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1. Different things on Dirichlet Series

Problem 1 (Warm-up). For a function f : N → C denote by Lf (s) the Dirichlet series
∑∞

n=1 f(n)n
−s.

For functions f, g : N → C the (Dirichlet) convolution f ∗ g : N → C is defined by (f ∗ g)(n) =∑
d|n f(d)g(n/d), where the sum runs over the positive divisors d of n.

(1) Show that Lf (s)Lg(s) = Lf∗g(s).

(2) Show that ∗ is commutative, associative, and has ϵ as a neutral element where ϵ(n) = 1 if
n = 1 and ϵ(n) = 0 otherwise.

(3) Show that if f, g are multiplicative, then so is f ∗ g.

(4) If a ∈ C, let σa(n) =
∑

d|n d
a. Show that ζ(s)ζ(s− a) = Lσa

(s).

(5) The Möbius function µ : N → C is defined by µ(n) = 0 if n is not squarefree and µ(n) = (−1)k

otherwise where k is the number of primes dividing n. Show that µ is multiplicative and
µ ∗ 1 = ϵ. (Hint for the last part: You can show the equality directly for all n, but since both
sides are multiplicative it suffices to show it just for prime powers)

(6) Show that Lµ(s) =
1

ζ(s) and L|µ|(s) =
ζ(s)
ζ(2s) .

(7) See [Mur08, 1.2], [Apo76, Chapter 2], or Wikipedia for more examples and exercises on this.

Problem 2 (Requires a bit of knowledge about Z[i]). For an integer n ≥ 1 denote by r(n) the number
of tuples (a, b) ∈ Z2 with a2 + b2 = n. The goal of this exercise is to find a formula for r(n).
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Consider the ring R = Z[i]. For z ∈ R set N(z) = zz = |z|2. For a, b ∈ R \ {0} write a ∼ b if a, b are
associated, meaning a = bu for some unit u of R. Note that the units of R are {±1,±i}. Define

ζR(s) =
∑

a∈(R\{0})/∼

N(a)−s.

(1) Show that this sum converges absolutely for Re s > 1.

(2) Show that ζR(s) =
1
4

∑∞
n=1 r(n)n

−s.

(3) Using the fact that R is a UFD, mimic the proof for ζ(s) to show that ζR has an Euler product:

ζR(s) =
∏
P/∼

(1−N(P )−s)−1,

where the product runs over all prime elements P of R up to units.

(4) Show (or look it up) that primes P of R are classified as follows. For any prime P of R there
is a prime number p such that P | p and:

(a) If p = 2, then N(P ) = 2, in which case P ∼ 1 + i,

(b) If p ≡ 1 mod 4, then N(P ) = p and there are two non-associated primes P with N(P ) = p.

(c) If p ≡ 3 mod 4, then N(P ) = p2 and P ∼ p.

Conversely, for every prime number p there is a prime P of R with P | p.

(5) Let χ−4 be the nontrivial Dirichlet character modulo 4. Using the previous parts show that

ζR(s) = ζ(s)L(s, χ−4).

(6) Deduce the formula

r(n) = 4
∑
d|n

χ−4(d).

(7) What is the residue of ζR at s = 1? (There are various ways to do this, one is to use Problem 9
(5).)

Problem 3. Now let r(n) denote the number of (a, b) ∈ Z2 with a2 + 2b2 = n. Adapt the previous
problem to find a formula for r(n) using Z[

√
−2].

Problem 4. Fix a non-zero square-free integer a. Let Nm denote the number of solutions x ∈ Z/mZ
to x2 ≡ a mod m. Let

F (s) =

∞∑
(n,2a)=1

Nnn
−s,

where the sum runs over all integers n ≥ 1 coprime to 2a. We want to express F in terms of L-series.

(1) Show that m 7→ Nm is multiplicative and deduce that F (s) =
∏

p∤2a
∑

k≥0Npkp−ks.

(2) For any prime p ∤ 2a compute Npk and hence determine the Euler factor of F (s) at p.
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(3) Show that

F (s) =
ζ(s)L(s, χa)

ζ(2s)

∏
p|2a

(1 + p−s)−1

for a suitable Dirichlet character χa.

(4) Determine χa for a = 3 and a = −3.

Problem 5. Here are various proofs of non-vanishing of L-series:

(1) Show that

ζ(s)ζ(s− a)ζ(s− b)ζ(s− a− b)

ζ(2s− a− b)
=

∞∑
n=1

σa(n)σb(n)

ns
,

and deduce that ζ(1 + it) ̸= 0 for all t ̸= 0 (apply the identity with a = it, b = −it, and look
at what happens near s = 1).

(2) Generalizing the previous example, let χ be a Dirichlet character mod N and t ∈ R. Let χ0

be the trivial character mod N . Let f(n) = χ(n)n−it and g = f ∗ 1. Show that

∞∑
n=1

|g(n)|2 n−σ =
ζ(σ)

L(2σ, χ0)
L(σ + it, χ)L(σ − it, χ−1),

and deduce L(1 + it, χ) ̸= 0.

(3) Let χ be a Dirichlet character mod n, and χ0 the trivial Dirichlet character mod n. Fix t ̸= 0.
Let F (σ) = L3(σ, χ0)L

4(σ + it, χ)L(σ + 2it, χ2). Show 3 + 4 cosx + cos(2x) ≥ 0 for all real
x ∈ R. Use this to show Re logF (σ) ≥ 0 for all σ > 1 (here the logarithm is defined by its
series expansion and the Euler products). Deduce |F (σ)| ≥ 1 and L(1 + it, χ) ̸= 0. Does this
proof also work for t = 0? If not, under what assumption would it work?

(4) Similarly as in in the previous case, but with F (σ) = L3(σ, χ0)L
2(σ+it, χ)L2(σ−it, χ−1)L(σ+

2it, χ2)L(σ − 2it, χ−2) (hint: note that χ−1 = χ.)

(5) Fix a positive integer N . Let F (s) =
∏

χ L(s, χ) where the product runs over all Dirichlet

characters mod N . Show that logF (s) is a Dirichlet series with nonnegative coefficients.
Similarly as in the previous parts then show that F (s) has no zero on Re s = 1 and deduce
that L(s, χ) ̸= 0 for all χ and s ̸= 1 with Re s = 1.

Problem 6 (Partial summation). Let an be a sequence of complex numbers, f : [1,∞) → C a contin-
uously differentiable function. We are often interested in estimating sums of the form

∑
n≤x anf(n)

as x→ ∞. Let A(x) =
∑

n≤x an. We have∑
n≤x

anf(n) = a1f(1) +

∫ x

1

f(t)dA(t) = a1f(1) + [A(t)f(t)]x1 −
∫ x

1

A(t)df(t)

= A(x)f(x)−
∫ x

1

A(t)f ′(t)dt.

(1) If you don’t know about the Riemann-Stieltjes integral used above, ignore the middle terms
and establish the equality between the first and the last term directly.
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(2) Assume that
∑

p≤x
log p
p = log x+ O(1) (the sum runs over the primes ≤ x). Then show that

there is a constant C such that
∑

p≤x
1
p = log log x+ C +O(1/ log x).

(3) Suppose A(x) = O(xδ). For Re s > δ, show that
∑∞

n=1 ann
−s = s

∫∞
1
A(x)x−s−1dx and that

both sides converge.

(4) Suppose f : [1,∞) → (0,∞) is continuously differentiable and decreasing to 0. Show that if∑∞
n=1 anf(n) converges, then f(N)

∑
n≤N an → 0 as N → ∞ (this is Kronecker’s Lemma).

(5) Use the previous two parts to show that the abscissa of convergence of the Dirichlet series∑∞
n=1 ann

−s is given by lim supx→∞
log|A(x)|

log x (for general Dirichlet series one can analogously

show the abscissa of convergence to be lim supn→∞
log|A(n)|

λn
).

2. Dirichlet’s theorem for natural density

Theorem 1 (Wiener-Ikehara Tauberian Theorem). Let f(s) =
∑∞

n=1 ann
−s be a Dirichlet series with

nonnegative real coefficients. Assume it converges for Re s > 1 and that f(s) − r
s−1 extends to a

continuous function on Re s ≥ 1, where r is (necessarily) the residue of f at s = 1. Then∑
n≤x

an = rx+ o(x).

See [Lan94, XV §2] or [Mur08, 3.3] if you would like to see a proof of this.

Problem 7. Let a, n be coprime integers. Define ψ(x; a, n) =
∑

p≤x,p≡a mod n log p. Use Theorem 1
and Problem 5 to show

ψ(x; a, n) =
1

φ(n)
x+ o(x).

(Hint: Consider the Dirichlet series
∑

p≡a(log p)p
−s and relate it to the functions L′(s,χ)

L(s,χ) = (logL(s, χ))′,

similar as in the proof of Dirichlet’s theorem)

Problem 8. Let an be a sequence of complex numbers and r ∈ C. Show that∑
n≤x

an = rx+ o(x)

is equivalent to ∑
n≤x

an
log n

= r
x

log x
+ o(x/ log x).

Use this and the previous problem to deduce

|{p ≤ x : p prime and p ≡ a mod n}| ∼ 1

φ(n)

x

log x
,

whenever a, n are coprime positive integers. Note that for a = n = 1 this is the prime number theorem.
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3. Analytic continuation of the zeta function

Problem 9 (Analytic continuation of ζ and functional equation I). For an integrable function f :

R → C define its Fourier transform f̂ : R → C by

f̂(ξ) =

∫ ∞

−∞
f(x)e−2πixξdx.

If f is continuous and of sufficiently rapid decay at ±∞, Poisson’s summation formula states∑
n∈Z

f(n) =
∑
n∈Z

f̂(n).

(1) Show that if f(x) = e−πx2

, then f̂(ξ) = e−πξ2 . Deduce that f̂a(ξ) = 1√
a
e−πξ2/a where

fa(x) = e−aπx2

for a > 0. (Hint: Use contour integration and Cauchy’s theorem)

(2) Define θ(τ) =
∑

n∈Z e
πin2τ for τ ∈ C with Im τ > 0. Use Poisson’s summation formula to show

θ(−1/τ) =
√
−iτθ(τ). Here the square root has radicand in the left half plane and we take

the branch with
√
−1 = i. (Hint: Show it for τ ∈ iR>0 and then use the identity principle)

(3) Define ξ(s) = π−s/2Γ
(
s
2

)
ζ(s). Show that

ξ(s) =
1

2

∫ ∞

0

(θ(it)− 1)ts/2
dt

t

for Re s > 1. Here the Gamma function Γ(s) is defined by Γ(s) =
∫∞
0
e−xxs dx

x for Re s > 0.

(4) Use the functional equation for θ and the previous part to show that ξ extends to a meromorphic
function on C with its only poles at s = 0, 1 and satisfies the functional equation

ξ(s) = ξ(1− s).

(Hint: split up the integral as
∫ 1

0
+
∫∞
1

and then do a change of variables in the first integral.)

(5) Let ξR(s) = π−sΓ(s)ζR(s) where ζR is from Problem 2. Show that

ξR(s) =

∫ ∞

0

(θ2(it)− 1)ts
dt

t

For Re s > 1. As in part (4) deduce that ξR has a meromorphic continuation to C and satisfies
a certain functional equation.

Problem 10 (Analytic continuation of ζ and functional equation II). Let f(x) = 1
2 − {x}, where

{x} = x− ⌊x⌋ is the fractional part of x.

(1) Show that the Fourier series of f is
∑∞

n=1
sin(2πnx)

nπ .

(2) Show that ζ(s) = s
s−1+

1
2+s

∫∞
1

f(x)
xs+1 dx and the integral on the right converges as an improper

Riemann integral for Re s > −1. Deduce that ζ(s) = s
∫∞
0

f(x)
xs+1 dx where the integral now

converges as an improper Riemann integral for −1 < Re s < 0.

(3) Show that ∫ ∞

0

sin t

ts+1
dt = −Γ(−s) sin

(πs
2

)
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for −1 < Re s < 0. (Hint: Write sin t = 1
2i (e

it − e−it) and do contour integration with quarter
circles).

(4) Show that we may interchange integral and sum:

ζ(s) = s

∫ ∞

0

∑∞
n=1

sin(2πnx)
nπ

xs+1
dx =

s

π

∞∑
n=1

1

n

∫ ∞

0

sin(2πnx)

xs+1
dx.

Hence, using (3) deduce that

ζ(s) = 2sπs−1Γ(1− s) sin
(πs

2

)
ζ(1− s)

for −1 < Re s < 0, and that ζ extends to a meromorphic function in C with its only pole at
s = 1 (you will need some information about Γ for the last part).

(Hint for the interchange of sum/integral: Split up the integral into
∫ c

0
+
∫∞
c

. Show you can

interchange the first integral with the sum. For the second show that limc→∞
∑∫∞

c
= 0 by

integrating by parts.)

(5) Using the duplication formula Γ(z)Γ
(
z + 1

2

)
= 21−2z

√
πΓ(2z) and the reflection formula Γ(1−

z)Γ(z) = π
sin(πz) , convince yourself that this functional equation is equivalent to the one in

Problem 9.

For even more proofs of the analytic continuation and functional equation, including the classical
contour integration argument, see [Tit51, Chapter II].

Problem 11 (Special values of ζ). Here we provide yet another proof of analytic continuation of ζ
that also gives us the values of ζ at negative integers.

(1) Show Γ(s)s = Γ(s+ 1) for all s with Re s > 0. Deduce that Γ as a meromorphic continuation
to C with simple poles at integers k ≤ 0. Determine the residues Ress=k Γ(s).

(2) Show

Γ(s)ζ(s) =

∫ ∞

0

xs−1

ex − 1

dx

x

for Re s > 1.

(3) Write the integral above as I0+I1 where I0 =
∫ 1

0
. . . and I1 =

∫∞
1
. . . . Show that I1 converges

for all s ∈ C and hence defines an entire function.

(4) The Bernoulli numbers Bn are defined through the series expansion

x

ex − 1
=

∞∑
n=0

Bn

n!
xn.

What is the radius of convergence of this power series? Show that

I0 =

∞∑
n=0

Bn

n!

1

n+ s− 1

for Re s > 1. Show that this sum converges for all s ∈ C−{1, 0,−1,−2,−3, . . . } and defines a
meromorphic function in C with simple poles at 1− k for integers k ≥ 0. Compute the residue
at 1− k.
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(5) Deduce that ζ has a meromorphic continuation to C with its only pole at s = 1, and that

ζ(1− k) = (−1)k−1Bk

k

for all k ≥ 1. Using the functional equation in the previous problems, derive the classical
formula

ζ(2k) = (−1)k+1 B2k

2(2k)!
(2π)2k.

for integers k ≥ 1.

Problem 12 (An Euler product without analytic continuation). As shown above, the zeta function
can be meromorphically continued to C. The same holds more for the Dirichlet L-functions L(s, χ), and
more generally automorphic L-functions. This is a somewhat special property! Let ap be a sequence

of complex numbers, indexed by primes p, with
∑

p |ap| <∞. Let F (s) =
∏

p

(
1 +

ap

1−p−s

)
.

(1) Show this converges for Re s > 0 and defines an analytic function in this half plane.

(2) Show that there is a dense set of points s0 on the imaginary axis for which lims→s0 F (s) does
not exist. Hence, conclude that there is no open connected subset strictly containing the right
half plane to which F extends meromorphically (so the imaginary axis is a natural boundary
for F ).

The same argument applies to
∏

p

(
1 + p−s−1

1−p−s

)
which even has number theoretical significance: The

coefficients of its Dirichlet series are given by 1
radn where rad(n) =

∏
p|n p is the product of the distinct

prime factors of n.

4. Sums of two squares and Quadratic Reciprocity via characters

Problem 13. Fix an odd prime p. Let χ denote the (unique) quadratic Dirichlet character mod p,
i.e. the Legendre symbol

( ·
p

)
. Define ψ(D) =

∑
m∈Fp

χ(m2 −D) and φ(e) =
∑

m∈Fp
χ(m3 + em).

(1) Show
∑p−1

m=1m
k ≡

{
−1 mod p if k ≡ 0 mod p− 1,

0 mod p if k ̸≡ 0 mod p− 1.

(2) Using (1) and χ(x) ≡ x(p−1)/2 mod p show ψ(D) ≡ −1 mod p. Conclude ψ(D) = −1 or p− 1.

(3) Show
∑

D∈F×
p
ψ(D) and ψ(p) = p− 1. Conclude ψ(D) = −1 for all D ∈ F×

p . (Alternative way:

Count the number of solutions (x, y) to x2 = y2 −D in Fp in two different ways.)

(4) Show
∑

m∈Fp
χ(m2 + bm+ c) = ψ(D) with D = b2 − 4c.

(5) Show φ(et2)2 = φ(e)2 for any t ∈ F×
p .

(6) Compute S =
∑

m∈Fp
φ(e)2 in two ways:

(a) Sum over the squares and non-squares separately and use (5) to show S = p−1
2 (φ(r)2 +

φ(n)2) where r is a quadratic residue and n a quadratic non-residue mod p.

(b) Use the definition of φ(e) and (3), (4) to show S = (1 + χ(−1))p(p− 1).
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(7) Deduce that if p ≡ 1 mod 4, then p = a2 + b2 for some integers a, b.

The method of proof of the two square theorem in the last problem is from [Jac07].

Problem 14. Let χ be a nontrivial Dirichlet character modulo a prime number p. Define the Gauss
sum G(χ, a) =

∑p−1
n=1 χ(n)ζ

an where ζ = e2πi/p and a an integer. Denote G(χ) := G(χ, 1).

(1) Show G(χ, a) = χ(a)G(χ).

(2) Show |G(χ)|2 = p. (Hint: Compute
∑p−1

a=1 |G(χ, a)|
2
in two different ways.)

(3) If ψ is another nontrivial Dirichlet character modulo p, define the Jacobi sum J(χ, ψ) =∑
a+b=1 χ(a)ψ(b). Show that if χψ ̸= 1, then G(χ)G(ψ) = G(χψ)J(χ, ψ). (Conceptually a

Gauss sum is a Fourier transform and the Jacobi sum a convolution, and this property has to
do with the Fourier transform turning convolution into products.)

(4) Deduce that if χ2 ̸= 1, then |J(χ, χ)| = √
p. (You may also want to try to prove this without

Gauss sums)

(5) If p ≡ 1 mod 4, show that there exists a Dirichlet character χ mod p of order 4. Applying the
previous part to it, deduce that p = a2 + b2 for some integers a, b.

One can also define Gauss sums for arbitrary moduli n, but then instead of assuming χ to be trivial
one wants χ to be primitive, meaning it does not factor through (Z/nZ)× → (Z/mZ)× for any proper
divisor m | n.

Problem 15. Let χ be a nontrivial Dirichlet character modulo a prime number p. Show

L(1, χ) = −χ(−1)G(χ)

p

∑
m∈Fp

χ(m) log(1− ζm)

=

{
−2G(χ)

p

∑p−1
m=1 χ(m) log(sin(mπ/p)) if χ(−1) = 1,

πiG(χ)
p2

∑p−1
m=1 χ(m)m if χ(−1) = −1.

If p ≡ 3 mod 4 and χ is the Legendre symbol, one can show that G(χ) = i
√
p. Deduce that the sum

of quadratic non-residues in [1, p− 1] exceeds the sum of quadratic residues.

Problem 16. Let p, q be distinct odd primes. Take a splitting field of the polynomial xp − 1 over Fq.
Then xp − 1 has p distinct roots in that field. Let ζ be any one of them except 1, so ζ is a primitive
p-th root of unity, but not in C×, instead in an extension of Fq. Let χ =

( ·
p

)
be the quadratic Dirichlet

character modulo p. We may view χ as taking values in F×
q (the values are ±1). Define the Gauss

sum S := G(χ) =
∑p−1

n=1 χ(n)ζ
n =

∑
n∈F×

p

(
n
p

)
ζn in the same way as in Problem 14.

(1) Show S2 =
(−1

p

)
p.

(2) Show Sq =
(
q
p

)
S.

(3) Combine the previous two results to evaluate Sq−1 in two different ways and conclude the
quadratic reciprocity law (

p

q

)(
q

p

)
= (−1)(p−1)(q−1)/4
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(You will have to use
(−1

p

)
= (−1)(p−1)/2 in the final step.)

(4) The supplementary law
(
2
p

)
= (−1)(p

2−1)/4 can be proven similarly. For this let i be a primitive

fourth root of unity in some extension of Fp (which we can take to be Fp itself if p ≡ 1 mod 4
and a quadratic extension otherwise). Now compute (1 + i)p−1 in two ways.
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