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Abstract We define the Ricci curvature, as a measure, for certain singular torsion-
free connections on the tangent bundle of a manifold. The definition uses an integral
formula and vector-valued half-densities. We give relevant examples in which the
Ricci measure can be computed. In the time dependent setting, we give a weak notion
of a Ricci flow solution on a manifold.

1 Introduction

There has been much recent work about metric measure spaces with lower Ricci
bounds, particularly the Ricci limit spaces that arise as measured Gromov—Hausdorff
limits of smooth manifolds with a uniform lower Ricci bound. In this paper we address
the question of whether one can make sense of the Ricci curvature itself on singular
spaces.

From one’s intuition about a two dimensional cone with total cone angle less than
27, the Ricci curvature should exist at best as a measure. One natural approach toward
a weak notion of Ricci curvature is to use an integral formula, such as the Bochner
formula. The Bochner identity says that if w; and w, are smooth compactly supported
I-forms on a smooth Riemannian manifold M then

(a)l,Ric(a)z)):/ ((dwy, dwy) + (d*w), d*w2) — (Vor, Vap)) dvol.  (1.1)
M
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Equivalently,

(@1, Ric(@)) =/ Z(v"wl,ivfwz,j —viwl,jvfwli) dvol . (1.2)
M ij

Now consider a possibly singular Riemannian metric on M. In order to make sense
of (1.2), one’s first attempt may be to require that Vw; and Vw; are square integrable.
However, in the case of a two dimensional cone with total cone angle less than 27, if
one requires square integrability then one does not find any contribution from the vertex
of the cone. That is, one would conclude that the cone is Ricci flat, which seems wrong.
In order to see the curvature at the vertex, one needs to allow for more general test
forms. It is not immediately evident what precise class of test forms should be allowed.
A related fact is that the expression for the Ricci tensor, using local coordinates, makes
distributional sense if the Christoffel symbols are square integrable. However, this is
not the case for the cone.

Our resolution to this problem is by first passing from 1-forms to vector fields, and
then passing to vector-valued half-densities. For V and W vector-valued half-densities,
we consider the quadratic form

oV, W) = /Mg [(viv) (viwd) = (vvi) (viw)]. a3

A compactly supported density on a manifold can be integrated, so two compactly
supported half-densities can be multiplied and integrated. We require that V and W
are compactly supported and Lipschitz regular on M. If one rewrote Q using 1-forms
as in (1.2) then this would prescribe that the 1-forms should lie in certain weighted
spaces.

One sees that (1.3) does not involve the Riemannian metric directly, but can be
written entirely in terms of the connection. Hence we work in the generality of torsion-
free connections on the tangent bundle. We also work with C!-!-manifolds M, with an
eye toward limit spaces; it is known that Ricci limit spaces have a weak C!!-structure
[10]. Then we say that a possibly singular connection is tame if (1.3) makes sense for all
compactly supported Lipschitz vector-valued half-densities V and W. We characterize
tame connections in terms of integrability properties of their Christoffel symbols. We
show that a tame connection, with Q bounded below, has a Ricci curvature that is
well-defined as a measure with values in S>(T*M) ® D*, where D is the density line
bundle.

We prove stability results for this Ricci measure. We give examples to illustrate its
meaning.

Proposition 1.1 The Levi-Civita connection is tame and has a computable Ricci
measure in the following cases : Alexandrov surfaces, Riemannian manifolds with
boundary that are glued together, and families of cones.

Passing to Ricci flow, one can use optimal transport to characterize supersolutions to
the Ricci flow equation on a manifold [15,20,29]. There are also comparison principles
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for Ricci flow supersolutions [2], [11, Sect. 2]. We give a weak notion of a Ricci flow
solution (as opposed to supersolution), in the sense that the curvature tensor is not
invoked, again on a fixed C!-!-manifold. The idea is that the Ricci tensor appearing in
the Bochner integral formula can cancel the Ricci tensor appearing on the right-hand
side of the Ricci flow equation. One could try to formulate such a time dependent
integral identity just using the Bochner equality for 1-forms. However, one would
get a term coming from the time derivative of the volume form, which unfortunately
involves the scalar curvature. Using vector-valued half-densities instead, this term does
not appear. We give examples of weak Ricci flow solutions, along with a convergence
result and a compactness result.

To mention some earlier work, Lebedeva and Petrunin indicated the existence of a
measure-valued curvature operator on an Alexandrov space that is a noncollapsed limit
of Riemannian manifolds with a lower sectional curvature bound [14]. The Ricci form
exists as a current on certain normal Kéhler spaces and was used by Eyssidieux, Gued
and Zeriahi for Kihler—Einstein metrics [6]. Naber gave a notion of bounded Ricci
curvature, in particular Ricci flatness, for metric measure spaces [21]. Gigli discussed
Ricci curvature for certain metric measure spaces [8, Sect. 3.6].

The structure of this paper is as follows. In Sect. 2 we give some background
information. Section 3 has the definitions of tame connection and Ricci measure, and
proves some properties of these. Section 4 gives some relevant examples. Section 5 is
about weak Ricci flow solutions.

I thank the referee for helpful comments.

2 Background

Let M be an n-dimensional smooth manifold. Let F M denote the principal GL(n, R)-
frame bundle of M. For ¢ € R, let p. : GL(n, R) — GL(1, R) be the homomorphism
givenby p.(M) = | det M|~¢. Thereis an associated real linebundle D = FM x , R,
the c-density bundle. There is an isomorphism D¢ ® D¢ — D of line bundles.
A section of D¢ is called a c-density on M. A 1-density is just called a density.
Compactly supported densities on M can be integrated, to give a linear functional
/, u + Cc(M; D) — R. There is a canonical inner product on compactly supported
half-densities, given by (f1, f2) = [,, f1 /2.

Let V be a torsion-free connection on 7M. There is an induced connection
on D. Given a compactly supported vector-valued density V, i.e. a section V €
CX(M; TM ® D), the integral f M Zi V; Vi of its divergence vanishes. With this
fact, one can justify integration by parts.

The curvature of V is a section of End(T M) @ A2(T*M) = TMQT*M Q(T*M A
T*M). In terms of the latter description, the Ricci curvature of V is the covariant 2-
tensor field on M obtained by contracting the 7'M factor with the first 7*M factor in
(T*M A T*M). In terms of indices, Rj; = >, Rijl.l.

In this generality, the Ricci curvature need not be symmetric. As V is torsion-free,
the first Bianchi identity holds and one finds that R;; — R;; = > R! il That is, the
antisymmetric part of the Ricci tensor is the negative of the curvature of the induced
connection on D, and represents an obstruction to the local existence of a nonzero
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parallel density. Of course, if V is the Levi-Civita connection of a Riemannian metric
then there is a nonzero parallel density, namely the Riemannian density.

Now let M be a C!:!-manifold. This means that there is an atlas M = | J o Ua Whose
transition maps ¢qg have a first derivative that is Lipschitz. We can take a maximal
such atlas. The preceding discussion of c-densities still makes sense in this generality.

A C'!-manifold admits an underlying smooth structure, in that we can find a
subatlas with smooth transition maps. Furthermore, any two such smooth structures
are diffeomorphic.

3 Tame connections and Ricci measure

In this section we give the notion of a tame connection and define its Ricci measure.
In Sect. 3.1 we define tame connections, characterize them in terms of the Christoffel
symbols, and prove stability under L°°-perturbations of the connection. Section 3.2
has the definition of the Ricci measure. In Sect. 3.3 we extend the notion of Ricci
measure to the case of weighted manifolds. Section 3.4 is about singular Riemannian
metrics and Killing fields.

3.1 Tame connections

Let M be an n-dimensional C'-!-manifold. It makes sense to talk about the space
Vi5ip(M) of Lipschitz vector fields on M, meaning Lipschitz-regular sections of
T M. Similarly, it makes sense to talk about Lipschitz vector-valued half-densities,

i.e. Lipschitz-regular sections of TM ® D?.

Let Vyyeas (M) denote the measurable vector fields on M. Let V be a measurable
torsion-free connection on 7'M, i.e. an R-bilinear map V : Vi;p (M) X V;ip(M) —
Vineas (M) such that for f € Lip(M) and X, Y € Vp;,(M), we have

o VixY = fVxY,
o Vx(fY)=(XNHY + fVxY,
e VxY —VyX =[X,Y].
Writing V,0; = > rk j ; Ok, the Christoffel symbols Fki j are measurable. .
If V is a vector-valued half-density then we can locally write itas V = >~ j V7o,
where V! is a locally defined half-density. Then V;V = > j AZE ;. where V; 172
is also a half-density. Further writing V/ = v/v/dx!...dx", we have

v,V =Z(vivf)aj ® Vdx!...dx", (3.1)
j

where |
. . . .
A :85U’—|—§F1kiv —Ezk:rkivJ (3.2)
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Given compactly supported Lipschitz vector-valued half-densities V and W on M,
consider the formal expression

OV, W) = /M,Z]: [(v,-v") (vjwf) _ (v,-vf) (vjwi)]. (3.3)

Note that the integrand of (3.3) is a density on M.

Definition 3.1 The connection V is fame if the integrand in (3.3) is integrable for all
Vand W.

If n = 1 then Q vanishes identically.

Remark 3.2 Suppose that V is the Levi-Civita connection of a Riemannian met-
ric g. We can use the Riemannian half-density +/dvol = (det g)%vdxl ...dx" to

trivialize D2. Using this trivialization, there is an isometric isomorphism between
vector-valued half-densities and 1-forms, under which a 1-form v = Zi w;dx'

corresponds to a vector-valued half-density V = > V'3 ® Vdx!...dx" with
vlo= Zj g" (det g)%a)j. In this case, Q could be computed using (1.2), with the

restriction on w that each v’ in the local description of its isomorphic vector-valued
half-density V should be Lipschitz.

We now characterize tameness of a connection in terms of its Christoffel symbols.

Proposition 3.3 Suppose that n > 1. The connection V is tame if and only if in any
coordinate neighborhood, each Fijk is locally integrable and each Z,.,j(r",drfﬁ -

ijl. Filj) is locally integrable.

Proof Supposethat V is tame. Let U be a coordinate neighborhood and choosem € U.
The point m has a neighborhood S with compact closure in U. Take V and W to have
compact support in U. One finds that

OV, W) =01(V, W)+ 02(V, W), G4
where
1 ki 1 1 ki 1 1 ki 1
Q1(V. W)= | D | S@v")I w! + S0 T @ew) + 5 (00T w
v 2 2 2
1, . :
+§ukrlik(a,wl)—(a,-vk)rlk,wl—vkr’k,(a,»wl)} dx'...dx"
3.5)
and
0x(V, W)=/U >t (r"klrfﬁ —kal.rf,j) whdx' .. dx".  (3.6)

i,J.k.l
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Given constant vectors {ck}Z:l and {d' }i_» we canchoose V and W so that vk = ¢k

and w! = d' in S. Then the integrand of Q| vanishes in S. Hence the integrability of the
integrand of Q(V, W) implies the integrability of 3, ; ; ck (File’/.l. — ijl.l"ill.) d'
in S, for any choice of {c¥ }i—, and {d! }i_;- Letting m and § vary, this is equivalent to
the local integrability of Zi’j (Fikl[’jji — ijil"ilj) in U, for all k and /.

Returning to general V and W with compact support in U, we now know that the
integrand of Q5 is integrable. Hence the integrability of the integrand of Q implies the
integrability of the integrand of Q1. Given a constant matrix {C,* } = and a constant

vector {d’};’zl, we can choose V and W so that v* = > C,*x" and w' = d' in §.
Then the integrand of Q1, over S, becomes

| 1 .
> [Eck"r'i,dl + 5c,"r'l.kd’ -~ CikFlkld’] . (3.7)
ik,

Taking first C, = (Skl, we see that % > ri ; ldl is integrable in S for any choice
of {dl}le. Hence ) ; Fiil is integrable in S for all /. It now follows from (3.7) that
Zi,k,l Cikr‘ikldl is integrable in S for any choices of {C,k}’;’k:l and {dl}?zl. Hence
F’kl is integrable in S for all i, k and [, so F’kl is locally integrable in U.

For the other direction of the proposition, suppose that in any coordinate neighbor-
hood, each I is locally integrable and each 3, ;(I'},I';; — T, ;) is locally
integrable. Given V and W with compact support, we can cover supp(V) U supp(W)
by a finite number {U,}fV: | of open sets, each with compact closure in a coordinate
neighborhood. Let {d)r}f/:1 be a subordinate Lipschitz partition of unity. Then

N
QV, W)= 0.V, W). (3.3)

r=1

Looking at (3.5) and (3.6), we see that the integrand of Q(¢,V, W) has support in
U,. Then from (3.5) and (3.6), we see that the integrand of Q(¢,V, W) is integrable.
The proposition follows. O

Proposition 3.4 Suppose that we have a fixed collection of coordinate neighborhoods
that cover M, in each of which l""jk is locally integrable and Zi,j (Fikll"jji - l"jkl. Fil,/)
is locally integrable. '

Then in any other coordinate neighborhood, T ik is locally integrable and

Zi’j(Filejji — ijil"ilj) is locally integrable.

Proof This follows indirectly from the proof of Proposition 3.3, but can also be seen
directly from the transformation formula

~ ay’ dxP ax¢ ayl  9%x¢
i _ a .
ij_ Z axa dyJ aykrbc+23xa Ayl ayk (3.9

a,b,c a
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for the Christoffel symbols under a change of coordinate from x to y, along with the
fact that g—i and g—; are Lipschitz, and aa 13 - is L. O

We now show that tameness is preserved by bounded perturbations of the connec-
tion.

Proposition 3.5 Suppose that V is tame. Suppose that T = T'. i IS a measurable
(1, 2)-tensor field, symmetric in the lower two indices, such that for all Lipschitz
vector fields v, the (1, 1)-tensor field T (v) = 3, T’jk vk isa locally bounded section
of End(TM). Then V + T is tame.

Proof Wiiting T, = T(3). we have
J (v nv) (mw e w) - (w7 ) (o 1)
/ (s} (o) = (wv) (vw)]
¥ /M ; (") (% w7)+ (57" (,w7) = (v (w,")
() ()] [ L) (o) - (1) (1)

(3.10)

As before, we take V and W to have compact support. Since Proposition 3.3 tells
us that in each coordinate neighborhood, the Christoffel symbols I'* jk are locally L!,

it follows that VV and VW are L' on M. Since TV and TW are L, the integrands
in the second and third integrals on the right-hand side of (3.10) are integrable. The
proposition follows. O

3.2 Ricci measure

Suppose that V is tame. We can rewrite the expression for Q1(V, W) in (3.5) as

01(V, W)= / > [ T o (fw )+ Lpi W wh) =178 (vFw )] dx'. .. dx"
ik,
(3.11)
Using an underlying smooth structure for M, and taking V and W to be smooth
with compact support in the coordinate neighborhood U for the moment, it follows
that

oV, W) :/ >V Rupw'dx' .. dx", (3.12)
U

k.l
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where the distribution

. 1. 1. o o
Ran = (air’kl — STy - Ea;rl,.k) +>° (r’klrfﬁ - rfkl.rl,j) (3.13)
i ij

is recognized as the symmetrized Ricci tensor.

Given a continuous vector bundle E on M, let M(M; E) denote the dual space to
the topological vector space of compactly supported continuous sections of E*. We
can think of an element of M(M; E) as an E-valued measure on M.

In the rest of this subsection, we make the following assumption.

Assumption 3.6 There is some nonnegative 1 € M(M; S*(T*M) ® D*) so that for
allVand W,

oW, w)=> —/ (V,hW). (3.14)
M

Assumption 3.6 implies that the distributional tensor field R ;) +hy; is nonnegative.
It follows that it is a tensor-valued measure, and hence so is R;y. The conclusion is
that there is some R € M(M; S>(T*M) ® D*) so that for all compactly supported
Lipschitz vector-valued half-densities V and W on M, we have

oV, W) =/ (V,RW). (3.15)
M

We call R the Ricci measure of the connection V.
We now prove a convergence result for the Ricci measure.

Proposition 3.7 Let V be a tame connection with Ricci measure R. Let {T(r )}f:]
be a sequence of measurable (1, 2)-tensor fields as in Proposition 3.5. Suppose that
the connections {V + 7T )}roil satisfy Assumption 3.6 with a uniform choice of h.
Let {R(’)}fi] be the Ricci measures of the connections {V + T(’)}fil. Suppose that
for each compactly supported Lipschitz vector field v, we have lim,_, oo T (v) =
0 in L®(M; End(TM)). Then lim,_,oc R") = R in the weak-x topology on
M(M; S5 (T*M) ® D*).

Proof Let Q) be the quadratic form associated to the tame connection V+7 . From
(3.10), for any V and W, we have lim,_, oo Q") (V, W) = Q(V, W). It follows that

lim, o R") = R distributionally. Since the relevant distributions are all measures,
with R 4 h nonnegative, we have weak-* convergence. O

Remark 3.8 If we further assume that V has Christoffel symbols in L7 , for

loc?
q > 1, then we reach the same conclusion under the weaker assumption that

limy 00 T (v) = 0 in L™*247) (M; End(T M)), where % + ql =1.

3.3 Bakry-Emery-Ricci measure

Let V be a measurable torsion-free connection on 7M. We say that f € WIL’ Cl (M) if
in any coordinate neighborhood U, we have f € L}OC(U ) and there are S; € L }OC(U )
so that for any Lipschitz functions F’ with compact support in U, we have
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/fzaiFidxl...dx”=—/ > S Fhdx! . dx". (3.16)
U f U i

We let V; f denote S;. Given compactly supported Lipschitz vector-valued half-
densities V and W on M, consider the formal expression

Qs (V, W) =/M§,[ef (Vl- (e‘év")) (V,- (e_%Wj)) 3.17)

= (V) (5 ()
[ L) )~ () ()
M
L (v, (viwi + viw
= 3@ (Vi (VW viw)) [
We say that the pair (V, f) is tame if the integrand in (3.17) is integrable for all V

and W.

Example 3.9 Suppose that f is semiconvex. Then Hess(f) = VV f is well-defined
as a measurable symmetric 2-tensor. Suppose that V is tame in the sense of Definition
3.1 and Q satisfies Assumption 3.6. Then (V, f) is tame and

0 (V. W) = /M<v, RoW), (3.18)

where the $?(T*M) ® D*-valued measure R 1 is given in a coordinate neighborhood
U by

0V, W) :/ Z v* (Ruay + Hess(f) w' dx' ... dx" (3.19)
Ukl

for V and W having compact support in U. In the Riemannian setting, we recognize
Ry + Hess(f) as the Bakry-Emery-Ricci tensor.

3.4 Riemannian metrics

Let g be a Riemannian metric on M, i.e. a measurable section of SZ(T*M) that is
positive definite almost everywhere.

Definition 3.10 A Riemannian metric g liesin Wllo’ CI if in any coordinate neighborhood
U, we have g;; € L} (U) and there are Sljk € L! (U) so that for any Lipschitz

loc loc
functions { £/} with compact support in U, we have

/Uzg,-j o [k dxl...dx”z/U'Z girS'j 7 dx" .. dx". (3.20)

i,j.k i,j.k,l
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Ifge Wllo’ Cl then it has a Levi-Civita connection with Christoffel symbols in L lloc.

We recall the classical result that a smooth compact Riemannian manifold with
negative Ricci curvature has no nonzero Killing vector fields. (In fact, this is the only
result that we know for manifolds with negative Ricci curvature in dimension greater
than two). We show that there is an analogous result in our setting.

Definition 3.11 A Lipschitz vector-valued half-density V is Killing if
Z (gjkVi VE 4 gV Vk) = 0. (3.21)
k

We note that if V is a Killing vector-valued half-density then writing V = v ®
/dvolg, the vector field v is a Killing vector field in the usual sense, at least where g
isCl.

Proposition 3.12 [f M is compact, the Levi-Civita connection is tame and Q(V, V) <
0 for all nonzero V, then there is no nonzero Killing V.

Proof 1f V is Killing then >, V; Vi = 0and V; Vi = — 2k 218"V V!, so
Q(V. V) = / > g (VivHwvh = o. (3.22)
Mk
The proposition follows. O
4 Examples

In this section we compute examples of the Ricci measure coming from Riemannian
metrics in Wli’ Cl ,in the sense of Definition 3.10. The examples are Alexandrov surfaces,
Riemannian manifolds with boundary that are glued together, families of cones, Kéhler
manifolds and limit spaces of manifolds with lower bounds on Ricci curvature and
injectivity radius. At the end of the section we make some remarks.

4.1 Alexandrov surfaces

We recall that there is a notion of a metric on a surface having bounded integral
curvature [24]. This includes surfaces with Alexandrov curvature bounded below. (For
us, the relevance of the latter is that they are the noncollapsed Gromov—Hausdorff
limits of smooth Riemannian two-manifolds with Ricci curvature bounded below).
Such a metric comes from a (possibly) singular Riemannian metric g. There exist
local isothermal coordinates in which g = o2 ((dxl)2 + (dxz)z), where ¢ is the
difference of two subharmonic functions (with respect to the Euclidean metric). The
volume density dvol,, given locally by e*?dx'dx?, lies in L 110 o

Proposition 4.1 The Levi-Civita connection V is tame.
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Proof In the isothermal coordinates, we have
T = 8ij0k + 8i.x0j¢p — 8x0ip. 4.1)

A subharmonic function f on a two-dimensional domain has 9; f € L }OC [13, Pf. of
Lemma 1.6]. (The proof there is for functions defined on C but can be localized). One
finds that zi’j(lﬁ"kllﬁjﬁ - ijiFilj) = 0. Proposition 3.3 implies that V is tame. O

The quadratic form Q can be described in a coordinate-free way as follows. Let
K denote the curvature measure of g, given in local isothermal coordinates by d K =
— (812 + 822)¢dx 1dx2. (Thatis, for any smooth function f with support in the coordinate
chart, [}, fdK = — [p2(37+03) f ¢ dx'dx?). Given compactly supported Lipschitz

vector-valued half-densities V and W, consider g((l‘v/(’)lw ) We claim that this extends
8

over the singularities of g to a Lipschitz function on M. To see this, in isothermal
coordinates we can write V = 3", v'0; ® Vdx'dx? and W = 37, w'9; ® Vdx'dx?,
with {v/}?_, and {w'}?_, Lipschitz. Then g(V, W) = ¢* (v'w! + v2w?) dx'dx?

and dvol, = e2?dx'dx?, from which the claim follows. One finds

Proposition 4.2

oW, w) =/ sv. W) dK. 4.2)

M dvol g

Example 4.3 If g is smooth and « is the Gaussian curvature then d K = k dvolg, so
oWV, w) :/ng(v’ w). (4.3)

Example 44 For a < 1, put g = (12 + H)?)™ ((dx")? + (dx?)?). Then
(R2, g) is a cone with total cone angle 27 (1 — o). One finds that

OV, W) = 2a (vl(O, 0w (0, 0) + v2(0, 0)w(0, 0)) . (4.4)

In this case, 0;¢p = 77> S0 F’jk lies in L}oc but not in leoc'

xi
EC AT
Example 4.5 For ¢ > 0, suppose that g = e 2l ((abcl)2 + (dxz)z). Then

e¢]

oV, W) = 20/ (vl(O,xz)wl(O, 2) + v2(0,x2)w2(0,x2)) dx®.  (45)

—00

In this example, I' ik lies in LIZO .- The geometry can be described as follows. Take

a two-dimensional cone with total cone angle 2 ¢. Truncate the cone at distance %

from the vertex. Take two copies of such truncated cones and glue them along their
circle boundaries. Remove the two vertex points and take the universal cover.

Note that all of the tangent cones are isometric to R?, but the Ricci measure is not
absolutely continuous.
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4.2 Gluing manifolds along their boundaries

Let M and M> be Riemannian manifolds with boundaries. Let A I(JI) (resp. A l(?)) denote
the second fundamental form of d M (resp. d M»), taking values in normal vectors. Let
HW (resp. H @) denote the mean curvature of d M (resp. d M»), also taking value in
normal vectors. Our conventions are such that for the unit ball in R”, if v is a nonzero
tangent vector to the unit sphere then A(v, v) is inward pointing.

Let ¢ : 0M; — 0M>; be an isometric diffeomorphism. Using the local product
structure near d M (resp. dM>) coming from the normal exponential map, the result
M = My Uy M of gluing M; to M> acquires a smooth structure. It also acquires a
CO-Riemannian metric. Let X C M denote the gluing locus.

Given a compactly supported Lipschitz vector-valued half-density V on M, using
the isomorphism 7T M ¥ = TX®NxM,wecandecompose VonXasV = VT—i—VL,

1 1

where V7 is a section of TX ® D3|, and V= is a section of Ny M ® Dy, | .-

Given x € X, let ny be the inward pointing unit normal vector to M; at x. Given
V and W, decompose them along X as V = VI + V4t and W = WT 4+ W+, Then
(A(l)(VxT, WXT) - A(z)(VXT, WXT), n,) lies in DM|{x}' We would get the same result
if we switched the roles of M| and M.

Similarly, (Vxl , WXL) liesin Dy | )" We can compute the number (H)Sl) - ngz) Ny ).
We would get the same result if we switched the roles of M| and M5.

Let x° be a local coordinate at x so that 367 is a unit normal to X at x. There is a

unique linear map 7 : DM‘{x} — DX‘{x} so that dx® ® 7, (wy) = wy. This extends
toamap 7 : C® (X;DM|X) — C®(X; Dy).

Proposition 4.6

oV, W) =/

(V, Ric(W)) +/ (V, Ric(W))
M,

M

+/ T((A“)(VT, wTy — AQwT, wT), n)
X

+(HD —H® pyvi WH) . (4.6)

loc?
the usual Ricci tensor (3.13) as a distribution. On the interior of M| (resp. M>), we

clearly get the usual Ricci tensor of M (resp. M>), so it suffices to look at what
happens near X. Since V and W are compactly supported, we can effectively reduce
to the case when X is compact. We can choose a local coordinate xY near X, with
n  bointing into M, so that the metric takes the form

Proof The Levi-Civita connection V on M has {I"! j ¢ in L? ,so we can just compute

= 9
— ax0
g = [@x")? + h(xo) + 0 (). “7)

Here we have a metric 2(x?) on X for x° € (—¢, €). As a function of x°, the metric
h is continuous on (—e¢, €), smooth on [0, ¢) and smooth on (—¢, 0]. The second
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fundamental form of M (resp. dM>)is A1) = —% (limxo_,m %) n (resp. A® =

—% (limxo_ﬂ)f % }x0=0) n). Using local coordinates {x} on X, we have

Jdim TG = (4] m), #58)
lim T = (A7 n),
im T ==,
The relevant terms in (3.13) are
Ry = 3oT% + -+, (4.9)

R0y = —30Fil-0 + -
Hence the singular part of the Ricci measure is

1 2
Rty sing = (AL — AP, n)8o(x), (4.10)
R00),sing = (HY — H® n)50(x0).

The proposition follows. O

Example 4.7 Let M1 and M, each be the result of taking a two-dimensional cone
with total cone angle 277 ¢ and trunctating it at a distance L from the vertex. Then the
contribution to the Ricci measure of M from the circle gluing locus is % J: yT(V,W).
This is consistent with Example 4.5.

Remark 4.8 Based on Proposition 4.6, if M is a Riemannian manifold with boundary
then it would be natural to consider

oV, W) =/

M

(V, Ric(W)) +/

T ((A(VT, W), n) + (H, n) (V- WL))
oM

4.11)
to define the Ricci measure of M.

4.3 Families of cones

We first consider the case of a single cone.

Proposition 4.9 For o < 1, put g = |x|~2* Z:;lzl(a')c")2 on R". Then the Levi-
Civita connection is tame. If n = 2 then Q(V, W) is given by (4.4). If n > 2 then
oW, w) = fRn (V,Ric(W)). That is, if n > 2 then there is no singular contribution
to the Ricci measure from the vertex of the cone.
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Proof The case n = 2 was handled in Example 4.4. If n > 2 then we can use the
formula for conformal transformations from (4.1), with ¢ = —a In |x|. In this case
dip € LIZU o> SO the formula (3.13) makes sense as a distribution. However, since
|9;¢| ~ |x|~!, there is no contribution to Q(V, W) from the origin. (To have such a

contribution, one would need to have |3;¢| ~ |x|~ "~ D). O

We now consider a family of cones. Let 7 : M — B be an n-dimensional real
vector bundle over a Riemannian manifold B. Given b € B, we write M;, = 7~ (b).
Let & be a Euclidean inner product on M and let D be an h-compatible connection.
There is a natural Riemannian metric go on M with ¥ : M — B being a Riemannian
submersion, so that the restrictions of gg to fibers are specified by %, and with horizontal
subspaces coming from D. Let s : B — M denote the zero section and let Z denote
its image. Given @ < 1, let g be the Riemannian metric on M — Z obtained from g,
atm € M — Z, by multiplying the fiberwise component of go by A(m, m)™“.

Given z € Z, let dvolM”(Z),z denote the Riemannian density at z of the fiber
My (z), induced from h,. There is a unique linear map 7; : DM‘{z} — DZ‘{z} S0

that dvolyy, ., ; ®7;(w;) = w; for all w, € DM\{Z}' This extends to a linear map
T : C®(Z; Dy|,) — C™(Z; Dy).

Given a compactly supported Lipschitz vector-valued half-density V on M, we can
decompose its restriction to Z orthogonally (with respect to go) as V | 7= yran g ynor
where V%" is tangential to Z and V"?" is normal to Z, i.e. tangential to the fibers of
the vector bundle.

Proposition 4.10 The Levi-Civita connection V of g is tame. If n = 2 then

oV, W) =/

(V,Ric(W)) + 2m/ T (V™ W) g) - 4.12)
M VA

Ifn > 2 then Q(V, W) = fM(V, Ric(W)).

Proof We can choose local coordinates {x?, x'} for M so that the coordinates {x?}
pullback from B and the coordinates {x'} restrict to the fibers as linear orthogonal
coordinates with respect to 4. In terms of such coordinates, we can write

2

g0= > kgydxPdx? + > [dx'+> " xldxP | (4.13)
By i B

where {C’ jﬂ} is the local description of the connection D and {kg,} is the local
description of the Riemannian metric on B. Then

2

—
g =Y kpydxPdx” + (Z(xl)z) Ddx + D¢ pxdaxl ) L 414
1

By i B.J
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Let {fﬁ Y s} denote the Christoffel symbols of the Riemannian metric k on B. Put
- ) ) — —
Flig, = 0pCljy = 0,C i+ D CligCYy, = DC, Cyp. (4.15)
k k

the curvature of D. _ _
Givenb € B, we can choose the coordinates {x’} near the fiber M, so that C* s (b) =
0. Then on M}, we have

1

8ly, = D kpydxPdx? + (Z(x’)z) > (dx")z. (4.16)

By l

One finds that on M},

M= —ﬁ (w8 + x78f — x50 4.17)
, 1 . , .
i _ J i i
Mgy =527 (3chﬁ+8ﬁcjy)’

j

1 o
B _prB _ 1.2 Bo . j i
M =Ty, =5 Zk XF
o,j

ﬁ o~
Fy(S:F}/Sa

B _pi i
l"l.j—l"’jﬁ—l"’ﬁj—o.

Using Proposition 3.3, one can check that V is tame.

The Ricci curvature of V can be computed using the splitting of 7 M into its vertical
and horizontal components relative to 7. The corresponding O’Neill formulas still hold
for the Ricci measure. In the present case, the fibers of 7 are totally geodesic with
respect to the metric g. Relative to the vertical orthonormal coframe

o= x| (dx' + D CFpxldx? (4.18)
j

and a local orthonormal coframe {z#} for k, one finds that the curvature of the hori-
zontal distribution is given by

. 1 o
Algy = 517 D F gy . (4.19)
j

Then using the O’Neill formulas, as given in [16, (4.7)], one finds that the only singular
contribution to the Ricci measure is the fiberwise contribution coming from the singular
points. Using Proposition 4.9, the proposition follows. O
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4.4 Kahler manifolds

Let M be acomplex manifold of complex dimension . Suppose that M admits a Kéhler
metric h which is Wli)’cl -regular, in the sense of Definition 3.10. Suppose that the Levi-
Civita connection is tame. The Ricci measure of (M, h) can be described as follows.
Let V be a compactly supported Lipschitz section of 7(1-0 M ®D% and let W be acom-
pactly supported Lipschitz section of 7D M ® D?. Then oW, W)= fM q(V, W),
where the measure g (V, W) has the following description in local coordinates. Write
V=Y, v0. @ dxldyl . dx"dy" and W = 3, w/d; @ /dx'dyl . dx"dy".
Then

gV, W) = =" (8,10 logdeth) v’ w’ dx'dy'...dx"dy". (4.20)

i,J

4.5 Limit spaces of manifolds with lower bounds on Ricci curvature and
injectivity radius

Givenn € Z*, K € R and iy > 0, let (X, x) be a pointed Gromov—Hausdorff
limit of a sequence {(M;, m;, g;)};2 of complete n-dimensional pointed Riemannian
manifolds with Ric(g;) > Kg; and injmi > ig. From [1, Theorem 0.2 and p. 268],
for any p € (n,00), the space X is a L%P-manifold with a Riemannian metric
gx that is locally L'P-regular. In particular, for any @ € (0, 1) the manifold X
is also a C1'“-manifold and hence has an underlying smooth structure, which is
unique up to diffeomorphism [9, Theorem 2.10]. In order to apply the formalism
of this paper, we extend the smooth structure to a C!!-structure. Any two such
C1-structures are related by a homeomorphism ¢ of X that is L*P-regular for all
p € (n, 00).

As mentioned, with respect to the L%P_-manifold structure, gx is locally Lip.
regular (and also locally C¥-regular). Hence the same will be true with respect to the
smooth structure, and the ensuing C!-!-structure. By Holder’s inequality, gy is also
locally L'-!-regular. Since gy is nondegenerate and continuous in local coordinates, it
has a continuous inverse. Putting st K= > g opgi j» the metric gx lies in le’cl in
the sense of Definition 3.10. Its Christoffel symbols lie in Ll20 . (since gx islocally L L2
regular). Hence the Levi-Civita connection of gy is tame. Also from [1], for large i
there are pointed diffeomorphisms ¢; : (X, x) — (M, m;) sothatlim; o ¢ g; = gx
in Llla’f. By Remark 3.8, it follows that Q(V, W) > K fX 8X,ij VIW/. Hence there is
a Ricci measure R.

Since the Christoffel symbols lie in leo .» the quadratic form Q can be extended
to compactly supported V and W in pe(n,o0) L7, the latter of which also lies in
N we.1) C%. It follows that Q is covariant with respect to diffeomorphisms ¢ of X
that are L?P-regular for all p € (n, 00). Hence R is independent of the choice of
C!Lostructure.
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4.6 Remarks

Remark 4.11 Let g be a Riemannian metric on M" which lies in Wlla’cl, in the sense
of Definition 3.10. Suppose that the Levi-Civita connection is tame.

Suppose that the length metric gives a well-defined compact metric space X. If
Q > 0 then a natural question is whether X has nonnegative n-Ricci curvature (with
respect to the Hausdorff measure) in the sense of [17,28]. One way to answer this
would be to show that X is the Gromov—Hausdorff limit of a sequence of smoothings
{(M, gi)}:2, of (M, g), with the Ricci curvature of (M, g;) bounded below by —%gi.
In the setting of Sect. 4.2, i.e. gluing Riemannian manifolds along boundaries, the
argument for this appears in [22, Sect. 4].

Conversely, one can ask whether X having nonnegative n-Ricci curvature implies
that Q > 0.

Remark 4.12 Suppose that the metric space X of Remark 4.11 has Q > 0 and non-
negative Ricci curvature in the sense of [17,28]. One can ask if there is a relationship
between the possible singularity of the Ricci measure and the existence of a singular
stratum of X in the sense of [3]. Example 4.5 shows that there is no direct relationship,
since the Ricci measure may be singular even if all of the tangent cones are Euclidean.
However, one can ask whether the existence of a codimension-two singular stratum
(i.e. Sp—2 # Sp—3 in the notation of [3]) forces the Ricci measure to be singular.

Remark 4.13 1f X has no singular strata of codimension less than three (i.e. § = 5,3
in the notation of [3]) then one can ask whether a compactly supported Lipschitz
vector-valued half-density V necessarily has V'V square integrable. The relevance of
this would be for nonmanifold spaces, where the square integrability of VV on the
regular set would be a natural condition, whereas the requirement of V being Lipschitz
may not make sense in a neighborhood of a singular point. See Example 5.12.

We note that the singular Kihler—Einstein metrics considered in [6] do not have
any singular strata of real codimension two.

Remark 4.14 Suppose that X is a pointed Gromov—Hausdorff limit of a sequence of
complete n-dimensional pointed Riemannian manifolds with a uniform lower bound
on their Ricci curvature. For concreteness, we consider the case when the Hausdorff
dimension of X is n, i.e. when the sequence is noncollapsing. As in [4, Sect. 3], the
complement of a measure zero subset of X can be covered by a countable union of
sets, each of which is biLipschitz to a Borel subset of R”. Furthermore, the transition
maps between such sets can be taken to be C!-!-regular in a natural weak sense [10,
Theorem 1.5]. Using this structure, one can define a Levi-Civita connection on X
with measurable Christoffel symbols [10, Sect. 3]. The first question is whether the
Levi-Civita connection is necessarily tame, in the sense of satisfying the equivalent
condition of Proposition 3.3. This is true in the setting of Sect. 4.5.

If the Levi-Civita connection is tame then it should be possible to use this to construct
the Ricci measure on the regular set of X (compare with Example 4.5 and Sect. 4.5).
Based on Proposition 4.10, one would expect that any reasonable notion of the Ricci
measure on the singular set should vanish on S,,_3, and be given on S, by an analog
of the last term in (4.12).
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5 Weak Ricci flow

In this section we give notions of weak Ricci flow solutions. In Sect. 5.1 we prove
an integral identity for smooth Ricci flow solutions. In Sect. 5.2 we define tame Ricci
flow solutions, give a compactness result and discuss some examples. In Sect. 5.3
we define the broader class of cone-preserving Ricci flow solutions and give further
examples.

5.1 An integral identity

Let M be a smooth manifold. Let {g(#)};c[0,1) be a smooth one-parameter family of
Riemannian metrics on M.

Proposition 5.1 Let {V (¢)}:cio,7) and {W(t)}:c[0,7) be one-parameter families of
vector-valued half-densities on M. We assume that for each T’ € [0, T), the family

V has compact support in M x [0, T'] and is Lipschitz there, and similarly for the
family W. Then (M, g(-)) satisfies the Ricci flow equation

dg )
- = — 2Ricg( (5.1)

if and only if for every such V.and W, and every t € [0, T), we have
/M > gV W () = /M > g OVIO)W (0)
ij ij

+/ / > [g,-j(aSV')Wf +8i; V! (@ W)
0 JM5S
=2 (vvi) (viwd) + 2 (viv?) (VW) | o ds.
(5.2)
Proof Suppose that (M, g(-)) is a Ricci flow solution. Then
T2 OVIOWI () = =23 Ry VWD i VIW/ 4D gii V! (@ W).
ij ij ij ij
(5.3)
Integrating gives (5.2). Conversely, if (5.2) holds then by taking V and W smooth and

differentiating in ¢, we see that (5.3) holds for all smooth V and W. This implies that
(5.1) holds. O

5.2 Tame Ricci flow

Now let M be a C'-!-manifold.
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Definition 5.2 Let {g(¢)};c[0,7) be a one-parameter family of Wlla‘cl-Riemannian met-
rics on M, in the sense of Definition 3.10, which is locally—L1 on M x [0, T). Suppose
that for each ¢ € [0, T'), the Levi-Civita connection of g(¢) is tame in the sense of
Definition 3.1. Suppose that there is an integrable function ¢ : (0, T) — R™ so that for
all t € (0, T), the time-z Ricci measure satisfies Q(V, W) > —c(t) fM 8ij OVIw,
Let {V(©)}ief0,7) and {W (?)};¢[0,1) be one-parameter families of vector-valued half-
densities on M. We assume that for each T’ € [0, T), the family V has compact
support in M x [0, T'] and is Lipschitz there, and similarly for the family W. We say
that {g(¢)}s¢c(0,7) 1s a tame Ricci flow solution if (5.2) is satisfied for all such V and
W,and allt € [0, T).

Example 5.3 Let {h(t)};[0,00) be a smooth Ricci flow solution on M. Given a chl
diffeomorphism ¢ of M, put g(¢) = ¢*h(t). Then {g(¢)};c[0,7) is a tame Ricci flow
solution. This is because equation (5.2) for g, V and W, is equivalent to equation (5.2)
for h, ¢,V and ¢, W. Hence Proposition 5.1 applies.

Example 5.4 For all t > 0, let g(¢) be the metric of Example 4.4. We claim that if
a # 0 then {g(#)};¢[0,00) is not a tame Ricci flow solution. This can be seen by taking
V and W to be time-independent in (5.2).

We show that the property of being a tame Ricci flow solution passes to Lipschitz
limits.

Proposition 5.5 Let M be a C''-manifold. Let {8i ()2, be a sequence of one-
parameter families of Riemannian metrics on M, each defined for t € [0,T) and
l()cally-L1 on M x [0, T), with each g;(t) locally Lipschitz, satisfying (5.2). Let
{800 (D) }ie[0,1) be a one-parameter family of locally Lipschitz Riemanniann metrics
on M. Suppose that for all T' € [0, T) and every coordinate neighborhood U C M
with compact closure,

lim sup dripw)(gi (), goo(1)) =0. (5.4)

i—00 IE[O, T/]
Then goo(+) is a tame Ricci flow solution.

Proof From the convergence assumption, go, is locally-L! on M x [0, T). The
Christoffel symbols of {g;(#)}{2, and g (t) are all locally-L>, so the Levi-Civita
connections are tame. Because the Levi-Civita connections of {g;}7° converge to that

of goo,in L7> on M x [0, T), it follows that g satisfies (5.2). O

C

Example 5.6 Let {g(t)};c[0,1) be a smooth Ricci flow solution on a smooth manifold
M. Let {¢;}:2, be a sequence of smooth diffeomorphisms of M that C L1 converge on
compact subsets to a C!!-diffeomorphism ¢, of M. Then lim; _, o () = p5.8()
with Lipschitz convergence on compact subsets of M x [0, T), and ¢} g(-) is a tame
Ricci flow solution.

We now give a compactness result for tame Ricci flow solutions.
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Proposition 5.7 Let M be a C*-manifold. Let {g; ()2, be a sequence of tame Ricci
flow solutions, defined for t € [0, T), consisting of C'-Riemannian metrics on M.
Suppose that for all T' € [0, T) and every coordinate neighborhood U C M with
compact closure, the g;(t)’s are uniformly bounded above and below on U x [0, T'],
and the g;(t)’s and their first spatial partial derivatives are uniformly bounded and
uniformly equicontinuous (in i) on U x [0, T']. Then after passing to a subsequence,
there is a tame Ricci flow solution {goo(t)}ic(0,1) on M consisting ofC1 -Riemannian
metrics so that the g;(t)’s Cl—converge 10 8o (1), locally uniformly on M x [0, T).

Proof By a diagonal argument, after passing to a subsequence we can assume that
lim;_, » gi(-) = goo(+) as stated in the proposition. Then Proposition 5.5 shows that
goo () 1s a tame Ricci flow solution. O

We now address when one can get a tame Ricci flow solution by appending a
time-zero slice to a smooth Ricci flow solution defined for positive time.

Proposition 5.8 Let {g(t)}:c(0,7) be a smooth Ricci flow solution with Ric(g(t)) >
—c(t)g(t) for some positive integrable function c. Suppose that there is some g(0) €
W,,. with tame Levi-Civita connection so that lim,_,o+ g(t) = g(0) in Llloc. Then
{g(D)}tef0,1) is a tame Ricci flow solution.

Proof Let V and W be one-parameter families as in Definition 5.2. Forany ¢ € [0, T)
and t € [¢/, T), the analog of (5.2) holds with O replaced by ¢’. Taking 1’ — 0 shows
that (5.2) holds. O

Example 5.9 Let ¥ be a compact two-dimensional metric space with curvature
bounded in the Alexandrov sense. One can construct a Ricci flow solution starting
from X, in an certain sense, which will be smooth for positive time [25]. Using [25,
Lemma 3.3] and Proposition 5.8, we can extend the solution back to time zero to
get a tame Ricci flow solution g(-) that exists on some time interval [0, T'), with X
corresponding to g(0).

Example 5.10 Let (R2, go) be a two-dimensional metric cone with total cone angle in
(0, 27r]. There is a corresponding expanding soliton {g(#)};~o with the property that
at any positive time, the tangent cone at infinity is isometric to (R?, go) [5, Sect. 2.4].
Putting g(0) = go, one obtains a tame Ricci flow solution {g(#)};>0.

Remark 5.11 Let gy be a Lipschitz-regular Riemannian metric on a compact C1!-
manifold M. Choose a compatible smooth structure on M. From [12, Theorem 5.3],
there is a smooth solution {(#)};¢(0, 1) to the DeTurck—Ricci flow withlim,_, o+ h(t) =
go- Fixing ty € (0, T') and using the estimate in [12, Theorem 5.3], we can integrate
the vector field in the DeTurck trick backward in time from fq to 0, to obtain a home-
omorphism ¢ of M. We can think of ¢ as giving a preferred smooth structure based
on the Riemannian metric go. We can also undo the vector field in the DeTurck trick,
starting at time 7o, to obtain a smooth Ricci flow solution {g(#)};(0, 7). Presumably ¢ is
C!! and there is a tame Ricci flow solution starting from g, given by g(t) = ¢*g(t).
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5.3 Cone-preserving Ricci flow

There has been recent work about Ricci flow on certain singular spaces with coni-
cal singularities along codimension-two strata, under the requirement that the flow
preserve the conical singularities [18,19,23,26,27,30,31]. As seen in Example 5.4,
such solutions may not be tame Ricci flow solutions. However, one can consider an
alternative and less restrictive definition, which we call cone-preserving Ricci flow
solutions, in which the V and W of Definition 5.2 are additionally required to have
square-integrable covariant derivative.

Example 5.12 For all t > 0, let g(¢) be the metric of Example 4.4. We claim that
{g(#)}1€[0,00) 1s a cone-preserving Ricci flow solution. To see this, we can assume that
a # 0. Suppose that V' is a compactly supported Lipschitz vector-valued half-density.
Writing V = >, v'9; ® vdx'dx2, one finds V;V = > Viv/ @ vdx'dx?, where

Viv! =810 + (907, (5.5)
Viv? =31v? — (o),
Voul =o' — (819)0v%,
Vov? =00 + (014)v'.

Here ¢ (x!, x2) = —5 log ((xl)2 + (x2)2). Now the square norm of VV is

/ Z gjlgik(Vivj)(Vkvl) dxldxzz/ Z(V,-vj)2 dx'dx>. (5.6)

M ki M

Suppose that this is finite. As each v’ is Lipschitz, and 9;¢p = —a m, it follows

that v (0) = 0. Then (4.4) givesthat Q(V, W) = 0.Looking at (5.2), the claim follows.

This example shows that there may be nonuniqueness among cone-preserving Ricci
flow solutions with a given initial condition, in view of the expanding soliton solution
mentioned in Example 5.10.

We see that in this example, the cone angle along the codimension-two stratum is
unchanged. If one wants to give a notion of a weak Ricci flow solution along these
lines on a nonmanifold space (which we do not address here), it is probably natural to
impose the square integrability of VV as a requirement.

Example 5.13 For k,n > 1, consider C" /Zy, where the generator of Zj acts isomet-
rically on the flat C" as multiplication by e>™!/¥. We expect that with any reasonable
definition of a weak Ricci flow, this will give a static Ricci flow solution (since Propo-
sition 4.9 indicates that the vertex of a cone with a smooth link, in real dimension
greater than two, should not contribute to the Ricci measure).

On the other hand, there is an expanding soliton solution that exists for ¢t > 0,
and whose + — 0 limit is C"/Zy [7, Sect. 5]. This shows that one cannot expect a
uniqueness result for weak Ricci flow solutions whose time-zero slice is anonmanifold,
without further restrictions.
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