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Let L/K be a finite Galois extension of number fields and X ⊆ Gal(L/K) closed under conjugation.
Then the Chebotarev density theorem says that the set of places of K that are unramified in L with
Frobenius Frobv,L/K in X has density #X

#Gal(L/K) . Here density can refer to either natural or Dirichlet
density. This finite version easily implies a corresponding result for infinite Galois extensions [Ser89,
1 §1 Corollary 2]:

Theorem 1. Let L/K be a Galois extension, possibly infinite, unramified outside a finite set. Let µ
denote the Haar measure on G = Gal(L/K), normalized so that µ(G) = 1. Let X ⊆ G be closed under
conjugation and assume µ(∂X) = 0. Then the set of places v of K that are unramified in L and with
Frobenius Frobv,L/K in X has density µ(X).

Here ∂X denotes the boundary ∂X = X \X◦.

Remark. This is phrased more naturally as an equidistribution statement of Frobenius elements in
G/conj, which concerns integrals of continuous functions. The assumption on µ(∂X) = 0 allows us by
[Ser89, A.1 Proposition 1] to approximate 1X by continuous (class) functions and obtain the above
result.

The goal of this note is to give an explicit example of this theorem for infinite extensions. We will
compute the density of the set T of primes p ̸= 2, 5 such that the decimal expansion of p−1 has odd
period length. This example, in more generality, was studied in [Odo81] using an effective version of
the Chebotarev density theorem. Our proof is simpler as we only compute the density and do not
prove any error terms. We will show:

Theorem 2. T has density 1
3 .

Throughout, p denotes a prime not equal to 2 or 5. Note that the period length of the decimal
expansion of p−1 is the multiplicative order of 10 modulo p. The first goal is to recast this condition
in a form to which we can apply Theorem 1. To this end, define for any integer j ≥ 1,

Lj = Q(ζ2j ,
2j
√
10), L′

j = Q(ζ2j+1 ,
2j
√
10).

Note that the only primes ramifying in Lj , L
′
j are 2 and 5. The purpose of these fields becomes clear

in the following lemma.

Lemma 3 ([Odo81, Proposition 2.2]). Let j ≥ 1. The following are equivalent:

(1) 2j is the largest power of 2 dividing p− 1 and x2j ≡ 10 mod p has a solution.
(2) p splits completely in Lj, but not in L′

j.

Proof. “(1) ⇒ (2)” It is clear under the assumptions Qp contains ζ2j ,
2j
√
10 so p splits completely in

Lj . Since p ̸= 1 mod 2j+1, p does not split completely in L′
j . “(2) ⇒ (1)” is similar by reversing the

argument. □

Let L =
⋃∞

j=1 Lj . Note that also L′
j ⊆ L for all j. let π′

j : Gal(L/Q) → Gal(L′
j/Q) denote the

restriction map. Define

Xj = {σ ∈ Gal(L′
j/Q) : σ ̸= idL′

j
, σ|Lj

= idLj
},
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X =
⋃
j≥1

π′−1
j (Xj).

We note for later that the union defining X is a disjoint union. Also note that X is conjugation
invariant since each Xj is. If 2j is the largest power of 2 dividing p− 1, then, since (Z/pZ)× is cyclic,
10 has odd order mod p if and only if x2j ≡ 10 mod p has a solution. Thus, by the lemma

T = {p prime : p ̸= 2, 5,Frobp,L/Q ∈ X}.
Thus, to finish the proof of Theorem 2, we only need to compute µ(X) and show µ(∂X) = 0. We
achieve both of these at once by showing µ(X) = µ(X◦) = 1

3 . For that we need the degrees of the
fields:

Lemma 4. The degree of Lj (resp. L′
j) over Q is 22j−1 (resp. 22j).

Proof. It is easily seen, e.g. by considering ramification of the prime 5, that Q(ζ2j+1) and Q( 2j
√
10) are

linearly disjoint over Q. The lemma then follows. □

This shows #Xj = 1 and we obtain

µ(X) =

∞∑
j=1

µ(π′−1
j (Xj)) =

∞∑
j=1

#Xj

#Gal(L′
j/Q)

=

∞∑
j=1

2−2j =
1

3
.

Note that X is already open, so this shows the first half µ(X◦) = 1
3 . For the closure, we introduce the

sets Yj = π′
j(X). It is then easily seen X =

⋂
j≥1 π

′−1
j (Yj) and the sets π′−1

j (Yj) are decreasing, so

µ(X) = lim
j→∞

µ(π′−1
j (Yj)) = lim

j→∞

#Yj

#Gal(L′
j/Q)

For j ≥ i, let π′
j,i : Gal(L′

j/Q) → Gal(L′
i/Q) denote the restriction map. Then Yj = {idL′

j
} ∪⋃

1≤i≤j π
′−1
j,i (Xi) and the union is disjoint again, hence

#Yj = 1 +

j∑
i=1

#Xi[L
′
j : L

′
i] = 1 +

j∑
i=1

22j−2i = 1 +
4j − 1

3
.

Combining this with #Gal(L′
j/Q) = 22j gives µ(X) = limj→∞ µ(π′−1

j (Yj)) =
1
3 , as desired, finishing

the proof of Theorem 2.
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