Research Proposal: Maddie Weinstein
1. Introduction
Algebraic geometry is the study of algebraic varieties, zero sets of systems of polynomial equations. I study metric algebraic geometry. This field is concerned with properties of real algebraic
varieties that depend on a distance metric. I explore algebraic varieties underlying distance optimization and curvature [5, 11]. I use numerical and symbolic computational methods to analyze
algebraic varieties [4, 7, 17] and, vice versa, use algebro-geometric formulations to inform the
computational study of data [3, 12, 15]. I will broaden the scope of metric algebraic geometry to
differential geometry, optimization, data analysis, and algebraic statistics.
2. Research objective, methods, and significance
My proposed research connects real algebraic geometry, algebraic topology, differential geometry, intersection theory, optimization, data analysis, algebraic statistics, and numerical algebraic
geometry. I pursue the following objectives:
(1) Develop algebro-geometric formulations of concepts in differential geometry.
(2) Solve problems in distance optimization by uncovering underlying algebraic varieties.
(3) Develop methods in data analysis informed by algebraic geometry.
For each of these three objectives, I describe my previous work and new research questions.
2.1. Differential Geometry. Algebraic geometers study subsets of Rn called algebraic varieties
and define invariants such as their degree, dimension, and field of rational functions. Smooth
algebraic varieties are also differentiable manifolds and can be studied from the perspective of
differential geometry, focusing on properties such as their curvatures and differentiable functions. In the early twentieth century, Cartan bridged algebraic geometry and differential geometry by pioneering the method of moving frames [8]. In 1979, Griffiths and Harris wrote
a landmark paper [14] building off of Cartan’s work in which they said the following: ”What
was unexpected was the extent to which algebro-geometric reasoning could be applied to draw
differential-geometric conclusions on submanifolds in special position, and then in turn the local
differential geometry can be applied to deduce global algebro-geometric conclusions.” There is
great potential to gain insights in both algebraic and differential geometry by studying each from
the perspective of the other, particularly now with the development of new computational tools
in numerical algebraic geometry. Yet many basic concepts in differential geometry that describe
interesting features of algebraic varieties are still inaccessible to algebraic geometers because they
lack algebraic descriptions. I seek to develop such descriptions.
With Paul Breiding and Kristian Ranestad, we find systems of polynomial equations such that
their zeros are the points on a variety where the curvature exhibits a special property [5]. For
example, we find points where one of the principal curvatures is critical and points where all
principal curvatures agree. By bringing the structure of an algebraic variety to features defined
in abstract differential geometric terms, we are able to use numerical algebraic geometry to
compute these features and intersection theory to analyze the complexity of the computations by
determining the degrees of the relevant subvarieties.
In future work, I plan to investigate which objects in differential geometry are amenable to the
tools and language of metric algebraic geometry.
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Problem 1. Given an algebraic variety, find the defining equations of the subvariety where scalar curvature is critical. Similarly, find the defining equations of the subvariety where Ricci curvature is
umbilical.
Problem 2. Given a point p on a Riemannian manifold embedded in Rn , the distance function from p is
smooth except at p itself and the cut locus. Find generators for the ideal of the Zariski closure of the cut
locus of a smooth algebraic variety.
Once we find an algebraic description of an object, we can use intersection theory to determine its degree, a proxy for computational complexity, and numerical algebraic geometry to
implement and perform these computations.
2.2. Distance Optimization. Distance optimization problems appear throughout the natural and
social sciences, with applications in fields as diverse as public health, informatics, engineering,
and city planning. Central to distance optimization is the nearest point problem, which is stated
as follows: given a subset S ⊂ Rn and point p ∈
/ S, find a point in S of minimal distance to p. I
have generalized this problem to Voronoi cells and bottlenecks.
Every finite subset X of Rn defines a Voronoi decomposition of the ambient space. The Voronoi
cell of a point y ∈ X consists of all points in Rn for which the closest point in X is y (see Figure 1).
With Diego Cifuentes, Kristian Ranestad, and Bernd Sturmfels, we generalize these definitions
to allow X to be any real algebraic variety [11]. We compute and prove formulas for the degree
of the algebraic boundary of the Voronoi cell of a point on a variety. We apply these results to
low-rank matrix approximation.

Figure 1. A quartic space curve and the Voronoi cell in one of its normal planes.
A bottleneck of a smooth algebraic variety X ⊂ Rn is a pair (x, y) of distinct points x, y ∈ X such
that the line containing x and y is orthogonal to X at both x and y (see Figure 2). Such a pair of
points give a critical value of the distance function between pairs of distinct points on the variety.
The narrowness of bottlenecks is a fundamental complexity measure in the algebraic geometry
of data. For instance, it is one of two factors that determine the sampling density required for
persistent homology, a method central to topological data analysis, to obtain the desired results.
The number of bottlenecks, or the bottleneck degree, of a variety is a measure of the complexity of
computing all bottlenecks. With Sandra Di Rocco and David Eklund, we prove a formula for the
bottleneck degree as a function of classical invariants such as Chern classes and polar classes,
providing the formula explicitly in low dimension and giving an algorithm to compute it in the
general case [12].
Voronoi cells and bottlenecks are just two of the many natural variants of the nearest point
problem. I will apply similar methods to study related distance optimization questions.
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Figure 2. The real bottleneck pairs of the quartic butterfly curve.
Problem 3. Apply techniques developed in my study of Voronoi cells and bottlenecks to other types
of nearest point questions. For example, develop an algebro-geometric formulation for optimization of
Hausdorff distance between compact semialgebraic sets.
The problems discussed so far concern the Euclidean distance metric. Recent work has investigated distance optimization in non-Euclidean metrics with applications to algebraic statistics
[1, 9]. Algebraic statistics is a rapidly growing field concerning the development of techniques in
commutative algebra, algebraic geometry, and combinatorics for applications in statistics. I will
use techniques I have developed in metric algebraic geometry to contribute to algebraic statistics.
Problem 4. Solve nearest point problems, such as finding Voronoi cells and bottlenecks, in metrics including the log-likelihood function and Wasserstein distance with significance in statistics.
2.3. Geometry of Data. There is demand across the natural and social sciences for techniques to
analyze large data sets. Traditionally, these data sets are modeled as linear spaces or unions of
linear spaces. However, data from mathematical biology, medical imaging, computer vision and
other sources often has underlying nonlinear geometric structure. There has been a recent surge
in innovation by researchers in algebraic topology and algebraic geometry in the development of
techniques for data analysis with nonlinear models. This is evidenced in the two journals SIAM
Journal on Applied Algebra and Geometry and SIAM Journal on Mathematics of Data Science,
established in 2017 and 2019, respectively. I now describe three of my papers in which I develop
algebraic geometry for the computational study of data.
With Paul Breiding, Sara Kališnik, and Bernd Sturmfels, we model finite sets of points in Rn as
real algebraic varieties, finding a defining system of polynomial equations and estimates for the
dimension and degree [4]. We tested our algorithms on a range of data sets and implemented
them in a publicly available Julia package. We also analyzed these data sets using persistent
homology. Persistent homology involves studying the homology of a simplicial complex obtained
from a set of points by noting the intersections of neighborhoods of the points. The homology of
the complex is studied for a range of neighborhood radii. Topological features that persist over a
large range of radii are deemed significant. In [4], we demonstrate how algebraic geometry can
benefit persistent homology. The neighborhoods traditionally used in persistent homology are
spheres. We propose a variant using elliptical neighborhoods with axis orientation determined
by the tangent space of the variety and axis length determined by a metric algebraic geometry
feature called local reach. In examples, this method improved the accuracy of persistent homology
techniques.
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Algebraic geometry can provide theoretical guarantees of the accuracy of data analysis methods. With Emil Horobeţ, we define a version of persistent homology for algebraic varieties using
the offset hypersurface, the locus of all points at some fixed distance from a given variety [15]
(see Figure 3). This algebraic formulation enables us to use Hardt’s theorem from real algebraic
geometry to prove the algebraicity of two quantities central to the computation of persistent
homology.

Figure 3. The quartic Viviani curve (left) and its  = 1 offset hypersurface (right),
which is of degree 10.
We can also use algebraic geometry to guarantee estimation methods for metric features of
plane curves. Recall from above that a finite point set in Rn determines a Voronoi decomposition
of Rn into Voronoi cells defined by their nearest point in the set. In [11], we modified this definition so that the finite point set is replaced with a real algebraic variety of any dimension. One
might ask whether the Voronoi decomposition of a finite point sample of a positive dimensional
variety converges to the Voronoi decomposition of the variety as the number of points sampled
increases. With Madeline Brandt, we prove that such convergence, as defined with respect to an
appropriate metric, does occur for plane curves [3]. Using this result, we provide and implement
algorithms to approximate metric features of plane curves, including the medial axis, curvature,
evolute, bottlenecks, and reach.

Figure 4. Voronoi cells of 101, 441, and 1179 points sampled from the quartic
butterfly curve.
Problem 5. Generalize algorithms in [3] for varieties of all dimensions and use them to approximate metric
features of data sets. Develop algorithms to adapt local sampling density to account for approximated metric
features. Use these algorithms to increase the accuracy of some methods in topological data analysis.
Problem 6. Use algebraic geometry to provide theoretical guarantees of accuracy for algorithms that estimate metric features of algebraic sets. Identify algebraic varieties that appear in the limit as sampling
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density increases. Use Hardt’s theorem to prove the algebraicity of metric features in these limiting algebraic varieties.
Underlying many of the techniques described above is numerical algebraic geometry, which finds
solutions to systems of polynomial equations. There have been recent improvements in speed
and efficiency in software for numerical algebraic geometry, including the software packages
Bertini, HOM4PS-3, NumericalAlgebraicGeometry in Macualay2, and HomotopyContinuation.jl
[2, 6, 10, 16]. I now describe two of my papers that use this technology to complement theoretical
algebraic geometry.
The projective linear group PGL(C, 4) acts on cubic surfaces, considered as points of P19
C via the
coefficients of their defining polynomials. With Laura Brustenga i Moncusí and Sascha Timme,
we compute that the degree of the 15-dimensional projective variety defined by the Zariski closure of the orbit of a general cubic surface is 96120 [7]. This computation demonstrates the power
of numerical algebraic geometry to find and certify solutions to systems of polynomial equations,
producing numerical theorems for degrees that are difficult to prove using intersection theory.
In [17], I investigate the real algebraic variety of real symmetric matrices with eigenvalue
multiplicities specified by a given partition. I prove a formula for the dimension and use representation theory to provide a rational parametrization. For small matrices, I provide equations;
for larger matrices, I explain how to pair representation theory and numerical algebraic geometry to find equations. I describe the ring of invariants under the action of the special orthogonal
group. For the subvariety of diagonal matrices, I give the Hilbert polynomial.
Problem 7. For some varieties, such as orbit closures of group actions, it is possible to obtain a parametrization but difficult to obtain implicit equations. Use numerical algebraic geometry to interpolate data points
on this varieties and obtain equations for small examples. Use this information to build a theoretical
understanding of the variety. For example, generate a conjecture for the degree of the variety.
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