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1. INTRODUCTION

During the past few decades, the study of topology using model theoretic prin-
ciples and vice versa has proven to be quite successful.

First of all, restricting our topology to definable sets provides a useful axiomatic
framework for Grothendieck’s tame topology. The idea behind tame topology is
that when working with geometric or algebraic aspects of topology, we’re primarily
interested in sets that are intuitively ‘“nice” and “orderly” as opposed to Cantor
sets or arbitrarily complex Borel sets. As we’ll soon see, by carefully choosing our
model, the definable sets have many of the “nice” properties that we are looking
for. However,there’s more to be gained than just a convenient language. This
formalization of nice sets allows us to use the full power of model theory in order
to analyze tame topologies and obtain far reaching conclusions.

In addition, it turns out that structures with relatively elementary topological
restrictions have powerful model theoretic properties and have much in common
with stable theories. This implies a profound relationship between two different
ways of looking at a structure.

To highlight these ideas we’ll now look at o-minimal structures, which elegantly
showcase the interplay of topology and logic. A structure M will be called o-
minimal if it contains a dense linear order <, such that all of the subsets of M
which are definable with parameters are finite unions of intervals and points. The
natural topology to look at in this case is of course the order topology. Note that
this topology has a basis which can be defined using a single parametrized formula:

d(x,y1,y2) =1 < T < Y2

The simplest example of an o-minimal structure is (R, <) which can be shown to
have the above property by noting that it has quantifier elimination. Another basic
example is any real closed field which can be shown to be o-minimal by Tarski’s
theorem. Using Wilkie’s theorem, it has been proven that models of R.,;, the reals
with exponentiation, are o-minimal as well. As we’ll see below, this model theoretic
result can be used to give an elegant proof of Khovanski’s theorem:

Theorem. (Khovanski) If f1,..., fm : R™ — R are exponential polynomials then
the set {z|f1(x) = -+ = fm(x) = 0} has finitely many connected components.

In addition, using o-minimality results that we’ll develop in section 2, it’s possible
to obtain information regarding the homeomorphism types:

Theorem. For any given natural numbers m and n there are only finitely many
homeomorphism types among the sets {x € R"|f(x) = 0} where f(X1,...,X,) €
R[X1,...,X,] has at most m monomials.

This is one example of how model theoretic considerations can be used to prove
purely topological results.

The first results related to o-minimal structures were given by Pillay and Stein-
horn 1986 [2, 3]. In particular, they proved the monotonicity theorem which is the
basis for many other results:

Theorem. If R is an o-minimal structure, a,b € RU {£oo} and f : (a,b) = R
is definable then there’re a = ag < --- < a, = b such that f is continuous on
every subinterval (a;,a;11) and on every such interval f is either strictly increasing,
strictly decreasing or constant.



They also proved the fundamental cell decomposition theorem which provides
detailed information about the definable sets in R™ when R is o-minimal, and in
particular shows that definable sets in such structures are indeed “nice”. Using cell
decomposition, it’s possible to define good notions of dimension and Euler charac-
teristic which are useful for analyzing the topology of these structures. Further-
more, they showed that every o-minimal theory has a unique prime model, which
is reminiscent of what Shelach proved about w-stable theories.

As a short but interesting example of the application of the Euler characteristic
to model theory, consider the following proposition.

Proposition. If R is an o-minimal structure and A C R"™ is definable, then there
doesn’t exist a definable map f : A — A such that (A, f) = (N,s) where s is the
successor function.

After defining the Euler characteristic in section 2, we’ll show how it’s invariance
can be used to easily prove the above result.

Another interesting application of the concepts of dimension and Euler charac-
teristic to model theoretic questions about definability is the following corollary
which will be proved in section 3.

Corollary. Let A C R™ and B C R™ be definable subsets. Then there exists a
definable bijection from A to B iff dim(A) = dim(B) and E(A) = E(B).

An excellent source for the basics of o-minimal theory is Van den Dries’s book
[1]. In the first section we’ll go over the main results that are necessary for the rest
of the paper, though for a complete treatment it’s better to refer to Van den Dries.

In section 3 we’ll use a mix of model theoretic and topological techniques to
prove even stronger results related to the structure of definable sets. Namely, the
triangulation and trivialization theorems. These, together with the fact that Ry,
is o-minimal, will allow us to prove Khovanski’s theorem and the one stated after
it with relative ease.

O-minimal theories provide us with yet another fascinating example of the in-
terplay of logic, topology and algebra. Starting with a paper by Pillay in 1988 [9],
much research has been done on the subject of definable groups in the o-minimal
setting. An especially nice example of this is Strebonski’s paper [7] about an ex-
tension of Sylow’s theorems to arbitrary definable groups in o-minimal structures.
Specifically, he showed that these groups behave like finite groups in the sense of
Sylow theory when the cardinality of a group is replaced by its Euler characteristic.
So again we see that despite not being finite or even stable, in many cases o-minimal
structures behave in ways that are analogous to what one finds in those simpler
structures.

In section 4 we’ll generalize a curious result about definable functions in o-
minimal expansions of the reals which was proved by Chris Miller [4]:

Theorem. Let R be an o-minimal expansion of the reals and not polynomially
bounded. Then the exponential function is definable.

Miller later generalized this result to arbitrary o-minimal expansions of a real
closed field where the idea of a polynomially bounded function is replaced with that
of a power function [10]:

Theorem. Let R = (R,<,0,1,+,,...) be an o-minimal expansion of a real closed
field. Then €* is definable in R iff R isn’t power bounded. If R is power bounded



then for every definable function f : R — R, if ultimately f # 0 then there exists
an element ¢ € R* and a power function \ such that f ~ c- \.

An alternative proof using an interesting growth dichotomy for o-minimal ex-
pansions of ordered groups was obtained by Chris Miller and Sergei Strachenko
[8]-

After going through the basics of the theory of power bounded functions, most
of which can be found in [10], we’ll obtain the previous theorem by proving that an
additional property is equivalent to the definability of the exponent:

Theorem. Let R = (R,<,0,1,+,-,...) be an o-minimal expansion of a real closed
field. Then e is definable in R iff there exists a definable function f : R — R such

that ultimately f # 0 and limz_mof%x = 0.

We then obtain the original theorem by showing that the new property is equiv-
alent to power-boundedness:

Proposition. R is power bounded iff there doesn’t exist a definable function f :
R — R such that ultimately f # 0 and limw_mof%m = 00. In that case, for every
definable function f : R — R, if ultimately f # 0 then there exists an element
c € R* and a power function X such that f ~c- .

Towards the end of the section, we’ll concentrate on what happens in the power
bounded case and prove the following:

Theorem. Let R power bounded, A C R™ and let f(z,y) : Rx A — R be a
definable family of functions in R such that for all @ € A, ultimately f(x,a) #0 .
Then there exists a finite set of power functions A1, ..., A\, and a definable function
¢: A— R* such that for all a € A, f(x,a) ~ c(a) - A; for some 1 <i<n.

This theorem was originally proved by Chris Miller [10], but we prove it in a
model theoretic fashion using a finiteness result that we’ll show beforehand.

After focusing on o-minimal structures, in section 5 we’ll move to a more gener-
alized setting. Instead of using the order topology we’ll look at what happens when
a structure has a topology whose basis is definable using one parametrized formula
together with some assumptions on the generated topology. These will be called
first order topological structures and they were first studied by Pillay [5]. As we
noted above, o-minimal structures are a special case of first order topological struc-
tures. We’ll be looking at a subset of these structures called topologically totally
transcendental structures. Despite having a far weaker definition, the t.t.t struc-
tures share some of the nice structural and model theoretic properties described
above.

Our primary focus will be on what types of dimension can be defined on definable
subsets of t.t.t structures. In particular, we’ll prove that two natural definitions of
dimension coincide.

The first definition if derived from the following model theoretic construct.

Definition. (rank) Let M be a model and A C M a definable subset.

(1) For any tuple a € M™, rk(a/A) is the least cardinality of a subtuple @’ of
a such that a € acl(a’/A).
(2) for any type p(Z) € Sn(A), rk(p/A) = rk(a/A) for any a € M™ realizing p.

The corresponding dimension in then defined as:



Definition. Let X C M™ and A C M be definable sets. Then we define:

rk(X) = mazpes, (a){rk(p/A)|p is realized in X}
The second definition is of a topological flavor.

Definition. Let M be a t.t.t model and X C M™ be a definable subset. We define
the topological dimension of X as:

dim(X) = mazi<p<n{31 < iy < -+ <ip <nstint(m, (X)) # 0}
Our main result in section 5 will be:

Theorem. Let M be an w-saturated t.t.t structure an let X C M"™ be definable.
Then rk(X) = dim(X).

This result has been proven by L. Mathews [11] under the assumption that the
structure has the cell decomposition property and satisfies the exchange principle.
We obtain it without assuming cell decomposition. The exchange principle is still
implicitly assumed because as we’ll see, it holds for any t.t.t structure

We’ll also use some of the tools developed in that section in order to prove some
statements about the definable sets in t.t.t structures. For example:

Proposition. Suppose M is w-saturated. Let X C M™ be a dense definable set.
Then int(X) C M™ is dense as well.

In addition, we’ll prove a theorem of Pillay which states that every first order
topological theory has a prime model. However, there is still much work to be on
this topic as it’s unclear which of the theorems we mentioned in the o-minimal case
carry over to this generalized setting.

Finally, in the last section we’ll take a closer look at the number of connected
components of definable sets in t.t.t structures. First we show that the number
of connected components is uniformally bounded over a definable family. This is
used to prove that 1-dimensional w-saturated t.t.t structures are preserved under
elementary equivalence.

Our main result in this section is that for any 1-dimensional w-saturated t.t.t
structure, if removing any point divides the space into more that one connected
component, then there exists a finite set X C M; such that each connected compo-
nent of M;\X is o-minimal:

Theorem. Let M be a 1-dimensional w-saturated t.t.t structure such that for all
x € My, M\{x} has more than one connected component. Then there exists a finite
set X C My such that all of the finite number of connected components of Mi\X
are o-minimal.

In order to prove this, we first obtain some intermediate results such as the
fact that the equivalence relation specifying if y and z are in the same connected
component of M;\{z} is a definable relation in M}. We also introduce a notion
of “local flatness” which is used as a stepping stone between t.t.t structures and
o-minimality.

2. O-MINIMAL PRELIMINARIES

In this section we’ll give a quick overview of some of the most basic o-minimality
definitions and theorems which will be used extensively in the next sections. The
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proofs of the theorems covered here can be found in Van den Dries’s book [1] on
the subject so I won’t repeat them. Though in any case, I'll try to present a sketch
of the proof when it seems like it could be illuminating.

Remark. From here on, definable will mean “definable with constants” unless stated
otherwise.

Definition 1. Let M be a structure in a language L = {<,...} where < is in-
terpreted as a dense linear order. M will be called an o-minimal structure if ev-
ery definable set is a finite union of points and intervals of the form (a,b) where
a,b e MU {+oo}.

Remark. When we talk about the topology of an o-minimal structure we’re always
referring to the order topology generated by <.

The following lemma is immediate but are worth noting as it’ll be used exten-
sively.

Lemma 2. Let A be a definable subset of an o-minimal structure R. Then:

(1) Both cl(A) and int(A) are definable.

(2) The boundary of A is finite.

(3) If |A| = oo then A has an interior.

(4) If A is bounded then both sup(A) and inf(A) exist in R.

We'll now explain what we mean when we talk about definable connected com-
ponents in an o-minimal structure.

Definition 3. Let R be o-minimal and A C R a definable subset. A will be called
definably connected if there doesn’t exist a pair of disjoint definable open subsets
B; and B, such that A = By U Bs.

2.1. Monotonicity and Cell Decomposition. Throughout the rest of this sec-
tion, R will be an arbitrary o-minimal structure. The results appear in chapter 3
of [1].

One of the most basic theorems about o-minimal structures is the monotonicity
theorem (1.2 in [1]):

Theorem. (Monotonicity) If a,b € RU{£oo} and f : (a,b) — R is definable then
there’re a = ag < -+ < a, = b in R such that f is continuous on every subin-
terval (a;,a;+1) and on every such interval f is either strictly increasing, strictly
decreasing or constant.

Despite the fact that we won’t prove the theorem here, the first step of the proof
is worth stating since it’s a very common technique. In general, when we want
to prove that a definable property holds in an o-minimal structure up to a finite
number of points, then it’s enough to show that it holds on a subinterval of every
interval. Because in that case, if we assume for contradiction that the set of points
such that the property doesn’t hold is infinite, then by lemma 2 that set contains
an interval and we reach a contradiction.

So in this case, it’s enough to prove that for every interval I, all of the following
hold:

(1) There’s a subinterval of I on which f is either constant or injective.
(2) If f is injective on I then f is strictly monotone on a subinterval of I.



(3) If f is strictly monotone on I then f is continuous on a subinterval of I.

We now present two easy corollaries (1.6 in [1]). The first one will be used exten-
sively in section 3 when we discuss power functions.

Corollary 4. Let f : (a,b) — R be definable. Then for each ¢ € (a,b), the right
and left limits of f at ¢ exist in in RU{oo}. Furthermore, the right limit of a and
the left limit of b exist as well.

The next corollary shows that closed intervals are similar to compact subsets in
R.

Corollary 5. Let f : [a,b] — R be definable. Then f takes a minimum and
mazimum on [a,b].

The following lemma (1.7 in [1]) in an important ingredient of the proof of the
cell decomposition theorem and is one of the first indications that definable subsets
of an o-minimal structure can’t be as complicated as we’d like.

Lemma 6. (Finiteness lemma) Let A C R? be definable and assume that for each
x € R, the fiber A, = {y € R|(x,y) € A} is finite. Then there is an N € N such
that |A;| < N for all x € R.

Remark. The proof of this lemma is somewhat technical, but intuitively it’s a
consequence of the monotonicity theorem. Because if we define functions fi, fa, ...
such that f;(z) is equal to the i-th element in the fiber A,, then by the monotonicity
theorem, each of these functions behaves “nicely” and so A is the union of the
graphs of continuous and either strictly monotonous or constant functions defined
on subintervals of R. This means that locally, the set looks like a finite union of
“nice” graphs. However, extending this to a global statement is tricky.

We'll now turn to the cell decomposition theorem which shows that any definable
subset of R™ can be split up into a finite number of cells which will be defined shortly.
Since the cells are of a relatively elementary form, this is an indispensable tool in
analyzing o-minimal structures.

While working with cells, we use the following notion. Given a definable set
X C R™ and two definable and continuous functions f,g: X — RU {oc} such that
f < g, we’ll define:

(f,9)x = {(z,7) € X x R|f(z) <r < g(x)} C R""

Definition 7. Let (i1, ...,%,) be a sequence of zeros and ones. An (i1, ..., iy,)-cell
is a definable subset of R™ defined inductively as follows:

(1) A (0)-cell is a point {a} € R and a (1)-cell is an interval (a,b) € R.

(2) Suppose we've defined (i1, ...,%m,)-cells. Then a (i1,...,%n,,0) cell is the
graph I'(f) of a definable continuous function f : X — Ron an (i1,...,0mn)-
cell X. In addition, a (i1,...,4;,1) cell is a set (f,g)x where f,g : X —
R U {oo} are definable and continuous functions such that f < g and X is
an (i1,...,4im)-cell.

Remark. Note that the (1,...,1)-cells are exactly the cells which are open in their
ambient space R™.

Definition 8. A cell in R™ is some (i1, ..., im)-cell.



Before continuing to the theorem, there’re a few properties of cells which are
worth mentioning.

First of all, it’s easy to see that every (i1,...,%,)-cell in R™ is homeomorphic
to an open subset of R¥ for some k < m under the projection to the coordinates
1 < j < m for which i; = 1. Furthermore, by the definition of a cell, if A ¢ R™T! is
a cell and m: R™*! — R™ is the projection then 7(A) C R™ is a cell as well. This
allows us to prove many of the properties of cells by induction on m. For instance,
one easy consequence is that every cell is definably connected.

Definition 9. A cell decomposition of R™ is a kind of partition of R™ into finitely
many cells which is defined inductively on m:
(1) A cell decomposition of R! is a finite union of points and intervals.
(2) A cell decomposition of R™*1 is a partition of R™*! into a finite set of cells
A such that 7(A) is a cell decomposition of R™.

It’s sometimes helpful to look at this definition constructively. As stated in the
definition, a cell decomposition of R is obtained by choosing a finite number of
points and then taking the points together with the intervals between them. This
is then turned into a cell decomposition of R? in two steps. In the first step, for each
point a in our decomposition of R of we choose a finite number of points in R? which
project onto a. We then take these points together with the intervals between them.
In the second step, for each interval (a,b) we choose a finite number of definable
continuous functions f; < - - < f,, : (a,b) = R and add to our partition the sets
T(f1),...,T(fn) and (f1, f2),.--, (fn—1, fn)- This process is then iterated in order
to obtain a cell decomposition of R™.

A decomposition D of R™ is said to partition a set S C R™ if each cell in D is
either a subset of S or disjoint from S.

We now have the terminology enabling us to state the cell decomposition theorem
(2.11 in [1]).

Theorem 10. (Cell decomposition theorem)

e (I,,) Given any definable sets Ay, ..., Ay C R™ there is a cell decomposition
of R™ partitioning each of A1, ..., Ag.

e (II,,) For each definable function f : A — R, where A C R™ is definable,
there is a decomposition D of R™ partitioning A such that for each cell
B € D contained in A, the restriction f|p : B — R is continuous.

Remark. The proof of the theorem is by induction on m and is quite long. The
details can of course be found in [1] but I'll try to give a rough outline here.

First of all, note that I; follows by o-minimality and I follows from the mono-
tonicity theorem. The induction is carried out by first proving I,,,+1 and then using
that together with the inductive hypothesis to prove Il,,11. A key part of the
proof of I,,,+1 is to use the inductive hypothesis in order to generalize the finiteness
lemma to definable subsets of R™*1. After proving this, we can then look at the
union of the boundaries of the definable sets:

Y =bd(A1)U---Ubd(Ag)
. By o-minimality, the fibers of Y are finite subsets of R. This allows us to use
the generalized finiteness lemma to achieve a uniform bound on the fiber size.

We can then define a finite set of functions f; on R™ where for each 4, f;(a) is
equal to the i-th point on the fiber Y;. These functions will be the ones used in
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the construction of the cell decomposition, similar to what was described after we
defined decompositions.

Then, after proving I,,,+1, we prove Il 11 by noting that it’s now enough to
assume that A is a cell. If A isn’t an open cell then we can project A to an open
cell in R* for some k < m and use the inductive hypothesis. So we can now assume
that A is an open cell.

Using 11, and the monotonicity theorem, we can find a dense definable subset
A* of A such that for every a € A, f is continuous on a neighborhood of a. This is
obtained by applying the following topological lemma:

Lemma. Let X be a topological space, (R1,<) and (Ra,<) dense linear orderings
without endpoints, and f : X x Ry — Ra a function such that for every (x,r) €
X x R1 N

(1) f(z,-): Ry — Ry is continuous and monotone on R;.

(2) f(-,7): X = Ry is continuous at x.

Then f is continuous.

Now, again by I,,,+1, the existence of the set A* is enough to prove I1,,+; when
A is an open cell.

The cell decomposition theorem has many applications. One immediate con-
sequence is that every definable subset of R™ has a finite number of connected
components. This follows from the fact that cells are definably connected.

2.2. Dimension and Euler Characteristic. Using the CDT, we’ll now define
two invariants which can be determined for any definable subset of R™. We say that
they’re invariant because as we’ll see, they’re invariant under definable bijections.

As before, in this section R will be an o-minimal structure. The material from
this section can be found in chapter 4 of [1].

Definition 11. Let X C R™ be definable. Then the dimension of X is defined by:
dimX = max{iy + - - + i»| X contains an (i1, ..., imy)-cell}
If X = then we define dimX = —co.

Remark. Note that by this definition, dim(X) € {—0,0,1,...,m}. Furthermore,
dimX = m iff X contains an open cell. By the CDT we can use this to see that
dimX = m iff X has an interior.

The following proposition (1.3 in [1]) shows that the dimension we defined has
the desired properties. The proof relies heavily on the CDT and isn’t particularly
difficult.

Proposition 12. Let X, Y C R™ be definable subsets. Then:

(1) If X CY then dimX < dimY.

(2) If Z C R" is definable and there’s a definable bijection from X to Z then
dimX = dimZ.

(3) dim(X UY) = mazx{dim(X),dim(Y)}

Remark. 1 and 3 are almost immediate. As for 2, the main idea is to use a projection
to obtain a homeomorphism between any given cell and an open cell. After that,
it’s enough to show that if A C R™ is an open cell and f: A — R™ is an injective
map then f(A) contains an open cell.
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The dimension defined above has many other useful properties such as definable
variation among a definable family which will be omitted here as they won’t be
used in any of the sections below. As usual, the details are contained in [1].

We now turn to our next invariant, the Euler characteristic.

Definition 13. Let X C R™ be definable and let D be a cell decomposition of X.
Then:

(1) For each cell C € D we define E(C) = (—1)%m(©),
(2) E(X) =2 cep E(C)

Remark. It’s important to note that E(X) doesn’t depend of the choice of a parti-
tion. This can be shown by taking a common refinement of any two partitions.

The invariance of the Euler characteristic (2.4 in [1]) is much harder to prove
than the invariance of dimension. The main difficulty is that a transposition of
coordinates doesn’t necessarily map a cell to a cell.

Proposition 14. If f : X — R™ is a definable injection then E(X) = E(f(X)).

As promised in the introduction, we’ll now use the Euler characteristic to prove
the following model theoretic claim:

Proposition 15. Let A C R™ be definable. Then there doesn’t exist a definable
map f: A— A such that (4, f) = (N, s) where s is the successor function.

Proof. Assume for contradiction that there exists a definable map f: A — A such
that (A, f) = (N,s). In (N, s), s : N — Nis a bijection from N to N\{1}. Therefore,
there exists an a € A such that f is a definable bijection from A to A\{a}. By the
invariance of the Euler characteristic, F(A) = E(A\{a}). But since A has a cell
partition where the point a is one of the cells, E(A\{a}) = E(A) — 1 which is a
contradiction. O

3. TRIANGULATION AND TRIVIALIZATION IN O-MINIMAL STRUCTURES

3.1. Introduction. The primary goal of this section is to obtain a short proof of
the trivialization theorem for o-minimal structures using a combination of topolog-
ical an model theoretic techniques. First I’ll introduce the triangulation theorem
and use it to prove a few useful results, including some fiberwise properties about
homeomorphism types. After that I'll prove some fiberwise properties that have to
do with continuous functions. Then I’ll use those results to prove the trivialization
theorem. Finally, I'll discuss the applications of the theorem to the analysis of the
set of zeros of a polynomial in a real closed field. Most of the material below comes
from theorems and exercises in chapters 6,8 and 9 of [1].

3.2. Triangulation. In this section, (R, <,0,1,+,—,-) will be an o-minimal ex-
pansion of of an ordered, real closed field.

Definition 16. Let ag,...,ar € R™ be an affine independent set of points. The
following set:

(ag,...,ar) = {Ztiaiwi it; >0, Zti =1}

will be called a k-simplez in R™. A face of (ao,...,ax) is a simplex spanned by
a non-empty subset of {ag,...,ax}.
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Remark. Every x € (ag,...,a) has a unique representation as x = > t;a; where
for all ¢, t; > 0 and > ¢t; = 1.

Definition 17. A complex in R" is a finite collection K of simplexes in R™ such
that for all 01,09 € K, either cl(o1) Nel(o2) = 0 or cl(o1) Nel(o2) = cl(7) where T
is a common face of o1 and o9. In addition, we define | K| , the polyhedron spanned
by K, as the union of all the complexes in K.

The following theorem is proved in [1]. It’s proof is rather lengthy and technical
so we omit it here.

Theorem 18. (triangulation) Each definable set S C R™ is definably homeomor-
phic to a polyhedron |K| for some complex K in R™.

Let K be a complex. The scheme of the complex is the following pair:
(Vert(K), {{ao,...,ax} C Vert(K)|(ag,...,ar) € K})

We say that the complexes L and K have isomorphic schemes if there’s a bijective
map: V : K — L such that (ag,...,ar) € K < (V(ap),...,V(ax)) € L. It’s
easy to see that V induces a definable homeomorphism from |K| to |L|. This
means that for any complex K, if N = |Vert(K)| then there exists a definable
homeomorphism from |K| to |Ly| where:

LNC{(eil,...,eim)|1§m§N, 1§i1<"'<im§N}

and e, ..., ex is the natural basis of RY.

The fact that every definable set is definably homeomorphic to a polyhedron
of a complex with a given scheme allows us to definably transform any definable
set into a finite combinatorial object. This property will allow us to prove many
finiteness results about the definable sets of an o-minimal structure and ultimately
the trivialization theorem.

First of all, we’ll use the theorem to show that the dimension and Euler charac-
teristic uniquely characterize a definable set up to a definable bijection. The main
idea is to translate this statement into a statement about complexes and use some
basic results about simplexes which we’ll prove below.

Lemma 19. Let K be a k-simplex. Then there exist two k-simplexes K1, Ko and
a k — 1-simplex K3 such that K = K1 U Ky U K3 and the union is disjoint.

Proof. We'll use induction on k. If K =1 then K = (ag,a1) and so we can write

a0+a1 CLO+CL1 a0+a1
K = (ao, ) U ( JU( ,a1)
2 2 2
We now assume that the claim is true for k. Let K = (aq,...,ar, axt+1) be

the complex. According to the inductive hypothesis, there exist K1 = (b}, ...,b}),
Ko = (b3,...,b3), K3 = (b3,...,b}_,) such that (ag,...,ar) = K1 UKy UKj is a
disjoint union. We’ll now show that:

K= (b} ,bh aps1) U, ... b2 apir) U b, ... b3, aks1)
is a disjoint union. It’s easy to see that

(bys -y by api1) U (D3, ... b2 aps1) U (B3, ... b3 aps) C K
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. In addition, if z € K, then there exist to,...,tx+1 such that ¢; >0, > ¢t; =1 and
x = >_t;a;. Therefore, if we define ¢ = Zf:o t; then z = thZO(%ai) + g 1Gpa1-
But Zf:o(t?iai) € (ag,...,ag), t >0,and t + txr1 =1 so0

x € (bhy. o by apir) U b3, .. b aper) U (b3, ... bE_y, apt1)

The only thing that’s left is to show that (b),...,b},axr1), (b3,..., 0%, aks1),

(b%7 R bi—p ak+1) are pairwise disjoint. Let’s assume for contradiction that there
exists an x € K such that
HASS (b(lJ, ey b,le,ak_H) N (bg, ey bi,ak_ﬂ)

. In a similar way to what we did above we can show that there exist b! € K,
b € Ky, 8 >0, 8> > 0, t; ., > 0, {2, > 0 such that z = t*b' + ¢} jap41 =
20 + 17, jagr and 1 = t' + ¢, = t* + ¢ ;. But z has a unique representation
S0ty =ti, = t' =t* = b' = b* which is a contradiction to Ky N Ky = . The
proof that the other intersections are empty is similar. ([

Lemma 20. Let K, L be two k-simplexes. Then K and L are definably homeomor-
phic.
Proof. Let K = (ag,...,a;) and L = (by,...,b;). We define f : K — L by:

k k
f(z tia;) = Ztibi
i=0 i=0

. By the unique representation of elements in K and L, f is well defined and is
an automorphism. It’s easy to see that f and f~! are continuous and that f is
definable. 0

Lemma 21. If K is a k-simplex then E(K) = (—1)*.

Proof. By the previous lemma, it’s enough to show this for k-simplexes of the form:
Ay = (0,e1,...,ex) where (e;) is the natural basis of R¥. We’ll prove by induction
on k that Ay is an open cell in R*.

For k = 0 there’s nothing to show.

Let’s assume that the claim is true for k. Now,

Ak+1 = {(xl, AN 71’]€+1)|£L'i > 0, Zl’l = 1} =

k
{(z1,- @, m)|[(21, ..., Tk) € A, 7> 0, ka—l—r:l}:
i=1
k
{(x1, . sz, )| (21, 2k) € A, 0 <1 < 1—Zﬂck}
i=1

By the inductive hypothesis, Ay is an open cell and this shows that Agyq is
an open cell as well. This finishes the proof because for every open cell C' in R*,
E(C) = (—1)k. |

We are now ready to prove the corollary mentioned above.

Corollary 22. Let A C R"™ and B C R™ be definable subsets. Then there exists a
definable bijection from A to B iff dim(A) = dim(B) and E(A) = E(B).
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Proof. We already know that the conditions are necessary. We’ll prove that they’re
sufficient. First of all, by the triangulation theorem we can assume that A and B
are finite disjoint unions of simplexes in R™ and R™ respectively. We’ll prove the
theorem by induction on k = dim(A) = dim(B).

If K = 0 then both A and B are a disjoint set of F(A) = E(B) points and the
theorem is trivial.

Let’s assume that the theorem is true for all [ < k. As we said above, we can
assume that:

e A= U---Uog,U---Uog,

e B=mU---UrU---Ur,
where dim(o;) = dim(7;) = kforalll <i<pand1l < j <randdim(o;),dim(r;) <
k for all ¢« > p and 5 > r. By lemma 19, we can assume that p = r and that there
exist ¢ > p, j > r such that dim(o;) = dim(r;) =k — 1.

By lemma 20, there’s a definable bijection from o1 U---U oy, to 7y U--- U 7.

In addition, by lemma 21, E(o; U---Uo,) = E(ry U---U7,) which means that
E(opt1U---Uogy) = E(Tr41 U---UTy). In addition,

dim(opy1 U---Uoy) =dim(rpp1 U---UTs) =k —1

so by the inductive hypothesis there also is a definable bijection from o,11U---Udgy,
to 741 U+ - UTs. This completes the proof. O

We’ll now prove another corollary of the triangulation theorem which will play a
key role in proving the trivialization theorem. Before proving it we’ll need a useful
lemma which will also be used in future sections.

Lemma 23. (definable choice) Let (R,<,0,-,+) be an o-minimal expansion of an
ordered abelian group and let A C R* be a non-empty definable subset. Then we can
definably pick an element e(A). In other words, for every formula (T, ), there

exists a formula ¢(Ty, ) such that Vy(vTr(d(Tk, ) = V(Tk, 7)) A NZk(0(Zk,T))-

Proof. We'll use induction on k. If k£ = 1, then we choose the smallest element. If
no such element exists, then we take the leftmost interval (a,b) C A and pick:
a=—00,b=+00: 0

a=-00,beR:b—1

a€ R, b=+00: a+1

a€R,be R«

Now let’s assume that the claim is true for k. The projection m : RF — RF-!
is definable and therefore m(A) C R*~! is definable and non-empty. So by the
inductive hypothesis we can definably pick some a € w(A). In addition, the fiber
A, C R is nonempty and definable so by the base case, we can definably pick some
b e A,. Together, we can definably pick (a,b) € A. O

We can now prove our next corollary to the triangulation theorem.

Corollary 24. Let S C R™*™ be a definable set. The the sets {S,la € R™} fall
into a finite number of homeomorphism types.

More specifically, there exists some N and some definable function f : S — RN
such that for each a € R™, f, : Sq — RY is a homeomorphism from S, to some
union of faces of (0,e1,...,en).
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Proof. First we’ll assume that R is w-saturated. Let’s assume that S' is definable by
& (T, T,,)- By the triangulation theorem, for any a € R™, there exists an N; € N
and a definable homeomorphism h; from S; to a union of faces of (0,e1,...,en,)-
Let ¥a(Zn, Yy, k) be the formula defining hg where ¢, are all the constants used
in the formula. For any given a € R™, the set

{¢r € Rk|¢¢—l(§myNa,Ek)is a homeo’ from S; to a subset of faces of (0,e1,...,en.)}

is definable so by definable choice, we can definably pick a specific ¢, from the
set. This means that we can assume that 15 (ZTn, Yy, ,%Zm) is a formula without
parameters such that ¢ (Z,, 7y, ,a) is the required homeomorphism. Let’s assume
for contradiction that there doesn’t exist a finite subset H of {¢;|a € R™} such
that for every b € R™ there exists a formula ¢z € H such that ¢3(Tn, 7y, b)
is a homeomorphism of the required type. Since R is w-saturated, there exists a
d € R™ such that for all a € R™, Ya(Zn, Yy, d) isn’t a homeomorphism of the
required type. This is clearly a contradiction. So there exists a M € N such that if
we define the sentence:

a = 3a; ... 3ay Vb \/ ("3 (T, yNa,B) is a homeomorphism

a=at,...,anM

from Sj to a subset of faces of (0,ey,...,en.)")

then R = a.

Now, let R be general structure (i.e. not necessarily w-saturated) and S C R™*"
a subset definable with parameters ¢ € R*. Then we can find an w-saturated
elementary extension R < R. By our construction above, R = «a. But the only
parameters in « are ¢ and therefore R |= a.

Let ai,...,ap € R™ be the constants whose existence is given by a. Let N =
mazi<;<nm{Na,}. We can now define a construct a function f : S — R" in the
following fashion. For every b € R™, we choose the smallest 1 < i < M such that if
a = a; then 15 (Ty, Y, , b) defines a homeomorphism from Sj to some union of faces
of (0,e1,...,en,) - fls; will be defined as the extension of that homeomorphism

to RN. Clearly f is definable and this completes the proof. a

3.3. Trivialization. In this section we use corollary 24 to prove the trivialization
theorem. Before we prove the theorem itself, we’ll prove a few lemmas about
fiberwise properties of continuous functions.

Lemma 25. Let S C R™"™ be a definable set such that for each x € R™, S, is
open in R™. Then there is a partition of R™into cells Cy,...,Cy such that for all
i, SN (C; x R™) is open in C; x R™.

Remark. Since the complement of a definable set is definable, the lemma is equiv-

alent to one in which “open” is replaced with “closed”.

Proof. We’ll use induction on m. If m = 0 then there’s nothing to show.
Let’s assume the claim is true for all & < m. First we’ll show that for every open
cell C'C R™ there’s an open cell D C C such that SN (D x R™) is open in D x R™.
Let C be an open cell in R™. We define:

C = {z e C|({z} x S,)Nel((C x R")\S) # 0}

Let’s assume for contradiction that C has a non-empty interior. ~Without loss
of generality, C' is an open cell. By definable choice, for each z € C we can pick
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some s(z) € S, such that (z,s(x)) € c((C x R")\S). In addition, S, is open in
R"™ so again by definable choice there’s some e(z) € R such that for all y € R™,
ly — s(z)| < e(x) = y € S,. By replacing C' with a suitable subcell we can assume
that s(z) and e(z) are continuous. But then, the set:

{(z.y) € R™™ : |y — s(x)] < e(2)}

is an open subset of S in C' x R"™ which is a contradiction to the definition of

Therefore, C' has an empty interior and so C\C‘ has an open interior. Let D C
C\C be an open cell. Then (SN(Dx R™))Nel((S°N(Dx R™) = § and so SN(D x R™)
is open in D x R".

We now define an additional set A C R™ which contains all the points x € R™
such that there exists an open box x € D C R™ such that (D x R™) NS is open in
D x R"™. Then A is definable and SN (A x R™) is open in A x R". In addition, by
what we just showed above, dim(R™\A) < m. This means that we can write R™\ A
as a disjoint union of cells By, ..., B, where for each 1 < i <r, dim(B;) < m.

Let 1 <4 <r and let dim(B;) = d < m. Then there’s a projection 7 : R™ — R¢
such that m(B;) is open in R? and 7|B; is a homeomorphism. We can now apply
the inductive hypothesis to 7(B;). This completes the induction. ([l

We now extend the previous lemma to a slightly more general case.

Lemma 26. Let S C S be definable sets in R™" and let A C R™ be definable
such that S, is open in S, for all a € A. Then there’s a partition of A into
definable subsets Ay, ..., Ay such that for all 1 <i < M, SN (A; x R™) is open in

Remark. As in the previous lemma, we can replace “open” with “closed”.

Proof. For this lemma we’ll prove the closed version. By replacing S with SN (A x
R™) we can assume that S, is closed in S, for all z € R™. We now define an
additional set: 3

S* ={(z,y) € R™*™"|y € cl(S:)}

Then S* is definable and S; NS, = S, for all z € R™ which means that
5*N S = S. By lemma 25 there exists a partition of R™, Ay, ..., Ay such that for
each1 <i< M, SN (A; x R™) is closed in A; x R™. Therefore, for each 1 < i < M,
SN (A; x R*) = SN (S*N(A; x R") is closed in SN (4; x R™). O

Lemma 27. Let S C R™*™ be definable, f : S — R* a definable map and A C R™
be a definable subset such that for all a € A, the map f, : Sq — R* is continuous.
Then there’s a partition Ay, ..., Ay of A such that for each 1 < i < M, flgn(a, xrm)
is locally bounded.

Proof. We'll use an inductive proof on m, similar to the proof of lemma 25. The
case of m = 0 is trivial.
Let’s assume the claim is true for k& < m. We now define a set:

C ={a € R™|3x € {a} x S, s.t fisn’t locally bounded at z}

. As in lemma 25, it’s enough to show that C' has an empty interior.
Assume for contradiction that C has an interior. With out loss of generality C is
an open cell. We now use definable choice to define a definable function g : C' — R™
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such that for all a € C, f isn’t locally bounded at (a, g(a)). In addition, we define
a function h : C — R* such that for all a € C, h(a) = f((a,g(a)). By cell
decomposition we can assume that h and g are continuous on C.

Finally, we define an additional function m : C — R~ such that for all « € C
and b € {a} x S,,

b—g(a)| <m(a) = |f(a,b) = f(a,g(a))| <1

. m exists by the assumption that f is continuous on every fiber S,. As before, we
can assume that m is continuous.
Now, the set:

B={(a,b) € (CxR")NS : |b—g(a)] <m(a)}

is open in S. But by the definition of m and the fact that h is continuous, f is
locally bounded on B. This is a contradiction to the fact that f is not locally
bounded on (a, g(a)) for all a € C. O

We’re now ready to prove the first fiberwise property on continuous functions.

Lemma 28. Let S C R™" be definable, f : S — R* a definable map and A C R™
be a definable subset such that for all a € A, the map f, : S, — R* is continuous.
Then there’s a partition Ay, ..., Ay of A such that for each 1 < i < M, flsn(a,xrm)
18 continuous.

Proof. We apply lemma 26 to the graph of f, T'(f) € S x R*. For each a € A,
I'(f)a = I'(f.) and therefore, since R is Hausdorff, T'(f), is closed in S, x R*. This
means that there’s a partition Aq,..., Ay of A such that for each 1 < i < M,
L(flsna.xrmy) = L(f) N (A; x R™) is closed in

(SN (A; x R")) x R¥ = (S x R¥)n (A; x R"F)

. By lemma 27 we can refine this partition such that for every A;, f|sna,xrn) is
locally bounded. This proves that f|sn(a,xr») is continuous. (A straightforward
consequence of lemma 1.7 from chapter 6 in [1] is that a definable locally bounded
function with a closed graph is continuous.) (]

Lemma 29. Let S C R™*™ be a definable subset, f : S — R* a definable map and
A C R™ a definable subset such that f|snaxgr) i injective and for each a € A,
fa : Sq — RF is a homeomorphism from S, to f(S,). Then there exists a partition

Ay, An of A such that for each 1 <i < M, f|sn(a,xrr) 8 a homeomorphism
from SN (A; x R™) to f(SN(A; x R™)).

Proof. By lemma 28, there’s a partition Ay, ..., Ay of A such that f is a continuous
injection on each SN (A4; x R™). Let 1 <i < M.

We'll now show that there exists a partition By,..., Bg of A such that for all
1<i <K, (flsns;xrn)) " is locally bounded.

We'll define the set T = {(a,z) € A x R¥|z € f(S,)} and function g : TN (A x
RF) — R™ by:

g(a,x) =Y f(a’y) =z

By lemma 27 and the fact that for each a € A, f, : S, — R* is a homeomorphism
from S, to f(S.), there exists a partition By,..., Bx of A such that g|rnp, xr#)
is locally bounded for all 1 < < K.
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Let 2o € R*. Then there exist exactly one 1 < ¢ < K and b; € B; such that
(bs, 20) € (B; x R¥)NT. By the way we defined By, ..., Bx, there exist a bounded
set a; € U C By, an open set 2o € V C R* and a bounded set W C R™ such that for
all (a,z) € TN(U xV), g(a,z) € W. But by the definition of g and the fact that f is
injective, this means that for all z € V' N f(B; x R™), (f|5m(3ian))_1(x) ceUxW.

So without loss of generality, by taking a finer partition we can assume that for
all 1 <@ < M, (f|sn(a,xrn)) " is locally bounded.

Finally, the graph of (f|5m(A7¢an))71 is closed because f is continuous on S N
(A;xR™). Since (f|sn(a,xrn)) " is locally bounded, this means that ( f|sn(a; xrn)) ™"
is continuous which completes the proof. ([l

Lemma 30. Let S C R™"" be a definable subset. Then there’s a partition Ay, ..., Ak
of R™, an N € N, definable sets {F; C RN|1 < i < K} and definable homeomor-
phisms {h; : SN(4; x R") = A; x F; C R™"|1 < i < K} such that for each1 <i < K
and x € SN (A; x R™), 7+ (x) = 7N (h,(z)).

m

Proof. By corollary 24, there exists a partition Aj,..., Ax of R™, definable sets
{F; C R"|1 <1i < K} and definable functions

{flSﬂ(AZXRn)%P;CRnHS’LSK}

such that for each 1 < i < K and a € A;, f, is a homeomorphism from S, to F;.
Let’s define new functions f; : SN (A x R*) — A; x F; by fi((a,y)) = (a, fi(a)).
By lemma 29, for each 1 < i < K , there exists a partition A},..., AN of A; such
that for each A{ , fil SO(AT xR is a homeomorphism. In addition, by its definition,

for each = € SN (A} x R™) we have 72t (z) = 7N (fi(z)) . O

Theorem 31. (trivialization) Let A C R™ and B C R™ be definable sets and
f: B — A a definable function. Then there exists a partition Aq,...,Ax of A,
an N € N, definable sets {F; C RN|1 < i < K} and definable homeomorphisms
{h; : BN f~Y(A;) — A; x F}|]1 < i < K} such that for each 1 < i < K and
xe BN YA, fz) = mptN (hi(2).
Proof. Let’s define the set:

S=A{(f(x),z)|lx € B}

By lemma 30, there exists a partition Aq,..., Ax of A, a N € N, definable sets
{F; ¢ RN|]1 <i < K} and definable homeomorphisms

{hi :SN(A; x R") - A; x F; Cc R"™NV |1 <i < K}

such that for each 1 < i < K and z € BN f71(4;), f(x) = a7 (f(z),z) =
am N (h;(f(x),z)). For each 1 <i < K, we now define

hi: BN f~Y(A;) = A; x Fy

by hi(z) = hi(f(x),z). By the previous line, the partition (A4;), subsets (F;) and
homeomorphisms (h;) have the required properties. O
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3.4. Applications of the Trivialization Theorem. There’re many interesting
applications of the trivialization theorem. In this section we’ll use it to prove the
theorem mentioned in the introduction regarding the number of homeomorphism
types among the sets
Z(f) ={x e R"[f(z) = 0}

where f € R[X4,...,X,] has at most m monomials. Interestingly, despite the fact
that the proof we’ll present relies heavily on model theoretic machinery, the result
is entirely classical.

First we note that the trivialization theorem can be used to obtain a short proof
of corollary 24 which for convenience is stated below. Despite the fact that the
corollary was used to prove the trivialization, there exists a topological proof of the
trivialization theorem which can in turn be used to prove the corollary without the
compactness theorem.

Corollary 32. Let S C R™'™ be a definable set. Then the definable sets S, fall
into a finite number of homeomorphism types as x ranges over R™.

Proof. Let f: S — R™ be the restriction of the projection map = : R™*" — R™.
By the trivialization theorem, there exists a partition A;,..., Ap; of R™, an N € N,
definable subsets Fy,..., Fj; of RV and homeomorphisms

{thA1—>A2XFz|1§Z<M}

such that for all 1 <i < M and z € Sy,, f(z) = 7N (hi(z)). But since f is the
projection, this means that for every a € A;, hi|s, is a homeomorphism from S, to
F;. Therefore the sets S, fall into at most M homeomorphism types.

We’ll now use the lemma to prove the theorem about polynomials. O

Theorem 33. For any given natural numbers m and n there are only finitely
many homeomorphism types among the sets Z(f) = {x € R"|f(z) = 0} where
f(Xq,...,X,) e R[Xy,...,X,] has at most m monomials.

Proof. The idea of the proof is taken from [1]. First of all, we’ll use the fact stated
in the introduction that R, is an o-minimal structure. After that, the general
idea is that we can define z¥ by:

z¥ = exp(ylog(x))
which allows us to look at the sets Z(f) as fibers of a definable set. We then use
the previous lemma.
The proof is slightly more complicated due to the fact that =" = exp(nlog(x))
is only well defined for z > 0. So in practice we’ll have to split up into two cases,
even and odd:

|x\y x#0
E(x,y) = x=y=0
0 x=0,y#0
x>0
—z)¥ x<0
z=0

Now, for an even n we have z" (x, n) and for an odd n we have 2™ = O(x, n).
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Fix m,n € N and let

m n
f=2 ai]l=7"
i=1 j=1
]

be an arbitrary polynomial in R[X;,...,X,] where a; € R and «;; € N. In order
to write f in the language of Rc,p, we have to know for each o;; whether it’s even
or odd.

Let’s define Sgn(f) c {0,1}™" by:

0 Qj € 2N

1 otherwise

Sgn(f)i; = {
. Using Sgn(f), we can now define f in our language by:

J(@1, o T0) = G5gn(s) (T1s - Tpy @1y ooy Gy QL e Q) =

Zai H E(x;, 045) H O(xi, as5)
=1 Sgn(f)i;=0 Sgn(f)ij=1
. Since Sgn(f) takes a finite number of values, it’s enough to prove the theorem
for polynomials g such that Sgn(g) = Sgn(f) since f was arbitrary.
Now, if we define § C R™n+n+n by:

(j)sgn(f)(:vl,...wn,al,...,an,an,...amn) =0

, then the family of sets Z(g) such that Sgn(g) = Sgn(f) is the set of fibers S; for
@ € R™*" where @ represents the constants of the polynomial. The theorem then
follows from the previous lemma.

4. POWER BOUNDEDNESS IN O-MINIMAL STRUCTURES

4.1. Introduction and Preliminaries. Chris Miller [4] proved that if an o-minimal
expansion of the real numbers contains definable functions that are not polynomially
bounded then the exponential function is definable. The central idea of his proof
uses a result from the theory of the valuation of Hardy fields which was proven
by Maxwell Rosenlicht [6]. Chris Miller later extended his result to o-minimal ex-
pansions of arbitrary real closed fields using similar methods [10]. In that setting,
the idea of a polynomially bounded function is generalized to power bounded func-
tions. An alternative proof using an interesting growth dichotomy for o-minimal
expansions of ordered groups was obtained by Chris Miller and Sergei Strachenko
[8]-

In this section I'll present a proof using the same ideas as Miller’s original proof
which relies on only elementary properties of o-minimal structures together with
some basic calculus. As an intermediate step, we’ll obtain an additional property
which is equivalent to the definability of the exponent. Afterwards, I'll use it to
obtain a uniform bound on the growth of functions in o-minimal expansions of real
closed fields. Finally, I'll use the uniform bound to prove some properties of power
bounded structures.
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For the rest of this section, R = (R, <,0,1,+,-,...) will be an o-minimal expan-
sion of a real closed field.
We'll also use the following notion:

Definition 34. Let f and g be definable functions in R and M € R such that for
all x > M, g(z) # 0. Then we’ll write f ~ g if limy_ oo f(x)/g(z) = 1.

Remark. When we say ultimately we mean “for all sufficiently large z”.

In addition, we don’t distinguish between a function going to 400 and —oco. In
other words, when we say that lim,_, f = 00 we mean lim,_ .. f = Foo.

The following propositions can be found in [1] and will be used in the proofs
below.

Proposition 35. Let a,b € RU {xoo} and f : (a,b) — R be a definable func-
tion. Then there’re a = ag < --+- < a, = b such that f is differentiable on every
subinterval (a;, a;41).

Remark. By the previous proposition, any definable function f : R — R is ulti-
mately differentiable.

Proposition 36. Suppose - : R X R — R is a definable function such that (R, <, ")
is an ordered group. Then any definable subgroup is either trivial or R.

Furthermore, as shown in chapter 7 of [1] (2.2 and 2.12), the mean value theorem
and L’hopital’s rule hold in o-minimal expansions of a real closed field.

4.2. Power Functions and Exponential Functions.

Definition 37. We’'ll define four types of functions.

(1) A power function on R is a definable endomorphism of the multiplicative
group (Rso,-,1).

(2) An exponential function on R is a definable ordered group isomorphism
E:(R,<,4) = (Rs0,<,").

(3) The definable exponent E such that E'(x) = E(x) will be called the expo-
nential function of R and will also be written as e*. As we’ll see below,
exponent exists whenever some exponential functions exists and it’s unique.

(4) The inverse function of the exponential function from R to R will be
called the logarithmic function of R.

Remark 38. We’ll mention some immediate results regarding power functions and
exponential functions which we’ll use below.
(1) Since power functions are ultimately differentiable, they’re differentiable

everywhere. In addition, for every power function A, N (z) -z = A(1) - A\(z).
This follows by directly calculating the derivative:

N (z) Mz +h)/Mz)—1 . A1+ 2)
=limp0——2 = N(1
Mz) h o 0 (1)
. From this we can see that if A’(1) > 0 then A is strictly increasing, if
A (1) < 0 then A is strictly decreasing, and if \'(1) = 0 then A\ = 1.
We’ll now see that the set of power functions is closed under elementary

operations.
e If f is a power function then % is a power function and (1/f)'(1) =

-f(1)

=

x = limp—o

8>
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e If f and g are power functions then f - g is a power function and
(f-9)(1) = (1) +¢'(1).
e If f and g are power functions then f o g is a power function with
(feg)(1)=1'(1)-g(1)
We now define K C R as the image of the map A — A (1) from the set
of power functions to R. The map A — X' (1) is injective because if f and
g are power functions then

FO)=g@)=(f/9)(1)=0=(f/9)=0=(f/g9)=1=f=g

. This, together with the remarks above, shows that K can be regarded as
a field and A — N(1) is an embedding of K into R. K will be called the
field of exponents.

(2) From the definition of an exponential function, since it’s ultimately dif-
ferentiable it must be differentiable everywhere. Furthermore, if F is an
exponential function then E'(z) = E(0)E(x) for all z € R:

E'(z) Ble+h) —B@) _,. E(h) - E©)
E(z) hE(z) h=0 h

. Therefore, assuming that there exists some non-zero exponential function
F, E = F/F'(0) will be the exponential function. This function is unique
because given two exponential functions F, F such that F/ = E and F’ =
F, we can show that (E/F)(0) = 1 and (E/F)" = 0 which means that
E/F=1=E=F.

= limp_o = E(O)

The following lemma provides a useful way to characterize power functions. It
also shows that a power function can be defined using only it’s derivative at 1.

Lemma 39. Let A\ be a power function. Then ) is the unique solution to the
equation

z-y =y'(Ly

Proof. By remark 38, it’s the unique solution within the set of power functions. So
it’s enough to show that for every definable function f, if z- f' = f/(1) f(z) then f
is a power function. Let f be a solution. We first note that f(1) = 1. Let a be an
element in R. Then

(f(am))' _ o) f(@) ~ @) _ fe)E00) - @)
f(z) f2(x) f2(x)

. Therefore, there exists a constant ¢ € R such that f(ax) =c- f(x). But f(a-1) =
c¢-1. Sofor all x € R, f(ax) = f(a)- f(x). This proves the lemma. O

We'll now define the notions of power bounded and exponential fields.

Definition 40.

(1) We say that R is power bounded if for every definable function f, there
exists a power function X and an M € R such that |f(z)| < A(z) for any
x> M.

(2) We say that R is exponential if it contains an exponential function.
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Remark. Every polynomially bounded structure is power bounded. However, the
converse isn’t true.

For example, we can start with the structure M = (R, +,-,1,0, <) and extend it
to My = (R,+,-,1,0,<,N,e”) where N = N. Let M> be an elementary expansion
of M; with a non-standard element ¢ such that ¢ € N™2. Now let M3 be the
restriction of My to the language (+,-,1,0, <,z¢). Clearly, M3 isn’t polynomially
bounded. We claim that Mj3 is power bounded.

By corollary 52, it’s enough to show that e® isn’t definable in Ms. Assume for
contradiction that e® is definable in Ms.

We can write a sentence v in the language (+, -, 1,0, <, N, e”) saying that

“there exists an element a such that a € N and ¢(x,a) defines e*”,

where ¢(z,y) is a formula in the language (+,-,1,0,<,2¥). We note that by
remark 38 we can say that a formula defines e* using the language of M.

The function z¥ is definable by using e”. By our assumption, Ms F ¢ = M; E .
This means that there exists an n € N such that e¢® is definable in (R,+,-,1,0,<
,&™). Since z" is definable in M, we got that e® is definable in M. But by Tarski’s
QE theorem, M is polynomially bounded which is a contradiction.

Lemma 41. If R is exponential then any elementary equivalent structure is expo-
nential as well.

Proof. Let M be elementary equivalent to R. Then M is o-minimal. In addition,
the exponential function E of R is unique and therefore O-definable. This means
that M defines E as well and in particular it’s exponential. ([l

We now introduce a useful way of obtaining power functions which appears in
Chris Miller’s paper.

1) o

Lemma 42. Let f be a definable function, ultimately non-zero, such that lim,_, o e

R~o. Then the function P(f): Rso — R>¢ defined by

: f(tx)
P(f)(t) =1 —
is a power function.

Remark. In order to shorten the notion, we’ll frequently write P f instead of P(f).

Proof. First we’ll show that the function P(f) is positive and defined for all t € R~.
The set:
f(tr)

A={te R>0|limr—>oom € Ruo}
is a definable subgroup of (Rsq, -, 1). Therefore, it’s either trivial or (Rsq,+,1). By
the condition of the lemma, 2 € A so A = R~q. In addition,
f(zst f(zst) f(xs
(o) o) TU) _ ppisy- P

= lim .

f(x) T flas) fla)

so Pf is a power function. ([

Pf(st) =limg— oo

We can think of P(f) as the “power part” of f. We’ll now prove one more lemma
regarding this function.
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Lemma 43. Let f be a definable function, ultimately non-zero, such that lim,_, o ff((%)) €

R~o. Then P(Pf/f)=1.

Proof. For every t € Ry,
P(PF/F)(E) = limgyo DL (@)

fxt)  Pf(x)

= Pf(t) -limwﬁoofif) =1

4.3. O-minimal Expansions of Real Closed Fields. We’ll prove some results
related to o-minimal expansions of real closed fields. The motivation for these
lemmas comes from the theory of valuations of Hardy fields. In addition, some of
the proofs are simply generalizations of the proofs in Maxwell Rosenlicht’s paper
[6] to arbitrary o-minimal expansions of real closed fields. In addition, some of the
proofs are similar to the ones in [10].

Lemma 44. Let a(x) and b(z) be definable functions from R to R such that
limg—ooa(x) = limg—0ob(x) = 00 and limg_ o0 % ¢ €R. Then 0 < limy o0 b/jz <1.

Proof. If limg oo 7 > 0 then Limy o0 & & = limy oo g and so0 limg oo ‘Z,;Z =1.

Let’s assume that lzmx_wog = 0. This means that lzmm_mog = oo which implies
that ultimately, (3) > 0. So ultimately,

b/ _ /b /
e 2a >0=ba-adb>0=0< // <1
a b /b

. Therefore, 0 < limg;_ o0 b,ﬁb <1. O

Lemma 45. Let a(z) and b(x) be definable functions from R to R such that
limgooa(x) € R and limy,—oob(xz) = co. Then limzﬁma’g =0.

Proof. Without loss of generality we can assume that lim,_..a # 0. Because
otherwise we can just look at a + 1. Therefore:

a—a—b a’b—&—b’a_a_’_@
b v N v
Which means that limxﬁooa’bﬁ, =0. O

Lemma 46. Let g : R — R be a definable function such that limm_mox g(z) = oc.
Then there exists a definable function v : R — R such that lzml_ﬂ><> € R>o and
liMy—ooth = OO .
Proof. We define
= liMg—y00g = 00
‘= g-x otherwise
. u is obviously deﬁnable In addition, lim; oo % € R and limy yoou = 00 . So by

lemma 44, limg o0 -z € R>¢. In addition, lzmxﬁoo — € Rxo. So together:

) u . u -z
limy oo — = liMy oo
g

u
- —— € R>o
g-x B
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Lemma 47. Let f : R — R be a definable function such that lim,_ f = 00 and
limx_mosz = oo. Then there exists a definable function h : R — R such that

h o~ L
x

Proof. Let’s define g =

R such that lim,_, o

. By lemma 46, there exists a definable function v : R —
R. We'll now show that:

<g. (9-u)/u’ ) .y

((g-u)/u)

First of all, lim;_,oou = oo and since wu is definable, it ultimately must be
strictly monotonic and so ultimately, u’ # 0. In addition, limxﬁoo u e R>¢ and

m \\*ﬂ

u’
g

liMmy 00t = 00 80 limy 00 23 = 0o which means that ultimately (g ") = 0. This
means that the expression above is well defined.
In addition,

’ ’

(o) = (o) =) (1)

so it’s enough to show that:

’

im0 ( (i) =0

. . . . . ’
. Since limy oot = 00, limy oo 23 = 0o and lzmm_mo"? € R>g, by lemma 44:

u'/u
(gu/u')'/(gu/u’)

9

uwy <

liMa oo ER=Ilims s

. So by lemma 45,

i) () =0

Now, let’s look at the function:

(g-w)/u"
I g wywy

. v is clearly definable and v/ ~ g = fT/ We now define: h = v o f~!. We note
that since f is definable, there’s an M € R such that f is monotonic and hence
invertible on {z € R : x > M} and we only need to define h on this subset of R

since we’re only concerned with it’s asymptotic properties. Finally:

RC i D SR L B

CPUY Y (Y e
O

4.4. The Definability of the Exponent. In this section we’ll provide a necessary
and sufficient condition for an o-minimal expansion of a real closed field to define
e*. Afterwards we’ll show that this property is equivalent to the field not being

power bounded.



26

Lemma 48. Assume that there exists a definable function f : R — R such that
ultimately f # 0 and limx_mofTa: = 00. Then there ezists a definable function

g: R — R such that lim;_,o0g = o0 and limx%oo%x = 00.

Proof. If lim,_, o f = oo then there’s nothing to prove.
In addition, there doesn’t exist a constant 0 # C' € R such that lim, . f = C.
Because otherwise, limxﬂoog € R and so by lemma 44,
! /
I'/f = limg;%oof—m €ER

1/x f

limg oo

which is a contradiction.
Finally, if lim,;_, oo f = 0, then we can take h = 1/f. Because then,

/ /
limm_woﬁx =liMg—soo — 5 - frx = —lim,;_>oo7x =0

f2

/

O

Theorem 49. Let R = (R,<,0,1,+,-,...) be an o-minimal ezpansion of a real
closed field. Then e® is definable in R iff there exists a definable function f : R — R
such that ultimately f # 0 and limw_mofo = 0.

Proof. First of all, if e* is definable then

(€)'

limxﬁoo—xx = liMy_yoo = 00
e

which proves the first direction.

Now, let’s assume that there exists a definable function f : R — R such that
limzﬁoof%m = 00. By lemma 48, with out loss of generality we can assume that
limgy_yoo [ = 00.

According to lemma 47, there exists a definable function g such that ¢’ ~ %

z°

Claim. For all t € R5o\{1}, limy_00(g(x - t) — g(x)) € R\{0}.

Proof. We'll prove the claim under the assumption that ¢ > 1. The case 0 <t < 1
is identical.

Let M € R be such that g is differentiable for all x > M. According to the
mean value theorem, for every x > M there exists an = < e(x) < zt such that

w =1x-¢'(e(x)). In addition:

limg—oor g (x) =1 = limg—oce(z) ¢ (e(x)) =1 = limzﬂme(x—x) (z-g'(e(x))) =1
. But

lima_oo(z - ¢’ (e(2))) < limz_ﬂxje(x—x) (x- g (e(x)) < limg oot - (z- g (e()))
80 limy— 00 (2 - g'(e(x))) is positive and therefore

limag o0 (9(wt) — g(x)) = (t = Dlima 00 (x - g'(€(2)))

is positive as well. ([l
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Now let’s define a function G : R — R by G(t) = limy—e0(g(x - t) — g(x)). Since
g is definable, G is definable as well. Furthermore, for all s, € R~q:

G(t) + G(s) = limg—oo(g(xt) — g(x)) + limy— o0 (g(xs) — g(x)) =

limag 00 (g(wst) — g(ws) + g(ws) — g(x)) = G(st)
So we’ve proved that for all z,y € R > 0, G(zy) = G(z) + G(y).
In addition, both the kernel and the image of G are definable subgroups of R so
G is a bijection. We’ll denote it’s inverse by F': R — R~¢. Clearly, F' is a non-zero
exponential function. By the remark 38, this implies that e” is definable in R. [

We’ll know show that the condition in theorem 49 is equivalent to the condition
that R isn’t power bounded. The following lemma was proved by Chris Miller [10].

Lemma 50. Assume that for every definable f in R, if ultimately f # 0 and
limmﬁoof?/x ¢ R* then lim,_of € R*. Then R is power bounded. Furthermore,
for every definable function f : R — R, if ultimately f # O then there exists an
element ¢ € R* and a power function A such that f ~ c- \.

Proof. Let f : R — R. If limy_ o f(z) € R then f is bounded by the power
function A(xz) = x. In addition, if lim;of = ¢ € R* then f ~ c¢* 1. And if

limg_ o f = 0 then it’s enough to find a power function A and an element ¢ € R*

such that % ~ ¢ - \. Because if \ is a power function then so is %
So we can assume that lim,_, . f = co.
First we’ll prove that lim,_ oo j;(éf)) € R*. Let g = j;((if)). By the conditions of

the lemma it’s enough to show that limwﬁw%’m = 0. But

g’x_x. 2f'(2x) f(x) — f'(z) f(22) - f(z) o f(2x) B f’(a:)

g () f(22) 20 " f(@)

and again by the conditions of the lemma, limx_mof?/x € R*. This means that

limmﬁm%’x =0.

By lemma 42, Pf is a power function. Furthermore, by lemma 43, P(Pf/f) = 1.
In order to show that f is power bounded, it’s enough to show that limxﬁooPTf S
R*. Therefore, it’s enough to show that for any definable function g, if Pg = 1
then lim, .09 € R*.

Claim. Let g be a definable function such that Pg = 1. Then, lim,_,..g € R*.

Proof. First of all,
o20) ()
1=z
g(x) g(x)
for some x < €(x) < 2z. By definable choice, € is a definable function from R to R.
Since Pg(2) =1,

g'(e(z))

limag oo - o) = limg—oo€(x) -

. In addition,

9(x) _ limy oo D) — 1 = limyyoo—2— =1

m Q(I) goe

limz— oo
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where we used the fact that ¢ is ultimately monotonic.
Together, we get
/ !

. g oe€ . g oe€ € g
1My —soo € =limy_oo T

hd =0
goe g T goe

which means that limx%w%’m = 0. So by the assumption of the lemma, lim,_, g €
R*. a

As we said above, from the claim it follows that that limw_woPTf € R*. There-
fore, there exists a ¢ € R* such that f ~c- Pf. O

Proposition 51. R is power bounded iff there doesn’t exist a definable function
f : R — R such that ultimately f # 0 and limw_mof%x = oo. In that case, for
every definable function f : R — R, if ultimately f # 0 then there exists an element
c € R* and a power function \ such that f ~c- .

Proof. For the first direction, let’s assume that R is power bounded. Let f : R — R
be a definable function such that ultimately f # 0 and limzHOOfT,x = oo. Further-
more, let A be a power function bounding f. By remark 38, there exists some
constant C' € R* such that ¢'(z)z = Cg(x). In addition, limw_moi € R and so by

lemma 44, limzﬁmgi—% € R. But,

!

q/g

(f'/fz 1 f

— - limy_ oo =2

(ga)/g C f

which means that limzﬁoof%x € R. So there doesn’t exist definable function f :

R — R such that ultimately f # 0 and limgcﬁoof%x = 0.
Now we’ll prove the other direction. By lemma 50, we have to show that if f is
a definable function and ultimately f # 0 then:

(1) limx_,oofT/o: =0=limy_yoof # 0
(2) limg oo drw = 0= limg oo f #0

Let’s assume for contradiction that lim, .. f = oo and limmﬁoof?/x = 0. Since f

is ultimately monotonic, we define ¢ = f~! on x > M for some M € R. On that
interval, ultimately g(z) # 0 and
limm_mog—/x =limg—oo a: = limg;_moM
g Frf= ) - f~ (=) x- f'(x)
which contradicts the assumption of the proposition. This proves 1.
To prove 2 it’s enough to note that if limz%mf%x =0and h = % then

/ ! !
lim;p%ooﬁx =liMg—oo — F cfrx= —limono?sc =0
. Therefore, 2 follows from 1.
Finally, since we showed that the conditions of lemma 50 hold in this case, for
every definable function f : R — R, if ultimately f # 0 then there exists an element
c € R* and a power function A such that f ~c- A. O

By the previous proposition, the following corollary is immediate.
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Corollary 52. Let R = (R,<,0,1,4,-,...) be an o-minimal expansion of a real
closed field. Then e* is definable in R iff R isn’t power bounded. If R is power
bounded then for every definable function f : R — R, if ultimately f # 0 then there
ezists an element ¢ € R* and a power function \ such that f ~ c- \.

4.5. Uniform Bounds in Power Bounded Structures. By lemma 41, the de-
finability of the exponent is preserved under elementary extensions. We can use this
result to obtain uniform bounds on the property in theorem 49. We’ll then use the
uniform bounds to prove some interesting properties of power bounded structures.

Lemma 53. Assume that R is power bounded. Then any structure elementarily
equivalent to R is power bounded.

Proof. Let R be elementarily equivalent to R. First we note that R’ is an o-minimal
expansion of a real closed field. In addition, by corollary 52, e” is not definable in
R. So by lemma 41, €* is not definable in R’. But again by corollary 52 this means
that R’ is power bounded. O

Lemma 54. Let R be power bounded, A C R™ and f(x,y) : Rx A — R a definable
family of functions in R such that for all a € A, ultimately f(x,a) # 0 . Then there

exists some M € R such that for all a € A, lim,_, oo J;c/(gff))x < M.
Proof. Let’s assume for contradiction that for every M € R there exists a a € A
such that limg, o0 J;((j’;))x > M. Then by compactness, there exists an elementary

extension R < R’ and an element § € R such that lim,_ o ];((;’g))x = co. By

lemma 53, R’ is also power bounded and this is a contradiction to proposition
51. (Il

The following proposition was also proved by Chris Miller [10]. We provide an
alternative proof here using lemma 54.

Proposition 55. Let R power bounded, A C R™ and let f(x,5) : Rx A— R be a
definable family of functions in R such that for all a € A, ultimately f(x,a) #0 .
Then there exists a finite set of power functions A1, ..., A\, and a definable function
c¢: A— R* such that for alla € A, f(x,a) ~ c(a) - \; for some 1 <i<n.

Proof. By lemma 51, there exists a function ¢ : A — R* and a set of power functions
{Azla € A} such that for all a € A, f(x,a) = c(a) - A\a(x). Since lim,; o0 f/(?a)x =
AL(1), the function @ — A, (1) and the set B = {\.(1)|a € A} are definable. This
means that the function c is definable as well because f'(1,a) = c(a) - A\;(1).

In the argument below we’ll use some of the properties mentioned in the first
part of remark 38.

We have to prove that B is finite. This will imply that {A\z|a € A} is finite as
well. Let’s assume for contradiction that B is infinite.

Since B is infinite, it contains an interval I C R. By dividing f by some \; we
can assume that 0 € B. Therefore, there exists some € € R such that (0,e) C B.
Let @ € A such that \,(1) € (0,¢). Then ) is strictly increasing and A\;*' is a
power function with
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. This means that be taking the inverse of all of the non-constant functions defined
by f, we can assume that (%, 00) C B. But this is a contradiction to lemma 54

because for all @ € A. limy_,o ’;((;’s))x = AL(1). O

We can use the previous proposition to obtain a nice result about the definability
of power functions in a power bounded structure which was also proved by Chris
Miller in [10].

Proposition 56. Let R be power bounded. Then all of the power functions are
0-definable.

Proof. Let )\ be a power function.
By lemma 39, X is the unique solution to the differential equation

z-y =y'(l)y

Therefore, it’s enough to show that \'(1) is O-definable. Let A be defined by the
formula ¢(x,y,a) where @ is a tuple of constants in R. We now look at the family
of functions f(z, z) defined by ¢(z,y, Z). By proposition 55, there exists a finite set
B C R such that X'(1) € B. But since R has order this means that A'(1) is zero
definable. |

5. DIMENSION AND T.T.T STRUCTURES

5.1. Introduction. In this section we’ll generalize the notion of an o-minimal
structure to that of a first order topological structure. How ever, in order to con-
nect the topology to the structure we’ll add some simple topological and model
theoretic assumptions which will lead us to the definition of a topologically totally
transcendental structure. Even this restricted setting is still a good generalization
of the o-minimal one because as shown by Pillay [5], when the topology is the order
topology, then connected one-dimensional t.t.t structures turn out to be o-minimal.

This leads us to the question of the exact relationship between one dimensional
t.t.t structures and o-minimal structures. Very little is known to this extent, and
currently there aren’t examples of one dimensional t.t.t structures which aren’t o-
minimal. We’ll approach the question here by analyzing two different notions of
dimension on t.t.t structures and proving their equivalence. The tools developed
throughout the proof will allow us to obtain some basic information about definable
sets in such structures.

Definition 57. Let M be a two sorted L structure with sorts M; and M, and
let ¢(x,y1,...,y,) be an L formula such that {¢M(z,a)|la € M} is a basis for
a topology on M;. Then the pair (M, ¢) will be called a first order topological
structure. When we talk about the topology of M; we mean the one generated by
the basis described above.

Remark. In Pillay’s paper, first order topological structures were defined on a one-
sorted structure where each element can be both a parameter for a basis set, and
a point in the topological space. However, in practice this double meaning isn’t
needed, so we’re using the two sorted definition both for clarity and in order to
slightly strengthen some of the theorems.
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In addition, we consider to following condition on a first order topological struc-
ture M:

(A) Every definable set X C M; is a boolean combination of definable open
subsets.

In this section we assume that M; is Hausdorff and (M, ¢) is a first order topo-
logical structure satisfying (A).

The following topological result is also helpful in this context.

Lemma 58. Let V be a topological space, and W C V a non-empty subset. Let
A C V be a boolean combination of open subsets of V and let B = V\A. Then
either W N A or W N B has an interior with respect to the induced topology on W.

The proof of the lemma is purely topological so I won’t provide it here. It can
be done relatively easily by showing that the sets A C V with the desired property
contain the open sets and are closed under boolean operations.

Definition 59. Let M be a first order topological structure satisfying (A) and
X C M; be a closed definable subset of M;. The ordinal valued Dy, (X) is defined
by:
(1) If X # 0 then Dy (X) > 0.
(2) If 6 is a limit ordinal and Dy (X) > « for all @ < ¢ then Dy (X) > 6.
(3) If there’s a closed definable Y C M, such that Y C X, Y has no interior in
X and Dy (Y) > a then Dy (X) > o+ 1.

Remark. We'll write Dp(X) = o if Dp(X) > o and Dy (X) # o+ 1. We'll write
Dy (X) =00 if Dpy(X) > o for all .

Definition 60. We say that M has dimension if Dy (X) # oo for all closed
definable subsets X C M;.

In addition, we define the number of connected components for definable subsets
of our topology:

Definition 61. Let X C M; be definable. Then dy;(X) is the maximum d < w
such that there are disjoint definable clopen Xi,...,X; C X with X = Ul X, ,
and oo if no such d exists.

And now for the main definition:

Definition 62. We say that M is topologically totally transcendental (t.t.t) if M is
a first order topological structure satisfying (A) with dimension such that for every
definable X C My, da(X) < co. We say that a theory T is t.t.t is every model of
T is t.t.t.

The following lemma was proved by Pillay [5] and plays a key role in most of
the proofs in this paper.

Lemma 63. Let M be a 1-dimensional t.t.t structure. Then:
(1) For any closed and definable X C M, D(X) =0 iff X is finite.
(2) The set of isolated points of M, is finite.
(3) For any definable X C M, there are pairwise disjoint definably connected
definable open subsets X1,..., X, C M; and a finite set Y C My such that
X =(Ur,X,)uY.
(4) For any definable X C My, the set of boundary points of X is finite.
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Remark. One consequence of part 3 of lemma 63 which will be used many times
below is that if A C M, is definable then the statement “A is infinite” is expressible
in first order logic as it’s equivalent to the statement “A has no interior”.

5.2. Stability and Prime Models. Before defining the dimension in t.t.t struc-
tures, I’d like to present two model theoretic properties of these structures which
were also proved by Pillay [5].

Proposition 64. Let T be a t.t.t theory. Then over any set A there’s a prime
model.

Proof. The idea of the proof is that given a definable set S, we can use the finiteness
of the dimension and the number of connected components to find a definable subset
X C S such that there are no definable proper subsets of X. This will show that
the isolated 1-types over A are dense.

Let ¢(x) be a formula with parameters from A. We choose another formula ) (x)
with parameters in A such that F ¢(z) — ¢(z), first minimizing the dimension of
the closure of ¢ and then minimizing the number of connected components of
Mt We note that both the dimension and the number of connected components
are the same for all models of T

In order to show that 1 isolates a complete type, we’ll show that for any model
M E T containing A, if X = )™ then there doesn’t exist a definable set Y C M;
such that ¥ ¢ X.

Let Y C X be a definable subset. By the choice of 1), D(Y) = D(X) and Y isn’t
clopen. This means that Y has a non-empty boundary. Let Z be the boundary of
Y. By lemma 58, Z has an empty interior. Because if intZ # ), then both intZNY
and intZ\Y have an empty interior which is a contradiction to lemma 58.

This means that D(Z) < D(X) which is a contradiction to the choice of 4. This
proves that 1 isolates a 1-type. O

The next proposition is true about topological models in general.

Proposition 65. Let (M, ¢) be a first order topological structure whose topology is
Ty and not discrete. Then Th(M) has the strict order property and in particular it
isn’t stable.

Proof. We use the fact that the topology is 77 and not discrete in order to construct
an infinitely decreasing sequence of definable open sets. This will prove the strict
order property.

Let a € M,; be a non-isolated point. Let b € M, be some point such that
M E ¢(a,b). Since a isn’t isolated, there exists a point a; € M; such that M =
#(ay,b). By the Ty property and that fact that the sets definable by ¢ form a basis,
there exists some b; € M, such that M E ¢(a,b) and ¢M (x,by) C ¢™(z,b) but
M E —¢(ay,by). Continuing in this fashion, we can find a sequence (b;)$2; in M,
such that M F 3z(=¢(z,b;) A ¢p(x,b;)) =i < j. O

5.3. Defining Dimension in t.t.t Structures.

Definition 66. (exchange) Let M be a first order structure. We say that M has
the exchange property if for every a,b € M and aset A C M, if b € acl(AUa) and
b ¢ acl(A) then a € acl(AUD).

The following theorem was proved by Pillay[5]:
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Theorem 67. Let M be a t.t.t structure. Then M; has the exchange property.

In the next section we’ll obtain this theorem as a corollary of a more general
topological result.

We'll now introduce some constructs used in our first definition of dimension and
prove their elementary properties. For this part we’ll leave the t.t.t setting and will
only need to assume that our structure has the exchange property.

Definition 68. (rank) Let M be a model and A C M.

(1) For any tuple a € M™, rk(a/A) is the least cardinality of a subtuple @’ of
a such that a € acl(a’/A).
(2) for any type p(Z) € Sp(A), rk(p/A) = rk(a/A) for any a € M™ realizing p.

Remark. 1t’s easy to see that the second part of the definition doesn’t depend on
the choice of the element which realizes p.

Lemma 69. Let M be a model with the exchange property, A C M, and {ay,...,an} C
M an algebraically independent set over A. In addition, let b € M have the property
that b ¢ acl({a1,...,an}/A). Then {a1,...,an,b} is an algebraically independent
set over A.

Proof. Suppose for contradiction that {ay,...,a,,b} is not algebraically indepen-
dent over A. Then there’s some 1 < ¢ < n such that

a; € acl({ay ..., d;, ... an,b}/A)

. By the assumption, a; ¢ acl({ay...,d;,...,a,}/A) . But since M has the ex-
change property, this means that b € acl({a1 ..., a;,...,a,}/A) which is a contra-
diction. (]

Lemma 70. Let M be a model with the exchange property. Then for any a =
(a1,...,an) € M™ and A C M, rk(a/A) is the cardinality of any mazimal alge-
braically independent over A subtuple of a.

Proof. Let {b1,...,bx} C {a1,...,a,} be a subset of least cardinality such that
a € acl({b1,...,bx}/A). By definition 2, rk(a/A) = k. {b1,...,by} is obviously a
maximal algebraically independent subset of {a1,...,a,} over A.

Let {c1,...,em} C {a1,...,a,} be a maximal algebraically independent subset
of {ai,...,an} over A. We’ll now show that k = m.

Let’s assume for contradiction that m > k. We’ll use induction to show that for
every 0 < i < k, there exists a subset {d; ...dy} of {a1,...,a,} such that:

(1) a€acl({d1,...,dx}/A)
(2) {dl,...,di} - {01,...,cm}

(3) {di+17 L. ,dk} C {bl, ce ,bk}
(4) {di,...,d;} is algebraically independent over A

For 7 = 0 there’s nothing to show.

Let’s assume that the claim is true for i. Let {d;...dx} be the set guaran-
teed by the inductive hypothesis. Since {c1,...,¢cn} is algebraically independent
over A, there exists some 1 < j < m be such that ¢; ¢ {d,...d;}. Since a €
acl({d1,...,di}/A), there exists some 1 < [ < k such that ¢; € acl(ds,...,d;/A).
With out loss of generality [ is the smallest number with this property so ¢; ¢
acl(dl, N ,dl_l/A).
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By the exchange property,
dl S acl({dl, ey dl—l; CJ}/A)

. In addition, {ci,...,cn} is algebraically independent over A so !l > i. By lemma
69, {d1,...,d;,c;} is algebraically independent over A. Let {d},...,d}} be the set
obtained by taking {di,...,dr} and replacing d; with ¢; and switching between ¢;
and d; ;1. It’s easy to see that {d},...,d} } has the desired properties. This finishes
the induction.

Now, by the k-th step of the induction, there exists a subset {c},...,c,} C
{c1,...cm} such that a € acl({c},...,c,}/A). This is a contradiction to the fact
that {c1,...,¢n} is algebraically independent over A. O

The following is an easy consequence of the previous lemma but is easier to use
in practice.

Lemma 71. Let M be a model with the exchange property. Let a = (a1,...,a,) €
M™, @' a subtuple of a and A C M. If @' is algebraically independent over A and
a € acl(a’'/A) then the cardinality of @' is rk(a/A).

Proof. Since a € acl(@’/A), @ is maximal algebraically independent over A and so
by lemma 70, the cardinality of @’ is rk(a/A). O

From now on we will assume that M is a model with the exchange property. In
addition, we will assume that M is sufficiently saturated so that the dimension of
a type doesn’t depend on the specific model we’re using.

Lemma 72. Let A,B C M and a € M*,b € M*. Then:
(1) If A C B then rk(a/A) > rk(a/B).
(2) rk(a’b/A) =rk(a/AUb) + rk(b/A).
(3) rk(a/AUb) =rk(a/A) <= rk(b/AUa) = rk(b/A).
(4) If p € S, (A) and A C B then there exists a type q € S, (B) such that p C q
and rk(q/B) = rk(p/A).

Proof. We’ll prove each part separately.

(1) This follows directly from the definition of rk.

(2) We'll prove this by induction on ¢. If ¢ = 0 then there’s nothing to show.
Let’s assume that the claim is true for ¢. In order to prove the inductive
step we’ll first show the following claim:

Claim. Let a and A be as above and b € M. If b ¢ acl(A) then rk(a"b/A) =
rk(a/AUDb) + 1.

Proof. Let’s assume that rk(a"b) = k. According to lemma 71, without
loss of generality we can assume that there exist 1 < dy,...,i5_1 < s such
that (ai,,...,a; _,,b) is a subtuple of a"b which is algebraically indepen-
dent over A such that @b € acl((a;,,...,a;_,,b)/A). This means that
(@iy,--.,a4,_,) is algebraically independent over A and

a € acl((aiy,y ..., 0 ) AUD)
. So by lemma 71, rk(a/AUb) = k — 1. O
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Now, assuming the claim:

Tk(&ABt/A) = ’/‘k(&AEt_lAbt/A) = Tk'(&ABt_l/A @] bt) +1=

rk(a/AUb; Ubs_1) +1k(bi—1/AUb) + 1 =rk(a/AUb) +rk(b/A)

where we used the claim in the second and forth equalities and the inductive
hypothesis for the third.

This follows immediately from 2.

By 1, it’s enough to find some ¢ € S,,(B) such that p C ¢ and rk(q/B) >
rk(p/A). Let’s assume that rk(p/A) = k. Then by lemma 70, there exists
a tuple ¢ = (cq,...,c,) € M™ satisfying p and a subtuple a = (aq,...,a)
that’s independent over A. It’s enough to find a tuple (by,...,bx) that is
independent over B such that

tp((a1,...,ar)/A) =tp((b1,...,bx)/A)

By induction on i, we prove that for every 0 < i < k there exists a
tuple (b1,...,b;) that is independent over B such that tp((aq,...,a;)/A) =
tp((br, -, b:)/A).

If ¢ = 0 then there’s nothing to show.

Let’s assume the claim is true for ¢ and that (by,...,b;) is the tuple with
the required properties. We now define a set of formulas T'; C Lpug,,...o}
as the set of formulas in Lpyys,,... 5, With one free variable that define a
finite subset of M. In addition, we define:

;= {~¢(z)|p(x) € T;}

and:

U = {1, ..., b5, )Y (y1,- -y x) € tp((ay, ..., ai41)/A)}

We’ll now show that I'; U ¥, is consistent. Let

wl(ylw"vyhx),"'awl(ylv"'ayiax) etp((a’17"~7ai+1)/A)
and vy (z),...,ym(x) € T';. First of all,

1Yty Y @) A AU (Y1, - Y, 2) € Ep((a, ..., ai41)/A)

. In addition, since a;1 ¢ acl({a1,...,a;}/A), there exist an infinite num-
ber of elements ¢ € M such that M = 1 (aq,...,a;, )N AY(aq, ..., a;c).
By the inductive hypothesis, this means that there exist an infinite number
of elements ¢ € M such that

M ): ¢1(b17"'7bi70) A "'/\wl(bla"'abiac)
. By the definition of I';, there are only a finite number of elements that
don’t satisfy v (z) V..., Vvy(x). This means that there exists an element
satisfying
{7/11([717 ceey bivx)a cee 71/)l(b17 sy bivx)avl(x), oo ,Wm(w)}
. This shows that I'; U ¥, is consistent.
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Let b;11 be an element satisfying I'; U ¥,. By the definition of T,
bit1 ¢ acl((b1,...,b;)/B). So by lemma 69, (b1,...,b;y1) is algebraically
independent over B. In addition, by the definition of ¥;,

tp((ar, ..., ai41)/A) = tp((by, ..., biy1)/A)
. This completes the induction.
O

We are now ready to define our first concept of dimension for a structure with
the exchange property.

Definition 73. Let M be a structure with the exchange property, X C M"™ a
definable subset and A C M. Then we define:

rk(X) = mazpes, a){rk(p/A)|p is realized in X}

Remark. Note that under our assumption that M is sufficiently saturated, by part
4 of lemma 72, rk(X) doesn’t depend on the choice of A.

Let X C M™ be definable, A C M and a € X. Then a will be called a generic
point of X over A if rk(a/A) = rk(X).

We’ll now give our second definition of dimension. In this definition we need to
assume that M has some definable topology. For the purposes of this paper we’ll
assume that M is a t.t.t structure.

Furthermore, given a set X C M™ and indices 1 < iy < -+ < <mn, w4, (X)
is the projection of X onto the coordinates i1, ..., ig.

Definition 74. Let M be a t.t.t structure and X C M;* be a definable subset. We
define the topological dimension of X as:

dzm(X) = maxlgkgn{ﬂl < <---<ip<nst int(ml,wik (X)) 75 (Z)}

5.4. The Equivalence of the Dimensions. In this section we’ll prove that for
any w-saturated t.t.t structure, the two definitions of dimension we gave above
agree on all definable sets. In this section, M will denote a t.t.t structure.

Lemma 75. Let ¢(x,y) be a formula in M and X = ¢Mt. In addition, let U C M,
be a definable open set such that for allu € U, |[{y € M; : (u,y) € X}| > Rg. Then,
for every k € N there exists a y € My such that [{zx € U : (z,y) € X}| > k.

Proof. We’'ll generalize some of the ideas in Pillay’s proof of the exchange property
in [5]. Let’s assume for contradiction that there exists a k& € N such that for all
y € M, {x € U: (z,y) € X}| <k. Forall u e U we'll define X,, = {y € M :
(u,y) € My}. U and X are definable and therefore X, is definable as well. In
addition, we know that for all u € U, |X,| > Rg. So according to lemma 63, X,
contains an open set. We now define another set:

Xo={ce M, :ce X,\int(X,) for someu € U}

First we’ll assume that X is finite and reach a contradiction. Since |[{u € U :
(u,y) € X}| <k for all y € M;, we have the following:

(*) for only a finite number of u € U there exists a ¢ € X such that (u,c) € X.
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Let’s define N = (Uyey Xy )\Xo and for all w € U, Z, = X, NN = X\ Xy. By
(*), there’re an infinite number of u € U such that Z, # 0. We’ll now show that
for each uw € U, Z, is clopen in N. First of all, Z, is open in M, and therefore it’s
also open in N. In addition, N is open so if ¢ is a boundary point of Z,, in N then
it’s a boundary point of Z, and therefore also a boundary point of X,,. But that
means that ¢ € Xy which is a contradiction to the definition of V.

Now, by our assumption for contradiction, for any distinct uy,...,uxy1 € U,

(%) M Zu, =0

We now show that for any n € N, we can find n clopen definable disjoint sets
Vi,...,V, where each V; is of the form Z,, N...,NZ,, for some uy,...,um € U.
Let U = {u € U: Z, # 0}. As we mentioned above, U is infinite. For n = 1,
We can define V; = Z,, for any u € U. Let’s assume that we’ve already found sets
Vi,...,V, with the properties mentioned above. We choose some u; € U that isn’t
used in the definition of any of the V;. We define V,!,; = Z,,. We now construct
a sequence V)i, , 1 < i < k, inductively. We already have V,! ;. Let’s say that

we've defined V;', . If there exists some u;41 € U such that Vi 1N Zy,, then we
define V'f} = Vi, N Z,,,,. Otherwise, we define V7] = V!, ;. We now define
Vi1 = Vfﬂ. According to (**), the sequence Vi,...,V,+1 now has the required

properties. But this is a contradiction to the fact that d(N) € N.

Now we assume that Xg is infinite. Let Wy be the interior of Xy. For each
u € U, let W, = intX,. We'll now inductively find a sequence wuy,ug, -+ € U such
that for all n € N,

WonN Wy, N---NW,, #0

For n = 0 there’s nothing to show. Let’s assume that we’ve found some
Ui, ...,uy, € U with the desired property. We choose some c € Wy N ---NW,, .
Since ¢ € Xy, there exists some u € U\{u1,...,u,} such that ¢ is a boundary

point of X,,. But X, has a finite number of boundary points and so by the Haus-
dorffness of M;, every neighborhood of ¢ contains points in the interior of X,.
Specifically, (Wo N --- N W, )N W, # 0 so we can set u,+; = u. Now we choose
some y € WoN---NW,,_ . This means that (y,u;) € X for all 1 <4 < k+1 which
is a contradiction to our assumption on X. (I

Proposition 76. Suppose that M is w-saturated. Let ¢(x,y) be a formula in M,
X = ¢Mt and U C My an open definable subset such that |{y € M; : (u,y) € X}| >
No for allu € U. Then X N (U x M) has a non-empty interior.

Proof. Let a(x) be the formula in M defining U.
Claim. There exists a y € M, such that |(M; x {y}) N X N (U x M;)| > No.

Proof. Let n < w. According to lemma 75 there exists some ¢ € M; such that
(M x {y}) N X| > n. So if we define

Un(y) = w1 e ((/\ @0 # 25) A (\(alzi) A dli,9)))
i#j i
then M E v,[c]. Since M is w-saturated, there exists some d € M; such that
M E ,[d] for all n < w. Therefore, |(M; x {d}) N X N (U x M;)| > Xy which
completes the claim. (I
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Claim. There exists an open definable set V' C U and an infinite number of elements
y € M, such that for all v € V, (v,y) € X.

Proof. By the definition of a t.t.t, there exists some formula S(x,y,...,yx) such
that {8M¢(z,a)la € M}} is a basis for the topology on M. We first show that for
every n < w:

(***) there exists a b, € M} and c1,...,c, € M, such that if B, = 3¢[b,] then
B, CcU and (u,¢;) € X forall u € B, and all 1 < i < n.

According to the first claim there exists a ¢; € My such that the definable set
(My x{c1})NX N (U x M) is infinite. Therefore, its projection onto U is infinite so
there’s some by € M} such that B; = *¢[b;] C U is contained in the projection.
This means that (u,c;) € X for all uw € By . This shows that (***) is true for n = 1.

Now let’s assume that (***) is true for n € N. The set

X ={(z,y) e X :V1<i<ny#c)

and the open definable set B, fulfill the conditions of the prior claim (where X is
instead of X and B, is instead of U). This means that we can find an element
Cn+1 € M, such that

[(M; x {cni1}) N X N (B, x My)| >Ry

So exactly like in the case of n = 1, there exists some b, € le such that
Bpi1 = BM[byi1] C By, and (u,c,q1) € X C X for all u € B,,y1. Also, by the
definition of X, Cnt1 7 ¢ for all 1 <4 < n. Finally, since B, 11 C By, (u,¢;) € X
for all u € By41 and all 1 <7 <n+1. So we showed that (***) holds for all n < w.

Therefore, if we define the formula:

(@) = 3er . 3ea(( N e # ¢5) A (VulBu, @) = ((/\ d(u, ) A alw))))
i#j i

then for each n < w there exists a b € M} such that M F ~,[b]. But M is

w-saturated so there’s some b € M} such that M F v,[b] for all n < w, i.e, if

B = gM:[b] then B C U and the set C = {y € M, : Vu € B, (u,y) € X} is infinite.

This finishes the proof of the claim. O

Now, let B and C be the sets defined in the end of the proof of the second
claim. Let Cj be the (non empty) interior of C. Then by the definition of C,
BxCy C XN(U x M) is open and which completes the proof of the proposition. O

Lemma 77. Suppose M is w-saturated. Let X C M{”rl be a definable subset such
that U = 71, n(X) is a basis set in the product topology on M. If for all T € U,
|{z} x M) N X| = o0, then X has a non-empty interior.

Proof. We’ll use induction on n.

For n = 1, this lemma follows proposition 76.

Let’s assume that the claim is true for n — 1. We define A = my (X)) and
B = 7T2,...,n+1(X)-

By proposition 76, for every ,a € A the set (M; x {@} x M;)N X has a non-empty
interior. In particular, this means that |({a} x M;) N B| = co. Now, we define the
set:

C={(g,z)eB:ge A, z€ My |(M; x{(g,2)}) N X| = o0}
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Claim. There exists a basis set U C w1, ,(X) and basis set V' C A such that
HzeM;: Ux{z} Cc (M xV x{z})NX} =00

Proof. By what we just showed, it follows that for every a € A,
|{a} x M) NC| =00

By the inductive hypothesis, there exists a basis set V; € A and a z; € M,
such that V; x {z;} C C. By the definition of C' and the inductive hypothesis,
(M, x V; x {2}) N X has a non-empty interior. Therefore, there exists a basis set
Uy C 71, n(X) such that Uy x {z1} C (M; x Vi % {z1})N X.

In addition, let’s define Vi =y, ,(U1) C A. Together, we found a pair of basis
sets Uy C 71, o(X) and Vi C 72, (U1) such that

U1 X {Zl} C (Mt X Vl X {l‘l}) nx

Now, lets look at the sets
Xo = [(Ur x My) N X|\[M; x Vi x {z1}]

and Ay = m_ ,(X2). Since we only removed a finite number of elements from each
fiber of X, X5 has the properties required by the proposition. This means that we
can repeat the above process again and obtain a basis set Uy C 71, (X2) = Uy, a
basis set Vo C ma .. »n(Uz) C A2 C V7 and an element xo € M, such that
Us x {.Z'Q} C (Mt X Vo X {332}) NnX
. Furthermore, since Uy C U; and V5 C Vi, we also have Us X {21} C (M x Va2 X
{z1}) N X. Therefore:
Hz e My: Uy x{z}Cc (M xVax{z})NnX} >2

By continuing this process n times, we can find a pair of basis sets U,, C w1, (X)
and V,, C ma,. »(U,) C A such that:

HxeM;: U, x{z}C (M xV, x{z})NnX} >n
Since M is w-saturated and basis sets are definable with a tuple of constants
from M,, there exists a pair of basis sets U C 1, (X)) and V C m,. ,(U) C A
such that:

HreM;: Ux{z} C (M xV x{z})NX} =00
O

Let U and V be the basis sets given by the claim. Since M is t.t.t, there exists
a basis set W C M such that for all w € W, U x {w} € (M x V x {w}) N X}.
Therefore, U x W C X which finishes the induction and proves the lemma. O

Before proceeding to prove the the theorem about the equivalence of the dimen-
sions, we use lemma 77 to obtain an interesting corollary.

Corollary 78. Suppose M is w-saturated. Let X C M* and Y C X be definable
sets. If X has an interior in M]* and Y does not, then X\Y has an interior in
M.
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Proof. We use induction on n.

For n = 1, the lemma follows directly from the fact that M is a t.t.t structure.

Let’s assume the claim is true for n. Let X C M;"™' be a definable set with
an interior and Y C X be a definable set with no interior. In addition, we define
X = m,..n(X), Y = m,.a2Y) C X and aset Z CY:

Z=A{geY: |({y} xM)NY|=o00}

. Since X has an interior, without loss of generality we can assume that for every
7 € X, |({Z} x M) N X| = oo. Furthermore, by lemma 77, Z has no interior. So

by the inductive hypothesis, U = X\Z has an interior.
Let w € U. Since |({u} x M) N X| =00 and |({a} x M) NY| < oo,

[({a} x My) N (X\Y)| = o0

. So by lemma 77, X\Y has an interior in M.
This completes the induction and the corollary. O

We can use the corollary to prove a proposition about dense definable sets in
M.

Proposition 79. Suppose M is w-saturated. Let X C M be a dense definable
set. Then int(X) C M is dense as well.

Proof. Let a € M be a point and a € U C M; a basis set including a. Since X is
dense, U\ X has an empty interior and so by corollary 78, U N X has an interior.
Therefore, there exists an element b € int(X) such that b € U. This finishes the
proof. a

Proposition 80. Suppose M is w-saturated. Let X C M;" be definable over A,
0<k<n,1<i;<---<ip<nanda€ X such that (a;,,...,a;, ) is algebraically
independent over A. Then m;, . ;. (X) has an interior.

Proof. We use induction on n.

If n =1, then since a;, ¢ acl(A), X is infinite and thus has an interior.

Let’s assume the claim holds for n.

First we assume that iy, < n+ 1. In this case, the claim follows directly from the
inductive hypothesis.

Now let’s assume that i = n+ 1. We define Y = m;,, _;, np1(X) , Z =
Ty yeisin—1 (X) = Mig,eyip_1 (Y) and:

C=1{zeZ:|({z} x M,)NY|= o0}

. Since (ai,,...,a;, ) is algebraically independent over A, (a;,,...,a; _,) € C. So
by the inductive hypothesis, C' has a non-empty interior and by lemma 77, Y has
an interior.

This completes the induction and the proposition. (Il

Proposition 81. Suppose M is w-saturated. Let X C M]* be definable over A and
0<k<nandl<i <---<ix <n such that m;, ;. (X) has an interior. Then
there exists a tuple a € X such that (ai,,...,a;, ) is algebraically independent over

A.

Proof. We use induction on n.
Let n =1 and X C M, a subset definable over A. For k = 0 there’s nothing to
show.
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If £k =1 then X is infinite so by compactness there exists an element x € X such
that © ¢ acl(A). Therefore, we can take a;, = x.

Let’s assume the claim is true for n. Let X C Mt be definable over A and
0 <k <n+1 such that dim(X) =k and 7;, .. ; (X) has an interior.

First we assume that i, < n 4+ 1.

Let’s define Y = 7y, ,(X). According to the assumption, m;, . ; (Y) has an
interior. So by the inductive hypothesis, there exists a tuple § € Y such that
(Yiys---,Yi,) is algebraically independent over A. Since § € Y, there exists a
x € M; such that a"z € X.

Now let’s assume that i, = n + 1.

Let’s define Y = m;, . i, 1 m+1(X). According to the assumption, ¥ has a non-
empty interior. This means that there exist basis sets U C m;,, ;. ,(X) and
V € My such that U x V C Y. According to the inductive hypothesis, there exists
a tuple & = (u1,...,ur) € U such that (ug,...,ux) is algebraically independent
over A. In addition, since V is infinite, we can find an element v € V such that
v & acl(a/A). By lemma 69, @"v € A is algebraically independent over A.

This finishes the induction and proves the proposition. ([

Theorem 82. Suppose M isw-saturated. Let X C M} be definable. Then rk(X) =
dim(X).

Proof. Let’s assume that X is definable over A.

We first prove that rk(X) < dim(X).

Let 0 < k < n such that rk(X) = k. By the definition of rk(X), there exists
a tuple @ € X and indices 1 < 43 < -+ < 4 < n such that (a;,,...,a;,) is
algebraically independent over A. Then by proposition 80, m;, . ;. (X) has an
interior and by the definition of dim(X), dim(X) > k.

We now prove that rk(X) > dim(X).

Let 0 < k < n such that dim(X) = k. By the definition of dim(X), there exist
indices 1 <4y < --- < i < n such that m;, _; (X) has an interior. Therefore, by

ik

ik

proposition 81, there exists a tuple @ € X such that (a;,,...,a;,) is algebraically
independent over A. So by the definition of rk(X), rk(X) > k.
So together, we proved that rk(X) = dim(X). O

5.5. Connected Components in w-Saturated 1-Dimensional t.t.t Struc-
tures. In this section we’ll focus on the connected components of a 1-dimensional
w-saturated t.t.t structure. First we show that the number of connected compo-
nents is uniformly bounded over a definable family. This is used to prove that
1-dimensional w-saturated t.t.t structures are preserved under elementary equiva-
lence.

Our main result in this section is that for any 1-dimensional w-saturated t.t.t
structure, if removing any point divides the space into more that one connected
component, then there exists a finite set X C M; such that each connected compo-
nent of M;\ X is o-minimal. In order to prove this, we first obtain some intermediate
results such as the fact that the equivalence relation specifying if y and z are in
the same connected component of M;\{z} is a definable relation in M?. We also
introduce a notion of “local flatness” which is used as a stepping stone between t.t.t
structures and o-minimality.
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In this section we’re assuming that M; has no isolated points. This doesn’t pose
a problem because M; has at most a finite number of isolated points so we can
remove them without affecting any of our results.

Lemma 83. Let (M, ¢) be a 1-dimensional w-saturated t.t.t structure. Then there
exists a K € N such that for all b € My, |bd(¢™:(b)| < K.

Proof. By lemma 63, for each b € M,, |bd(¢™*(b)] is finite. The lemma then follows
from the fact that M is w-saturated. 0

Lemma 84. Let (M,¢) be a definably connected 1-dimensional w-saturated t.t.t
structure, K be the constant from the previous lemma, and X C M; a definable
subset such that bd(X) =n. Then dpy(X) <n-K.

Proof. Let N = dp(X) and let {Y7,...,Yn} be pairwise disjoint clopen (in X)
subsets of X such that X = UY ,Y;. In addition, we denote the elements of bd(X)
by bd(X) = {a1,...,an}.
By the Hausdorffness of M;, we can find basis sets {Uy,...,U,} such that for all
1<i<n:
(1) a; € U;
(2) Forall1 <j < N,ifY; # {a;} then Y;\U; # 0.

Claim. FOE all 1 <j < N,ifY;isn't a point then there exists an 1 < ¢ < n such
that a;, € Y; and bd(U;) NY; # 0.

Proof. Let 1 < j < N be chosen such that Y; isn’t a point. Without loss of
generality, ¥; # X because otherwise X would be connected and the lemma would
be trivial. Since M, is definably connected, bd(Y;) # (. But Y; is clopen in X so
bd(Y;) C bd(X). Therefore, there exists some 1 < i < n such that a; € Y;.

We’ll now see that bd(U;) N'Y; # 0.

Assume for contradiction that bd(U;) N'Y; = 0. Then both U; NY; and Uf NY;
are non-empty clopen subsets of X, which is a contradiction to the fact that Yj is
a connected component.

This completes the claim. O

Without loss of generality, let’s assume that 1 < L < N such that {Y7,...,Ys}
are points and {Y741,...,Yn} are not points. According to the claim, for each
L+1 < j < N there exists an integer 1 < ¢ < n and a point y; such that y; € bd(U;)
and a; € Y;. We note that from the fact that a; € Y, it follows that a; is not an
isolated point. Since yr # y; for L+ 1 < k <1 < N and bd(X) contains at least
L isolated points, by the choice of {Uy,...,U,} we get that N — L < (n— L) K.
But K >1so N <n-K. O

Proposition 85. Let (M,¢) be a 1-dimensional w-saturated t.t.t structure and
a(z,y1,-..,y1) € L. Then there exists a constant C' € N such that for allcy, ..., ¢ €
M, dy(a™i(cq,....q)) < C.

Proof. First of all, let K be the constant from the previous lemmas. By lemma 63,
for each & € M! there exists an n; € N such that bd(a?*(¢)) < n.. Therefore, since
M is w-saturated, there exists some n € N such that for all ¢ € M!, bd(a™t(e)) < n.

We'll show that we can choose C to be dp(M;) - K - n. Let m = dp (M) and
let {Y1,...,Y;,} be pairwise disjoint definably connected subsets such that M; =
Um,Y;. By lemma 84, for each 1 <i <m and ¢ € M, dyy(a™(e)NY;) < n- K.
The proposition then follows immediately.
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The following equivalence relation is useful when analyzing what happens when
a point is removed from a structure.

Definition 86. Let M be a 1-dimensional t.t.t structure. Let x,a,b € M;. Then
a ~, b will be a relation which is true iff ¢ and b are in the same definable connected
component of M\{z}.

Remark. Note that by proposition 85, there exists an N € N such that for all
r € My, ~, has less that N equivalence classes.

Our first goal is to show that if for every x € M; we have dp (M:\{z}), then
~zC M} is definable.

We start by show that for any = such that dp (M;\{z}) > 2, = € acl(D).

Lemma 87. Let M be a 1-dimensional w-saturated t.t.t structure, C' C M; an open
connected definable subset, a # b € C and 2 < k,l € N such that dp(C\{a}) =k
and dp (C\{b}) = 1. Let Ay,..., A, and B, ..., B be the connected components of
C\{a} and C\{b} respectively such that a € By and b € A;. Then for all1 <i<k
and 1< j<lIl, A;NB; =0.

Proof. According to the assumptions, a ¢ cl(U\_,B;), bd(U\_,B;) = {b} and
b € A;. Furthermore, since C is connected, {b} U (Ué-ZQBj) is connected as well.
Therefore, since b € A;, A3 U (UéZQBj) is a connected component of C\{a}. In
particular, this means that (U§:2Bj) C A;. Similarly, (U*_,A;) C B;. This proves
the lemma. (]

Lemma 88. Let M be a I-dimensional w-saturated connected t.t.t structure. Let
D C M; be an open definable subset, E(x,a,b) C M} a definable relation and
N € N such that:

(1) N >2.

(2) For every x € D and a,b € My, a ~; b= E(x,a,b).

(3) For every x € D, E(x,a,b) is an equivalence relation with N classes.
Then for all a € D, there exists a b € D such that the definable set X = {z €
D|-E(z,a,b)} is infinite.

Proof. Let a € D. Without loss of generality, D is connected. Otherwise, we’ll
look at the connected component containing a. We’ll now show that there exists a
b € D such that for an infinite number of points z € D, =FE(z, a,b). In order to do
this, we’ll inductively construct a sequence of points (b1, b, ...) in D such that for
each n € N and each 1 < j <n, a~y, b; and ~E(b;,a,by,).

For n = 1, we can choose any b; € D\{a}.

Let’s assume that we constructed the sequence up to b,. Let Xi,..., X.q,) be
the connected components of M;\{b,,} such that a € Xo. We choose b,11 € D to be
some point such that =E(by,, a, b,11). By our assumptions on E(z,a,b), by 1 ¢ Xo.
So without loss of generality, in b,11 € Xi. Let Y7,...,Y,q, ) be the connected
components of M\{b,1} such that b, € Y7. By lemma 87, for all 1 < j < ¢(by41),
Y; N Xy = 0. By the inductive hypothesis, b; € X5 for all 1 < j < n. This means
that for all 1 < j < n, b; € Y;. Similarly, a € Y7 and we already know that b,, € Y;.
Together we’ve shown that a ~, , b; forall 1 < j <n+1.

We'll now show that for all 1 < j < n, =E(bj,a,b,+1). This will be enough
because we already know that —=E(b,,, a,b,41)-
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Let 1 < j < n. Let Xi,...,X.s,) be the connected components of M;\{b;}
such that @ € X3 and b, € X;. In addition, let Yi,...,Y,q,) be the connected
components of M;\{b,,} such that b;,a € Y7 and b,,11 € Y>. By lemma 87, Y5> C X,
80 by, ~p; bny1. Therefore, E(b;, by, bny1) = —E(bj,a,bn11).

Now by the w-saturation, there exists a b € D such that |{z € D : =E(z,a,b)}| =
Q. (I

Lemma 89. Let M be a 1-dimensional w-saturated connected t.t.t structure. Let
D C M; be an open definable subset, E(x,a,b) C M} a definable relation and
N € N such that:

(1) For every x € D and a,b € My, a ~, b= E(z,a,b).

(2) For every x € D, E(x,a,b) is an equivalence relation with N classes.
Then N < 2.

Proof. Assume for contradiction that N > 2. For ease of notion, we define ¢(x) =
dar (M \{z}) for each = € M;. We note that for all x € D, c(x) > 2.

By lemma 88, there exist a,b € M; such that for an infinite number of points
x € D, ~E(x,a,b).

We denote the infinite set {z € D : =E(z,a,b)} by X.

Let 2,y € X, let X1,..., X.() be the connected components of M;\{x} such
that a« € X; and b € X3 and let Y3,...,Y,,) be the connected components of
M\{y} such that a € Y; and b € Y5.

First we note that, for all 3 < j < ¢(z), y ¢ X;. Because let 3 < j < n(z) and
assume for contradiction that y € X;. Then, by using lemma 87 in the same way as
in the proof of the claim, we get that if z € Y; for some 1 < j < ¢(y), then a,b € Y}
which is a contradiction. In an analogous fashion, z ¢ Y; for all 3 < j < c(y).
Therefore, x € Y1 UY; and y € X7 U Xo.

By lemma 87, this means that:

e forall3<i<c¢(z)and3<j<c(y),X;NY; =0

o forall 3<i<c(z), X;NX=0.
From these two results it’s easy to see that M;\X has an infinite number of de-
finable connected components. Because for each z € X, the classes of E(z,a,b)
not containing a and b are definable sets which are contained and clopen in M;\ X.
Furthermore, all the sets obtained this way are disjoint. But since X is both infinite
and definable, this is a contradiction to the fact that M is t.t.t. ([l

Now, let p be some type in S(@). We now show that there exist a (-definable

relation R,(z,a,b) € M} and an infinite (-definable set D, C M; such that:

(1) For all z =p and a,b € My, Ry(x,a,b) <= a ~;b.

(2) Forall x € Dy, and a,b € My, a ~; b= R,(x,a,b).

(3) Forallz € D, Ry(x,a,b) C M7 is an equivalence relation with dps (M \{y})

equivalence classes where y is some element realizing p.

(4) For every x that realizes p, x € D,,.
We construct R, and D,, in the following way. First, let = be some realization of p
and let N = dp(M\{z}). Then there exist ¢1(z,7),...,dn(z,7y) such that:

(*) for some g, o274 [7], . .., pr*[7] partition M;\{z} into N disjoint clopen sets.
Furthermore, for any other z, if (¢2"*[Z],...,¢N*[Z]) is a partition of M;\{x} into
disjoint clopen sets then it’s the same partition as (d)]l\/[t [al,..., qb%lt [7]).
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Since this is a first order statement, (*) holds for all = |= p.

Now, we define D, as the set of all € M, such that (*) holds for z with the
formulas ¢1(z,7),...,¢on(z,7). We then define R,(z,aq, b) as a relation which is
true iff for some 7 is guaranteed by (*) for x, ¢1"*[g], ..., dx"[7] partition M;\{z}
into IV disjoint clopen sets such that a and b are in the same section of the partition.

Proposition 90. Let M be a I-dimensional w-saturated connected t.t.t structure
and let x € My such that dy (M \{z}) > 2. Then D, is finite and in particular,
x € acl(0).

Proof. Let N = dp(M\{z}) and p = tp(z/0). Since N > 2, by applying lemma
89 with D = int(D,) and E = R,, int(D,) is finite. Therefore D, is finite. O

We now look at what happens if dy (M \{z}) = 2.

As before, let p € S(()) be a type with an element = that realizes p such that
dyr(Mi\{z}) = 2. We define D, C D, as the set of points in D, such that there
exist a,b € M,; and a basis set U C M; containing = such that for all u € U,
-Ry(u,a,b).

Proposition 91. Let M be a I-dimensional w-saturated connected t.t.t structure
and let p € S1(0) be a complete type in M;. In addition, assume that for some (all)
x = p, ~ has 2 equivalence classes. Then, for all x realizing p, exactly one of the
two hold:

(1) There ezists a finite O-definable subset of D,, containing x and in particular,
z € acl(0).

(2) int(D,) is a set containing = such that for all y € int(D,), da(M:\{y}) =
2.

Proof. First of all, if D, is finite then the first case holds for all « = p.
Let’s assume that D, is infinite. Now, suppose that for all x realizing p:

(*) for all a,b € M; and for every basis set U containing z, there exists a u € U
such that R(u,a,b).

We define C' C D, as the set of points in D, with the property (*). C is clearly
(-definable. Furthermore, for all z = p, x € C. Assume for contradiction that C
is infinite. Therefore, by lemma 88, there exist points a,b € M; and a basis set
U C C such that for all w € U, =R(u,a,b). This is clearly a contradiction to (*).
This means that C' is finite so again we’re in the first case for all = |= p.

Therefore, we can assume that for all elements x realizing p, € Dp. If Dp is
finite then again we’re in the first case for all = | p.

We'll now see that if D, is infinite then for all y € int(D,), dar(M:\{y}) < 2.
This will finish the proposition because we already know that for all z € Dp,
dar(Mi\{z}) = 2. We also note that if € D,\int(D,) then clearly we're in the
first case as |D,\int(D,)| < oc.

Let’s assume for contradiction that y € int(D,) and da;(M;\{y}) > 2. Since
Yy € Dp, there exist a,b € M; and a basis set U C D containing y such that
for all uw € U, =R,(u,a,b). Let Y1,Ys,Ys be three deﬁnable disjoint clopen sets
partitioning Mt\{y} such that a € Y7 and b € Y. Since M; is connected, there
exists a z such that z € YsNU. Since z € Dy, k = dp (M \{z}) > 2. Let Z1,...,Z;
be definable pairwise disjoint clopen sets partitioning M;\{z} such that y € Z;. By
lemma 87, a,b € Z; which is a contradiction to the fact that =R, (z,a,b). O
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We now use the previous two propositions to show that if for all x € M; we have
dpr(Mi\{z}) > 1, then the relation a ~, b C M} is (-definable.

Proposition 92. Let M be a I-dimensional w-saturated t.t.t structure such that
for all ¥ € My, dpr(M\{x}) > 1. Then the relation a ~, b C M} is O-definable.

Proof. First of all, ; has a finite number of definable connected components. There-
fore, it’s enough to prove the proposition under the assumption that M; is con-
nected.

We’ll show that both a ~, b and a ~, b are \/-definable by formulas without
parameters.

a », b is clearly \/-definable by formulas without parameters because a ~, b iff
there exist two open sets whose boundary is {2} such that one contains a and the
other contains b.

We'll now prove that a ~, b is \/-definable by formulas without parameters.
This is done by showing that for each x € M;, there exists a set C,, C M} which is
definable without parameters such that:

(1) For all y,a,b € M, (y,a,b) € Cp = ar~yb
(2) (z,a,b) € Cp <= ar~yb
Let x € M; and p = tp(z/0).

If dp(M\{z}) = N > 2, then by proposition 90, D, is a finite (-definable
set containing x. Furthermore, for every y € Dy, dy(Mi\{z}) > N. Let D, =
{y1,...,yx}. Without loss of generality, there exists some 0 < < k such that for
all 1 <4 <, dpy(M\{y;}) > N and for all [ +1 < i <k, dpy(M\{y;}) = N. It’s
easy to see that for each 1 <i <[l,x ¢ Dy, /p)- Therefore, we can define:

!
Co = (DN Dipgyo)) x MZ)N Ry,
i=1
. Now let’s assume that dp; (M \{z}) = 2.
If D, contains a finite (-definable set containing x, then we can define C;, in the

same way as in the previous case. Otherwise, by proposition 91, int(D,) C D, is a

set containing x such that for all y € int(D,), dap(M\{y}) = 2. Therefore, we can
define:

C, = (int(D,) x M}) N R,
. This finishes the proof of the proposition. ([

We’ll now prove that, under the condition that removing any point creates at
least two connected components, there exist a finite number of points such that
after removing them, the remaining finite number of connected components are
o-minimal. This is done by first showing that up to a finite number of points the
structure is "locally o-minimal”, and then showing that local o-minimality implies
global o-minimality. In addition, the definability of the relation a ~, b C M} will
play a crucial role.

We start by defining a notion of “local flatness” and then showing that locally
flat points have a neighborhood which behaves similarly to an o-minimal one.

Definition 93. Let M t.t.t structure. We say that the point x € M; is locally flat
if there exist points a,b € M; and a basis set U such that for all u € U, a », b. We
say that a set D is locally flat if all of it’s points are locally flat.



47

We first show that in the type of structures that we’re currently interested in,
all but a finite number of points are locally flat.

Proposition 94. Let M be a I-dimensional w-saturated connected t.t.t structure
such that for all x € My, dy(M\{z}) > 1. Then for all but a finite number of
x € My, x is locally flat.

Proof. Let X C M, be the set of points € M; such that for all a,b € M; and for
every basis set U, there exists a point y € U such that a ~, b. By proposition 92,
X is definable.

Agsume for contradiction that X is infinite. Then, by lemma 88, there exist
a,b € M, such that the set X = {z € X|a », b} is infinite. In addition, X is
definable so there exists a basis set U which is contained in X  X. This is clearly
a contradiction to the definition of X. |

The next few propositions will show that points which are locally flat have a
neighborhood on which we can define a linear order. This motivates the “flatness”
in the definition.

Lemma 95. Let M be a I-dimensional w-saturated connected t.t.t structure such
that for all x € My, dy (M \{z}) > 1. Let x € M, be locally flat and let U C M,
be an open connected definable set containing x. Then U\{x} has two connected
components.

Proof. Since dps(M¢\{z}) > 1 and M, is connected, it’s enough to show that U\{z}
has no more than two connected components.

Assume for contradiction that Uy, . .., Uy, are the connected components of U\ {z}
with £ > 2. In addition, let a,b € M; be points and let V' C U be a basis set
containing x such that for all v € V| a », b.

Let X3, X5 € Mi\{z} be a clopen partition of M;\{z} such that a € X; and
b € X,. By the connectedness of M;, we can assume without loss of generality that
Ui € X7 and Us C Xo.

Now, let y be a point in U3 N'V. By lemma 87, U; and U, are in the same
connected component of U\{y}. So since U; C X; and Uy C X3, both X; and X,
are in the same connected component of M;\{y}. This means that a ~, b which is
a contradiction to the fact that y € V. O

One consequence of lemma 95 which will be used later is that if we remove all of
the finite number of points which aren’t locally flat, for each of the remaining con-
nected components C, and for each x € C, C\{z} will have exactly two connected
components. This will be used to show that C is o-minimal.

In addition, it follows from this that if D is a definable open and connected
locally flat set with a,b,z € D and D\{z} = X; U X5 is a clopen partition of D,
then a ~, b iff a and b are in different sections of the partition.

Our next goal is to define an order on some neighborhood of each locally flat
point. Let xg € U be locally flat and let U C M; be a definable neighborhood of
xo. We define an order <, ¢y on U in the following way.

By lemma 95, U\{zo} has two connected components which we’ll denote by V,
and V_. Let x and y be points in U. We'll say that <, y y if one of the following
hold:

o z,ycV, and xg », y
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xz,y € V_ and zg ~y x
yeViandz e V_.
y=x9and x € V_.
r=z9and y e V,.

Note that for any given x,y € U, at most one of the above conditions can hold.
We now show that if xg is locally flat then there exists a neighborhood zy € U
such that <., ¢ defines a dense linear order on U.

Proposition 96. Let M be a 1-dimensional w-saturated t.t.t structure such that
for all v € My, dyf(M\{z}) > 1. Let D C M, be a connected open definable subset
such that for all x € D, dp(D\{z}) = 2. Let 9 € D be locally flat. Then there
exists a connected open neighborhood U C D of xy such that <., v defines a dense
linear order on U.

Proof. Let a,b € M; and V C D be the elements guaranteed by the fact that xg
is locally flat. We can assume that V' is connected because otherwise we can take
the connected component containing z. In addition, let V; and V_ be the two
connected components of V\{zq} (by lemma 95 there are exactly two) and let C,
and Cj be the connected components of M;\{z} such that a € C, and b € Cp. In
addition, without loss of generality V; C C, and V_ € Cj. This follows from the
fact that C, NV and C, N Vdivide V into two clopen sets, and by lemma 95, one
must equal V. and the other must equal V_.

We’ll show that <, v is a dense linear order on V. Let z,y,z € V. In addition,
let X, and X, be the connected components of M;\{z} such that a € X, and
be Xy Y,, Yy, Z, and Z, are defined analogously for y and z.

(1) @ Lao,v Y = Y <ao,v @
We assume that x,y € V. The other possibilities are either identical or
trivial. Since z,y € V C C,, x¢ € X} and xg € Y;,. Because if we assume
for contradiction that zq € X,, then by lemma 87 C, N X; = () which is a
contradiction to the fact that b € Cp, N Xp.
In addition, according to the assumption, xg ~, y which means that
y € Xp as well. Now let’s assume for contradiction that = € Y;. Since
y € X, we get from lemma 87 that Y, N X, = @ which is a contradiction
since a € X, NY,. Therefore, x € Y, which together with xy € Y}, gives
Y < Ty
(2) T <wov Y=Y Lapv T
Also in this case we’ll assume that z,y € Vy. Since z <,;, v y and
zo € Xp, we get that y € X,. Now, we claim that € Y;. For otherwise,
if x € Y, then we’d get from lemma 87 that ¥, N X, = (0 which is a
contradiction.
Therefore, since zg € Yy, as well, y £, v .
(3) & <pov YNY <aov 2= T <gy,v 2
According to the assumptions and the inclusions we saw in the previous
two steps, xo,x € Y3, 2 € Yy, xg € X and y € X,. We have to prove that
z € X, as well. But again by lemma 87, y € X, Ax €Y, =Y, C X,.

These three claims show that <, v is indeed a linear order. We’ll now show that
if £ <4, v y then there exists a z € V such that  <;, v 2 <gz,,v y. Again we’ll
assume that x,y € V. Therefore, by what we proved in the claims and by lemma
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87,

V=(XynV)U{z} U (X, N, NV)U{y}U(Y,NV)
where all of the sets in the union are disjoint. Therefore, since V is connected,
X.NY, NV # 0. Finally, by the definition of <, v and the fact that it’s linear, if
2€XeNYy NV then x <y v 2 <z0,v Y- O

Before extending the order defined to connected components, we introduce the
notion of an interval in a t.t.t structure and prove some useful properties.

Definition 97. Let M be a 1-dimensional t.t.t structure and z,y € M; such that
dy (M \{z}) = dp (M \{y}) = 2. In addition, let X; and X5 be clopen in M;\{z}
and let Y7 and Y3 be clopen in M;\{y} such that x € Y} and y € X;. Then
the interval between = and y will be defined as I(z,y) = X1 NY;. If £ = y then
I(z,y) = 0.

Remark. By lemma 87, under the assumptions of the lemma, if V' C M; is an open
definable subset and x,y € V then:

V=(XnV)ufziu(z,y) NV)U{y}U(YanV)
and the union is disjoint.

Lemma 98. Let M be a 1-dimensional w-saturated t.t.t structure such that for all
x € My, dpyr(Mi\{z}) > 1. Let D C M; be a connected open definable subset which
is locally flat. Let x # y be points in D. Then:

(1) I(z,y) N D is a non-empty definable open connected set.
(2) z,y € bd(I(x,y)).

(

(

)
3) Ifa,be D\{z,y} such that a ~, b and a,b ¢ I(a,b), then a ~, b.
4) If a,b € D\{z,y} such that a =, b and a,b ¢ I(a,b), then a », b.
(5) If a,b € D such that a,b € I(x,y) then I(a,b) C I(z,y).
Proof. Let X; and X5 be the connected components of M;\{z} and Y; and Y5 be
the connected components of M;\{y}. Note that by proposition 95, both D\{z}
and D\{y} have exactly two connected components which are given by X; N D,

XoN D and Y7 N D, Yo N D respectively. Without loss of generality, x € Y; and
y€ Xy s0I(x,y)=X1NYy, Xo CY; and Yy C X;. This means that

(*) D=X2nD)U{z} U (z,y) N D)U{y}tU(Y2N D).
We’'ll now prove the four parts of the lemma. O

(1) First of all, since X; and Y7 are definable, I(x,y) is definable as well.
If I(z,y) N D were empty, then by (*) we’d get that D isn’t connected.
I(xz,y) N D is open as the intersection of open sets.

Now, assume for contradiction that I(x,y) N D has more than one con-
nected component. Since D is connected, it follows that either z or y has
a connected open neighborhood U C D such that removing z or y cre-
ates more than two connected components in U. This is a contradiction to
lemma 95.

(2) If either = ¢ bd(I(x,y)) or y ¢ bd(I(x,y)) then by (*) we’d get a contradic-
tion to the fact that D is connected.

(3) If a,b € X5, then a,b € Y2 s0 a ~, b. So we can assume that a,b € X;. By
the assumption, a,b ¢ Y; = a,b € Yo = a ~, b.
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(4) Without loss of generality, a € X; and b € X5. Therefore, b € Y;. In
addition, Y5> C Xy and a ¢ Y7 N X, so a € Y,. This means that a -, b.

(5) Let A; and As be the connected components of M;\{a} and let B; and Bs
be the connected components of M;\{b}. By the assumption, a,b € X;NY7.
Without loss of generality, x € A1 N By, y € Ao N By and b € A;. By a
standard application of lemma 87, this means that a € By. Therefore,
I(a,b) = Ay N By. But again by lemma 87, A3 C X; and B; C Yi.
Therefore, I(a,b) C I(x,y).

Lemma 99. Let M be a 1-dimensional w-saturated t.t.t structure such that for all
x € My, dpp(M\{z}) > 1. Let D C M; be a connected open definable subset which
is locally flat. Let xy € D. Then there exist points a,b € D such that x¢ € I(a,b)
and <z, 1(a,p) defines a dense linear order on I(a,b).

Proof. By proposition 96, there exists a definable connected open neighborhood
U C D of zp such that <,, v defines a dense linear order on U. Since M; is
Hausdorff and bd(U) is finite, we can assume that <,y defines a dense linear
order on U. Let a be an the point on bd(U) such that zo <, a and for all
y € bd(U) with z¢ <go.u ¥, @ <g,v y. Similarly, Let b be the point on bd(U) such
that b <g,,u xo and for all y € bd(U) with y <g,.u %0, ¥ <a0,u b.

We’ll now see that I(a,b) C U. By lemma 98, I(x,y) N D is a non-empty open
connected set. Furthermore, by the definition of <, 7 and the fact that it’s a linear
order together with the choice of @ and b, zy € I(a,b). Assume for contradiction
that I(a,b)\U # (). Then by the connectedness of I(a,b) N D, I(a,b) Nbd(U) # 0.
Let y be a point in I(a,b) N D. Then by the definition of <,, v and the fact that
it’s a linear order, b <., v ¥y <s,,u ¢ which is clearly a contradiction to the choice
of a and b. ]

Now, for all x such that there exists an open neighborhood U of x which is locally
flat, we define V,, = I(a,b) where a and b are any two points given by lemma 99.
Even though V,, depends on U, a and b, for ease of notion we omit the parameters
as U will always be clear from the context (we’ll write V,, C U) and the exact choice
of a and b doesn’t change the properties of V,,. We note that by lemma 98, V. is
an open connected neighborhood of z. In addition, for all ¢,d € V,, it follows from
part 5 of lemma 98 that I(c,d) C I(a,b) = V, which means that:

{y € Vale <zv, ¥ <zv, d} = I(c,d)

. In other words, in V., the notion of an interval we defined above coincides with
the interval induced by the order <, v, .

We'll now prove three lemmas about locally flat points which together will show
that the order we defined above can be extended from locally flat points to con-
nected locally flat sets.

Lemma 100. Let M be a 1-dimensional w-saturated t.t.t structure such that for
all x € My, dy(M\{z}) > 1. Let D C M, be a connected open definable subset
which is locally flat. Let x # y € D. In addition, let a,b € D and V,, = I(a,b) such
that <,,,v, defines a dense linear order on V,. Then there exists an a € V, such
that x ~g y.

Proof. Let X; and X5 be a clopen partition of D\{x}. Without loss of generality,
RS Xl.
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First let’s assume that y € V,,. Let a € I(z,y). Then either y <, v, a <g v, T
or r <g v, a<gy, y. In either case, x ~, y.

Now let’s assume that y ¢ V,,.. We choose a to be some point in I(z,y)NV,. Then
a € X;. Let A; and As be a clopen partition of D\{a} such that € A;. Assume
for contradiction that y € A;. Then y € I(a,z) C V, which is a contradiction.
Therefore, y € As and = ~, y. |

Lemma 101. Let M be a 1-dimensional w-saturated t.t.t structure such that for
all x € My, dp(M\{z}) > 1. Let D C M, be a connected open definable subset
which is locally flat. Let x,a,b € D such that for every open set x € U C D there
exists some u € U such that a =<, b. Then a ~, b.

Proof. Since M, is Hausdorff, there exists an open definable connected set U C
D\{a, b} containing x. Let V,; C U be the set described above.

By the assumptions of the lemma, there exists some y € V, such that a ~, b.
Since a,b ¢ V,,, a,b ¢ I(x,y) C V. So by lemma 98, a ~, b. O

Lemma 102. Let M be a 1-dimensional w-saturated t.t.t structure such that for
all x € My, dy(M\{z}) > 1. Let D C M, be a connected open definable subset
which is locally flat. Let x,a,b € D such that a =, b. The there exists a definable
open set U C D containing x such that for every u € U, a o, b.

Proof. As in the previous lemma, there exists an open definable connected set U C
D\{a,b} containing =. Let V,, C U be the set described above. Let y € V,. Since
a,b ¢ V, it follows that a,b ¢ I(x,y) C V. Therefore, by lemma 98, a », b. O

We now use the previous three lemmas to show that in some well defined sense,
locally flat sets look like a line.

Lemma 103. Let M be a 1-dimensional w-saturated t.t.t structure such that for
all x € My, dy(M\{z}) > 1. Let D C M, be a connected open definable subset
which is locally flat. Then, there doesn’t exist a definable connected closed subset
U C D such that bd(U) > 2.

Proof. Assume for contradiction that U C D is a definable closed connected subset
and that a,b,c € bd(U).

Let U, denote the set of points x € U such that a ~, b. By lemmas 100 and
87, Uay # 0. By lemmas 102 and 101, Uy, is clopen. Therefore, U = Uy,

Similarly, if U,. and Uy are defined in the analogous fashion, U = U, = Uy, =
Ugap- We'll now show that this is a contradiction.

Let € int(U). Since dpy(D\{a}) = 2, let X; and X3 be the two connected
components of D\{z}. Either X; or X5 will contain two out of a, b, and ¢. Without
loss of generality, a,b € X;. However, this is a contradiction to the fact that
x €Uy = a =, b. O

We’re now ready to show that every locally flat set is o-minimal. In order to do
this, we’ll extend our previous notion of order from neighborhoods of locally flat
points to locally flat sets.

Let D be a definable open connected locally flat set. Let a € D be some arbitrary
point which we’ll think of as the center. In addition, let D, and D_ be the two
connected components of D\{a} which we’ll think of as the “positive side” and the
“negative side”. Finally let z,y € D. We say that x <p y if one of the following
holds:
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z,y € Dy and a o, y
z,y€ D_and a =y
yeDyandx e D_
y=aand x € D_
r=aandy € Dy

Obviously, only one of the possibilities can hold for a given = and y. It is also clear
that <p is definable.

The next proposition shows that <p defines a dense linear order on D such that
the induced interval topology is equivalent to the topology induced by M;.

Proposition 104. Let M be a 1-dimensional w-saturated t.t.t structure such that
for all x € My, dypy(M\{z}) > 1. Let D C M, be a connected open definable subset
which is locally flat. Then <p defines a dense linear order on D such that the
induced interval topology is equivalent to the topology induced by M;.

Proof. Let Dy, D_ and a € D be the elements used in the definition of <p above.
Let z,y,z € D. In addition, let X; and X5 be the connected components of

D\{z} such that a € X;. Y3, Y3, Z; and Z5 are defined analogously for y and z.

(1) @ Lug,v Y = Y <go,v
We assume that z,y € D,. The other possibilities are either identical or
trivial. By the assumption, y € X;. Assume for contradiction that x € Y7.
Since a € X1 NY; and z,y € D, U = X1 NY; N Dy is an open set such
that:
D=D_UX,UY>UUU{a}U{z}U{y}

We'll now show that U is connected and that bd(U) = {a,z,y}. Let C
be some connected component of U. Then since D is connected, bd(C) =
{a,z,y}. In addition, by lemma 95, each one of a, z, and y is the boundary
point of only one connected component of U. Therefore, U is connected
and bd(U) = {a, z,y}.

However, this is a contradiction to lemma 103.

(2) r<py=y<Lpax:

Also in this case we’ll assume that x,y € V.. Since x <p y and a € X7,
we get that y € Xs. Now, we claim that x € Y;. For otherwise, if x € Y5
then we’d get from lemma 87 that Y1 N X; = () which is a contradiction to
the fact that a € X; NY7.

(3) & <ap v YNY <gov 2 = & <g,v 2

According to the assumptions and the previous result, a,x € Y7, z € Y,
a € X; and y € X5. We have to prove that z € Xo as well. But again by
lemma 87,y € Xo Az € Y] = Yy C Xo.

This shows that <p is a linear order. In addition, by lemma 100 <p is dense.
Because let z,y € D such that x <p y. Again let’s assume that =,y € D, . Since
M; is Hausdorff, we can find a neighborhood U C D containing « but not y, a
neighborhood = € V,, C U, and a point b € V,, such that z ~, y. If b <p x or
y <p b then we’d get a contradiction to x ~;, y. Therefore, x <p b <p y.

We’ll now see that the order topology induced on D by <p is equivalent to the
topology on D induced by M;.

As a first step, we note that if 2,y € D and « <p vy, then

I(z,y)N D ={z€ Djz <p z <p y}
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. This is immediate from the definitions of I(z,y) and <p.

Let U C D be an open set in D with x € U. Let V,, C U be the set guaranteed
by lemma 99. Let V; and V5 be the two connected components of V,\{z} and let
v1 and vy be elements in V7 and V5 respectively. As we mentioned after lemma 99,
I(vy,v9) C V,. Without loss of generality, v1 <p v2. Therefore,

{z€ Dlvy <p z<p va} =1(v1,v2) CV, CU
. The other direction is trivial as I(x,y) is open in D for every z,y € D. (Il

Proposition 105. Let M be a 1-dimensional w-saturated t.t.t structure such that
for all x € My, dypy(M\{z}) > 1. Let D C M, be a connected open definable subset
which is locally flat. Then every definable subset of D is a finite union of points
and intervals generated by the order <p.

Proof. First of all, we’ll denote interval in <p by (a,b)p where a,b € D.

Let X C D be a definable set. Since X is a finite union of points and definable
connected open sets, it’s enough to show that every definable connected open subset
of D is given by an interval of the form (a,b)p.

Let U C D be a definable connected open subset. By lemma 103, bd(U) has
either zero, one or two points. Before continuing, we note that by lemma 98, all
intervals of the form (a,b)p are definable, open and connected. Because as we
stated previously, if z,y € D and z <p y, then I(z,y) N D = (x,y)p.

e If |bd(U)| = 0 then since D is connected, U = D so U = (—00,00)p.
o If bd(U) = {a}, then we claim that U = (a,00)p or U = (=00, a)p.
First of all, since U is open and connected, either U C (a,00)p or
U C (—o0,a)p. Without loss of generality, U C (a,00)p. Assume for con-
tradiction that there exists some = ¢ U such that a <p x. Then, UN(a, z)p
and U N (x,00)p is a clopen partition of U which is a contradiction to the
fact that U is connected.
o If bd(U) = {a,b} with a <p b then we claim that U = (a,b)p.
First of all U C (a,b)p because otherwise we’d easily get a clopen par-
tition as above.
Similarly, assume for contradiction that there exists some z € (a,b)p\U.
Then U N (a,z) and U N (x,b) is a clopen partition of U which is a contra-
diction to the fact that U is connected.

This proves the proposition. O

We now obtain our primary result as an immediate consequence of propositions
94, 105 and 104.

Theorem 106. Let M be a 1-dimensional w-saturated t.t.t structure such that for
all © € My, dp(Mi\{z}) > 1. Then there exists a finite set X C M; such that all
of the finite number of connected components of M\X are o-minimal.

Proof. Let X be the definable set of points in M; which aren’t locally flat. By
proposition 94, X is finite. Let D be a connected component if M;\ X . Since there’re
only a finite number of connected components, D is a connected open definable
subset which is locally flat. By propositions 104 and 105, D is o-minimal. O

We’ll now use the uniform bound from proposition 85 to prove that a certain set
of first order properties are necessary and sufficient for an w-saturated first order
topological structure to be t.t.t.
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Theorem 107. Let (M, ¢) be an w-saturated first order topological structure such
that M; is Hausdorff. Then, M is a t.t.t structure iff M has the following properties:

(1) For every formula o(z,y1,...,y) € L, there exists some C € N such that

for every © € M!, there exist C points x1,...,xc in oMt (¢) such that
aMe(@)\{z1,...,xc} is open.
(2) For every formula a(x,y1,...,y) € L, there exists a constant C € N such

that for all c1,...,¢c; € M, dp(aMi(cy,...,q)) < C.

(3) For any pair of formulas a(x,y1,...,ys) and B(x,y1,...,y:) in L, and for
alla € M* and b € M?, if B = gM¢(b) C o™t (@) = A is closed and non
empty and doesn’t have an interior in A, then A has an interior in M.

Proof. First we’ll see that the three properties are sufficient. Assume that (M, ¢)
is an w-saturated first order topological structure such that M; is Hausdorff and
has the three properties in the theorem.

By property 1, every definable set X is a boolean combination of open sets so M
has property (A). By property 2, every definable set has a finite number of definably
connected components. Finally, by property 3, D(M) = 1.

Now we’ll see that the properties are necessary. Let (M, ¢) be an w-saturated
t.t.t structure. By the definition of t.t.t, M; is Hausdorff. We’ll now prove that M
has each one of the required properties.

(1) Let a(x,y1,...,y) € L. Since M is t.t.t, for every ¢ € M', there exist C
points z1,...,zc in o™t (¢) such that o™t (¢)\{z1,...,2c} is open. Since
M is w-saturated, we can choose C uniformly for all ¢ € M.
(2) This property is essentially proposition 85.
(3) This follows from the fact that D(M) = 1.
O

Corollary 108. Let ¢(x,y1,...,yr) be a formula and let (M, ¢) be a 1-dimensional
t.t.t structure which is w-saturated. In addition, let N be a model such that N = M.
Then (N, ¢) is a 1-dimensional t.t.t structure.

Proof. This is immediate from the fact that all of the properties in theorem 107

can be expressed in first order logic. |
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