotient of consecutive terms, and we call Go/G; the top
quotient. The standard asymptotic dimension of G is always bounded by
the sum of the standard asymptotic dimensions of the consecutive quotients
in a normal series (see Thm. 68 in [I] and the remark following it).
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Theorem 1.3. Let G be a countable group admitting a normal series where
each quotient of consecutive terms is a finite group, an increasing union of
characteristic finite subgroups, or a torsion-free abelian group with finite Q-
rank, except the top quotient can be any group of uniform local polynomial
volume-growth or the lamplighter group Zo)Z. If X is a standard Borel space
and G ~ X is a free Borel action, then asdimp(G ~ X) = asdim(G) <
00. Additionally, if X is a locally compact 0-dimensional second countable
Hausdorff space and G acts freely and continuously on X, then the dynamic
asymptotic dimension of G ~ X is at most asdim(G) < oo.

The above theorem clearly applies to the lamplighter group and all groups
of uniform local polynomial volume-growth. It also applies, by Lemma
below, to all groups that are virtually solvable and have finite Priifer rank
(a group has finite Priifer rank if there is k so that every finitely generated
subgroup can be generated by k elements or fewer). The class of virtually
sovlable groups having finite Priifer rank contains all polycyclic groups (i.e.
groups admitting a normal series where every quotient of consecutive terms
is a finitely-generated abelian group), all solvable groups that are linear over
Q, the Baumslag—Solitar group BS(1,2), as well as some more exotic groups
which are not virtually torsion-free nor linear over any field [22].

Theorem and the theorem below provide many new examples, both in
the Borel and the topological settings, of groups having the property that
all of their free actions admit Fglner tilings. In view of the assumption of
the theorem below, we remark that both Borel and dynamic asymptotic
dimension are monotone decreasing upon restricting an action to the action
of a subgroup (see for instance Corollary . In particular, the assumption
of the next theorem will be met provided G satisfies (or all of its finitely
generated subgroups satisfy) the assumption of Theorem [1.3

Theorem 1.4. Let G be a countable amenable group, let X be a stan-
dard Borel space, and let G ~ X be a free Borel action. Assume that
asdimp(H ~ X) < oo for every finitely generated subgroup H < G. Then
for every finite K C G and § > 0 there exist (K,J)-invariant finite sets
,...,F, C G and Borel sets Cy,...,C, C X such that the map 0 :
LI, Fi x C; — X given by 0(f,c) = f ¢ is a bijection. Similarly, if X is
a compact 0-dimensional second countable Hausdorff space, G acts continu-
ously and freely on X, and the dynamic asymptotic dimension of H ~ X is
finite for every finitely generated subgroup H < G, then the same conclusion
holds with the sets C1,...,Cy being additionally clopen.

The clopen Fglner tilings provided by Theorems [I.3] and [T.4] immediately
yield interesting consequences to topological dynamics and C*-algebras,
most notably providing new examples of classifiable crossed products.

Corollary 1.5. Let G be a countably infinite group such that the assump-
tions of Theorem are satisfied by G or are satisfied by every finitely
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generated subgroup of G. Then every free continuous action of G on a com-
pact metrizable space having finite covering dimension is almost finite. As
a consequence, the crossed products arising from minimal such actions are
classified by the Elliot invariant (ordered K -theory paired with tracial states)
and are simple ASH algebras of topological dimension at most 2.

Finite Borel asymptotic dimension also provides a bound on the Borel
chromatic number xg(I') of a Borel graph I' in terms of its standard chro-
matic number x(I'). The theorem below follows a theme of similar re-
sults. Specifically, Conley and Miller established the same bound for Baire-
measurable chromatic numbers of locally finite Borel graphs, and when the
graph is furthermore hyperfinite they obtained this bound for y-measurable
chromatic numbers [5]. More recently, Gao—Jackson-Krohne-Seward ob-
tained this bound for the Borel chromatic numbers of Schreier graphs in-
duced by Borel actions of finitely-generated nilpotent groups [13].

Theorem 1.6. Let X be a standard Borel space, let I' be a Borel graph on
X, and let p be the graph metric on T'. Assume that T is locally finite and
that asdimp(X, p) < co. Then xg(I') <2 x(T") — 1.

In fact we obtain a result more general than the above by incorporating
a new quantity we define called the asymptotic separation index.

From the above theorem and previous work of the authors [3], it follows
that there are hyperfinite bounded degree acyclic Borel graphs having infi-
nite Borel asymptotic dimension. This is in contrast to the fact that acyclic
graphs always have standard asymptotic dimension at most 1. On the other
hand, in Lemma [8.3] we prove that the Borel asymptotic dimension of a
Borel graph is at most 1 when the graph is induced by a bounded-to-one
Borel function.

Lastly, we discuss applications to the theory of hyperfinite equivalence
relations, which was our primary motivation in this work. Recall that
an equivalence relation E on a standard Borel space X is Borel if E is
a Borel subset of X x X, and finite (or countable) if every E-class is finite
(respectively countable). E is hyperfinite if it is the union of an increas-
ing sequence of finite Borel equivalence relations. From each Borel action
G ~ X of a countable group G we obtain the orbit equivalence relation
EX = {(z,y) € X x X : 3g € G g -z = y}, which is a countable Borel
equivalence relation.

The study of Borel actions of countable groups is of fundamental signifi-
cance to the theory of countable Borel equivalence relations, as every count-
able Borel equivalence relation can be represented as the orbit equivalence
relation of a Borel action of a countable group [9]. Additionally, under the
hierarchy of Borel reducibility, the hyperfinite equivalence relations are the
simplest class of countable Borel equivalence relations whose study is non-
trivial (as made precise by the Glimm-Effros dichotomy and the equivalence
of hyperfiniteness and Borel reducibility to Ep; see [6, Thm. 7.1]). Thus,
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a fundamental problem is to determine for which actions G ~ X is the or-
bit equivalence relation Eé( hyperfinite. A long-standing and widely-known
formulation of this problem is the following.

Weiss’ Question [31]. If G is a countable amenable group, X a standard
Borel space, and G ~ X a Borel action, must the orbit equivalence relation
Eg be hyperfinite?

Every countable non-amenable group G admits a Borel action G ~ X
for which Eé{ is not hyperfinite [17]. Thus, if Weiss’ question has a positive
answer, then it provides a characterization for the class of amenable groups.

In a striking result in 1980, Ornstein and Weiss proved that for every
Borel action G ~ X of a countable amenable group G the orbit equivalence
relation Eé{ is p-almost-everywhere hyperfinite for every Borel probability
measure f on Xﬂ, meaning for each p there is a G-invariant p-conull set
Y C X such that the restriction of ES to Y is hyperfinite [24]. It was in
light of this result that Weiss posed his question in [31] and proceeded, in
that same paper, to provide a positive answer to his question for Z (a second
proof for Z was published by Slaman and Steel in 1988 [27]).

Since the conception of Weiss’ question, significant attention has gone to
the project of expanding the class of groups known to have a positive an-
swer. In unpublished work shortly after posing his question, Weiss proved
the answer is positive for the groups Z". Years later, in 2002, Jackson,
Kechris, and Louveau generalized this result by proving that Eé( is hyperfi-
nite whenever G is a finitely-generated group of polynomial volume-growth
[I7, Thm. 1.16] (equivalently, whenever G has a finite-index nilpotent sub-
group [15, B32]). In an extremely technical and long proof that introduced
important new methods, Gao and Jackson obtained a positive answer for all
countable abelian groups in 2007 [10]. Through a further expansion of those
methods, a positive answer was obtained for all locally nilpotent groups
by Schneider and Seward in 2015 [26] (a group is locally nilpotent if every
finitely-generated subgroup is nilpotent).

These last two results (of Gao—Jackson and Schneider-Seward) can be
equivalently described as partially removing the finite-generation assump-
tion from the theorem of Jackson—Kechris—Louveau. Indeed, the classes of
groups (abelian and locally nilpotent) considered in these two works have the
property that all their finitely-generated subgroups have polynomial volume-
growth. The assumption of polynomial volume-growth is a universal trait

IThe published version of their result is stated for non-atomic quasi-invariant prob-
ability Borel measures, but can be generalized to any Borel probability measure u as
follows. The collection of points containing an atom in their orbit is countable, and the
restriction of EX to this set is easily seen to be smooth and thus hyperfinite. We can
therefore discard that set and assume p is non-atomic. Pick any enumerate g; of G and
set v =3 27"(gi)«p. Then v is non-atomic and quasi-invariant, so there is a G-invariant
v-conull set Y with the restriction of E& to Y hyperfinite. Now simply notice that Y is
p-conull as well.
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of prior solutions to Weiss’ question and is fundamental to the structure of
all prior proofs. For this reason, reliance upon polynomial volume-growth
has widely been viewed as a critical obstruction to further progress.

Through Theorem we obtain the first solution to Weiss’ question that
includes groups of exponential volume-growth (any solvable group not con-
taining a finite-index nilpotent subgroup has exponential volume-growth
[32]). We obtain this result by relating Borel asymptotic dimension to hy-
perfiniteness.

Theorem 1.7. Let X be a standard Borel space and let p be a Borel proper
extended metric on X . If the Borel asymptotic dimension of (X, p) is finite,
then the finite-distance equivalence relation E, = {(z,y) € X x X : p(x,y) <
oo} is hyperfinite.

Corollary 1.8. If G is a countable group satisfying the assumption of The-
orem X is a standard Borel space, and G ~ X is a free Borel action,
then the orbit equivalence relation Eé{ s hyperfinite.

In the case of polycyclic groups, work of Schneider and Seward ([26, Cor.
8.2]) allows us to remove the assumption that the actions are free. We thus
obtain a positive answer to Weiss’ question for all polycyclic groups.

Corollary 1.9. If G is a polycyclic group, X s a standard Borel space,
and G ~ X 1s any Borel action, then the orbit equivalence relation Eé( 18
hyperfinite.

As previously mentioned, the works of Gao—Jackson [10] and Schneider—
Seward [26] saw a tremendous increase in the length and technicality of
their arguments only to partially remove the finite-generation assumption
in the work of Jackson—Kechris—Louveau [I7]. A compelling reason for why
this occurred is that removing finite-generation is equivalent to confronting
a special case of another long-standing fundamental open problem on hy-
perfinite equivalence relations, one that is generally considered harder than
Weiss’ question. Specifically, the Union Problem asks: if X is a standard
Borel space and (E,,) is an increasing sequence of hyperfinite equivalence
relations on X, must the equivalence relation | J,, E,, be hyperfinite? If we
express a group G as an increasing union of finitely generated subgroups
G, then the overlap between this problem and Weiss’ question can be seen
by observing that for every action G ~ X we have Eé( =U, Eé{n

Using the notion of Borel asymptotic dimension, we solve a special case
of the Union Problem.

Theorem 1.10. Let X be a standard Borel space and let (pp)nen be a
sequence of Borel proper extended metrics on X. Assume that for everyn €
N and r > 0 the pn-balls of radius r have uniformly bounded py1-diameter,
and set E = \J,, E,,. If (X, pn) has finite Borel asymptotic dimension for
every n then E is hyperfinite.

The above theorem allows us to immediately expand on Corollary [I.8]



BOREL ASYMPTOTIC DIMENSION AND HYPERFINITE RELATIONS 7

Corollary 1.11. If G is the increasing union of groups satisfying the as-
sumption of Theorem X is a standard Borel space, and G ~ X is a
free Borel action, then the orbit equivalence relation Eg;( 1s hyperfinite.

Theorem [I.10] also allows us to, for the first time, fully remove the finite-
generation assumption from the work of Jackson—Kechris-Louveau [17]. In-
deed, it is simple to prove (as we do in Corollary that Borel actions
G ~ X have finite Borel asymptotic dimension whenever G is a finitely-
generated group of polynomial volume-growth.

Corollary 1.12. Let G be a countable group with the property that every
finitely generated subgroup of G has polynomial volume-growth (equivalently,
every finitely generated subgroup of G contains a finite-index nilpotent sub-
group). If X is a standard Borel space and G ~ X is any Borel action then
the orbit equivalence relation Eé( s hyperfinite.

For instance, a new group to which the above corollary applies but prior
results do not is the group (6D,,cy Z) X Soo, Where Sy is the group of finitely-
supported permutations of N.

In addition to the formal results we obtain, we believe that the methods
we employ are equally valuable. The introduction of Borel asymptotic di-
mension into the study of hyperfinite equivalence relations is exciting both
for the new results it leads to, as discussed above, and for how it reshapes
our understanding of prior results. Specifically, the papers by Gao—Jackson
[10] and Schneider—Seward [26], which were primarily devoted to partially
removing the finite-generation assumption in the work of Jackson—Kechris—
Louveau [17], were quite long (74 and 45 pages, respectively) and highly
technical. Theorem [I.10] achieves the chief goal of those papers, but its
proof is less technical and tremendously shorter (only a few pages, includ-
ing all supporting lemmas). Together with Corollary (which also has a
very short proof), these self-contained arguments encompass all prior work
on Weiss’ question and a bit more. Our proofs certainly differ significantly
in terms of formal concepts and details, however we find it both surprising
and satisfying that, in our opinion, our arguments capture the core intuitive
components of those prior works. We hope therefore that this work can
lead to a renewed understanding of prior discoveries and can reinvigorate
the pursuit of Weiss’ question.

Outline. Section [2| contains a review of preliminary material. In Section
we introduce Borel asymptotic dimension and asymptotic separation index.
Many of the remaining sections are mostly independent of one another. In
Section [4] we prove that Borel asymptotic dimension is equal to standard
asymptotic dimension when the former is finite, and we prove that in many
situations the asymptotic separation index is at most 1. In the first half of
Section [5| we retrace part of the work of Jackson—Kechris-Louveau, but in
the language of Borel asymptotic dimension, and prove that Borel actions of
groups of polynomial volume-growth have finite Borel asymptotic dimension.
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In the second half of Section 5] we study packing phenomena for certain group
extensions and, relying upon that, in Section [6] we prove our main theorem
that all free actions of groups with suitable normal series have finite Borel
asymptotic dimension. In Section [7] we prove that finite Borel asymptotic
dimension implies hyperfiniteness and, relying a bit on Section [ we use
Borel asymptotic dimension to solve an instance of the Union Problem.
Finally, we study applications to Borel chromatic numbers in Section
Fglner tilings in Section [9] and topological dynamics and C*-algebras in
Section [I0} Much of this last section discusses alterations to proofs from
earlier in the paper, arguing how clopen sets can be used in place of Borel
sets.

2. PRELIMINARIES

As is customary in logic, throughout the paper we identify each positive
integer n with the set {0,1,...,n— 1}.

By an ezrtended metric we mean a metric that is allowed to take value
+00. Given an extended metric p on X we write E, = {(z,y) € X x X :
p(x,y) < oo} for the finite-distance equivalence relation. We let B(x;r)
denote the closed r-ball centered at x, and we call p proper if every ball of
finite radius has finite cardinality.

2.1. Groups and group actions. A normal series for a group G is a
sequence G = Go > G1 > ... > Gy, = {1g} of normal subgroups of G. We
refer to Gi/Gry1 as a quotient of consecutive terms, and we call Gy/G1 the
top quotient.

If G is an abelian group, then its torsion subgroup is the subgroup con-
sisting of all elements of finite order. G is called torsion if it is equal to
its torsion subgroup, and G is called torsion-free if its torsion subgroup is
trivial. The Q-rank of G (when G is written additively) is the largest cardi-
nality of a Z-linearly independent subset, or equivalently the dimension of
the Q-vector space Q ® G.

If P is a property of groups, then we will say that G is locally P if
every finitely generated subgroup of G has property P, and we will say G is
virtually P if G contains a finite-index subgroup with property P.

A group G has finite Prifer rank if there is k € N so that every finitely
generated subgroup of G can be generated by k elements or fewer. When
this is the case, the Priifer rank of G is the least k for which this property
holds.

Lemma 2.1. Let G be a virtually solvable group having finite Prifer rank.
Then G admits a normal series where each quotient of consecutive terms is
either a finite group, an increasing union of finite characteristic subgroups,
or a torsion-free abelian group with finite Q-rank.

Proof. From the definition it is immediate that the property of having finite
Priifer rank passes from a group to all of its subgroups. Additionally, it
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passes to all quotients. Specifically, suppose that I" has Priifer rank &k and
¢ : I' = A is an epimorphism. Given any finite collection A1,..., Ay € A
we can pick 7v1,...,7 € I satisfying ¢(v;) = \; for each . Since I' has
Priifer rank & there are sq,...,s; € T with (s1,...,8%) = (7,...,7). It
follows that (¢(s1),...,d(sk)) = (A1,...,Ae). Thus every finitely generated
subgroup of A is at most k-generated and A has Priifer rank at most k.

Next, we note that if I is a torsion abelian group having finite Priifer rank,
then I' is the increasing union of characteristic finite subgroups. Indeed, I'
is the increasing union of the characteristic subgroups I';,, where I';, is the
subgroup generated by all elements having order n or smaller. Each element
of I';, has order at most n! by commutativity, and if k is the Priifer rank of
I" then every finitely generated subgroup of I';, is k-generated and thus has
cardinality at most (n!)*. Therefore |I',| < (n!)* and T, is finite as desired.

We now prove the lemma. Let H be a finite-index solvable subgroup of
G. The left-translation action of G on the space of cosets G/H produces
a homomorphism ¢ : G — Sym(G/H). The kernel of this map, ker¢ =
N e gHg™!, is a subgroup of H and thus solvable, and it has finite index
in G since Sym(G/H) is finite.

Set Go = G and G; = ker¢. Let ¢ > 1 and suppose that Go;—1 has
been defined. Set Ga;11 = [G2i—1,G2i—1] and let Go; be the set of elements
g € Gai—1 such that ¢ € Gg;41 for some m > 0. It is easily seen by
induction that G; is characteristic in G for all j > 1, and thus (G;) is a
normal series for G. Additionally, since (G2;—1);>1 is the derived series of
G1 and G is solvable, there is n > 1 with G,, = {1¢}.

By construction G/G1 is a finite group. For i > 1, Go; /G241 is the tor-
sion subgroup of the abelian group Go;—1/G2;+1, s0 Ga;—1/G2; is torsion-free
and abelian. Additionally, since G;_1/G2; has finite Priifer rank it has finite
Q-rank. Lastly, Go;/G2i+1 is a torsion abelian group having finite Priifer
rank and thus is the increasing union of finite characteristic subgroups. O

A finitely generated group G has polynomial volume-growth if there is
d € N (the least of which is called the degree) so that for any (equivalently
every) finite symmetric generating set B containing 1 there is ¢ > 0 with
|B"| < erd for all » > 1. By Gromov’s theorem [15] 32], this is equivalent to
G being finitely generated and virtually nilpotent.

We say that G has local polynomial volume-growth if every finitely gen-
erated subgroup of G has polynomial volume-growth, and has uniform local
polynomial volume-growth if there is d € N (the least of which is referred to
as the degree) so that every finitely generated subgroup of G has polynomial
volume-growth of degree at most d. For instance, locally finite groups have
uniform local polynomial volume-growth of degree 0 and countable abelian
groups of Q-rank d have uniform local polynomial volume-growth of degree
d.

Every finitely generated group G can naturally be viewed as a metric
space. Specifically, to any finite symmetric generating set A containing 14
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one can associate the A-word length metric T4 defined by letting 74(g, h) be
the least n € N with gh~' € A™. Then 74 is a proper right-invariant metric.
More generally, every countable group G admits some proper right-invariant
metric. For instance, if G is finite we can let 7 be the discrete metric, and
otherwise we can fix a bijection w : Z; — G and define

7(g9,h) = min{ny +ng + ... +ng: k> 1, wlng)w(ng)---wlng) = gh™'}.

An action G ~ X is free if g - x # x for every x € X and non-identity
g € G. If G acts on X and 7 is a proper right-invariant metric on G, then
we can define a proper extended metric p, on X by letting p,(x,y) be the
minimum of 7(1¢, g) over all g € G satisfying g-= = y, and be +0o0 if no such
g exists. Since 7 is right-invariant, for any fixed x € X the map g — g -
from (G, 7) to (X, p;) is 1-Lipschitz and is an isometry when the action is
free.

2.2. Standard asymptotic dimension. Let (X, p) be an extended metric
space. We say that an equivalence relation £ on X is bounded if every FE-
class has finite p-diameter, and is uniformly bounded if there is a uniform
finite bound to the p-diameters of F-classes. We also say E is countable if
every F-class is countable, and finite if every E-class is finite. Moreover,
is uniformly finite if there is a finite uniform bound to the cardinalities of
the E-classes.

For U C X and r > 0, we denote by §,.(U) the smallest equivalence
relation on U with the property that (z,y) € §,.(U) whenever z,y € U
satisfy p(z,y) < r. Similarly, for an action G ~ X, U C X, and finite
A C G, we let §,4(U) be the smallest equivalence relation on U satisfying
(z,y) € §4(U) whenever z,y c U andx € A-yoryec A-x.

There are several equivalent definitions for the standard asymptotic di-
mension of a metric space (X, p) (see for instance [I, Thm. 19]), but we will
only be interested in two. Consider the following statements.

(1) For every r > 0 there is a uniformly bounded equivalence relation £
on X such that for every z € X the ball B(x;r) meets at most d+ 1
classes of E.

(2) For every r > 0 there are sets Uy, ..., Uy that cover X and have the
property that §,(U;) is uniformly bounded for every i.

Then (1) and (2) are equivalent for every d € N (this is a standard fact,
recorded for instance in [I, Thm. 19] and reproved in the Borel setting in
the next section). The standard asymptotic dimension of (X, p), denoted
asdim (X, p), is the least d € N for which (1) and (2) are true, or +o00 if no
such d exists. We will use this same definition for extended metric spaces
as well.

A visual demonstration, based on (1), that R? has standard asymptotic
dimension 2 is depicted in Figure In that figure, the classes of E are
rectangles of side-length greater than 4r, and the rectangles are staggered
so that every r-ball meets at most 3 rectangles, rather than 4. A similar
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O
Ball of radius
r =A4rg

FIGURE 1. An equivalence relation E satisfying condition
(1) when X =R? and d = 2.

[e]

Ball of radius

To

FIGURE 2. Sets Uy (pink), U; (green), Uy (blue) satisfying
condition (2) when 7 =79, X = R? and d = 2.

demonstration, based on (2), is depicted in Figure 2 The objects depicted
in these figures are connected by a construction that will be discussed in the
next section.

We define the standard asymptotic dimension of a group G, denoted
asdim(G), and the standard asymptotic dimension of an action G ~ X,
denoted asdim(G ~ X), to be asdim(G, ) and asdim(X, p;), respectively,
for any proper right-invariant metric 7 on G. These two quantities do not
depend on the choice of 7.

Lemma 2.2. Let G ~ X be an action of a countable group G. Then
asdim(G ~ X)) is equal to the least d € N with the property that for every
finite set A C G there are sets Uy, ...,Uq covering X such that § ,(U;) is
uniformly finite for every i € d+ 1, and is equal to oo if no such d exists.

Proof. This follows from the basic fact that if 7 is any proper right-invariant
metric on G then for any r» > 0 the set A = {a € G : 7(a,1g) < r} is finite
and for any finite A C G there is an r > 0 with 7(a,1g) < r for all a € A.
We leave it as an easy exercise for the reader to fill in the details. ([

We note the following immediate consequence.

Corollary 2.3. Let G ~ X be an action of a countable group G. If H <
G then the restricted action satisfies asdim(H ~ X) < asdim(G ~ X).



12 CONLEY, JACKSON, MARKS, SEWARD, AND TUCKER-DROB

Moreover, asdim(G ~ X) is the supremum of asdim(H ~ X) as H wvaries
over all finitely generated subgroups of G.

Similar statements hold for the standard asymptotic dimension of groups.
To give a few examples, locally finite groups have standard asymptotic di-
mension 0, Q% has standard asymptotic dimension d, solvable groups have
standard asymptotic dimension bounded by their Hirsch length (i.e. the
sums of the Q-ranks of the abelian quotients appearing in their derived se-
ries, which may be infinite), and non-abelian free groups have standard as-
ymptotic dimension 1. On the other hand, @, . Z, Z!Z, and the Grigorchuk
group have infinite standard asymptotic dimension, as does any group hav-
ing them as a subgroup. Further examples can be found in [I]. It is also
worth noting that every countable group has standard asymptotic dimension
bounded by the sum of the standard asymptotic dimensions of the quotients
of consecutive terms in any normal series (see Thm. 68 in [I] and the remark
following it).

2.3. Borel equivalence relations and graphs. A set X equipped with
a distinguished o-algebra B(X) is called a standard Borel space if there
exists a separable and completely metrizable topology on X such that B(X)
coincides with the o-algebra generated by the open sets. In this setting, we
call the members of B(X) Borel sets. When X is a standard Borel space
and p is a Borel measurable extended metric on X, we call (X, p) a Borel
extended metric space.

An equivalence relation E on X is Borel if E is a Borel subset of X x X.
A Borel equivalence relation F is hyperfinite if it can be expressed as the
increasing union of a sequence of finite Borel equivalence relations FE,,. For
x € X we write [x]g for the E-class of z, and for Y C X we write [Y]g =
{re X :3yeY (x,y) € E} for the E-saturation of Y.

The equivalence relations we consider will always be countable. An im-
portant feature of countable Borel equivalence relations is that the Lusin-
Novikov uniformization theorem provides Borel functions f, : X — X with
the property that E = {(z, fo(z)) : € X, n € N} [I8, Thm. 18.10]. This
fact is quite useful for verifying that sets are Borel. For instance, if F is a
countable Borel equivalence relation and Y C X is Borel, then [Y]g is Borel
as well because if (fy,)nen is as described above then z € [Y]g if and only if
there is n € N with f,(xz) € Y. The next lemma provides another example.

Lemma 2.4. Let X be a standard Borel space and let U C X be Borel.
(1) If p is a Borel extended metric on X and E, is countable, then §,.(U)
is Borel for every r > 0.
(2) If G ~ X is a Borel action then §4(U) is Borel for every finite
ACQG.

Proof. Consider (a). Since E, is countable, we may let f, : X — X, n € N,
be as given by the Lusin—Novikov uniformization theorem. Then (z,y) €
§,(U) if and only if there is K € N and ng,...,ny € N with f,,(z) = =,
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Jnw(@) =y, p(fr; (@), fra(2)) < v for all i < k, and f,,(z) € U for all
i < k. Thus §,(U) is Borel. The proof of (b) is nearly identical, but one
can use the elements of GG instead of the f,’s. O

In our arguments the equivalence relations §,(U) and §4(U) will often
be finite. A useful feature of finite Borel equivalence relations is that they
admit Borel selectors, meaning there is a Borel function s: X — X satisfying
s(y) = s(z) E x for all (z,y) € £ [18, Thm. 12.16]. In particular, since s is
finite-to-one the image s(X) is a Borel set that contains exactly one point
from every E-class [I8, Ex. 18.14].

If X is a standard Borel space, a Borel graph on X is a set of edges I'
that is a Borel subset of X x X. The graph metric p is defined by letting
p(z,y) be the shortest possible length of a path joining = and y, or oo if
no such path exists. This metric is proper when I" is locally finite, meaning
every x € X has finite degree in I'. A set Y C X is I'-independent if no two
points in Y are joined by an edge, and a proper coloring of I' is a function
c: X — Z with the property that ¢~1(2) is I'-independent for every z € Z.
The chromatic number of T', denoted x(I'), is the least cardinality of a set
Z such that there exists proper coloring ¢ : X — Z. When X is a standard
Borel space and I' is a Borel graph, the Borel chromatic number xg(T') is
defined in the same way but with the requirement that Z be a standard
Borel space and that ¢ be Borel measurable.

The following proposition gives a case when the Borel chromatic number
is equal to the standard chromatic number:

Proposition 2.5 (5, Proposition 1]). Suppose that X is a standard Borel
space and I" is a locally countable Borel graph on X whose connectedness
relation Er on X admits a Borel selector. Then x(G) = xB(G).

We will use this proposition in the case when the Borel graph I' has finite
connected components and hence has a Borel selector by the above. In
this special case, one way of proving this proposition is by taking a Borel
linear ordering of X and then taking the lexicographically least coloring
using x(G)-colors in each connected component. It is not hard to verify this
coloring is Borel.

3. BOREL ASYMPTOTIC DIMENSION

In this section we introduce Borel asymptotic dimension. We first trans-
late into the Borel setting the two conditions discussed in Section [2| that
define standard asymptotic dimension, and we check that they are equiva-
lent when E, is countable.

Lemma 3.1. Let (X, p) be a Borel extended metric space with E, countable.
Then for every d € N the following statements are equivalent.
(1) For every r > 0 there is a uniformly bounded Borel equivalence re-
lation E such that for every x € X the ball B(x;r) meets at most
d+1 classes of E.
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(2) For every r > 0 there are Borel sets Uy, U, ..., Uy that cover X
and have the property that §,.(U;) is uniformly bounded for every
ied+1.

Furthermore, if (1°) and (2’) are the statements where “uniformly bounded”
is replaced by “bounded” in (1) and (2) respectively, then we similarly have
that (1°) and (2°) are equivalent for every d € N.

Proof. Since E, is countable, the Lusin-Novikov uniformization theorem
provides Borel functions f,: X — X, n € N, with E, = {(z, fo(x)) : © €
X, n € N}. We prove that (1) and (2) are equivalent; the equivalence of
(1’) and (2’) follows the same argument but replacing “uniformly bounded”
with “bounded” throughout.

(1) = (2). Fixrp > 0. Apply (1) with r = (d+2)rp to obtain a uniformly
bounded Borel equivalence relation E such that for every € X the (d+2)ro-
ball around x meets at most d + 1 classes of E. For each 0 < i < d define
Ui to be the set of z € X having the property that both B(z; (i + 1)ro)
and B(z; (i + 2)rg) meet ¢ + 1 many classes of E. Figure [2[ depicts the
sets Uy, Uy, Uy that are obtained when this construction is applied to the
relation E in Figure |1} Notice that B(x;7p) must meet at least one E-class
and, by our choice of E, B(z;(d + 2)rp) must meet strictly less than d + 2
many FE-classes. Thus monotonicity properties imply that {U; : 0 < i <
d} covers X. Additionally, each U; is Borel because for every i,j the set
Cij = {r € X : B(x;(i + 1)rg) meets at least j classes of E'} is Borel, as
x € C;; if and only if there are nq,...,n; € N with (fy,(x), fn,(z)) € E and
p(x, fn,(x)) < (i 4+ 1)rp for all s # t.

Now suppose that x,2’ € U; and p(z,z’) < rg. We claim that for every
class D € X/E we have that B(z; (i +1)rg) meets D if and only if B(z'; (i +
1)rg) meets D. Indeed, if B(z;(i + 1)rg) meets D then by the triangle
inequality B(z'; (i +2)rg) meets D, and since B(z'; (i +1)ro) and B(2'; (i +
2)rg) meet the same number of E-classes, we conclude that B(z'; (i + 1)rg)
meets D. From this claim it follows that for every = € U; the §, (U;)-class
of = is contained in the ball of radius (i + 1)ro around [z]g. So §, (U;) is
uniformly bounded since F is uniformly bounded.

(2) = (1). Fix ro > 0. Apply (2) with » = 2ry to get Borel sets
Uo,Un,...,Uy. By replacing each U; with U; \ Uj<i U; we can assume that
the U;’s partition X. Then E = (J; 8o, (Us) is a uniformly bounded Borel
equivalence relation on X. For every z and every ¢ we have that B(x;rg)
can meet at most one class of §y, (U;), and thus B(x;rg) meets at most
d + 1 many classes of F. O

Since the non-Borel versions of (1) and (2) are both commonly used to
define standard asymptotic dimension and these conditions remain equiva-
lent in the Borel setting when E, is countable, we restrict our definition of
Borel asymptotic dimension to this setting. We leave open how to define
Borel asymptotic dimension in other situations.
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Definition 3.2. Let (X, p) be a Borel extended metric space such that £, is
countable. The Borel asymptotic dimension of (X, p), denoted asdimp (X, p)
is the least d € N for which the statements (1) and (2) in Lemma are
true, and is oo if no such d exists. Similarly, the asymptotic separation index
of (X, p), denoted asi(X, p) is the least d € N for which the statements (1)
and (2’) are true, and is co if no such d exists.

The notion of asymptotic separation index is a new concept that we in-
troduce. We will see that this notion carries useful consequences, however it
is unclear how rich this notion is. For one, the notion is useless when Borel
constraints are removed as it is always at most 1 (pick a single point from
each F,-class and use annuli of inner and outer radii 2rn and 2r(n + 1),
n € N, to determine the classes of E as in (1’)). Moreover, we will prove
in the next section that the asymptotic separation index is often at most 1,
and we know of no example where it is both finite and greater than 1.

For a Borel action G ~ X of a countable group G, we can define the
Borel asymptotic dimension asdimg(G ~ X) to be asdimp (X, p;) for any
choice of proper right-invariant metric 7 on G. Once again this quantity
does not depend on the choice of 7 and the condition in Lemma [2.2] again
characterizes the value asdimp(G ~ X) when the sets U; are required to
be Borel. Similarly, Borel asymptotic dimensions of group actions have the
same monotonicity properties described in Corollary 23] Similar statements
apply to the asymptotic separation index of a Borel action G ~ X, but we
will not need this.

4. GENERAL PROPERTIES

In this section we establish some basic constraints on the values of Borel
asymptotic dimension and asymptotic separation index. We first note that
these values can be 0 only in fairly trivial situations.

Corollary 4.1. Let (X, p) be a Borel extended metric space with E, count-
able. Then asdimp(X, p) = 0 if and only if §,.(X) is uniformly bounded for
every v > 0. Similarly, asi(X, p) = 0 if and only if §,.(X) is bounded for
every r > 0.

Proof. This is immediate from conditions (2) and (2’) of Lemma as we
must have Uy = X. O

We next prove that Borel asymptotic dimension can only differ from its
standard counterpart when it is infinite.

Theorem 4.2. Suppose that (X, p) is a proper Borel extended metric space.
If asi(X, p) < oo (or, less generally, if asdimp(X, p) < o00), then the Borel
asymptotic dimension and the standard asymptotic dimension of (X, p) are
equal.

To prove this we need two supporting lemmas. We say that the standard
(respectively Borel) (r, R)-dimension of (X, p) is d if d € N is least with the
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property that there exist sets (respectively Borel sets) Uy, ..., Uy covering
X such that for every i each class of §,.(U;) has diameter at most R, and is
oo if no such d exists.

Lemma 4.3. Let (X, p) be a proper Borel extended metric space having
standard (r, R)-dimension d. If Y C X is Borel and §,(Y) is bounded, then
Y has Borel (r, R)-dimension at most d.

Proof. This lemma is proved using a similar idea to Proposition We
assume d < 0o, as otherwise there is nothing to prove. Since p is proper,
§,(Y) is a finite Borel equivalence relation, and each equivalence class admits
only finitely many partitions into d + 1 pieces. Let X</ be the standard
Borel space of finite subsets of X. Let P be the set of (Dyg,...,Dg) €
[Li<4 X<l guch that Dy, ..., D, are disjoint, and their union C' = DyU. ..U
Dy is an equivalence class of §,.(Y). Let P/ C P be the set of (Do, ..., Dg) €
P such that for each i, the §,(D;)-classes have diameter at most R. Since
we are assuming Y has (r, R)-dimension at most d, each §,(Y) class C
has at least one partition in P’. It is easy to check using Lusin-Novikov
uniformization that P and P’ are Borel. We want to find a Borel way of
taking each §,.(Y) class C, and choosing exactly one partition of it that lies
in P'.

Let F' be the equivalence relation on P’ where (Do, ..., Dg) F (Dy, ..., D))
if Uj<qDi = U;<qD;, so they partition the same §,.(Y) class. Then F is
a Borel equivalence relation with finite classes, so we can use a Borel se-
lector to obtain a Borel set Py C P’ that contains exactly one partition
of each §,.(Y) class. The sets U; = {z: (3(Dy,...,Dq) € Py)x € D;} are
Borel by Lusin-Novikov uniformization, and they witness that Y has Borel
(r, R)-dimension at most d. O

Lemma 4.4. Suppose that (X, p) is a Borel extended metric space, and that
X is the union of Borel sets XoU---UX,,_1. Assume that each X; has Borel
(1574, ri41)-dimension at most d, where the r;’s are non-decreasing. Then
(X, p) has Borel (rq, 5ry,)-dimension at most d.

Proof. This is trivial if d = 0o, so we assume d < oco. Passing to a subset
cannot increase Borel asymptotic dimension, so we may assume that the
sets X; are pairwise disjoint. By induction on n, it suffices to show that if
{Xo, X1} is a Borel partition of X where X, has Borel (rg, r1)-dimension at
most d and X; has Borel (371, r2)-dimension at most d, then X has Borel
(ro, bro)-dimension at most d.

Our assumptions imply that there are Borel sets UJ, ..., Ug covering X
where the diameter of every class in §,, (U?) is at most r1, and there are Borel
sets Ug,...,U; covering X where the diameter of every class in §s, (U}')
is at most r9. Define U; = Ul-0 U Uil. Then the U;’s are Borel and cover X.
Notice that the classes of §, (U;) are obtained by gluing together classes of
5,,(U?) with classes of §,,(U}') whenever the distance between them is at
most rg. If Dy is a STO(UZ-O)—class then, since D has diameter at most r; and
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2rg + r1 < 3rq, the set of points in UZ-1 that are distance at most rg from Dy
must lie in a single §s,., (U}')-class. Therefore, every class of §,,(U;) is either
a §,,(UP)-class or else it is the union of a subset B of some Fs, (U})-class
and the §, (U?)-classes that are distance at most 7o to B. We conclude that
every §, (U;)-class has diameter at most ro + 2(rg + 1) < 5ra. O

Proof of Theorem[{.3. Suppose that the standard asymptotic dimension of
(X, p) is d and that its asymptotic separation index is s < oo. Fix r9; we
will find some R such that (X, p) has Borel (79, R)-dimension at most d.
As (X, p) has standard asymptotic dimension d, there is some r1 > 7
such that X has standard (15rg,r;)-dimension at most d. Continue this
process, choosing for each ¢ € s+ 1 some ;4.1 > r; such that X has standard
(1574, 741)-dimension at most d. Finally, using the fact that (X, p) has
asymptotic separation index s, find a Borel partition {Xo, X1,..., X} of
X such that §5, (X;) is bounded for every i € s 4+ 1. Lemma implies
that each X; has Borel (157, r;11)-dimension at most d, and thus Lemma
ensures that (X, p) has Borel (rg, 57541)-dimension at most d as required. [J

We next turn our attention to asymptotic separation index and will need
an important technique that will recur throughout this paper. Asymptotic
dimension is fundamentally concerned with bounding the multiplicities of
boundaries at any prescribed large scale (as can be seen most clearly from
condition (1) of Lemma [3.1). The technique we need therefore relates to
ensuring that boundaries stay separated from each other, and is based on
two simple observations. The first is that if the classes of Fy,(U1) have
diameter at most b, then the sets B(D;a), where D varies over all §y,(U)-
classes, are pairwise disjoint and have diameter at most 2a + b. So for any
given set Va, if we union V5 with the sets B(D;a) meeting Vo, we obtain a
set Vo C Uy C B(Va;2a + b) with the property that for every = € U; the
set B(x;a) is either disjoint with Us or contained in Uy (i.e. the boundaries
of Uy and Us are separated by distance at least a). The second is that
if U C B(V;a) then every §,(U)-class is contained within distance a of
some Fo,,,.(V)-class; in particular, if §y, (V) is uniformly bounded then
so is §,(U). The next lemma formalizes this technique when applied to a
sequence (Vj,)nen-.

Lemma 4.5. Let (X, p) be a Borel extended metric space with E, countable
and for each n € N let V,, C X be Borel and let ay, by, r, > 0. Assume
for every n € N that every S, (Vn)-class has diameter at most b, and that
apn > Tp + 22;5(4% + bi). Then there are Borel sets U, 2V, such that

Sy, (Un) is uniformly bounded for every n and whenever n < m and x € U,
the set B(x;ry) is either disjoint with or contained in Uy, .

Proof. Notice that every §o, (B(Vn;2a,))-class is contained within distance
2a,, of some Fg, (V,)-class and thus has diameter at most 4a, + b,. For
Y C X define the saturation s,(Y) =Y U[Y N B(Vai2an)l5,  (B(Vii2an))-
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Then s,(Y) is Borel when Y is Borel and s,(Y) C B(Y;4a, + by,). Set
Uy =Vp, forn > 1set U, =sgo---08,-1(V), and notice U,, C B(Vy; a,).
From this last containment and the inequality 7, < a,, we see that §, (Un)
is uniformly bounded. Now consider n < m and x € U, and assume that
B(z;ry) is not a subset of Uy,,. Since B(z;a,) C B(Vy;2a,) is contained
in a single §y, (B(Vn;2ay))-class, it follows from the definition of s, and
Uy, that B(x;ay) is disjoint with W = s, 0 -+ 0 s,,1(V}y,). Since Uy, C
B(W; Y070 4ag +by) and 7, + S 728 dag + by < ap, it follows that B(z;r,)
is disjoint with U,,. O

Below, for sets A and B, we say that A divides B if AN B is a non-empty
proper subset of B.

Corollary 4.6. Let (X, p) be a Borel extended metric space with E, count-
able and with Borel asymptotic dimension d < oo, and let (rn)nen be a se-
quence of radii. Then there exists a sequence of Borel coversU™ = {Ug', ..., U}}
of X satisfying:
(i) 8., (U}") is uniformly bounded for every n and i;
(ii) if n < m, then for every x € U] the set B(xz;ry,) is either disjoint
with or a subset of U;™.

Proof. Set ag = rg. Given a, > 0, pick Borel sets V{*,..., V' covering
X with the property that §g, (V;") is uniformly bounded for every i, let
b, > 0 bound the diameters of every class of each relation §g, (V;"), and
set apy1 = Tny1 + Y p_g4ar + bg. For every i € d + 1, apply Lemma
to {V;" : n € N} to obtain Borel sets U]* O V" satisfying conditions (i) and
(ii). O

We will now prove that the asymptotic separation index is often at most
1 (in fact we know of no examples where it is both finite and greater than
one). Our proof will use the following criterion.

Lemma 4.7. Let (X, p) be a Borel extended metric space with E, countable.
Assume that for every r > 0 there are Borel sets V,, C X, n € N, such that
53, (Vi) is bounded for every n, for every x there is n with B(z;r) C V,,
and whenever n < m and x € V,, the set B(x;4r) is either contained in or
disjoint with V,,. Then asi(X, p) < 1.

Proof. Let r > 0 and let (V},),en be as described. Let U; be the set of x € X
for which there is an n with V;, dividing B(z;r), and set Uy = X \ U;. For
x € Uy let n, be such that V,,, divides B(x;r), and for € Uy let n, be
least with B(z;r) C V,,,. Clearly if 2,y € Up and p(z,y) < r then n, = n,,.
Similarly, if z,y € Uy and p(x,y) < r then B(y;2r) is divided by both V,,,
and V,,, and hence n, = n,. So for x € U; we have [z] 3. (Uy) is contained in a
S, (B(Vy,;7))-class, and has finite diameter since §s,.(Vy,, ) is bounded. O

The above criterion has some rough similarity with the notions of “toast”
in [I1, 12, 13] and “barriers” in [5]. In fact, the proof of (b) below is similar
to the proof of [5, Thm. B].



BOREL ASYMPTOTIC DIMENSION AND HYPERFINITE RELATIONS 19

Theorem 4.8. Let (X, p) be a Borel extended metric space with E, count-
able.

(a) If asdimp(X,p) < oo then asi(X,p) < 1.
(b) Assume p is proper and fix a compatible Polish topology on X. Then

there is an E,-invariant comeager set X' C X such that asi(X’, p) <
1.

We point out that item (b) and Theorem [4.2] together imply Theorem
from the introduction.

Proof. (a). Set d = asdimp(X,p) and let » > 0. Set r, = 4r + n and
apply Corollary to obtain a sequence of Borel covers U" = {Uy,...,U}'}
satisfying clauses (i) and (ii) of that corollary. For each z € X define
c(x) € d+1 to be least with = € Uy for infinitely many 7. An immediate
consequence of (ii) is that B(z;r,) C Uiy for every n and infinitely many
m > n. Consequently, ¢(x) = ¢(y) when p(z,y) < co. Thus ¢ is Borel and
E,-invariant. Finally, it is easily seen that the sets Vi, = ;e U Ne™ (i)
satisfy the conditions of Lemma [£.7]

(b). Let r > 0. Set ap = 4r and inductively define a,+1 = 4r+y_,_,(4ar+
2r). Let T',, be the Borel graph on X where (z,y) € ', if and only if
0 < p(z,y) < 6ay, + 2r. Then T, is locally finite since p is proper, so [19,
Prop. 4.3] implies that there is a Borel proper coloring ¢, : X — N of T'),.
Set Y;" = ¢, (i).

Consider the set P of pairs (z,s) € X x NY with the property that for
every x’ with p(x,2') < oo there is n with 2/ € Y- By applying the Lusin—
Novikov uniformization theorem, we can pick Borel functions f, : X — X,
n € N, satisfying £, = {(z, fu(z) : © € X, n € N)}. Since for every
z € X and k,n € N there is i € N with fi(z) € Y;", it is immediate that
the set {s € NV : In € N fi(z) € YsT(Ln)} is open and dense. By taking

the intersection over k € N, we find that the set {s € NN : (2,5) € P} is
comeager for every x € X. Since

keNneN

is Borel and in particular has the Baire property, it follows from the Kuratowski—
Ulam theorem [I8, Thm. 8.41] that there is a comeager set of s € NV such
that {z € X : (z,s) € P} is comeager.

Now fix s € NN with the property that the set X’ = {z € X : (z,s) € P}
is comeager. From the definition of P it is immediate that X’ is E,-invariant.
Set W,, = B(Y’Zn) ;7)NX". By construction each class of g, (W),) coincides

S
with B(y;r) for some y € Y{, and thus has diameter at most 2r. Therefore
we can apply Lemma using 7, = 4r for all n, to obtain Borel sets
Vp, 2 Wy, such that §5,.(V;,) is uniformly bounded for every n and whenever
n < m and x € V,, the set B(x;4r) is either disjoint with or contained in V;,.
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Additionally, by our choice of s for every x € X' there is n with = € Ys?n)
and hence B(z;r) C W,, C V,,. Therefore asi(X’, p) <1 by Lemma 4.7 O

5. POLYNOMIAL GROWTH AND BOUNDED PACKING

In this section we observe the basic fact that Borel actions of finitely-
generated groups of polynomial volume-growth have finite Borel asymptotic
dimension. We also explore notions of bounded packing, some of which will
be significant to the next section.

Our work in the first half of this section, dealing with groups of polynomial
volume-growth, essentially replicates the work of Jackson—Kechris—Louveau
[17] but is written in the slightly different language of asymptotic dimension.

Definition 5.1. We say that a proper extended metric space (X, p) has
bounded packing of degree d if for every t > 1 and rg > 0 there is > 1y so
that for all x € X, B(z;7t) contains at most 2(¢+ 1)%many pairwise disjoint
balls of radius 7.

Lemma 5.2. Let G be a finitely generated group with polynomial volume-
growth of degree d, and let B be a finite symmetric generating set for G
with 1 € B. Then for every m > 1 and rq > 0 there is r > 7o so that
|B™| < 2m?|B"|.

Proof. Fix m > 1, rg > 0, and let ¢ > 0 satisfy |B"| < er? for all » > 1.
Towards a contradiction, suppose |B™™| > 2m?|B"| for every r > ro. Then
by induction, for every k € N

k
kadr(z)i > |Bm 'ro| > 2kmkd|Br0’ > kakd’
which is a contradiction when crg < 2k, O

Recall from Section [2] that if B is any finite generating set for G containing
1¢ then we obtain a proper right-invariant metric 7 on G. Furthermore,
for an action G ~ X we obtain a proper extended metric p,; on X.

Corollary 5.3. Let G be a finitely-generated group with polynomial volume-
growth of degree d, let B be a finite symmetric generating set for G with
lg € B, and let G ~ X be any action. Then (X, pry) has bounded packing
of degree d.

Proof. Fix t > 1 and 79 > 0. Set m = ¢t + 1 and let » > rg be as given
by Lemma Fix z € X and suppose that the balls B(y;;r), i € k, are
pairwise disjoint and contained in B(z;rt) = B - x. Pick g; € B™ with
gi - © = y;. Since the sets B(y;;r) = B"g; - © are pairwise disjoint, the
sets B"g; must be pairwise disjoint subsets of B"(*t1) = B™™_  Therefore

k< P <omd =2+ 1) O

Lemma 5.4. Let (X, p) be a proper Borel extended metric space with bounded
packing of degree d. Then asdimp(X, p) < 2-5% < cc.
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Proof. Since p is proper, E, is countable so there are Borel functions f,,: X —
X with E, = {(z, fu(z)) : v € X, n € N}. Fix 19 > 0, set t = 4, and let
r > rg be as in the definition of bounded packing. We will verify condition
(1) of Lemma Consider the Borel graph I where x,y € X are joined by
an edge if 0 < p(z,y) < 2r. Then T is locally finite since p is proper, so by
[19, Prop. 4.2 and Prop. 4.3] there is a I-independent Borel set Y C X that
is maximal, meaning every x € X \ Y is adjacent to some y € Y. Therefore
the sets B(y;r), y € Y, are pairwise disjoint and B(Y;2r) = X. Now define
s: X = Y by setting s(x) = fr(x) if there is k € N with fx(z) € Y and
p(z, fr(z)) < r, and otherwise setting s(x) = fi(z) where k € N is least with
fr(x) € Y and p(z, fr(x)) < 2r. Lastly, define E by = E 2’ < s(z) = s(2').
Then F is Borel and every class has diameter at most 4r, so E is uniformly
bounded. Also, for any = € X the sets B(y;7), y € s(B(z;r)), are pairwise
disjoint and contained in B(z;4r), so the number of E-classes that meet
B(z;r) is |s(B(x;7))| < 2- 5% O

Corollary 5.5. If G is a countable group having uniform local polynomial
volume-growth of degree d, X is a standard Borel space, and G ~ X is any
Borel action, then asdimp(G ~ X) < 2-5¢ < co.

Proof. This follows from Corollary (which extends to Borel asymptotic
dimension, as noted in the final paragraph of Section , Corollary and
Lemma [5.41 O

We next explore a variant notion of bounded packing that applies to group
extensions and will help us to move beyond groups of polynomial volume-
growth. The form of the next definition (the use of B3 in particular) is
tailored to the specific needs we will encounter in the next section.

Definition 5.6. Let G be a countable group and let ® be a finite set of
automorphisms of G. We say that G has ®-bounded packing if there is k with
the following property: for every finite set By C G there is a finite symmetric
set B D By U {lg} such that |T| < k whenever ¢ € ®, T C B3¢(B?) and
(TT-'\{1lg})NB = 2.

Lemma 5.7. Let G be a countable group and ® a finite set of automorphisms
of G. Assume that either:

(i) G has uniform local polynomial volume-growth and ® = {id} consists
of the trivial automorphism;

(ii) G is a finite group, an increasing union of finite characteristic sub-
groups, or a countable torsion-free abelian group with finite Q-rank;

or
(iii) G = B,,cz,Z2 and each ¢ € ® shifts the Z-coordinates of G by some
s €.

Then G has ®-bounded packing.

Proof. (i). Say G has uniform local polynomial volume-growth of degree at
most d and set k = 2-13%. Let By C G be finite. Without loss of generality
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we can assume By is symmetric and contains 1. Apply Lemma to
obtain r such that | B} | < 2(13)%| B[, and set B = B2". If T C BS satisfies
(TT~'\ {l1g}) N B = & then the sets B - t, t € T, are pairwise disjoint
subsets of B§?" and hence |T| < |B§*"|/|Bj| < k.

(i1). When G is finite this is trivial; simply take B = G and k = 1. Next
suppose that G is the increasing union of finite characteristic subgroups G,
and set k = 1. If By C G is finite, pick any n with By C G, and set B = G,,.
Since B = Gy, is a characteristic subgroup, we have B3¢(B?) = G,, for all
automorphisms ¢ of G, and any T C G, satisfying (TT~'\ {1g}) NG, = @
must be a singleton or empty, meaning |T'| < 1 = k.

Now suppose G is a countable torsion-free abelian group with finite Q-
rank d. Let A be a finite symmetric set that contains 1g and generates a
subgroup Gy of Q-rank d. Then every element of G /G has finite order, and
since G1 = (Go U Ugeq ¢(Go)) is finitely generated, G1/Go must be finite.
Pick a finite set A containing 1 with GoA = G1, and pick A € N with
(Upea AP(A)A~1) NGy C A*. Then for ¢ € ®, 7 € N, and ay,...,a, € A,
if we pick §; € A with ¢(ajas---a;) € God; we obtain

a1+~ ay) = (¢(a1)d7 ) (016(az)d; 1) -+ (6r-16(ar )0, 1)d, € AVA.

Therefore ¢(A™) C A™ A for all ¢ € ® and r € N,

Set k = 2(7+ 6A)?A| and let By C G be finite. Notice that since G is a
torsion-free abelian group, for every m > 1 the map m,, : G — G given by
Tm(g) = g™ is an injective homomorphism. Since every element of G/Gg
has finite order, there is m > 1 with m,,(By) € Gy. As finitely generated
abelian groups of Q-rank d have polynomial volume-growth of degree at
most d, we can apply Lemma to obtain r € N with A" DO m,,(By) and
|ATHONT| < 2(7 + 6A)?|A”|. Now set B = m,;'(A?). Then B is finite,
symmetric, and contains By U {1¢}. Lastly, consider ¢ € ® and suppose
T C B3¢(B?) satisfies (TT!\ {1g}) N B = @. Then the sets A - m,,(t),
t € T, are pairwise disjoint subsets of A7 ¢(A") C AT+6N7" A Therefore
|A(7+6)\)r|

A

(iii). Suppose that every ¢ € @ shifts the Z-coordinates by at most
s € N units. Set k = 22% and let By C G be finite. For m € N define
the subgroup F,, = @,"_, Zs. Pick any m > s with By C F, and
set B = F,. Then B?> = B and ¢(B) C F,,,s for every ¢ € ®. Let
¢ € ® and consider T C B3¢(B?) satisfying (I'T~!\ {lg}) N B = @.
Then the sets Fy,t, t € T, are pairwise disjoint subsets of F),1s and hence
IT| < |Fpys : Fp| = 2% = k. O

IT| < JA] < 2(T+ 604 A| = k.

The notion of ®-bounded packing immediately leads to a packing property
for group extensions.

Lemma 5.8. Let G<UH be countable groups and let C' C H be finite. Assume
that G has {¢. : ¢ € C}-bounded packing where ¢.(g) = cgc™'. Then there
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is kg with the following property: for any finite set By C G there is a finite
symmetric set By C B C G with 1y € B such that |T| < kg whenever
T C B3CB3 satisfies (TT '\ {1g})N B = 2.

Proof. Set kg = k|C| where k is as in Definition Let By C G be finite.
By assumption there is a finite symmetric set By € B C G with 1¢ € B and
with the property that |S| < k whenever ¢ € C and S C B3cB3c™! satisfies
(SS~"\{1¢})NB = @. Now let T C B3CB? satisty (TT *\{1g})NB = 2.
Then for ¢ € C the set T, = (T N B3¢B3)c™! satisfies T, C B3cB3¢~! and
(T.T-1\ {1g}) N B = @. Therefore |T.| < k and |T| < k|C| = kg. O

For our work with normal series in the next section, we will need the
following relativized version of the previous lemma.

Corollary 5.9. Let H be a countable group, let F'<t G be normal subgroups
of H, and let C C H be finite. Assume that G/F has {¢. : ¢ € C}-
bounded packing where ¢.(gF) = cgc™'F, and let kg r be as in Lemma .
Then for any finite set By C G there are finite symmetric sets A C F and
By C B C G with 1y € AN B such that |T| < kg p whenever T C B3CB3
satisfies (TT~'\ {1g}) N ABA = @.

Proof. 1t suffices to observe that for any finite set B C G containing 1p
there is a finite symmetric set A C F' containing 1z such that whenever
T C B3CB3 and (TT~'\{15})NABA = &, we have that T' maps injectively
into H/F and (TT~!\ {1g}) N BF = @. Indeed, as long as A contains
F N B*CBSC~'B?, we will have that when t,ty € B3C B satisfy tit; ' €
BF then

tit;' € BEN(B*CBC™'B*) C B(FN B'CBC™'B%) C BAC ABA. D
6. NORMAL SERIES

Our goal in this section is to prove that if a group G has a suitable normal
series {1g} = G, <Gp_1<--- <Gy = G then all free Borel actions of G have
finite Borel asymptotic dimension. Our argument will be inductive and will
ascend through the normal series. However, even in the simplest situation
of an extension by Z, we do not know of any property of G-actions that both
is preserved by Z-extensions and implies all free Borel G-actions have finite
Borel asymptotic dimension. Our inductive assumption will therefore need
to be forward-looking and will be a statement about both the k™" term Gj,
and the whole group G. The condition we need is specified in the definition
below.

For an action G ~ X and B C G, we say that Y C X is B-independent
iftB-YNY =0.

Definition 6.1. Let G<<H be countable groups. We say the pair (G, H) has
good asymptotics if for every standard Borel space X and every free Borel
action H n X, the restricted action G ~ X has finite Borel asymptotic
dimension and for every finite set C' C H there is £ € N so that for every
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finite set B C G there is a Borel cover {Wy,...,W;} of X consisting of
CB \ G-independent sets.

Ultimately we will show that when F' <1 G are normal subgroups of H, if
(F, H) has good asymptotics and G/F has a suitable form then (G, H) has
good asymptotics. This will require us to structure H-actions in a way that
diminishes the dynamics of F' and emphasizes the structure of H/F. The
following lemma achieves this, as we will explain before going into the proof.

Lemma 6.2. Let F<<H be countable groups with (F, H) having good asymp-
totics. Let X be a standard Borel space, let H ~ X be a free Borel action,
and set d = asdimp(F' ~ X) < oo. Then for any finite sets C C H and
A C F there is a Borel cover {U]':i € d+1,n €+ 1} of X and there are
finite sets CANF C A, C F such that:

(1) each set U is CA\ F-independent;

(2) each equivalence relation § ,(U") is uniformly finite;

(3) whenever Z is a § 5 (Uj')-class, c € C, and m > n, the set cA-Z is

either disjoint with U™ or else contained in a single § , (U™)-class.

The most important feature of this lemma is the final property, which is
best illustrated in the case that 1 € A and C~!C N F C A. Specifically,
since C' N cF C cA, for any §, (Ul')-class Z and any §, (U/")-class Z’
with m > n, whether ¢ - Z is contained in or disjoint with Z’ only depends
on the coset cF € CF/F. Moreover, C - Z is disjoint with U \ Z since
Ul' is C'\ F-independent and C N F C A,. Thus in a certain local (only
considering transformations by the elements of C') and ordered (requiring
n < m) sense, we are able to view X in a way that allows dynamical data
to descend to the quotient H/F'.

The basic idea of the proof is that we will take a Borel cover {W, ..., Wy}
of X consisting of (C~1CA’)\ F-independent sets for some carefully chosen
A" C F. Using the fact that asdimg(F ~ X) = d, we will choose a Borel
cover {Vi,...,V'} of W, for each n € £+ 1. Moreover, we will arrange for
SQn (V") to be uniformly finite, where Q,, O A, is chosen to be large relative
to the shapes of the §g, (V}k)-classes for k < n, j € d+1. In other words, the
@y ’s signify a rapid growth in scales. We will then slightly enlarge each set
VrnW, to U C A, - (V*NW,) in a process quite similar to the proofs of
Lemma and Corollary Specifically, whenever D is a §g, (VN Wy)-
class, c € C, and A, (CNcF)A, - D comes close to V;™ N Wy, with m > n,
we will arrange that U™ contain cA,, - D. For this enlargement procedure to
be stable, we need the sets A, 1(CNcF)A, - D to be pairwise disjoint. Such
disjointness will be derived from the independence properties of the W,,’s.

Proof. Without loss of generality, we may assume 1y € ANC. Let ¢ be as

in Definition for the set C71C. Set A9 = AU (CANF). Inductively
assume that A,, C F has been defined. Set

T, = A, 'CA, and Q, = AP AA, A7 A, U (T, 'T, N F) CF.
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Let {V{', ..., Vj'} be a Borel cover of X such that § (V") is uniformly finite
for every i. Now pick a finite set A,11 C F containing A, and satisfying
A AN C N eF)A, - Y C Ayqq - x for every Sq,(Vi")-class Y, ¢ € C, and
r €A lcA, Y.

By the normality of F' we have that T}, '7,, C C~'CF for every n, so
by our choice of ¢ there is a Borel cover {Wy,..., Wy} of X so that W, is
T 'T, \ F-independent for every n. The basic idea now will be to define
U to be a saturation (i.e. enlargement) of V;* N W,,, where the saturation
operation is designed to achieve property (3).

Before proceeding, we note that if Y and Y’ are %Qn(‘/;” N Wy,)-classes
and ¢, ¢ € C satisfy (cF,Y) # (¢F,Y') then A} (CNcF)A,-Y and A, (CN
dF)A, - Y’ are disjoint. Indeed, notice that the set

(AN (CNeF)A,)TA Y (CndF)A,

is a subset of T); 1T}, and that moreover it is a subset of 71T, NF' C Q,, when
cF = ¢'F and is a subset of T}, 'T,,\ F when cF # ¢'F. Therefore when cF =
c'F' the claim holds since Y and Y are distinct classes of § (V;* N W,,), and
when cF # ¢'F the claim holds since W,, 2 YUY is T,; 1T}, \ F-independent.

We now define the saturation functions. For X’ C X define s"(X’) to be
the union of X’ with the members of the collection

{A 1 (CNecF)A, Y :cF € CF/F, Y a 5o, (Vi" N Wy,)-class}

that have nonempty intersection with X’. By the previous paragraph, the
collection above consists of pairwise disjoint sets and thus s} o s?(X’) =
s?(X') for all X’ C X. Also notice that it is immediate from the definition
of Api1 that A, - (sP(X')\ X') € Apq1 - X', Since also A, C Apy1, we
conclude that A,, - s?(X’) C Ap41 - X' for all X' C X.

We now verify that sP(X’) is Borel whenever X’ is Borel. For z € X,
we have that x € s?(X’) if and only if 2 € X’ or there exists 2/ € X',
ce€ C,and a §Fq (V"N Wy)-class Y such that x,2" € AN (CNeR)A, - Y.
More simply, we can avoid reference to Y by requiring that there exist
t,t' € A;H(CNeF) YA, such that (t-z,t-2') € S, (V" N W,). Additionally,
the definition of A, ensures that 2’ € A, - x. Therefore z € s}(X') if
and only if z € X’ or there exist a € A,41 and t,t' € A;1(CNcF)7tA4,
such that a -2 € X" and (t - z,t'a - 2) € §o (V" NW,). This shows that
s?(X') is Borel when X’ is Borel, as claimed.

Define the Borel sets U? = VP NWy and UP = s¥0---0s? 1 (V" NW,,) for
n > 1. Then V"NW,, C U;" so the sets U cover X. Also, since 15 € A C Ay
and since it always holds that A,, - s7(X’) C A,41- X', by induction we have
that

U'CA-UCA, - (V"nV,).
We proceed to check conditions (1) through (3).

(1). Since W, is T, T, \ F-independent and A, (C \ F)A, = T, \

F C T,'T, \ F, we have that A, - W, N (C\ F)A, - W, = @. Since also
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UrCA-UMC A, -W,, it follows that U N (C \ F)A - U = &. Therefore
Ul'is CA\ F-independent as claimed since CA\ F' = (C'\ F)A.

(2). Since U* C A, - V", every §4(U]")-class is contained within the
A, -translates of some ¥ A-lAn, (V*)-class. Since A, LAA,, C Q,, this latter
equivalence relation is a subrelation of §, (V;") and is therefore uniformly
finite. We conclude that § 4(U;") is uniformly finite.

(3). Let Z bea§, (U*)-class, c € C, and m > n. Since A-Z C A-Ul' C
Ay - (VIO W,,), if we set

Yo=(A'A-Z2) NV N,

then we have Z C A-Z C A, - Yy and Yy C V;" N W,. Since Z is a single
S 4, (Uj")-class, every point in Yy can be translated by an element of A7tA,
to arrive at a point in Z, every point in Z can be translated by an element
of A1 A to arrive at a point in Yy, and since A, AA, A7 A, C Q,, we must
have that Yp is contained in a single §¢, (V" N W,,)-class Y. Then we have

ANeA-Z C AJleA, - Yy C AN (CNeF)A, - Y.

Recalling our saturation operation, we see that the set sj' o--- s;”_l(Vim N
W) either contains A, Y(C N eF)A, - Y or is disjoint with it. Therefore,
since

sto-os! W V" AWy) CUMC Ay-sfo-os (V"N W),

it follows that U™ either contains A, 1(C N cF)A, - Y or is disjoint with
(CNcF)A, - Y. In the latter case cA - Z is disjoint with U". In the former
case, cA - Z is contained in A;1(C NecF)A, Y C U™, and the definition
of A,y and the inclusion A, 11 C A, ensure that A, 1(C NcF)A, - Y is
contained in a single §, (U/")-class. O

The next lemma provides the crucial inductive step that will allow us to
ascend through a normal series.

Lemma 6.3. Let H be a countable group and let F <1 G be normal sub-
groups of H. Assume that (F,H) has good asymptotics and that G/F has
{¢c : ¢ € C}-bounded packing whenever C C H is a finite set with the prop-
erty that each automorphism ¢.(gF) = cgc™'F is either trivial or an outer
automorphism. Then (G, H) has good asymptotics.

Proof. Let X be a standard Borel space, let H ~ X be a free Borel ac-
tion, let C' C H be a finite symmetric set containing 1y, and set dp =
asdimp(F ~ X) < oo. From Definition we see that without loss of
generality we can replace each ¢ € C with any element of ¢G. We can there-
fore assume that the conjugation of each ¢ € C' on G/F either is an outer
automorphism or is trivial, while still maintaining that C is symmetric and
contains 1z. Our assumptions then allow us to apply Corollary [5.9to obtain
kc/p € N. Set bg = (kg/p + 1)(dp + 1), fix a finite set By C G, and let
A C F and By € B C G be finite symmetric sets containing 1y as described
in Corollary
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Apply Lemma to obtain finite sets (AB3A)NF C A, C F and a
Borel cover {U" : i € dp + 1, n € £p + 1} of X such that each set U
is (ABAU B*CB?) \ F-independent, each relation § s -(U") is uniformly
finite, and whenever Z is a §, (U[')-class, t € B3CB?, and m > n, the
set t((BA)2NF) - Z is either disjoint with U™ or else contained in a single
S, (U")-class. Next define Borel sets V;* C U" as follows: set VfF = Uf r
and by reverse induction on n € £ + 1 define

Notice that since 1y € B the collection {B -V :i € dp +1, n € {p + 1}
covers each U;" and thus covers X. Additionally, it is simple to see by reverse
induction on n that V;" is a § 4 (U;")-invariant subset of U]". Consequently,
the following properties hold:

(i) if Z is a § 4, (V]")-class then for every m > n and t € B3CB? we
have that ¢ - Z is either disjoint with V;™ or else contained in a
T, (V™)-class;
(ii) if Z and Z' are classes of §, (U') and §, (U;") respectively and
Z # 7' then ABA-ZNZ = @.
Statement (i) holds since each V" is §, (Uj*)-invariant, and when n = m
statement (ii) holds since U* D V™ is (ABA) \ F-independent and (ABA)N
F C A,. Now suppose Z and Z' are as described in (ii) with n # m. Since
ABA = (ABA)™!, we can assume m > n. Then for every b € B we have
that AbA-Z = b(b~'Ab)A-Z C b((BA)?> N F) - Z is either disjoint with or
contained in Z’, but the containment b- Z C AbA - Z C Z' is prohibited by
definition of V;".

Define a directed Borel graph I'; on Uneep 41 V" by placing an edge di-
rected from x to y if x € B3CB3 -y (equivalently y € B3CB? - x) and there
are n < m with x € V" and y € V™. We construct a proper Borel coloring
e |_|n€ZF 1 Vi" = kg/p + 1 of I'; as follows. First let m; have constant

value 0 on ‘/;ZF . Now inductively assume that m; is defined on V;™ and is
S 4, (V/™)-invariant for every m > n. Given any z € V", let T' C B3CB?
be such that for each m > n and §, (V/")-class Z receiving an edge from
x, there is exactly one t € T with ¢ -« € Z. Then (ii) and Corollary
imply that |T'| < kg, p, and our inductive hypothesis implies that the num-
ber of m;-values used by forward-neighbors of x is at most |T'|. Moreover,
(i) and our inductive hypothesis imply that for all (z,y) € §, (V") and
t € B3CB3, either m;(t - ) = m;(t - y) or else neither is defined. Thus if for
each z € V" we define 7;(x) be the least element of kg, p+1 not used by any
of the forward-neighbors of x, then m; | V;" is Borel and § An(Vi”)—invariant.

To finish the proof, set VVZJ =B -7, 1(4). Then we have fg-many Borel
sets VVZJ that cover X. Notice that every w € WZ] is a B-translate of some
v E |_|n€4F 41 V" with m;(v) = j. Therefore, since ; is a proper coloring,

whenever w,w’ € WZ] satisfy w € B?CB? -w’, there must be a single n with
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w,w € B- V" It follows that § B(Wij ) is uniformly finite since each set
U O V" is B*\ F-independent and each relation § g (U") 2 F garyp (Vi)
is uniformly finite. As {g was specified before B, we find asdimp (G ~ X)) <
b —1 < o0. )

Finally, we need to check that each set W/ is CB \ G-independent. Sup-

K2
pose w,w’ € W7, h € CB, and h-w = w'. Since h € CB C B*CB?, our
remark in the previous paragraph implies that there is n and v,v" € V* C U
with w € B-v and w' € B-v'. Consequently, v € BhB-v C BCB?-v. Since
U is (BCB?)\ F-independent, we must have that BbBN F # @ and hence

h € BFB C G. We conclude that W7 is CB \ G-independent as claimed,

)

and that (G, H) has good asymptotics. ([

Theorem 6.4. Let G be a countable group admitting a normal series where
each quotient of consecutive terms is a finite group, an increasing union of
finite characteristic subgroups, or a torsion-free abelian group with finite Q-
rank, except the top quotient can be any group of uniform local polynomial
volume-growth or the lamplighter group Zo ! Z. Then for every free Borel
action G ~ X on a standard Borel space X we have asdimp(G ~ X) =
asdim(G) < oo.

We remark that the quotients of consecutive terms can be allowed to
have a more general form. Specifically, by refining the normal series it is
enough to assume that each quotient of consecutive terms, aside from the
top quotient, admits a characteristic series where each consecutive quotient
is finite, an increasing union of finite characteristic subgroups, or torsion-free
abelian with finite Q-rank. For instance, abelian groups that have a finite
torsion subgroup and finite Q-rank admit such a characteristic series, as do
all finitely generated nilpotent groups, all polycyclic groups, and all solvable
groups having finite Priifer rank (as shown in the proof of Lem. [2.1]), so one
can allow these groups to appear as consecutive quotients.

Proof. Let the normal series be {1} = G, < Gp—1 <9+ <Gy = G. In the
case where the top quotient is the lamplighter group, we may enlarge the
normal series by one term and re-index so that Gp/G2 is isomorphic to Z1Z
via an isomorphism identifying G1/G2 with @, ., Zs. Since asdim(G ~
X) = asdim(G) for all free actions, by Theorem h we only need to show
asdimp(G ~ X) < oo for all free Borel actions. So it suffices to prove
that (G, G) has good asymptotics for k = n,n —1,...,0. For (G,,G) =
({1¢}, G) this is trivial, since for any free Borel action G ~ X we clearly
have asdimg({lg} ~ X) = 0 and for any finite C C G we can apply
[19, Prop. 4.6] to partition X into (2|C| + 1)-many Borel sets that are
C'\ {1¢}-independent. For the inductive step, suppose (Gr+1,G) has good
asymptotics for some n > k > 0. If G;/Gg41 is finite, an increasing union
of finite characteristic subgroups, or is a torsion-free abelian group with
finite Q-rank, then Lemmas [5.7}(ii) and imply that (Gj,G) has good
asymptotics (note this case applies when Gy/Gy is the lamplighter group
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and k =0). If k =1 and G(/G2 is the lamplighter group, then every outer
automorphism of G1/G2 induced by G is of the form described in Lemma
[5.7(iii) and thus that lemma and Lemma imply that (G1,G) has good
asymptotics. Finally, if & = 0 and G¢/G; has uniform local polynomial
volume-growth then G induces no outer automorphisms of Gy/G1 and thus
Lemmas (1) and imply that (Gp, G) has good asymptotics. O

The above theorem applies to the lamplighter group Zs ! Z, all groups of
uniform local polynomial volume-growth, and all virtually solvable groups
having finite Priifer rank. This latter class of groups contains all poly-
cyclic groups and the Baumslag—Solitar group BS(1,2) (this group has finite
Priifer rank but can also be directly realized as an extension of the dyadic
rationals, which is a torsion-free abelian group of Q-rank 1, by Z).

If in Theorem we additionally allowed consecutive quotients to be
locally finite, then to the best of our knowledge this theorem would cover
all countable amenable groups currently known to have finite standard as-
ymptotic dimension. Since Lemma fails for many locally finite groups,
a different method would be needed to prove this stronger version. On the
other hand, Theorem cannot be extended to any non-amenable group
as this would contradict Theorem since such groups admit free actions
whose orbit equivalence relation is not hyperfinite [17].

Another way of improving the above theorem would be to extend it to
hold for all (not necessarily free) Borel actions. Hypothetically this might
be possible while keeping most of our methods intact, but we were not able
to find any way of doing this.

7. HYPERFINITE EQUIVALENCE RELATIONS

Our initial motivation for this present work was to study hyperfinite equiv-
alence relations with the goal of providing a positive answer to Weiss’ ques-
tion in the case of polycyclic groups. It was through working towards that
goal that the notion of Borel asymptotic dimension slowly but naturally
emerged. Perhaps one of the most surprising aspects of this work is the
discovery of just how well-suited Borel asymptotic dimension is to the study
of hyperfinite equivalence relations, and how in hindsight it may have played
an important but hidden role in past investigations into Weiss’ question.

We first present the simple argument that E, is hyperfinite whenever p is
proper and (X, p) has finite Borel asymptotic dimension.

Theorem 7.1. Suppose that (X, p) is a proper Borel extended metric space,
and set E, = {(z,2') € X x X : p(z,2') < oo}. If (X, p) has finite Borel
asymptotic dimension then E, is hyperfinite.

Proof. We will rely on condition (1) of Lemma Let d < oo be the Borel
asymptotic dimension of (X, p). We will inductively build radii r,, > n and
an increasing sequence of uniformly bounded Borel equivalence relations F;,
with the property that for every n and = € X, B(z;r,) meets at most
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d + 1 classes of F,,. To begin set rg = 0 and let Fy be the equality relation
on X. Inductively assume that F;,_1 has been constructed. Then F),_1 is
finite since p is proper. So there is a Borel selector s: X — X satisfying
s(y) = s(x) Fn—1 « for all (x,y) € F,_1. Choose r,, > n so that [z]p, , C
B(x;ry,) for all x € X, and choose a uniformly bounded Borel equivalence
relation F with the property that for every =, B(x; 2r,) meets at most d+ 1
classes of E. Now define F,, = {(z,y) € X x X : s(z) E s(y)}. Then F,
is Borel, uniformly bounded, and contains F,,_;. Additionally, for any =z,
the number of F,, classes meeting B(z;7y,) is bounded by the number of
E-classes meeting B(x;2ry,) 2 s(B(x;ry,)), which is at most d + 1. Now set
Fso = U,, Fn. Then F is hyperfinite. For every n and z, B(x;n) meets
at most d + 1 classes of F},, and hence at most d + 1 classes of F,. Thus
every F,-class divides into at most d + 1 classes of F, which implies £, is
hyperfinite as well [I7, Prop. 1.3.(vii)]. O

The above proof together with our proof of Corollary is essentially
identical to the argument of Jackson—Kechris—Louveau that Borel actions of
groups of polynomial volume-growth generate hyperfinite equivalence rela-
tions [I7]. It is natural to wonder then why the utility of Borel asymptotic
dimension was not identified earlier. We suspect that part of the reason
is that the above argument relies on condition (1) of Lemma while the
discoveries we make here depend heavily on condition (2) of that lemma,
and the implication (1) = (2) is not immediately obvious.

When we consider the overlap between Weiss’ question and the Union
Problem, the significance of Borel asymptotic dimension becomes much more
apparent. Special cases of this overlap were solved in the works of Gao—
Jackson [10] and Schneider—Seward [26] through highly technical arguments
that spanned dozens of pages. However, in the next theorem we will see
that a much more general result can be obtained using Borel asymptotic
dimension and that the proof is less technical and tremendously shorter in
comparison. Furthermore, we believe that our proof here preserves the core
concept of those prior works, as we now discuss.

The key concept in [I0] and [26] is the notion of orthogonality. In those
works, orthogonality is a property for sequences of finite Borel equivalence
relations F,, that are contained in a fixed orbit equivalence relation E();( , and
the property functions to enforce that the boundaries of the E,’s within Eé{
vanish as n — oo. In this situation, Eé( will be seen to be hyperfinite
as it will be equal to the union of the increasing sequence of equivalence
relations (),~,, Ex. Roughly speaking, orthogonality was defined by using
the geometry of the group G to define various types of facial boundaries
and then requiring that every facial boundary of E,, be far (in a manner
determined by n) from the corresponding facial boundary of F,, when m >
n. For instance, when G = Z% and ey,...,eq are the standard generators
of Z4, the type i boundary of E, is the set of z with (z,e¢; - z) € E, or

(z,—e;-x) & Ep.
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We believe that the essence of orthogonality can be captured in the lan-
guage of asymptotic dimension. Instead of seeking separation of various
facial boundary types in order to guarantee the vanishing of boundaries in
the limit, one can consider sequences of (d + 1)-indexed covers and require
that for each index ¢ the boundaries of the corresponding sets are separated
from each other. In this sense, we already constructed orthogonal sequences
in Corollary and this construction was far less technical than those in
[10, 26]. Before proceeding, we record a simplified version of that corollary.

Corollary 7.2. Let (X, p) be a Borel extended metric space with E, count-
able and with Borel asymptotic dimension d < co. Then for any r > 0 and
D € N there exist Borel covers VI = {Vbj, R VC{} of X for j € D+ 1 such
that ST(Vij) 1s uniformly bounded for all i and j, and for every x € X and
i € d+1 there is at most one j € D + 1 such that Vij divides B(x;T).

Proof. By using r; = 2r, such a sequence of covers is immediately obtained
from Corollary O

In [10} 26] the notion of orthogonality (using facial boundary types as dis-
cussed above) was defined for each of the finitely generated subgroups of G
and, in confronting the Union Problem, the ultimate technical challenge was
to combine these notions together by diagonalizing over all the finitely gen-
erated subgroups of G. This involved an intricate and cumbersome inductive
argument that was choreographed through a 2-dimensional triangular array.
In contrast, with Borel asymptotic dimension we are able to perform this
diagonalization in a different way that is much more automated and direct.
We put all of these pieces together in the theorem below.

Theorem 7.3. Let X be a standard Borel space and let (pn)nen be a se-
quence of proper Borel extended metrics on X. Assume for every n € N
and r > 0 that sup{pn+1(z,y) : z,y € X pp(z,y) < r} is finite and set
E =U,E,. If (X,pn) has finite Borel asymptotic dimension for every
n € N then E is hyperfinite.

Proof. Inductively for n € N, pick r,, > n large enough that B, (z;n+17;) C
By, (z;1y,) for all k < n and 2 € X. So we have (z,y) € E < 3n py(z,y) <
rn. Also let d,, be the Borel asymptotic dimension of (X, p,). Inductively
we will build finite Borel covers (U")nen, (V™ )nen jed,.1+1 of X satisfying
the following:
(i) 5, (U) is pp-uniformly bounded for every U € U"UUj ey, ., 41 Y
(ii) for every k € N, n > k, and x € X there is at most (dy + 1)-many
covers W € {U™ : k <m < n}U{V™ :j € dys1 + 1} that divide
By, (x;r) (meaning there is W € W that divides B,, (z;71)).
The role of the V™J’s will be transient and only used to inductively build
the U™’s. Denote by F), the Borel equivalence relation where (z,2') € F, if
and only if for every U € U™ we have either z,2" ¢ U or (z,2') € Fb (U).
Then (i) implies that F), is finite. If (x,y) € E then by construction there is
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k with pg(x,y) < rg, and so from (ii) we see that (x,y) € F, for all but at
most (di + 1)-many n > k. Thus, once these covers are constructed we will
have that E = (U, (,,>x Fn is hyperfinite. To begin the construction, apply
Corollary to obtain Borel covers U°, (V) ;cq, 41 satisfying (i) and (ii)
with k =n = 0.

Now suppose that 40, ...,y y»=10 yr=Ldn have been constructed.
By enlarging r,, if necessary, we can assume that the p,-diameter of the

Pn—1

classes of §5. ' (V) are bounded by r, for every j and V € yn=bLi - Apply
Corollary to obtain a sequence of Borel covers V™ = {VOn’j ey Vdrjl’j }
for j € dny1+ 2 with the property that §j (V™Y is py-uniformly bounded

for all 7 and j, and such that for every z € X aznd 1 € dp + 1 there is at most
one j € dyy1 + 2 with VZn] dividing B(x;2ry,).

Now for j € dyy1 + 2 define VI = {VJ"7 .. .,VdZ’j} where V"7 is the
Borel set obtained by taking the union, over all V- € V"1 of the ’2)7’?;11 (V)-

classes meeting V;"’. Since V"1 covers X we have V") O V™7 and

thus V™I covers X. Also, since V;” C B,, (Vin’j;rn) it is immediate that
qu’fn(Vin’j ) is pp-uniformly bounded.

Define Y™ = VY™dn+1+1 Tt only remains to check (ii). So fix k < n
and z € X. If k = n then this is immediate since V™ divides B, (z;7y)
only when V™ divides B,, (x;2r,). So assume k < n. Let J be the set
of j € dpq1 + 2 such that V™7 divides B, (x;r;) and let I be the set of
i € dy, + 1 such that V"1 divides By, (z;7%). By our inductive assumption
it suffices to show that |J| < |I].

Fix j € J and let t(j) = i be any element of d,, + 1 such that VZ"J divides
By, (x;7)). By definition of V;n’j, there is some V € V"Lt with a class of
Sor (V) dividing By, (#;71). This is only possible if V' divides B, (2;73)
as the latter set has p,_1-diameter at most 2r,_1. Thus i € I. Additionally,
Vi"’j must divide B,, (x;27r,), and with ¢ and 2 fixed there is at most one

such value of j € dp,+1 + 2 with this property. Thus ¢ is an injection from J
to I. O

Corollary 7.4. Suppose that G is the increasing union of groups satisfying
the assumption of Theorem[6.4 Then for every free Borel action G ~ X on
a standard Borel space X, the orbit equivalence relation Eé is hyperfinite.

The above corollary applies to all groups that locally have finite Priifer
rank and are locally virtually solvable, all locally polycyclic groups, the
Baumslag—Solitar group BS(1,2), the lamplighter group Zs ! Z, and many
groups not having finite standard asymptotic dimension, such as (P, ¢y Z) %
Soo Where S is the group of finitely supported permutations of N.

In [26, Cor. 8.2] it was proven that if all free Borel actions of polycyclic
groups generate hyperfinite Borel equivalence relations, then the same is true
for all (not necessarily free) Borel actions of polycyclic groups. This result
allows us to remove the restriction to free actions in the case of polycyclic
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groups. Similarly, Corollary allows us to remove this restriction in the
case of groups having local polynomial volume-growth. We thus obtain a
positive solution to Weiss’ question in the case of these two classes of groups.

Corollary 7.5. Let G be either a polycyclic group or a countable group of
local polynomial volume-growth. If X is a standard Borel space and G ~ X
s any Borel action, then the orbit equivalence relation Eé s hyperfinite.

These two corollaries could be strengthened if Theorem [6.4] were strength-
ened (as we discussed at the end of Section @ However, further progress on
Weiss’ question will eventually involve groups that do not have finite stan-
dard asymptotic dimension nor are unions of such groups. For instance, Z1Z
and the Grigorchuk group are not unions of groups having finite standard
asymptotic dimension. Looking at the big picture, we feel that Borel asymp-
totic dimension is more than a mere property that implies hyperfiniteness,
but rather the language surrounding this concept is meaningful and efficient
at handling certain tasks related to hyperfiniteness proofs, as displayed in
the proof of Theorem Thus, while the ability of Borel asymptotic di-
mension is strictly limited in providing further advances on Weiss’ question,
we see potential for the language surrounding this notion to evolve to handle
more general situations.

8. BOREL GRAPHS AND CHROMATIC NUMBERS

The objects as in Lemma [3.1}(2’) that witness asi(X,p) < 1 are some-
what similar to objects called “barriers” in [5] and “toast” in [I1], 12} 13]. In
[5L T3] those objects were used to obtain bounds on Borel chromatic num-
bers. Below we generalize the proof by Conley—Miller in [5] to our setting of
asymptotic separation index. A peculiar aspect to our generalization is that
we do not require asi(X, p) be at most 1 but instead simply require it to be
finite; this produces a dynamic bound rather than the customary bound of
2x(I") — 1, and further motivates the question as to whether asi(X, p) can
be both finite and greater than one.

Theorem 8.1. Let X be a standard Borel space, let I' a Borel graph on X,
and let p be the graph metric on I'. Assume that T is locally finite and that
s = asi(X, p) <oo. Then xp(I') < (s+1)-(x(I') —1)+1.

Proof. Let Uy,...,Us be Borel sets covering X with §,(U;) bounded for
every i, and set V; = B(U;;1). Since §,(V;) is a finite Borel equivalence
relation, by Proposition there is a Borel proper coloring m;: V; — x(T)
of T' | Vi.

Define ¢: X — {0} U ((s+ 1) x (x(I") — 1)) by setting c(x) = 0 if m;(z) =
Xx(I') — 1 for every i with € V;, and otherwise set c¢(x) = (¢, m;(x)) where
i is least with € V; and m;(x) # x(I') — 1. Then c is Borel. Now suppose
(z,y) € I'. Then there is ¢ with € U; and thus z,y € V;, which implies
c(x) and c(y) cannot both be 0. Say c(z) = (j,p) # 0. Then either y ¢ V;
or else mj(y) # p, and in either case c(y) # c(x). O
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Combining the above theorem with Theorem [4.8] (a) produces the follow-
ing.

Corollary 8.2. Let X be a standard Borel space, let I' a locally finite Borel
graph on X, and let p be the graph metric on I'. If asdimp(X, p) < oo then
xs(T) <2x(T) - 1.

Notice that the above corollary provides bounds on the Borel chromatic
numbers of Schreier graphs induced by free Borel actions of G whenever G
is a finitely generated group satisfying the assumption of Theorem

Lastly, we briefly discuss the Borel asymptotic dimension of Borel graphs
in the highly restricted setting of acyclic graphs. It is not hard to see
that when T' is acyclic (X, p) has standard asymptotic dimension at most
1. However, this can fail in the Borel case. For example, take the graph
generated by the free part of the shift action of the free group Fy on NF2, and
use [23, Lemma 2.1] to see that Lemma[3.1] (2) fails for every d. Furthermore,
in [3] hyperfinite acyclic bounded degree Borel graphs are constructed that
have arbitrarily large Borel chromatic number and thus have infinite Borel
asymptotic dimension by Corollary On the other hand, below we show
that when a Borel graph is induced by a bounded-to-one Borel function it
has Borel asymptotic dimension at most 1. Recall that if X is a standard
Borel space and f : X — X is a Borel function, then I'y is the Borel graph
whose vertices are the elements of X and where x,y € X are adjacent if
flz)=yor f(y) ==z
Lemma 8.3. Let X be a standard Borel space, let f: X — X be a bounded-
to-one Borel function, and let p be the graph metric onI'y. Then (X, p) has
Borel asymptotic dimension at most 1.

Proof. Fix r > 0. We begin by finding a Borel set Y C X which has nice
recurrence properties for f and r. Set Ag = X and fy = f. Inductively
assume that a Borel set 4, € X and a bounded-to-one Borel function
fn + Ap — A, have been defined. Apply [3, Lem. 4.1]E| to find a Borel set
Ap+1 C A, such that A, shares at most one point with {z, f,(z)} and at
least one point with {f,(x), f2(x), f3(z), f2(z)} for every = € A, and for
T € Apy1 set foi1(x) = fi(x) where i > 0 is least with f!(z) € Ap41. Pick
k € N with 28 > 27 and set Y = A;. Then for some m € N (one can use
m = 4%) we have that for every z € X,

YA (o f(@), . @)} <1< Y A {fi@) 1< i<m)l

‘Let g: X — Y be defined by g(x) = f*(x) where i > 0 is least such that
f'(z) € Y. Let E be the equivalence relation on X where z E y if and only if

2The published proof of [3, Lem. 4.1] incorrectly assumes Vz € X f(x) # z, but the
result is true as stated. To correct the proof, it suffices to make two changes. First, require
the function c referred to in that proof have the additional property that for every z € X,
if f(x) = x then c(z) = 0, and if there is n > 1 with f"T(z) = f"(x) # f* '(z) then
¢(z) € {0,1} must be congruent to n mod 2. Second, include in the set A all points z
satisfying f(z) = z.
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g(f"(x)) = g(f"(y)). Then E is uniformly bounded since p(x, g(z)) < m for
all z. Lastly, we claim that for every z € X the ball B(z;r) meets at most
2 classes of E. Indeed, f"(B(z;r)) C {z, f(z),..., f*"(z)} and ¢ can take
at most 2 values on {z, f(x),..., f?"(x)} since |[Y N {f(z),..., f&(z)}| <
1. U

Lemma [8.3] cannot be generalized to finite-to-one Borel functions. For
example, let [N]*° be the standard Borel space of infinite subsets of N, and let
f:[N]** — [N]*° be the shift function where f(A) = A\ {min(A)}. Letting
p be the graph metric on I'f, we have that ([N]*°, p) does not have finite
Borel asymptotic dimension. This follows from condition (2) of Lemma
and the Galvin-Prikry theorem [I8, Thm. 19.11]. Specifically, if Uy, ..., Uy
are Borel sets covering [N]*°, then there is some A € [N]* and i € d + 1
with f"(A) € U; for all n.

9. FOLNER TILINGS

For an action G ~ X, a nonempty finite set K C G, and § > 0, we
say that a finite set ' C X is (K,0)-invariant if |(K - F)AF| < 6|F].
We similarly say that a finite set F' C G is (K, J)-invariant if [(KF)AF| <
d|F|. Recall from the Fglner characterization of amenability that a countable
group G is amenable if and only if for every finite nonempty set K C G
and § > 0 there exists a finite (K, d)-invariant subset of G. The concept of
amenability appears as a common theme throughout much of ergodic theory,
underlying the classical ergodic theorems, Kolmogorov—Sinai entropy theory,
and the foundation of orbit equivalence theory.

A key method for applying amenability in dynamics is the use of Fglner
tilings (i.e. partitions of the space into finite sets that are (K, §)-invariant for
some prescribed K and §). In ergodic theory, the weaker property of Fglner
quasi-tilings often suffices and was established in the seminal work of Orn-
stein and Weiss that extended Kolmogorov—Sinai entropy theory and Orn-
stein theory to all countable amenable groups [25]. Outside of ergodic theory,
quasi-tilings no longer suffice and stronger types of tilings are needed. This
issue is receiving renewed attention after the recent proof by Downarowicz,
Huczek, and Zhang of the purely group-theoretic fact that every countable
amenable group can be tiled by Fglner sets[7]. This led to the discovery that
free measure-preserving actions of countable amenable groups always admit
measurable Fglner tilings on an invariant conull set [4], and that contin-
uous actions of groups of subexponential volume-growth on 0-dimensional
compact metric spaces always admit clopen Fglner tilings []].

In this brief section we show that finite Borel asymptotic dimension (or
more generally, finite asymptotic separation index) is sufficient for the exis-
tence of Borel Fglner tilings. A similar topological result providing clopen
Fglner tilings is proven in the next section. Combined with Theorem
this produces a large class of new groups whose actions admit Fglner tilings.
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Theorem 9.1. Let G be a countable amenable group, let X be a stan-
dard Borel space, and let G ~ X be a free Borel action. Assume that
asi(H ~ X) < oo for every finitely generated subgroup H < G. Then for
every finite nonempty K C G and 6 > 0 there exist (K,J)-invariant fi-
nite sets Fi,...,F, C G and Borel sets C1,...,C,, C X such that the map
0:]", F; xC; = X given by 0(f,c) = f - c is a bijection.

Proof. Without loss of generality, we may assume that 1 € K and thus a
set F'is (K, ¢)-invariant if and only if [(K - F) \ F| < 0|F|. Set H = (K),
d=asi(H ~ X), and Ky = K.

Inductively assume that finite sets Ko,...,K; € H have been defined,
where ¢ € d + 1. By [7] there exists a tiling of H by (K- - - Kj, §)-invariant
sets. More specifically, there are finite (K - - - K;, §)-invariant sets Aj, .. ., AZ
H, all containing 1¢, and sets Tg, ... ,T;i C H such that {A;t p< Y, te
T} partitions H. Now set Kiy1 = K; U, <, A,(A)~! C H and continue
the induction if 7 < d.

Next, set B = Kd;lleH C H and invoke the definition of d to obtain
a Borel cover {Up,...,Uq} of X such that §5(U;) is finite for every i. Let
M; C U; be a Borel set containing exactly one point from every § (U;)-class.
For each point x € M; we can use the tiling of H by the shapes Aj, ... ,A;}i
to obtain a tiling of H - z. By restricting to those tiles that intersect the
§ 5(Ui)-equivalence class of x and letting x € M; vary, we can obtain a tiling
of a set UZ-Jr containing U;. Specifically, define the Borel sets

Z; ={t-z:xeM,te Tg, and A;t-xﬁ [2]3,w:) # 9}

and define U;r = Upffi A;, . Z;. Notice that U; C U;r C Kg41 - U; and that
the sets {A), - 2 : p < ¥¢;, z € Z,} partition Ut

We now have a tiling of each set U;r, but a problem we need to overcome
is that these sets might not be pairwise disjoint. We first shrink the U;”s
to pairwise disjoint sets V; by removing tiles from U;r that intersect some
U;“ for j > ¢. Specifically, let Y;f consist of those points z € Z;, for which
Al z is disjoint with Ujsi U]-Jr and set V; = U<, A; -Y,). Then the V‘;-’S are
pairwise disjoint and each V; is partitioned by {A}, -y :p < {;, y € Y}

The last thing we need to do is to assign each point in X \ ;cqy1 Vi
to some tile of some V; in a way that doesn’t interfere with the almost-
invariance properties of the tiles. To do this, we will define a Borel function
s X = Useqy1 Vi that is the identity on (J;cq,q Vi To begin, for z € U} =
Va set s(x) = z. Now inductively assume that s is defined on (J,.,; U ;“ and
consider z € U;t. If € V; then set s(z) = z. Otherwise pick p < ¢
and 2z € Z, with z € A}, - z and, using any fixed enumeration of G, set

+

i Uj-
Notice that s is Borel, s(z) = « for all z € ;4,1 Vi, and when z € U;" and
x # s(x) € V; we have j > i and € K1 --- K - s(x).

s(x) = s(a - z) where a is the least element of A} satisfying a -z € |J

N
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Using the assignment s and the tilings of the V;’s, we obtain a Borel
equivalence relation F by declaring (x,2’) € E if and only if there is ¢ with
s(x),s(z') € Vi and there are p < ¢; and y € Y} with s(z),s(z') € AL -y.
In other words, the classes of E consist of the sets s™! (AL -y) for i € d+1,
p<Y¥;,andy e sz‘_ Since A;) -y C s_l(A; cy) CKy--- KZ-AZ -y, we have
(K571 (A y)\s™H (A y)] < (KoK - KiAD\A| < 04| < 8]s™ (A} )],
and thus every E-class is (K, J)-invariant.

Notice that [y|p C Ki---Kgy1 -y for every y € U;cqy1 Up<y, V). Let
Fi, Fs, ..., F, enumerate the (K, J)-invariant subsets of Kj---Kgy1. For
every m < nlet Cy, be the set of y € U;cq11 Up<y, sz‘ satisfying [y]g = Fin-y.
Then C,y, is Borel since y € Cy, if and only if y € U,cq1 U<y, Yoo (45 fy) €
E for every f € F,,, and (y,h-y) & E for every h € (Ky---Kgi1) \ Fin.
Finally, the map 6 : | |, F; x C; — X given by 6(f,c) = f - ¢ is a bijection

since the sets C1, .. ., Cy, are pairwise disjoint, |J;_; C; contains precisely one
point from every E-class, and 6 bijects F; x {c} with [c]g for every 1 <i <n
and c € (. O

10. TOPOLOGICAL DYNAMICS AND C*-ALGEBRAS

In this last section we observe that the proof of our main theorem, The-
orem easily adapts to the realm of topological dynamics. Moreover, we
will see that the proof of Theorem adapts as well and that together these
results have important consequences to C*-algebras.

We first record a basic lemma.

Lemma 10.1. Let X be a 0-dimensional second countable Hausdorff space
and let G ~ X be a free continuous action. Let U C X be clopen and let
B C G be finite and suppose that §z(U) is uniformly finite. Then:
(i) for every g € G the set {x € UNg™t-U : (z,g9-2) € Fg(U)} is
clopen; and
(ii) there is a clopen set Y C U that contains exactly one point from
every §5(U)-class.

Proof. Since §z(U) is uniformly finite, there is a finite set A C G with
(2], ) € A-xforallz € X (specifically, one can take A = (BUB~'U{1g})"
for sufficiently large n).

(i). Let P be the set of all finite sequences ag,aq,...,a, € A satisfying
ap = 1@, a; # aj for all ¢ # j, and satisfying either a;11 € Ba; or a; € Ba;41
for every i < n. Then P is finite and for g € G and z € UNg~' - U we have
(x,g-z) € Fz(U) if and only if there is (ao,...,a,) € P with a, = g and
satisfying x € a;l-U forevery 0 <i<n. Thus {r e UNg™'-U: (z,9-7) €
§5(U)} is clopen.

(ii). Since the action is free, for any x € X we have that |[A - z| = |A]
and therefore for every open set V' containing x there is a clopen set V/ C V
containing x with the sets a - V', a € A, pairwise disjoint. So there is a
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base V for the topology on X such that each V' € V is clopen and the sets
a-V,a € A, are pairwise disjoint. Since X is second countable, there is
a countable base {V,, : n € N} C V for the topology on X. Notice that
no two points of V;, N U can be §z(U)-equivalent. Define Y;, to be the
set of v € V, NU with [v]z ) NU;<,, Vi = @. Then Y;, is clopen since
v € Y, if and only if v € V,, " U and for every a € A we either have
a-vgU, (v,a-v) & §gU), or a-v & J,., Vi. Therefore Y = J, Y, is
open. Moreover, Y is also closed since X \ Y is the union of the clopen sets
Vi \ (Yo UU, ., Vi). Lastly, it is immediate from the definition that ¥ meets
every § (U)-class precisely once. O

In the realm of topological dynamics, the appropriate analog of asymp-
totic dimension is the notion of dynamic asymptotic dimension as defined
by Guentner, Willet, and Yu in [I6]. Specifically, for a discrete group G
acting continuously on a locally compact Hausdorff space X, the dynamic
asymptotic dimension is d if d € N is least with the property that for any
compact set K C X and finite set B C G there are open sets Uy, ..., Uy that
cover K such that for every i the set Tgi is finite, where g € Tgi if and only
if there are x € U;, m > 1, and by, ..., by, € BUB™! with ¢ = byby—1 - b1
and bpbg_1---b1 - x € U; for every 1 < k < m. When no such d exists the
dynamic asymptotic dimension is defined to be co. When the action is free
(as we will always assume), one can instead simply require that §5(U;) be
uniformly finite for every 1.

For our purposes, we will consider free continuous actions on 0-dimensional
spaces and will want the stronger property that the sets Uy, . .., Uy are clopen
and cover all of X rather than a given compact subset of X. We call the
least such d with this property the strong dynamic asymptotic dimension of
the action (this terminology is introduced solely for purposes of convenience
for the remainder of this section). It is immediate from the definitions that
for a free continuous action on a 0-dimensional locally compact Hausdorff
space the strong dynamic asymptotic dimension is greater than or equal to
the dynamic asymptotic dimension. We first make the easy observation that
these concepts coincide when X is additionally compact.

Lemma 10.2. Let G be a countable group, X a 0-dimensional compact
Hausdorff space, and G ~ X a free continuous action. Then the strong
dynamic asymptotic dimension and the dynamic asymptotic dimension of
this action are equal.

Proof. Let d be the dynamic asymptotic dimension of the action. The strong
dynamic asymptotic dimension must be at least d. So we assume d < co and
will show that the strong dynamic asymptotic dimension is at most d. Let
B C G be finite. Since X is compact and the dynamic asymptotic dimension
is d, there is an open cover {Vp, ..., V} of X such that §Fz(V;) is uniformly
finite for every . It is easily seen that any disjoint pair of closed subsets of
X is separated by a clopen set. So we can define clopen sets U; inductively
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by requiring U; C V; to be a clopen set containing X \ (U,.; U; UU;+,; Vj).
Then the U;’s are clopen and cover X, and §z(U;) is uniformly finite since
U; C V;. Thus the strong dynamic asymptotic dimension is at most d. [

The following lemma is a topological analog of Theorem We re-
mark that in this setting we only obtain a bound on dynamic asymptotic
dimension rather than equality. This is due to the fact that for actions on
non-compact spaces, dynamic asymptotic dimension can be less than the
standard asymptotic dimension of the acting group [16, Rem. 2.3.(ii)].

Lemma 10.3. Let G be a countable group, X a 0-dimensional second count-
able Hausdorff space, and let G ~ X be a free continuous action. Then the
strong dynamic asymptotic dimension of this action is either infinite or equal
to asdim(G). In particular, when the strong dynamic asymptotic dimension
is finite and X is in addition locally compact, the dynamic asymptotic di-
mension of the action G ~ X is at most the standard asymptotic dimension

of G.

Proof. 1t is immediate from the definitions that the strong dynamic asymp-
totic dimension must be greater than or equal to asdim(G) (since the action
is free). So it suffices to assume that the strong dynamic asymptotic dimen-
sion is finite and show that it is at most asdim(G). To do so, we will retrace
the proof of Theorem and the supporting Lemmas and [£.4] with
clopen sets in place of Borel sets. Fix any proper right-invariant metric 7 on
G, and let p be the extended metric on X satisfying p(g - x,h-z) = 7(g, h)
for all g, h € G and = € X and satisfying p(z,y) = oo whenever G-z # G -y.
Notice that by definition asdim(G) is equal to asdim(G, 7) = asdim(X, p).

Let’s say that a clopen set Y C X has clopen (r, R)-dimension ¢ if there
exist clopen sets Uy, ...,U,; covering Y such that for every i each class of
5, (Ui) has diameter at most R. In analogy with Lemma we claim that
if Y C X is clopen, §,(Y) is uniformly bounded, and (G,7) has (r, R)-
dimension d, then Y has clopen (r, R) dimension at most d. Indeed, by
Lemma there is a clopen set Y, C Y that meets every §,(Y)-class in
exactly one point. Let {Tp, ..., Ty} be any partition of G with the property
that for every i each class of §,.(7;) has diameter at most R. Let w > 0
bound the diameter of every §,(Y')-class, define the finite sets 7] = {t € T; :
7(lg,t) < w}, and set

U; = U{t-y:yEY*ﬂt_l-Yand (y,t-y) €F,.(Y)}
teT!

Then Uy, ...,Uy are clopen by Lemma and they partition Y. Addition-
ally, any §,(U;)-class is a subset of a §,(T; - y)-class for some y € Y, and
thus has diameter at most R. So Y has clopen (r, R)-dimension at most d
as claimed.

Next, in analogy with Lemma[4.4] we claim that if X is partitioned by the
clopen sets Xo,..., X,_1 and each X; has clopen (15r;,7;4+1)-dimension at
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most d, where the r,’s are non-decreasing, then (X, p) has clopen (rg, 5y )-
dimension at most d. Indeed, one can follow the proof of Lemma [1.4] and
change each instance of “Borel” to “clopen.”

Finally, we retrace the proof of Theorem[4.2] Let D be the strong dynamic
asymptotic dimension of G ~ X, set d = asdim(G), and let B C G be
finite. Since asdim(X, p) = d we can find an increasing sequence of radii
r; such that rg > max{7(b,1g) : b € B} and such that X has standard
(1574, 7;4+1)-dimension at most d for every i. By definition of D, we can
find a clopen partition {Xo,...,Xp} of X such that §, (X;) is uniformly
bounded for every i. Our analog of Lemma [4.3] implies that each X; has
clopen (157, 7i4+1)-dimension at most d, and thus our analog of Lemma
implies that (X, p) has clopen (79, 5rp41)-dimension at most d. This means
that there exists a clopen cover {Uy,...,Uy} of X such that for every i
each class of STO(Ui) has diameter at most 5rpy1. From our definition of
ro we then see that §z(U;) is uniformly finite for every i. This shows that
the strong dynamic asymptotic dimension of the action is at most d as
claimed. (]

We next turn to proving a topological version of Theorem We will
proceed much in the same way as before.

Definition 10.4. For countable groups G < H, let’s say that (G, H) has
good clopen asymptotics if for every 0-dimensional second countable Haus-
dorff space X and every free continuous action H ~ X the following two
properties hold:

(i) the restricted action G ~ X has finite strong dynamic asymptotic
dimension; and

(ii) for every finite set C' C H there is £ € N so that for every finite
set B C G there is a clopen cover {Wy,...,W;} of X consisting of
CB \ G-independent sets.

Lemma 10.5. Let F<{H be countable groups with (F, H) having good clopen
asymptotics. Let X be a 0-dimensional second countable Hausdorff space,
let H ~ X be a free continuous action, and let d < co be the strong dynamic
asymptotic dimension of the restricted action G ~ X. Then for any finite
sets C C H and A C F there is a clopen cover {U" :i € d+1,n € {41} of
X such that U] is CA\ F-independent and § 4(U]") is uniformly finite, and
there are finite sets CANF C A, C F such that whenever Z is a § 5 (U]")-
class, c € C, and m > n, the set cA- Z is either disjoint with U™ or else
contained in a single § o (U[")-class.

Proof. We argue that the proof of Lemma [6.2] can be followed but with
clopen sets in place of Borel sets. Specifically, in that proof we can choose the
sets V" and W), to be clopen rather than Borel. Notice that the explanation
given there for why s(X’) is Borel when X’ is Borel shows, when combined
with Lemma that s?(X’) is clopen when X' is clopen. Therefore the
sets U? = VONWy and UP = s00- 08! H(V*NW,,), n > 1, are clopen. [
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Lemma 10.6. Let H be a countable group and let F<1G be normal subgroups
of H. Assume that (F,H) has good clopen asymptotics and that G/F has
{¢c : ¢ € C}-bounded packing whenever C C H 1is a finite set with the
property that each automorphism ¢.(gF) = cgc™'F is either trivial or an
outer automorphism. Then (G, H) has good clopen asymptotics.

Proof. Let X be a 0-dimensional second countable Hausdorff space and let
H ~ X be a free continuous action. Let dr be the strong dynamic as-
ymptotic dimension of the restricted action ' ~ X. We follow the proof
of Lemma [6.3] By replacing Lemma [6.2] with Lemma we can choose
the sets U] to be clopen. It is immediate that the sets VfF = UfF and
V" = U\ U,sn B - Vi™ are clopen. Since the value 7;(z), for x € V", is
defined to be 0 if n = ¢r and for n < ¢r is defined to be the least element
of (kg/p + 1)\ {mi(t-z) : t € B3CB? and t - x € |J,,~, Vi"}, it follows
immediately from induction that the function 7; is continuous. Therefore
the sets W/} = B-m, 1( j) are clopen. The concluding arguments of the proof
of Lemma, then show that (G, H) has good clopen asymptotics. O

Theorem 10.7. Let G be a countable group admitting a normal series where
each quotient of consecutive terms is a finite group, an increasing union of
finite characteristic subgroups, or a torsion-free abelian group with finite Q-
rank, except the top quotient can be any group of uniform local polynomial
volume-growth or the lamplighter group Zs ! Z. If X is a 0-dimensional
second countable Hausdorff space and G ~ X 1is a continuous free ac-
tion then the strong dynamic asymptotic dimension of G ~ X is equal to
asdim(G) < oo. In particular, all free continuous actions of G on locally
compact 0-dimensional second countable Hausdorff spaces have dynamic as-
ymptotic dimension at most asdim(G) < oo.

Proof. Follow the proof of Theorem but with Lemma |10.6| replacing
Lemma [6.3| and Lemma [10.3| replacing Theorem For verifying the base
case of the induction, recall from the proof of Lemma that, given a
finite set C' C G, there is a base {V,, : n € N} for the topology on X such
that each V}, is clopen and ¢V, NV, = @ for all ¢ € C'\ {1¢}. Inductively
define a continuous function 7 : X — |C| 4+ 1 by letting 7(x) be the least
element of (|C|+1)\{7(c-z):c€ C, c-x € U, Vi} for z € Vi, \ U, -,, Vi
Then {771(i) : i € |C| + 1} is a clopen cover of X consisting of C' \ {1g}-
independent sets. O

The theorem below together with Lemma[10.2]and Theorem 9.1 completes
the proof of Theorem [I.4] from the introduction.

Theorem 10.8. Let G be a countable amenable group, let X be a 0-dimensional
second countable Hausdorff space, and let G ~ X be a free continuous ac-
tion. Assume that for every finitely generated subgroup H < G the re-
stricted action H ~ X has finite strong dynamic asymptotic dimension.
Then for every finite K C G and 6 > 0 there exist (K,0)-invariant finite
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sets F1,...,F, C G and clopen sets Cv,...,C, C X such that the map
0:]", F; xC; = X given by 0(f,c) = f - c is a bijection.

Proof. We follow the proof of Theorem but use clopen sets. As before let
H = (K) and let d be the strong dynamic asymptotic dimension of H ~ X.
We can then choose the sets Uy, ..., Uy to be clopen and with the property
that §5(U;) is uniformly finite for every i. Consequently, there is a finite
set Q@ C G with Kqy1 - [z]5, ) € Q- for every € U; (one can use
Q = (BUB tU{1g})™ for sufficiently large n). Next we use Lemma m
to choose the M;’s to be clopen. Since T;j can be replaced with the finite
set T, zﬁ N @ in the definition of Zzi)’ we see that each Zli) is clopen by Lemma
Similarly, U;r, Y;, and V; are clopen.

Next, we claim that the function ¢ : X — H defined by the condition
s(x) = t(z) - z is continuous. For z € U] = V; we have s(z) = z and thus
t(z) = lg. So t is continuous on U;. Now inductively assume that ¢ is
i U;r. For x € V; we have s(x) = z and t(z) = 1g. When
T € Uf \ Vi we pick p < ¢; and a; € A]i satisfying al_l -x € Z;;, we pick the
least ag € A; satisfying aga;' -z € Ujsi U;r, and set s(x) = s(aza; ' - z),

continuous on | J

meaning t(x) = t(agal_l ~x)a2a1_1. Since i, p, a1, and as depend continuously
on x, we conclude that ¢ is continuous.

It only remains to check that each set C), constructed as in the proof of
Theorem [9.1]is clopen. This is the case because y € Cy, if and only if there is
i1€d+1and p </{; withy € sz‘ and with the property that t(f-y) € Azi,f_1
for every f € Fy, and t(h-y) ¢ Abh~! for all h € (K1 -+ Kqt1) \ Fn. O

The combination of Theorems and allow us to find new examples
of actions that are almost finite. From this property we derive consequences
to C*-algebras, ultimately finding new examples of classifiable crossed prod-
ucts.

Recall that for an action G ~ X, a set A C X is topologically small if
there exists n € N such that whenever g¢1,...,¢9, € G are distinct we have
Nie, 9i-A = @. If X is a topological space and G acts by homeomorphisms,
the action is said to have the topological small boundary property if there
is a basis for the topology on X consisting of open sets whose boundaries
are topologically small. We remark that every free continuous action of a
countable group on a compact metrizable space with finite covering dimen-
sion automatically has the topological small boundary property [28, Thm.
3.8].

Corollary 10.9. Let G be a countably infinite group that is an increasing
union of groups satisfying the assumption of Theorem [10.7. Let X be a
compact metrizable space and let G ~ X be a free continuous action. As-
sume either that X has finite covering dimension or, more generally, that
the action G ~ X has the topological small boundary property. Then:

(i) the action G ~ X is almost finite;
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(ii) of additionally G ~ X is minimal, then C(X) x G is Z-stable and
has finite nuclear dimension.

Proof. Statement (i) follows from Theorem [10.7, Theorem and [20,
Thm. 10.2] when X is O-dimensional, and from [2I, Thm. 7.6 and Cor.
7.7] in the remaining cases. When the action is minimal, Z-stability follows

from (i) and [20, Thm. 12.4], and finite nuclear dimension follows from
Z-stability and [2, Thm. A]. O

Corollary 10.10. Consider the collection of free minimal continuous ac-
tions G ~ X where G is a countably infinite group that is an increasing
union of groups satisfying the assumption of Theorem[10.7, X is a compact
metrizable space, and either X has finite covering dimension or the action
G ~ X has the topological small boundary property. Then the crossed prod-
ucts arising from these actions are classified by the Elliot invariant (ordered
K -theory paired with tracial states) and are simple ASH algebras of topolog-
ical dimension at most 2.

Proof. The crossed products C(X) x G of these actions have finite nuclear
dimension by Corollary satisfy the universal coefficient theorem (since
the groups we consider are amenable) [30, Prop. 10.7], and are stably finite
(since they come from free minimal actions of amenable groups). Therefore
these crossed products are classified by their Elliot invariants [29, Cor. D]
and are simple ASH algebras of topological dimension at most 2 [29, Thm.
6.2.(iii)). O
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