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Structure of the talk

» Chern-Simons forms

» Differential K-theory

» Hilbert bundles

» Infinite dimensional cycles

» (Differential) twisted K-theory



Chern-Simons, differential K-theory and operator

theory

Chern-Simons forms



Chern character form

Suppose that M is a smooth manifold, E is a finite dimensional
Hermitian vector bundle over M and V is a Hermitian
connection on E. The Chern character form of V is

ch(V) = Tr (e— VZ) € Qe (M)

It is a closed form whose de Rham cohomology class is
independent of V.



Chern-Simons form

Suppose that V and V; are two Hermitian connections on E.
Putting Vs = sV4 + (1 — 8)Vy, the Chern-Simons form is

CS(VO,V1):/O Tr(dczs —V>dse§2°dd(/\/l)/|m( ).

Then
dCS(Vo, V1) = ch(Vp) — ch(Vy).



Quillen’s Chern character |

Another approach to the Chern-Simons form: On E & E, put

{0 1 Vo 0\
As_s<1 O)+<O v1>_SV+V.

(Adding a mass term.) Then
A2 = V2 L 5(VV + VV) + V2

We think of V as being an odd variable, so
VV+ VYV = (Z dxava> V+ VY adx*V,
= dx*(VaV = VV,)

= dx*[Va, V].



Quillen’s Chern character Il

Then
AZ = PV2 L g(VV + VV) + V2
_2(1 0 0 Vo — V4 VS 0
=9 <o1 S\vi-ve 0o )t o wv2)

Define

ch(As) = Tr <<(1) _01> eA§>

P +V3  s(Vo— Vi ))

—Tr <(1) 01)e<S(V‘V°) 5+ Vi



Quillen’s Chern character llI

L)
5

$+VE:  s(Vo-— v1))

- 2 2
ch(As) = Tr (2) _01> e (s(V1 —Vo) s+ Vj

Then ch(As) is closed and its de Rham cohomology class is
independent of s.
When s = 0, we get ch(As) = ch(Vg) — ch(V4).

Also, lims_, ch(As) = 0, because of the —s? in the exponent.



Quillen’s Chern character IV

We can construct the Chern-Simons form as

o &0 1 0 dAs 7A2
CS(VO,V1)_/O Tr<<o 1>ds )ds
Instead of interpolating between Vo and V4, we are now

Vg L > and oo.

interpolating between V = ( 0 v,

More conceptually,

E ¢ E is a Z»-graded vector bundle,
V= (? ;) is an operator on E & E, of odd degree, and

As = sV + V is a superconnection in the sense of Quillen.
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ATHEMATISCHES INSTITUT

FUR ANGEWANDTE MATHEMATIK

M is a smooth manifold.

KO(M) is the free abelian group generated by isomorphism
classes of finite dimensional complex vector bundles on M,
quotiented by the relations [Ez] = [E1] + [E3] if there is a short
exact sequence

0—E —E — Es—0.



Generators of differential K-theory

Differential K-theory combines vector bundles and differential
forms. There are various models for the differential K-group
K°(M). Here is a “standard” model.

A generator for K%(M) is a quadruple £ = (E, hE, VE, w), where

» E is a finite dimensional complex vector bundle on M.
» hf is a Hermitian metric on E.
» VE is a Hermitian connection on E.
> w e QY(M)/Im(d).
(There’s a model due to Simons and Sullivan where w gets
absorbed into the connection.)



Relations for K°(M)

Given three such quadruples, we impose the relation
=& +&
if there is a short exact sequence of Hermitian vector bundles
0—E —E — E3s—0,
and
wp = w1 +ws — CS (VE, VE, VB ) € 0°(M)/ Im(d).
Here the Chern-Simons form CS satisfies

dcs (vE1 VEe, VES> — ch (VEZ) —¢ch (VE1> —¢ch (VES> .



Exact sequences

Quotienting by the relations defines K°(M). There are a
forgetful map 5
f:KO(M) = KO(M),

and a Chern character map
Ch : KO%(M) — Q*"(M)
coming from

Ch(E, hf,VE,w) = ch(VE) + dw.

0 — K (M;R/Z) — KO(M) <5 Qs¥en(M) — 0

Qodd(Mm) 20 fo 40
0—>W—>K(M)—>K(M)—>O



Atiyah-Singer families index theorem

Suppose that 7 : M — Bis a fiber bundle.

Topological assumptions: The fibers are compact and even
dimensional. The fiberwise tangent bundle is spin®.

Geometric assumptions: Riemannian metrics on the fibers,
Hermitian connection on the associated spin® line bundle.

There are index maps

indan, |ndtop . KO(M) — KO(B)



Atiyah-Singer families index theorem

indan = |ndtop .



Index theorem in differential K-theory

Suppose in addition that there is a horizontal distribution on the
fiber bundle.

(Freed-L.) There are index maps
indan7 indtop . RO(M) = RO(B)

Their construction uses local index theory methods.

(Simons and Sullivan gave an alternative construction of ind¢op
in terms of “K-characters”.)



Index theorem in differential K-theory

Theorem
(Freed-L.)
indan ES |ndtop
as maps from K°(M) to K°(B).
Applying f, one recovers the Atiyah-Singer families index

theorem. Applying Ch, one recovers Bismut’s local version of
the families index theorem.



Consequences

The index theorem in differential K-theory packages many of
the results of local index theory into a semitopological setting.
Some consequences:

» R/Z-index theorem
» Computation of R/Z-valued eta invariants.

» Computation of the determinant line bundle, along with its
Quillen metric and compatible connection (up to
isomorphism).
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Differential K-theory is a “K-theory of finite dimensional vector
bundles with connections”.

It is closely linked to local index theory.

Today: Differential K-theory as a “K-theory of infinite
dimensional vector bundles with (super)connections”.

Some motivation:
1. It unifies various earlier models for differential K-theory.
2. The analytic index becomes almost tautological.
3. The even and odd cases can be treated similarly.
4. Extension to twisting by H3.



From the viewpoint of analytic index theory, it is natural to use
infinite dimensional vector bundles.

Unbounded Kasparov KK-theory: K°(M) = KK°(C, C(M)), the
latter being given in terms of unbounded Fredholm operators
on Zp-graded Hilbert C(M)-modules. Can we give a model for
differential K-theory along these lines?

If E is a finite dimensional Z,-graded vector bundle then
ch(V)=Trse~ ¥ = Tr (ee* Vz) :

where ¢ is the Zy-grading operator.
Problem: This doesn’t make sense if E is infinite dimensional.

Solution: Replace the connection V by a superconnection.



Superconnections

E is a finite dimensional Z»-graded vector bundle on M.

(Quillen) A superconnection on E is a sum
A:A[o] —|—A[1] —|—A[2] + ...,

where
> Ay € Q°(M; Endoaa(E))
> Ay is a connection on E
> Ajj € Q(M;End(E)) for i > 2, with odd total parity.

ch(A) = Trse™ # € Q=" (M).

In the previous description of K°(M), you can replace
connections by superconnections.



A:A[()] —|—A[1] —|—A[2] + ...,
where Ajg) is a section of Endogq(E).

ch(A) = Trse™ # € Q2" (M).
If we expand ch(A) in the form degree,
ch(A) =Trse Ao + ... = Index(Ay]) + - - -,
where Index(Ag)) € C*°(M) is the fiberwise index.
On an infinite dimensional vector bundle, if Trs e Aol has a

. 2 q
chance of making sense then Trs e~ A" has a chance of making
sense.



Hilbert bundles

Suppose that H — M is a Zo-graded Hilbert bundle. We want
to be able to talk about superconnections on H.

What is the right structure group for the bundle? Say that H is a
fiber of the bundle. The structure group should be a subgroup
Of Ueven(H).

All of Ueven(H) is too big. (Any infinite-dimensional Hilbert
bundle with structure group given by the unitary operators, in
the norm or strong topology, is topologically trivial.)



A special case

Suppose that X — M is a fiber bundle with compact fiber Z. Its
structure group is contained in Diff(Z).

The functions on the fibers form a vector bundle on the base.
More formally, Diff(Z) acts on the Hilbert space H of
square-integrable half-densities L?(Z). That is, there’s an
(injective) homomorphism p : Diff(Z) — U(H), and an
associated Hilbert bundle H — M with fiber H.

We should be able to include this case, i.e. deal with structure
groups p(Diff(Z)) c U(H).



For a Z»-graded Hilbert space H, the goal is to find the right
notion of a structure group G C Ueyen(H), so that

1. It is general enough to include the preceding example
coming from a fiber bundle.

2. It is restrictive enough that we can make sense of the Chern
character of a superconnection of a Hilbert bundle with
structure group G.

We will construct G using a pseudodifferential calculus based
on a “Dirac operator” D.



“Analysis on manifolds” without manifolds

Say H is a Z»-graded Hilbert space,

D= 0 9 is a self-adjoint operator.
dr 0

Assume that Tr e~ 2% < oo for all § > 0.

For s € Z=°, put H® = Dom(|D|®), a “Sobolev space”.
For s € Z<9, put H® = (H=%)*.

PuUt H® = (guo H.



Abstract pseudodifferential operators

Definition

opX consists of the closed operators F on H so that
F(H>) c H* and for all s € Z, F extends to a bounded
operator from HS to HS~k.

The space of “Dirac-type operators”:

Clearly D € P.

Lemma
‘P is closed under order-zero perturbations.



The structure group

As a group,
G = Ueyen(H) N 0p°.

What is the smooth structure? Since we only care about Hilbert
bundles over finite dimensional manifolds, it's enough to know
what a smooth map R — G is. (Diffeology)

A map R — G is declared to be “smooth” if it preserves the
smooth maps RX — HS and R¥ — op'.

Here HS and op’ have Fréchet topologies.



Superconnection

Suppose that H — M is a Z»-graded Hilbert bundle with
structure group G. It now makes sense to say that a
superconnection on # is a sum

A:A[O]+A[1]+A[2]—|-,

where
> Ao € QO(M; P)
> Ay = d+ A, locally, with A, € Q'(U,; op)
> Ajj € Q(M; op’) for i > 2, with odd total parity.
Then
ch(A) = Trse™ * € Q=" (M)

g g 2
makes sense, using a Duhamel expansion of e~ A



Chern-Simons forms

Suppose that A and A’ are two superconnections on the Hilbert
bundle. Then ch(A) and ch(A’) are closed forms on M.

When can we say that their difference is exact?

It turns out to be enough for their 0-th terms to differ by a
pseudodifferential operator of order zero.

If Ay — Al € QO(M; 0p°), put

n(A,A/) :/ Trs <dB BQ(T)> dt,
0 ot

where B(t) = (1 — t)A+ tA.

Then
dn(A,A) = ch(A) — ch(A).

So n(A, A) is the Chern-Simons form in this setting.



Interpolating to infinity

Suppose that Ajg; is fiberwise invertible. Put

n(A, o00) = / Trs <%e‘ A?) dt,
1 o/§

where
At = tA[()] + A[1] + t_1A[2] + ...

Then
dn(A, o) = ch(A).

Here n(A, o) is the analog of the Bismut-Cheeger eta form.




Chern-Simons, differential K-theory and operator

theory

Infinite dimensional cycles



Generators for K°(M)

Generators are triples (#, A, w), where
» H — M is a Zp-graded Hilbert bundle with structure group
G.
> Ais a superconnection on H.
> w € Qod(M)/Im(d).



Relations for K°(M)

[H,Awl+[H, A W]=HeH AdA,w+u]
2. If Ajg is fiberwise invertible then
[H,A,w] =1[0,0,w + n(A, c0)].
3. If Ay — Al € Q°(M; 0p°) then

[H,A w] = [H, A, w' + (A, A)].

Theorem (Gorokhovsky-L.) The natural map K2,,(M) — K°(M)
is an isomorphism, where K%,.,(M) is the “standard” differential

K-group defined using finite dimensional vector bundles and
connections.



Comparison map

The inverse map q : KO(M) — K

stan(M) in a special case:

Suppose that Ker(Ajq)) forms a Z»-graded finite dimensional
vector bundle on M.

Let Q be fiberwise orthogonal projection on Ker(Apg).
Then

q(H, A w) =
[Ker(Ap)), QA Q. w + 1(A, B) + (I — QA( — Q), )],

where B = (I — Q)A(/ — Q) + QA Q.



The Hilbert bundle version K°(M) of differential K-theory
unifies some other models. First, the natural map
K2,,(M) — K°(M) is an isomorphism.

Bunke and Schick have a “geometric families” model of
differential K-theory.

There is a natural map K°

geom.fam.(M) — RO(M) that is an
isomorphism.

On the other hand, there are no obvious comparison maps with
the Hopkins-Singer model for differential K-theory.



Pushforward

Suppose that 7 : M — Bis a fiber bundle.

Topological assumptions: The fibers are compact and even
dimensional. The fiberwise tangent bundle is spin®.

Geometric assumptions: Riemannian metrics on the fibers,
Hermitian connection on the associated spin® line bundle,
horizontal distribution

There was an analytic index map (Freed-L.)

indan : Kgtan(M) — Kgan(B)-



An easier description

Say [E, A,w] is a finite dimensional cycle for K°(M). Let A be
the bundle on B of fiberwise spinor fields with values in E, i.e.

C®(B;H™®) = C*(M; E® SYM)
= C®(M; E) ®c(m) C(M; SVM).

Define the pushforward superconnection, acting on
C>(B; H*>), by

mnA=mA® Id)+ Id® B,

where m is the Clifford action of T*M on 7*A* TB @ SYM, and B
is the Bismut superconnection for the bundle = : M — B. Put

W' :/ Td (VTVM)/\w+Iim n((m Ay, mA) € Q°%(B)/ Im(d).
M/B u—0



Pushforward theorem

Theorem (Gorokhovsky-L.)

If (E, A,w) is a finite dimensional generator of K°(M) then
indan([E, A, w]) = [H, ™A, ]

in RO(B) = kgfan(B)'

This gives an almost tautological pushforward of finite
dimensional cycles in differential K-theory.

Can one also push forward infinite dimensional cycles?
Formally yes, but there are some technical questions.
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Twisted K-theory

There’s a notion of twisted K-theory, where one twists by an
element of H3(M; 7).

Using finite dimensional vector bundles, one can only handle
torsion elements of H3(M; Z). To deal with all of H3(M; Z), one
needs to use infinite dimensional vector bundles.

Can one extend the previous model from differential K-theory
to differential twisted K-theory?



U(1)-bundles

H2(M; Z) classifies principal U(1)-bundles on M. We can twist
a vector bundle on M by the associated complex line bundle.
Data for a U(1)-bundle:

» An open cover {U,} of M.

» A smooth map ¢.s : U, N Ug — U(1) on each nonempty
intersection, so that

> dapPsy = day ON €ach nonempty U, N Uz N U,.



Gerbes

&

H3(M; Z) classifies U(1)-gerbes on M. We'll twist by coupling to
a gerbe.
Data for a gerbe:

» An open cover {U,} of M.

» A complex line bundle £, on U, N Ug.

» Isomorphisms jiasy : Log @ Lgy — Loy On U, NUgN U, s0O

that
P Lays © (Bagy @ 1d) = papgs © (Id ®pgys) ON Log @ Loy @ Lys.



U(1)-connection on a gerbe

We have line bundles £,z on overlaps. A U(1)-connection on
the gerbe consists of

» A Hermitian metric on L,3.

» Connective structure: A Hermitian connection V.5 on each
Las SO
tapyVay = (Vap @ 1) + (18 Vp,).

> Curving: s, € Q?(U,) so
Viﬁ = Kq — Kg.

Then H = dk,, is a globally defined closed 3-form on M, the de
Rham representative of the gerbe’s class in H3(M; Z).



Chern character in twisted K-theory

A twisted Hilbert bundle # is given by Hilbert bundles #,, over
the U, ’s, with isomorphisms ¢,z : Ho @ Log — Hg on U, N Us.

A superconnection on # is given by superconnections A, on
the Ha's $0 ¢ 5As = (Aa ® ) + (1 ® Vag) on Uy N Up.

Put \
ch(A) = Trg e~ (Aatra) ¢ Qeven (M),

Then
(d+ HA) ch(A) = 0.



Model for differential twisted K-theory

The generators for differential twisted K-theory are now triples
(H,A,w) as before. Quotienting by the relations, one gets the
differential twisted K-theory group.

Theorem (Gorokhovsky-L.): Up to isomorphism, the differential
twisted K-group only depends on the gerbe through its
isomorphism class. It is independent of the choices of
connective structure and curving.

This gives an explicit model for differential twisted K-theory. It
remains to show that it agrees with other models
(Bunke-Nikolaus).
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