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1 Preliminaries and Review

Definition. A (first order) language L consists of

(i) a set F of function symbols and for each f € F a positive integer ny, the arity of
f

(i) a set R of relation symbols and for each R € R a positive integer ng, the arity of
R,

(iii) a set C of constant symbols.

Remark. Constant symbols could bee seen as function symbols of arity 0. So some
authors only include (i) and (ii) in the definition and allow ny = 0 in (i).

Examples.

(a) Lgp is the language of groups, it has two function symbols - and ~! of arity 2 resp.
1, a constant symbol 1 and no relation symbols.

(b) Ly, is the language of linear orders. It has only one binary relation symbol <.
Definition. Given a language L = (F,R,C), an L-structure consists of

(i) a non-empty set M, called the domain,

(ii) for each function symbol f € F, a function fM . M™ — M,

(i4i) for each relation symbol R € R, a relation RM C M™r,

(iv) for each constant symbol c € C, an element ™ € M.
M RM M gre called the interpretations of the symbols f, R, c resp. in M.
Remarks.

1. We sometimes ignore the distinction between an L-structure and its domain, and
between symbols in L and their interpretations in the structure when it is clear from
the context.

2. Wewrite M = (M, {fi}ier, {R;}jer, {ck}rek) for astructurein L = ({fi}ier, { R }jes, {ck}rek)-
Examples.
(a) (RT, {-, 71}, {1}) is an Lg,-structure.
(b) (Z,{+,—},0) is another Lyp-structure.
(¢) (Q,{<}) is an Lj,-structure.
Using
e the symbols of L,



e connectives A, = (and consequently also V,—, <),
e quantifiers 3 (and consequently also V),

e variables xg, z1,z2,...,y, 2z etc. (arbitrarily many),
e punctuation (,),

o |

e equality

define recursively L-terms and L-formulas.

Notation. The letters u, v, x, ¥y, z usually stand for variables while a, b, ¢ stand for con-
stants. If ¢ is a formula, ¢(zo,...,x,) indicates that the x; are free variables in ¢, same
for terms. We write T = xy, ..., x, for an (n+1)-tuple of variables and same for constants.



2 Embeddings

Definition. Let L = (F,R,C) be a language and M, N be L-structures. An embedding
of M into N 1is an injective map o : M — N such that:

(i) for all f € F, and a = ay,...,an, € M,
a(fM(al,...,anf)) = N(a(ar),...,a(ny)),

(ii) for all R € R, and ay,...,an, € M,

(a1,...,an,) € RM = (a(ay),...,alan,)) € RY,

(iii) for each c € C,

A bijective embedding o : M — N is called an isomorphism. If there exists an isomorphism
between M and N, we write M ~ N.

Examples.

(i) Let G1,G2 be groups, viewed as Lg,-structures, then o : Gi — G9 is an embedding
iff it is an injective group homomorphism.

(i) If A, B are linear orders, viewed as Lop-structures, then o : A — B is an embedding
iff «v is injective and such that for a,b € A, a < b iff a(a) < a(b).

Proposition 2.1. Let M, N be L-structures, o : M — N an embedding. Let a € MF,
and t(T) a term with |Z| = k. Then

a(tM (@) = t" (a(@)),
where a(a) = (a(ay),...,aa)).

Proof. This is a standard proof by induction on the complexity of the term ¢(T).
e Case 1: t is a variable ;. Then a(tM(a)) = a(a;) and tV (a(a@)) = a(a;).
e Case 2: t is a constant c. Then it follows from (iii) in the definition of embeddings.

e Case 3: Let t(Z) = f(t1(T),...,tn;(T)). Then a(tM(a@)) = ¥ («(a)) by induction
and then o(t"(@)) = t" (a(a)) by (i) in the definition of embeddings.

O
Notation. Recall that if ¢(%) is an L-formula, M is an L-structure and @ € M®l, then

M = ¢(a) means that ¢ holds in M under the assignment z; — a; (defined recursively).
Also recall that atomic L-formulas are those of one of the following two forms:



(i) t; = t2 where t1,ty are L-terms,
(ii) R(t1,...,tmy) where R is a relation symbol and ¢1,..., %, are terms.

Proposition 2.2. Let M, N be L-structures, « : M — N an embedding. Let ©(T) be an
atomic formula and @ € M. Then

M = p(a) <= N |= ¢(a(a)).
Proof. Immediate from the definitions and Proposition [2.1 O
Exercise: Show that the same holds more generally for quantifier-free formulas instead of

just atomic ones.

Warning. Embeddings do not necessarily preserve all formulas. Consider e.g. (Z, <) and
(Q, <) as Lj,-structures. Then the map o : Z — Q, n +— n is an embedding. Let ¢(x1,x2)
be the formula 3z(z1 < z A z < 22). Then Z = ¢(1,2), but Q = ¢(1,2) = ¢p(a(l), a(2)).

Exercise: Let M, N be L-structures, o : M — N an isomorphism. Let ¢(Z) be any formula
and @ € M*I. Then

M E ¢(a) < N E ¢(a(a)).

Remark. The converse of Proposition[2.2)also holds, i.e. amap « : M — N that preserves
atomic formulas is an embedding (exercise).



3 Theories and Elementarity

Let L be a fixed language. Recall that a sentence is a formula with no free variables.

Definition. An L-theory T is a set of L-sentences. An L-structure M is a model of T
if all sentences in T hold in M, i.e. M = o for allo € T. We write Mod(T') for the class
of all models of T'.

If M is a L-structure, then the theory of M is

Th(M) = {0 | o is an L-sentence and M |= o}.

Example. Consider L = Lg,. Let Ty}, be the theory consisting of
(i) Vo,y,2((z-y) -z = (y - 2)),
(ii) Ve (z-1=1-2 =x),
(iii) Vo (z- 27t =27 1. 2 =1).
If G is a group, clearly G |= Ty, but Th(G) 2 Typ.

Definition. L-structures M, N are elementary equivalent if
Th(M) = Th(N).
In this case we write M = N.

Remark. If M ~ N, then M = N, but the converse does not hold in general. E.g. we
will later, see Corollary show that

@ <) =R, <)
as Lj,-structures, but they are clearly not isomorphic.

Definition. Let M, N be L-structures. Then:
(i) An embedding B : M — N is elementary if for all L-formulas o(Z) and @ € M%l,

M = (@) <= N = »(B(a)).

(ii) When M is a subset of N and the inclusion map M < N is an embedding, then M
s a substructure of N, written M C N.

(iii) When M is a subset of N and the inclusion map M — N is an elementary embed-
ding, then M is an elementary substructure of N, written M < N.

Example. Let M = ([0, 1], <) and N = ([0, 2], <) be Lj,-structures. Then M C N. Also
M =~ N (e.g. via z — 2x), hence M = N. But M A N! Indeed, consider the formula
o(r) =Vy(y <z Vy=ux). Then M = ¢(1), but N £ ¢(1).



Definition. Let M be an L-structure, A C M a subset. Then we define the language
L(A) := LU{constant symbols cq | a € A}.

We interpret M as an L(A)-structure by cM = a. In this context, the elements of A are
called parameters.

Notation. Let M, N be L-structures and A C M NN a subset. Then we write M =4 N
and say that M is elementary equivalent to N over A, if M, N satisfy exactly the same
L(A)-sentences.

Remark. If M < N, then M =); N.
Lemma 3.1 (Tarski-Vaught Test). Let N be an L-structure, A C N a subset. TFAE:
(i) A is the domain of an elementary substructure of N.

(ii) For all L(A)-formulas ¢(x) with one free variable x,
N E=3xp(x) = N = ¢(b) for some b e A. (%)
Proof. “(i) = (ii)” is easy: By elementarity,

N E3Jzp(r) = AEJzp(x)
= Al p(b) forsomebe A
= N = ¢(b) for some b € A.

“(i1) = (i)” First show that A is the domain of a substructure. It suffices to show (exercise)

(a) forallc€ C, N € A. [Usewith dx(z=c¢). Then N =3z (xr=c¢),so NEb=c
for some b € A, s0 N =be A)

(b) for f € F,a € A", we have f(a) € A. [Similar to (a) with 3z f(a) = z.]

So A C N is a substructure. Next let x(Z) be an L-formula and @ € APl. We have to
show A = x(a@) <= N [= x(a). We argue by induction on the complexity of x(T).

o If x(7) is atomic, the claim follows from A C N and Proposition
o If x(7) = —¢(Z). Then
A x(@) < A y(a)

> N EP(4)
= N k= x(@).

o If x(ZT) = ¢(T) A &(T). Similar as before.



o If x(Z) = Jy (T, y). Then for @ € A"l 4(a@,y) is an L(A)-formula with one free
variable. Then

Al x(@) < A= 3yd(ay)
— A = ¢(a,b) forsomebec A
— N = ¢(a,b) for somebec A
— N = 3y y(a,y)
— N |= x(a).
For the converse we need to use so suppose N = Jy¢(a,y). Then N = (a,b)
for some b € A. By induction hypothesis A |= ¢ (a,b), so A = Iy (a,y).
O

Definition. We define the cardinality of the language L to be

|L| := [{¢(Z) | ¢(T) is an L-formula}|.

Note that always |L| > w (we use w both for the ordinal and the cardinality). Also
|L(A)| = |L| + |A|(= max{|L|, |A|}) for parameter sets A.

Definition. Let A be an ordinal. Then a chain of sets of length A is a sequence (A;)i<x
where the A; are sets such that A; C Aj whenever i < j < A.

Similarly, a chain of L-structures of length X is a sequence (M;)i<x such that M; C Mj is
a substructure whenever i < j < A. The union of the chain (M;);< is defined as follows:

o the domain is M = ;.\ M;.
o ifccC, M :=cMi for anyi < A
o if f € F,ac M™, then fM(a) = fMi(@) where i is large enough such thata € M, .
e if RER, then RM =J,_, RM:.
Note that these interpretations are well-defined because M; C M; is a substructure for
i<
Theorem 3.2 (Downward Lowenheim-Skolem). Let N be an L-structure with |[N| > |L|

and A C N a subset. Then for any cardinal \ such that |L| + |A] < X\ < |N| there is an
elementary substructure M < N such that

(i) [M|= A,
(ii) AC M.

Proof. We build inductively a chain (A;);<, of subsets of N containing A such that |J 4;
is the required substructure M. Let Ag O A be any subset of N with |Ayg| = A. Suppose



we already constructed A; (with |A;| = A). Let (¢r(x))g<x be an enumeration of L(A;)-
formulas with one free variable and such that N = 3z ¢y (x). Then let

A1 =AU {ak eEN ‘ N ): @k(ak), k< )\}H

Now let M = |J,.,, A;. Claim: M < N. We use TVT (Lemma . Let ¢(Z,y) be an
L-formula. Claim: If N = 3y (@, y) for @ € MI*!, then N = ¢(@, b) for some b € M. Let
i < A be such that @ € A;. Then p(a,y) is among the formulas considered at stage i + 1
in the construction of M, hence there is a witness to Jy ¢(a,y) in A;+1 C M. O

Remark. We have the following special case: If L is a countable language, T' an L-theory
with an infinite model, then 7" has a countable model.

'Remark by L.T.: This should probably mean that that we choose one ay for each k < A such that
N E ¢r(aw), instead of taking all of them. Otherwise it would not be clear why the cardinality is
bounded by A.



4 Two Relational Structures

Definition. An Li,-structure is a linear order if it satisfies
1. Ve —=(z < z),
2. Ve, y,z((x <yhy<z)—x<z),
3. Vr,y(r=yVer<yVy<cz).
A linear order is dense if it satisfies
4. Fzy (v <y),
5. Vr,y, (e <y—3z(r<zAz<y)).
A linear order has no endpoints if
6. Vo (Jy(x <y)ANIz(z < x)).
We let Ti, be the theory consisting of 1,2,3 and Ty, be the theory consisting of 1-6.
Remark. If M |= Ty, then |[N| > w.
Let L be any language.

Definition. A partial embedding between L-structures M, N is an injective map p :
dom(p) € M — N, where dom(p) is a subset of M, such that p preserves functions,
relations and constants as in the definition of embeddings.

M and N are said to be partially isomorphic if there is a non-empty collection I of partial
embeddings from M to N such that

(1) ifp €I, a € M, then there is p € I such that p C p and a € dom p.
(2) ifpe I, be N, then there is p € I such that p C p and b € ranp.

We sometimes write “p: M — N is partial map” for a partial map instead of p : domp C
M — N.

Lemma 4.1 (“Back and Forth”). If |[M| = |N| = w and M, N are partially isomorphic
via I, then M ~ N.

Proof. Enumerate M and N, say M = {a; | i < w}, N = {b; | i < w}. We define
inductively a chain (p;)i<, of elements of I such that a;—; € dom(p;) and b;_; € ran(p;).
Let pp be any element in I. Suppose p; is given. Use (1) in the definition to get p € I
such that p O p; and a; € domp. Then use (2) to find p;+1 € I such that p;y1 D p and

b; € ranp;y1. Then m = J,_, p; is the required isomorphism. O

10



Lemma 4.2 (Extension). Let M = T, and N = Tgo. Let p : dom(p) € M — N be
a finite partial embedding, i.e. domp is finite. Let ¢ € M. Then there is a finite partial
embedding p such that p O p and ¢ € dom(p).
Proof. Let domp = {ao,...,an} with a; < a; if i < j.

e Case 1: ¢ < ag. Since N has no endpoints, we find d € N such that d < p(ag).

e Case 2: a; < ¢ < aj41 for some i. We find d € N such that p(a;) < d < p(ait+1) by
density of V.

e Case 3: a, < c. Similar to 1.

Now define p by p(c) = d on domp = domp U {c}. O
Theorem 4.3. Let M, N |= Ty, be such that |M| = |N| =w. Then M ~ N.

Proof. Let I = {q: M — N | q is finite partial embedding}. Then I is non-empty as it
contains the empty map. By Lemma I satisfies properties (1) and (2) in the definition
of partial isomorphism. Hence Lemma applies, i.e. M ~ N. O

Definition. An L-theory T is consistent if there is an L-structure M that models T. If
o is an L-sentence, write T & o if for all L-structures M we have

MET = MEo.

The theory T is complete if for all L-stentences o, either T o or T+ —o.

Remark. Th(M) is complete for all L-structures M. We often seek S C Th(M) such
that S is complete. Then S is an aziomatisation of Th(M).

Definition. If |L| = w, an L-theory T is w-categorical if whenever M,N = T and
|M|=|N| =w, then M ~ N.

So by Theorem |4.3| Ty, is w-categorical.

Theorem 4.4. If T is an w-categorical theory with no finite models, then T is complete.

Proof. Let M, N =T and ¢ be an L-sentence such that M |= ¢. We have to show that
N = ¢. By the Downward Léwenheim-Skolem theorem there are elementary substructures
M’ < M,N'" < N with |M’'| = |N’'| = w. By w-categoricity, M’ ~ N’. Then M’ = ¢, so
N’ E ¢ and then N = . O
Corollary 4.5. Ty, is complete.

Definition. Let f : dom(f) C M — N be a partial map. f is elementary if for all
L-formulas ¢(T) and @ € (dom f)1*!, we have

M = ¢(@) <= N = o(f(a))-

11



Remark. A map f is elementary iff every finite restriction of f is elementary.
Proposition 4.6. Let M,N = Tg, and let p: M — N be a partial embedding. Then p

is an elementary map.

Proof. By the above remark we may assume that p is a finite partial embedding. By
Donward Lowenheim-Skolem, there are M’ < M, N’ < N with |[M’'| = |[N'| = w and
domp C M', ranp C N’. By an argument identical to the proof of Lemma[d.1 with py = p
and I the collection of finite partial embeddings between M’ and N’, we can extend p to
an isomorphism 7 : M’ ~ N’. In particular, 7 is an elementary map, therefore so is its
restriction p. ]

Corollary 4.7. (Q,<) <X (R, <).

Proof. The inclusion map is an embedding, therefore it is elementary by the proposition.
O

Definition. Let Lypn = {R} where R is a binary relation symbol. A graph is an Lgph-
structure M which satisfies
1. Vz (- R(z,x)),
2. Vz,y (R(z,y) — R(y,x)).
Elements of M are called vertices, elements of RM edges.
Let Typn be the theory consisting of the two axioms above.

We want to formalise the following properties of a graph G: However we choose finite
subsets U,V C G, we can find z € G\ (U U V) such that z is R-related to all vertices in
U and not R-related to any vertex in V.

A graph is called a random graph if it satisfies Jz,y (z # y) (non-triviality) and for each
n € N, the axiom

Vzo...xn,yo...yn< /\ z; #y; — 3z (/\Z?éyi/\/\R(miaz)/\/\_'R(Zayi))) (Tn)
=0 =0

i,j=0 i=0

T,y is the theory that says that R is a graph relation that is non-trivial in the above sense
and satisfies 7, for all n € N.

Proposition 4.8. T, is consistent.

Proof. Define R on w as follows: For i,j € w with ¢ < j, R(i,7) holds, i.e. {7, j} is an edge,
iff the i-th digit in the binary expansion of j is 1.

Exercise: Prove (w, R) is a model for T,. O

12



Lemma 4.9 (Extension). Let M |= Typn, N = Trg. Let p: dom(p) C M — N be a finite
partial embedding and ¢ € M. Then there is a finite partial embedding p: M — N such
that p O p and ¢ € domD.

Proof. We may assume ¢ ¢ domp. Let U = {a € dom(p) | R(a,c)} be the set of neighbors
of ¢ in domp and V' = {b € domp | —R(b,c)}. By a suitable instance of |(r,), we
find d € N such that R(d,p(a)) for all « € U and —R(d,p(b)) for all b € V. Then let

p=pU{(cd)}. ]
Theorem 4.10. Let M, N |= T,z with |M|=|N|=w. Then M ~ N.
Proof. Same as Theorem [£.3] but with Lemma [£.9] instead of Lemma [4.2] O

Theorem 4.11. T,, is w-categorical and complete. Every partial embedding between mod-
els of Trg is elementary.

Remark. The unique countable model of T}, is called the countable random graph, or
Rado’s graph. Rado’s graph is universal for finite graphs, i.e. every finite graph embeds
into it, and ultrahomogeneous, i.e. every isomorphism between finite induced subgraphs
extends to an automorphism.

13



5 Compactness

Definition. Let I be a set. A filter on I is a subset FF C P(I) such that
1. I€F,
2. XNY € F whenever X,Y € F,
S.if XeF, XCYCI, thenalsoY € F.

F is proper if F # P(I) or, equivalently, if ) ¢ F. An ultrafilter is a proper filter U such
that for all X C I, either X e U or I\ X € U.

Proposition 5.1. Let U be a proper filter on I. TFAE:
(a) U is an ultrafilter.
(b) U is mazimal among all proper filters.

(c) f XUY €U, then X €U orY € U.
Proof. Exercise. O

Definition. Let (M;);cr of L-structures. The direct product of the M; is the set
X=][Mi={f:I-JM|f(i)eMViecl}.
el iel
We write a = (a; |i € I) fora e X.

Let U be an ultrafilter on I. We define the relation ~y on X by

a~ybe={icl|ali)=b(i)}eU.

Proposition 5.2. ~y is an equivalence relation.

Proof. Reflexivity and symmetry are immediate. For transitivity let a,b,c¢ € X such
that @ ~y b, b ~y c. Let A ={i eI |a(i) =0b04)}, B={iel]bli)=c(i)} and
C={iel]a(i)=c()}. Then A,B € U and thus AN B € U. Since ANB C C, we
obtain C € U, hence a ~y c. O

Write apy for the equivalence class [a]~, under the relation ~y;.

U

Proposition 5.3. Let a®, b* € X for k=1,...,n, be such that a* ~y b*. Then

(a) if f is an n-ary function symbol, then

(M@l @), .. a(@) i€ 1) ~u (P06, . 00(0) [ e 1)

14



(b) if R is an n-ary relation symbol, then
eI |(@@)....a"(0) € ™} € U = {i € I| (B(0),....0"())) € RM} € U

Proof. To simplify notation assume n = 1 and let @ = a', b = b'.

(a) Let A = {i € I | a(d) = b(i)} and C = {i € I | fMi(a(i)) = fM
ACCandsoC €U asAcU,hence (fMi(a(i))|i€I) ~y (f*

i(b(i))}. Clearly
(b(2)) | i € I).

(b) is similar (exercise).

O]

Definition. Given a set I, (M;);c; a family of L-structures, U an ultrafilter on I, we
define an L-structure on the ultraproduct

el
as follows:
(i) if c € C, then cXv := (cMi(i) | i € I)y.

(ii) if f € F and a%],...,a?,f € X(T]Lf, we define
X at, . sa) = (P e (i), - (i) | i € T).

(iit) if R € R, and af;,...,a;f* € Xy, then
(afy,...,apR) € R*V <= {i € I'| (a’(i),...,a""(i)) € RM} e U.
Proposition [5.3shows that the L-structure on Xy is well-defined. So far we have not used

that U is an ultrafilter and not merely a filter. However, we will finally need this in the
following theorem:

Theorem 5.4 (LoS). In the above setting the following is true:

i) For all terms t(x1,...,xn), al,...,a% € Xy, we have
(i) U U

tXv(al,. .., a%) = tMi(at(i),...,a" (@) | i € D)y.
(ii) For all L-formulas ¢(z1,...,zy,) and allj, ...,ap € Xy, we have

Xy Eolal,...,a) <= {i € I| M; = ¢(a'(i),...,a"(i))} € U.

(iii) For all L-sentences o,

XU|:O'<:>{Z'€I’MZ'):O'}€U.

15



Proof.
(i) The usual argument via induction over the complexity of the term.

(ii) By induction on ¢(Z). The base case ¢(T) atomic follows from (i).

Suppose ¢ = —x for some L-formula x(zi,...,2,). Let A, = {i € I | M; =
x(a'(i),...,a"(i))}. By induction hypothesis, Xy = x(ay,...,a}) < A, € U.
Then et

xu b x(ab, .. ap) e A, ¢ UV ELT I\ 4 e U
Hence

Xu ): —|X(CL[1], .- 'aag) — {Z el ‘ M; ): _'X(al(i)7 .- 'aan(i))} eU.
The case ¢ = x A 7 is an exercise.

Finally, consider the case ¢(Z) = Jy (T, y). To simplify notation assume |[Z| = 1.
Define A, = {i € I | M; =3y p(a(i),y)}. We have to show

Xv Eplay) <= A, € U.

For “=" assume Xy = Jy¢(ay,y), i.e. Xy = Y(ay,by) for some by € Xy. Let
Ay :={i el | M; = (a(i),b(i))}. Then Ay € U by induction hypothesis and so
A,cUas Ay C A,

For “<” let i € A,. Then M; = Jy(a(i),y). Pick a witness b(i). For i € I\ A,
let b(i) be arbitrary in M. Define by = (b(7) | i € I)y. Let Ay, ={i el | M; =
(a(i),b(i))}. Then Ay D A, by our choice of the b(i). Since A, € U, also Ay. By
the induction hypothesis, Xy = ¢ (ay, by) and therefore Xy = Jy ¢ (ay,y).

(iii) Immediate from (ii).

O]

Definition. A subset S C P(I) has the finite intersection property (FIP) if for alln € N,
Ao, ..., Ay €S, we have (N}, A; # 0.

Remark. Proper filters on I have the FIP.
Lemma 5.5.
1. If S CP(I) has the FIP, then S can be extended to a proper filter.

2. Any proper filter can be extended to an ultrafilter.

Proof.
1. Let F' C S be defined as

F:{XQI]XQﬂAi,forsomeneNandAiES}.
=0

16



Then check that this works.

2. Immediate from Zorn’s lemma noting that the union of a chain of filters is again a
filter.

O]

Definition. An L-theory T is finitely consistent if every finite subset of T is consistent,
i.e. has a model.

Theorem 5.6 (Compactness). A theory T is consistent if and only if it is finitely consis-
tent.

Proof. “=" is clear.

“<” Let S C T be finite. Let Mg be any L-structure such that Mg = S. Let I be the
set of finite subsets of T'. For ¢ € T', let A, = {S € I | ¢ € S}. We claim that the set

{Ap [p €T}

has the FIP. Indeed, let ¢1,...,¢,. Then {¢1,...,¢n} € I and {¢1,..., 00} € Ny Ay,
so the intersection is non-empty. Therefore there is an ultrafilter U on I with A, € U
for all ¢ € T. Then let Xy = [[gc; MS/NU be the ultraproduct of the Mg w.r.t. this

ultrafilter. Claim: If ¢ € T, then Xy = ¢. To prove this we use Lo§’ theorem: Xy = ¢
iff {Sel|MsEepteU. But A, cU,s0 A, ={Sel|peS}C{Sel|Msky}
so{Sel|MskEqe}el. O

Definition. A type p(Z) in L is a set of L-formula whose free variables are among T =
(zi)i<r- A type p(T) is

e satisfiable in an L-structure M if there is a tuple @ € M| such that M = @(a) for
all () € p(Z). In this case we write M = p(a), M = p(T) or M,a = p(z). We
say a realises or witnesses the type p(T) in M.

e satisfiable if there is an L-structure M such that M = p(T).
e finitely satisfiable in M if every finite subset of p(T) is satisfiable in M.
e finitely satisfiable if every finite subset of p(T) is satisfiable.

We sometimes say (finitely) consistent instead of (finitely) satisfiable.

Remark. p(Z) may be finitely satisfiable in M, but not satisfiable in M. E.g. let M =
(w,<). Let ¢n(x) say “there are at least n distinct elements less than x”. Then take
p(z) = {on(z) | n € w}. It is finitely satisfiable in M, but not satisfiable in M.

Theorem 5.7 (Compactness for types). Every finitely satisfiable type is satisfiable.
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Proof. Let p(Z) be an L-type with T = (x;);<x. Expand L to L' = LU{¢; | i € \}
where the ¢; are new constant symbols. Then p(¢) is a finitely consistent theory in L'. By
compactness, there is an L’-structure M such that M | p(¢). But M is also an L-structure
by forgetting the interpretations of the c. Then M,e™ = p(z). O

Lemma 5.8. Let M be an L-structure and @ = (a;);<x an enumeration of M. Let q(T) =
{e(T) | M | p(a)} where |Z| = )E| Then q(T) is satisfiable in an L-structure N iff M
embeds elementarily into N .

Proof. “=" Let q(T) be satisfiable in N, i.e. there is b € N* such that N = ¢(b), i.e.
N = ¢(b) for any ¢(Z) € q(T). Then for any L-formula x(Z),

M | x(@) <= x(¥) € ¢(F) <= N = x(b) ]
Define 8: M — N by §:a; — b;. Then [ is an elementary embedding.

“<” is clear. O

Remark. Let A C M be a subset. We can works with types in L(A). In particular we
can work with types in L(M). A type in L(A) is said to have parameters in A, or to be
over A. Also, if p(T) is a type in L(M), there is an enumeration @ of M and and L-type
q(,%) such that p(Z) = ¢(z,a). We obtain the following restatement of the lemma:

Lemma 5.9. Let Th(Mys) be the L(M)-theory of M. Suppose N |= Th(Myy), then M
embeds elementarily in N.

Theorem 5.10. If M is an L-structure and p(T) a type in L(M) that is finitely satisfiable
in M, then p(Z) is realised (satisfiable) in some elementary extension N = M.

Example. Let M = ((0,1)NQ, <). Let a, = 1—1 with n € w\{0}. Let n(z) = (z > an).
Let p(Z) = {pn(T) | n € w\ {0}}. Then p(T) is a type in L(M) that is finitely satisfiable,
but not satisfiable. However, (Q, <) = p(1), and M < (Q, <) by Proposition

Proof of Theorem[5.10 Let @ = (a;);<x be an enumeration of M and let ¢(z) = {¢(Z) |
M E ¢(a)} where [Z2| = X and zNT = (. Write p(T) = p/(T,a) where p/'(Z,Zz) is an
L-type. Now p/(Z,z) U ¢(%) is finitely satisfiable in M. By compactness for types, there
are an L-structure N and ¢ € NI b € N* such that N |= p/(¢,b) U ¢(b). In particular,
N = q(b), so by Lemma a; — b; is an elementary embedding M — N. We may
assume M <X N. O

Theorem 5.11 (Upward Lowenheim-Skolem). Let M be an infinite L-structure and A >
|M| + |L|. Then there is N such that M < N and |[N| = A.

'Here we use the convention that (%) only uses finitely many variables in Z.
*Remark by L.T.:To see “<” note that if M [~ x(a), then M [= —x(a), so —x(Z) € ¢(z) and thus
N = —=x(b), so N |~ x(b).
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Proof. Let (z;);<x be distinct variables. Let p(T) = {z; # z; | ¢ < j < A}. Then p(Z) is
finitely satisfiable in M, so p(%) is realised in some N > M by Theorem In particular,
|IN| > AX. Now by Downward Lowenheim-Skolem, we may assume that in fact |[N| = A. O
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6 Saturation

Definition. Let A\ be an infinite cardinal, M an infinite L-structure. Then M is A-
saturated if it realises every type p(x) € L(A) such that

(i) p(z) is finitely satisfiable in M,
(i) A C M is such that |A| < A,
(iii) x is a single variable.
M is saturated if it is A-saturated for A = |M]|.

Remark. If A > |M|, then M cannot be A-saturated. Indeed, consider the type p(z) =
{z # a|a € M}, then p(x) is finitely satisfiable in M, but not satisfiable in M.

Definition. Let M be an L-structure, A C M a subset, b a tuple in M. Then the type
of b in M over A is

tpar(b/A) == {() type in L(A) | M = ¢(b)}.

We sometimes omit the M if it is clear from the context.
Remarks.

(i) tpM(E/A) is complete, i.e. for all p(Z) in L(A), either ¢©(Z) € tp(b/A) or —p(T) €
tp(b/A).

(i) f M <N, AC M, be MPl then tp,,(b/A) = tpy(b/A).
There is a relation between types and elementary maps:
Proposition 6.1. If f : A C M — N is an elementary map. Then
(a) M =N (and if M = N, then the empty map O : ) C M — N is elementary).
(b) If a is an enumeration of dom f, then
tpar(@/0) = tpn (f(@)/0).
More generally, if B C dom(f) NN and f|g = idp, then for every b € dom(f)'a,

tp(b/B) = tp(f(b)/B).

(c) Leta enumerate dom(f) and let p(T,a) be finitely satisfiable in M. Then p(z, f(a))
1s finitely satisfiable in N.

Proof. Easy from the definitions. For (c) let {¢1(Z,a),...,¢n(Z,a)} C p(T,a). Then
M =3z N, ¢i(T,a), so by elementarity N =3z A\, ¢(Z, f(a)). O
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If p(Z,a) is satisfiable in M, then p(Z, f(@)) need not be satisfiable in N.
Theorem 6.2. Let N, A be such that |L| < X < |N|. Then TFAE:
(i) N is \-saturated.

(ii) If f : M — N is a partial elementary map such that |f| < X, and b € M, then there
is f D f, elementary and such that b € dom f.

(ii3) If p(Z) is a type in L(A) with A C N, |A| < A, |Z| < A, and p(Z) is finitely satisfiable
in N, then it is satisfiable in N.

Proof. “(i) = (i1)” Let M, f,b be as in (¢i). Let dom f = @ = (a;);<x be an enumeration
of dom f. Let p(x,a) = tp,;(b/@). Since p(x,a) is satisfiable in M, p(x, f(@)) is finitely
satisfiable in N and hence satisfiable in IV since N is A-saturated. Let ¢ € N be such that
N = p(c, f(@)). Then f = fU{(b,c)} is the required elementary map.

“(i1) = (1i1)” Let p(Z) be as in (iii). By Theorem p(Z) is realised in some M = N
by some @, say, so |[a| = [Z] < A\. Since A C N =< M, the partial map idq : AC M — N
is an elementary map. Idea: Extend ida to a partial elementary map f : M — N such
that dom f D @. Build f in stages. Let fo =ida. At stage ¢ + 1, use (i7) to define fiy1
on a;. At limit stages p < |al, let f, = UKu fi- Eventually f = Ui<|a| fi is the required
extension of id 4.

“(i13) = (4)” is trivial. O
Corollary 6.3. Let M, N be saturated models of the same cardinality. If there is a partial

elementary map f: M — N such that |f| < |M|, then M ~ N. In particular, if M = N,
then M ~ N.

Proof. Given f: M — N, use Theorem (7i) to extend f to a: M ~ N by a back-and-
forth argument.

If M =N, then ) : M — N is elementary. O
Corollary 6.4. Models of Tq, and T,g are w-saturated.
Proof. This follows from Lemma [4.2| and Lemma [4.9) using Theorem “ir) = (1), O

So (Q, <) is saturated, and (R, <) is w-saturated. But (R, <) is not saturated. E.g.
consider p(z) = {z > ¢ | ¢ € Q}. Then p(z) is finitely satisfiable in R and p(x) € L;,(Q),
but is not satisfiable in R.

Definition. An isomorphism o : M — M is called an automorphism. The collection
of automorphisms of M is a group, denoted Aut(M). Given a subset A C M, we let
Aut(M/A) == {a € Aut(M) | |4 =1ida}.

Definition. The L-structure N is said to be
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(i) A-universal if for every M such that |M| < X\ and M = N, there is an elementary
embedding : M — N. N is universal if it is |N|-universal.

(ii) A-homogeneous if every elementary map f : N — N with |f| < X\ extends to an
automorphism of N. N is homogeneous if it is |N|-homogeneous.

Warning. For some authors property (4) is called AT -universality and (i4) is called strong
A-homogeneity (cf. ultrahomogeneity vs. homogeneity).

Theorem 6.5. Let N be such that |N| > |L|. Then

N s saturated <= N is homogeneous and universal

Proof. “=" Assume that N is saturated and let M = N with [M| < [N|. Let @ = (a;);<|m
enumerate M, and let p(Z) = tp(a/0). Then p(T) is finitely satisfiable in M (since it is
satisfiable in M), hence p(¥) is finitely satisfiable in N as M = N. By saturation, there
is b € NIl such that N |= p(b). Then a; — b; is an elementary embedding M — N. So N
is universal. For homogeneity, use Corollary with M = N.

“<” We show that if M = N, b€ M, f: M — N elementary with |f| < |[N|, then
there is f DO f with b € domf. By Theorem this then shows that IV is saturated.
By Downward Lowenheim-Skolem, we may assume |M| < |N|. Since M = N, there is an
elementary embedding 3 : M — N by universality. Then fo 8! : g(dom(f)) — ran f is
an elementary map N — N and satisfies |f o 87| < |N|. By homogeneity of N, f o 371
extends to a € Aut(N). Then f U {(b, «(3(b)))} is the required extension f. Note that f
is elementary as it is a restriction of « o . O

Definition. Let @ e NI® A C N. Then
On(a/N) :={a(a) | « € Aut(N/A)}
is the orbit of @ over A.
If () is an L(A)-formula, then
p(N) = {be NI | N |= o(b)}

is the set defined by ¢(Z). A subset of N is definable over A if it defined by some formula
in L(A).

There are analogous notions for “type-definable” sets.

Remark. If @,b are tuples in N, A C N and |a| = ||, then TFAE:
(i) tp(@/A) = tp(b/A)
(i1) (a; — b; | i < |a]) Uid4 is an elementary map.

Proposition 6.6. Let N be A\-homogeneous, A C N such that [A| < X, and @ € Nlal such
that |a| < X\. Then On(a/A) = p(N), where p(T) = tp(a/A) and p(N) ={b| N = p(b)}.
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Proof. “On(a/A) C p(N)” is clear, since if b = a(a) for some a € Aut(N/A), then
tpn(b/A) = tpy(a/A).

“On(a/A) 2 p(N)”. If N |= p(b), then the map {(a;, b;) | i < |[a|}Uid 4 is elementary, hence
by A-homogeneity of N, the map extends to a € Aut(N). In particular, « € Aut(NN/A)
and a(a) = b. O
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7 The Monster Model

Let T be a complete theory without finite models. Idea: Work in a “large” saturated
model of T' that embeds elementary every model of T' that you might be interested in.

7 [43

Such a “large”, “very” saturated structure is called the monster model of T', and is usually
denoted by U; or M.

Terminology and Notation.
When working in U =T, we say
e “p(T) holds”, written = ¢(T), when U |= VT ¢().
o “p(T) is consistent” if U = 37 ¢(T).
e A type p(T) is consistent or satisfiable if p(U) # 0, i.e. Ja € U'Zl such that U = p(@).

o If |[U| = k, a cardinality is small if it is < k. Sets, tuples etc. are small if they have
small cardinality.

e A model is M < U with small cardinality.
Conventions.

e Tuples have small length

e Formulas have parameters in U.

e Definable sets have the form ¢(U) for ¢(7) in L(U).

e Type-definable sets have the form p(U) for some type p(Z) in L(A) where A C U is
small.

Notation.
e A B,C will denote parameter sets (small).
tp(a/A) = tpy(a/A).
O(a/A) = Oy(a/A).
If p(Z), q(T) are types, then “p(Z) — ¢(T)” means that p(U) C q(U).

Informally, one can think of a type as an infinite conjunction of formulas.

Proposition 7.1. Let p(Z),q(Z) be satisfiable (i.e. satisfiable in U) and in L(A), L(B)
resp. Suppose that p(U)Ng(U) = 0. Then there are o1(T), ..., on(T) € p(T), V1(T), ..., Yn(T) €
q(T) such that

N\ ¢i@ — -\ vi(@)
i=1 i=1
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Proof. If p(U) N q(U) = 0, then p(Z) U q(T) is not satisfiable. Then, by saturation of U,
p(T) U q(T) is not finitely satisfiable. O

Remark. Let p(U,b) be a definable set and o € Aut(U). Then a[p(U,b)] = ¢(U, o

!
For “C”, let ¢ = a(a), with @ € Ul and = ¢(@,b). Then = ¢(a(a),a(d)) = ¢(E a
“D” is similar.
Similarly, if p(Z, %) is a type in L and b € U?, then a[p(U,b)] = p(U, a(b)).

Definition. A set D C U* with A < |U| is invariant under A C U if it satisfies one of
the following equivalent properties:

e For all o € Aut(U/A), we have a[D] = D.

e For all a € Aut(U/A) and for all a € D%, O(a/A) C D.

e For all a € Aut(U/A) and for all@ € D% b |=tp(a/A) = b e D.
For the equivalence of the last two statements see Proposition
Proposition 7.2. Let A C U be small. For ¢(z) in L(U), TFAE:

(i) There is ¢ (T) in L(A) such that

= VZ [p(T) ¢ ¥(T)].
(ii) o(U) is invariant under A.

Proof. “(i) = (i1)” is clear since p(U) = ¢(U) and ¢(U) is invariant over A, see e.g. the
above remark.

“(ii) = (i)” Let ¢ = (T, Z) be an L-formula such that ¢(U, b) is invariant over A for some
b e Ul Let q(z) = tp(b/A) and € € q(U) so that ¢ = ¢(Z). Then {(b;,¢;) | i < |b|} Uidy
is an elementary map, so by homogeneity there is a € Aut(U/A) such that a(b) = €. Then
©(U,b) = alp(U,b)] = ¢(U,¢). Therefore q(z) — VT [p(T,Z) <+ »(T,b)]. By a version of
Proposition (exercise), there is x(Z) € ¢(Z) such that

Ex(z) = e(@,2) < (p(j,g)]
Then 3z [x(Z) A ¢(T,Z)] is the required formula in L(A). O

Proposition 7.3. For ¢(T), a formula in L, TFAE:
(i) There is a quantifier-free formula ¥(T) such that

= VZ [p(T) ¢ ¥(T)].
(i) For all partial embeddings g : U — U, for all @ € dom(g), we have

F (@) < ¢(9(@)).

25



Proof. “(i) = (ii)” is clear since partial embeddings preserve quantifier-free formulas.
“(#3) = (i)” For @ € Ul let
qftp(a) = {¥(Z) € tp(a) | ¥(T) is quantifier-free}.

Let D = {q(7) | q(Z) = aftp(a) for some @ € p(U)}. Claim: ¢(U) = U,z)ep a(U). The
inclusion “C” is clear by definition. For the other containment let ¢(Z) = qftp(a) with
@ € ¢(U). Let b = q(T). Then a; — b; is a partial embedding and so by assumption in
(i1), ¢(b) holds. Hence b € p(U) and thus ¢(U) C ¢(U). This proves the claim.

Then in particular, ¢(Z) — ¢(Z). By a version of Proposition there is ¢4(Z) € ¢(7)
such that ¥4 (Z) = ¢(T). Also ¢(Z) — 1,4(T) for some ¢q. Then

P(T) = \/ {g(@) | g(x) = () and 1,(7) € ¢(T)}

qeD
Again by a version of Proposition [7.1] there are q1, ..., g, € D such that
= (@) «— \/ ¥y ()
i=1

and so /], ¢q, (T) is the required quantifier-free formula. O

Definition. An L-theory T has quantifier elimination if for every ¢(Z) in L there is a
quantifier-free formula () such that

T VT [p(T) < ¢(T)].

Theorem 7.4. Let T be a complete theory with an infinite model. TFAE:
(i) T has quantifier elimination.
(ii) Every partial embedding p : U — U is elementary.
(iii) For every partial embedding p : U — U such that |p| < |U| and b € U, there is a

A~

partial embedding p O p such that b € dom(D)

Proof. “(i) = (i1)” is clear since partial embeddings preserve quantifier-free formulas.

“(i1) = (i)” All partial embeddings are elementary, so any () is preserved by all partial
embeddings, so p(T) <> ¥ (T) for some quantifier-free ¢ (Z) by Proposition

“(it) = (i19)” Let p : U — U be a partial embedding such that |p| < |U|. Then p is
elementary, so there is @ € Aut(U) such that p C a. For b € U, pU {(b, (b))} is the
required p.

“(i13) = (4i)” Let p: U — U be a partial embedding, and let pg C p be finite (or small).
Extend py to a € Aut(U) by (éii) using a back-and-forth argument. Then pg is the
restriction of an isomorphism, hence elementary. O
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Remark. A fourth equivalent condition is (7i7) with p finite (exercise).
It follows that Ty, and Ty, have quantifier elimination.

Definition. An element a € U is definable over A C U if there is ¢(x) in L(A) such
that p(U) = {a}. a is algebraic over A if there is ¢(x) in L(A) such that |p(U)| < w and
a € @(U). A formula ¢(x) such that |o(U)| < w is said to be algebraic.

The algebraic closure of A C U is
acl(A) = {a € U | a is algebraic over A}.
If acl(A) = A, A is algebraically closed. The definable closure of A is

dcl(A) ={a € U | a is definable over A}.

Remark. Any finite set is definable: {ay,...,a,} is defined by /i, (a; = z) (in L({a1, ..., an})?).
Proposition 7.5. Forac U, A CU, TFAE:

(i) a € dcl(A).

(ii) O(@/4) = {a}.
Proof. “(i) = (i1)” Let ¢(x) in L(A) define a over A. Then ¢(U) is invariant under
Aut(U/A) and so O(a/A) C {a} = ¢(U).
”(ii) = (i)” O(a/A) is definable (in L(AU{a})) and invariant over A, so by Proposition[7.2]
O(a/A) is defined by a formula in L(A). O
Theorem 7.6. Leta € U ACU. TFAE:

(i) a € acl(A).

(ii) |0(a/A)] <w
(iii) a € M for any model M such that A C M.
Proof. “(i) = (ii)” If a € acl(A), there is ¢(x) in L(A) such that ¢(a) holds and |p(U)| <
w. Since ¢(U) is invariant over A, O(a/A) C p(U).

“(it) = (1) If |O(a/A)|] < w, then O(a/A) is definable. But O(a/A) is invariant under
A, so by Proposition there is ¢(z) in L(A) such that (U) = O(a/A), so |p(U)| < w.
Since a € p(U), a € acl(A).

“(i) = (ii1)” Let @(x) in L(A) such that U E ¢(a) A 37"z ¢(x). In particular, U =
="z p(z). Now let M < U, A C M. Then M = 37"z p(z). But then p(M) = ¢(U)
since both sets are finite of the same size, so a € (M) C M.

“(iti) = (i)” Let a ¢ acl(A), and tp(a/A) = p(x). Then for ¢(x) € p(x), we have
lo(U)| > w. We can showthat |p(U)| > w and then [p(U)| = |U| (see Example Sheet 2).
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Let M D A be a model. Then p(U)\ M # ( (by cardinality). Let b € p(U) \ M. By
homogeneity there is & € Aut(U/A) such hat «a(b) = a. Then oM is a model that contains
A, but not a. O
Proposition 7.7. Let a € U, A C U small. Then

(i) If a € acl(A), then a € acl(Ag) for some finite subset Ay C A.

(i) A C acl(A).

(iii) If A C B, then acl(A) C acl(B).

(iv) acl(acl(A)) = acl(A).

(v) acl(A) = (54 M where M ranges over models containing A.

Proof.
(i) Clear.
(ii) In fact A C dcl(A) C acl(A).

(ifi) Clear.

(iv) By (ii) and (iii), acl(A) C acl(acl(A)). For the other inclusion let a € acl(acl(A)).

By Theorem a € M for all M D acl(A). But M D acl(4) & M D A by the
same theorem, hence a € M for all models M containing A, so a € acl(A).

(v) Clear by Theorem

Proposition 7.8. Let 5 € Aut(U), and A CU. Then Slacl(A)] = acl(B[A]).
Proof. Suppose a € acl(A), so = ¢(a,b) where b € APl and |p(U,b)| < w. Then k&

©(B(a), B(b)) and |o(U, B(b))| < w and so B(a) € acl(B[A]). The other inclusion is similar,
or apply what we just proved to 37!, B[A] instead of 3, A. O
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8 Strongly Minimal Theories

Definition. Let M be an infinite L-structure. A subset A C M s called cofinite if
|IM\ A < w.

Remark. Finite and cofinite sets are always definable in any structure.

We will only be concerned with infinite M.

Definition. Let M be an L-structure. Then M is minimal if all its definable subsets are
finite or cofinite. M is strongly minimal if it is minimal, and so are all its elementary
extensions. If T is a consistent theory without finite models, T is strongly minimal if for
every L-formula ¢(x,Z), there is n € w\ {0} such that

T HYZ[3S"z o(x,Z) V ISz —p(x, Z)].

Example. Let L = {E} where E is a binary relation symbol. Let M be an L-structure
where F is interpreted as an equivalence relation with exactly one equivalence class of size
n for each n € w\ {0} and no infinite equivalence classes. We can prove (exercise) that
Th(M) has quantifier elimination. Also it is not difficult to see that there is an elementary
extension M < N that has an infinite equivalence class. So M is minimal (definable sets
are boolean combinations of equivalence classes thanks to quantifier elimination), but N
is not.

From now on, T is a complete, strongly minimal theory without finite models.

Definition. Ifa € U, B C U, then a is independent from B if a ¢ acl(B). The set B is
independent if for all b € B, b ¢ acl(B \ {b}).

Notation. We will often write Ab for AU {b}, A\ b for A\ {b}, etc.
Theorem 8.1. Let B C U, a,b e U\ acl(B), then

a € acl(Bb) <= b € acl(Ba).
Proof. Assume that a € acl(Bb), but b ¢ acl(Ba). Let ¢(x,y) € L(B) be such that
= ¢(a,b) A F="z p(x,b)

for some n € w\ {0}. Consider ¥(a,y) = ¢(a,y) A3="x p(z,y) in L(Ba). Now = ¢(a,b),
so |Y(a,U)| > w as b ¢ acl(Ba). By strong minimality, |- (a,U)| < w. Let M be a
model such that B C M. Then M N(a,U) # O (by cardinality). Let ¢ € M N(a,U).
Then a € acl(Bc), and B C M,c € M, so acl(Bc) C M and thus a € M. Then
a € (g = acl(B), a contradiction. O

Main examples.
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1. Let K be an infinite field. The language of K-vector spacesis L = {+, —,0,{\ } ex }
where the A’s are unary function symbols. Interpretations of 4+, —, 0 are obvious and
interpretation of A is multiplication by the scalar A, we write Az for A(x). The theory
Tvsk includes the following axioms:

e axioms for abelian groups for 4, —, 0.
e axioms for scalar product, e.g.
— for each A € K,
Va,y Mz +y) = Az + Ay.]
— for each A1, A9, u € K such that A\ e = p,
Vo (A (Aaz) = px.]

— etc.
e We also require non-triviality: 3z [z # 0].
We can prove (with some work) that Tysx is complete and has quantifier elimination.
Then:
e a term is a linear combination: Az + -+ + Apxp.
e atomic formulas are equalities between terms.

e atomic formulas with one free variable and parameters are equivalent to formu-
las of the form Az = a. Therefore such formulas define singletons.

e quantifier-free formulas with one variable and parameters define finite or cofinite
sets.

By quantifier elimination, a model of Tysk is strongly minimal. Moreover, for
A C M E Tysk, acl(A) = (A), the linear span. Also a ¢ acl(A) iff a is linearly
independent from A. A set A is independent iff it is linearly independent.

Remark. If K is finite, one can define 7yg,, the theory of infinite-dimensional
vector space over K (more later).

2. The language of rings is Lying = {+,, —,0,1}. Then ACF is the Lying-theory that
includes:

e axioms for abelian group using +, —, 0.
e axioms for commutative monoids (-,1).
o field axioms

e For each 0 < n < w, the axiom

ng...xnay[x0+x1y+...+xnyn:0].
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For p prime, let x, be the sentence 1 +1 + ---+ 1 = 0 where there are p 1’s on the
left hand side.

Then ACF, = ACF U {x,} and AFCy = ACF U{ kp | p prime}.

ACFy and ACF, for given p are both complete and have quantifier elimination.
Then

e atomic formulas are polynomial equations.

o If AC M = ACF,, an atomic formula in Lying(A) with one free variable is

equivalent to p(z) = 0 where p(z) € F[z] where F is the subfield generated by
A.

e Therefore, atomic formulas as above define finite sets
e Quantifier-free formulas define finite/cofinite sets.
By quantifier elimination, ACFy, ACF), are strongly minimal.
Definition. Let B C C C U. Then B is a basis of C if B is independent and C C acl(B).
Lemma 8.2. If B is independent and a ¢ acl(B), then {a} U B is independent.
Proof. Assume that aU{B} is not independent. Let b € B such that b € acl(aB\b). Since

B is independent, b ¢ acl(B\b). We assumed a ¢ acl(B\b). Then a € acl(bB\b) = acl B
by Theorem a contradiction. O

Corollary 8.3. If BC C C U, TFAE:
(i) B is a basis of C.
(i) B is a mazimal independent subset.
Theorem 8.4. Let C C U small. Then
(i) any independent B C C extends to a basis of C.
(ii) if A, B are bases of C, then |A| = |B.

Proof.
(i) Immediate from Zorn’s lemma.
(ii) Assume that |[A| < |B].

Suppose first that |B| > w. Assume |A| < |B|. For a € A, let D, C B be finite
such that a € acl(D,). Let D = (J,c 4 Da- Then A C acl(D), and |D| < |B|. Then
A Cacl(D) and A is a basis, so C C acl(D) and B C acl(D) which contradicts the
independence of B.
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Now suppose |B| < w. Among those B, choose B such that |B \ A| is minimal. Let
b € B\ A. Let B’ be a maximal independent subset of AUB\b containing B\b. Then
B’ is a basis of acl(AB\ b). Since C' C acl(A), we have C C acl(AB \ b) C acl(B’).
So B’ C C, B’ is independent and acl(C) C acl(B), hence B’ is a basis of C. But
|B"\ A| = |(B"\b) \ 4] < |B\ 4], contradicting the minimality of |B \ A|.

O
Definition. Let C C U, acl(C) = C. Then the dimension of C, denoted dim C, is the
cardinality of a basis of C.

Proposition 8.5. Let f : U — U be partial elementary, b ¢ acl(dom f),c ¢ acl(ran f).
Then fU{(b,c)} is elementary.

Proof. Let @ enumerate dom f, let ¢(7,a) be a formula in L(a). Claim: = ¢(b,a) <

p(c, f(@)).

Case 1: |p(U,a)| < w. Then |p(U, f(a))| < w. Since b ¢ acl(a) and ¢ ¢ acl(f(a)), we have
= —e(b,@) A —p(c, f(a)).

Case 2: |(U,a)| > w, then |-¢p(U,a@)| < w. As in case 1, we conclude that

= (b,@) Ap(e, f(@)).

Corollary 8.6. Every bijection between independent subsets of U is elementary.

Proof. Let A,B C U with |A| = |B|. Let f : A — B be a bijection. Let @ enumerate
A, so b = f(a) enumerates B. Then ag, by ¢ acl(()). Then by Proposition ap — by is
elementary. The step ¢ + 1 similar, since a;11 ¢ acl(ao,...,a;) and bit1 ¢ acl(bo, ..., b;).
The limit case is clear. O

Remark. If M < U is a model, then acl(M) = M by Proposition So models of a
strongly minimal theory have a dimension.

Theorem 8.7. Let M, N < U be models such that dim(M) = dim(N). Then M ~ N.

Proof. Let A, B be bases of M, N resp. Let f : A — B be abijection. Then f is elementary,
so there is @ € Aut(U) such that o O f. Then a[M] = afacl(A)] = acl(a[A]) = acl(B) =
N. O

Corollary 8.8. Let A > |L| be a cardinal. Then T is \-categorical.
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Proof. If A C U, then |acl(A)| < |L(A)| because there are at most |L(A)| algebraic formu-
las and each such formula contributes only finitely many elements to acl(A). Therefore, if
|M| = X > |L|, then a basis of M must have cardinality A\. By the previous theorem, M
is then unique up to isomorphism. O]

Recall Ty sk, the theory of vector spaces over an infinite field K. If |K| = w, then Ty gk is A-
categorical for every uncountable \. However, Tysg is not w-categorical. Each n € w\ {0}
determines a countable model of Tysk of dimension n, unique up to isomorphism. There
is also a model of dimension w. These models have the same cardinality.

Now let K be a finite field and let Ty, be Tysk plus axioms that ensure that models
are infinite. One can show that T3g - is strongly minimal. 733, has a countable model.
Every countable model has dimension w, so Ty is w-categorical. So Tygy is totally
categorical.

Theorem 8.9. Let N =T (still assumed to be strongly minimal) and |[N| > |L|. Then

N is saturated <= dim N = |N |

Proof. Exercise. 0
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