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Ricci flow, singularities, and immortal tails

. — possible singularities  smooth tail on a fixed M
Equat|on and definition and topology changes forallt > T

Ricci flow is - X
0tg = —2Ric(g). g(0)

A smooth solution g(t) on a fixed closed manifold M, defined

for every t € [0, 00), is called immortal.
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finite-time extinction
is possible

Canonical flow through singularities in

dimension three

nonempty large-time branch
= immortal smooth tail

Starting from any compact Riemannian three-manifold,
Kleiner—JL and Bamler—Kleiner give a canonical Ricci flow
through singularities. It may become extinct. If it is nonempty
for all large times, then after some finite time it is an ordinary
smooth Ricci flow on a fixed compact manifold.

So for the long-time behavior, we may consider immortal
flows.
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Main theorem

Let M be a closed connected three-manifold admitting a locally homogeneous metric of type R3, Nil, or Sol, and let g(t)
be any immortal Ricci flow on M.

R3 type Nil type Sol type

s -

The compact blowdown tends to a point; on

The compact blowdown tends to a

M the limit is ~
9(t) — goo circle or interval; on M the limit is
smoothly and exponentially fast, 1 1 1 2 :
with goo flat. 371/3 <d1 +5ydz— §Zdy) +r!/3(dy? + dz?). e~ 2% da? + e?7dy? + 47 d22.

No symmetry is assumed for the initial metric.

The corresponding result for T is due to Hamilton (1988).
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Parabolic scaling and Type Il behavior

R|CC| ﬂOW and Type III physical time ¢t = s: metric g(s)

Ricci flow satisfies 9;g = —2Ric(g). An immortal flow is Type

11 if —_—tt t
supt [|[Rm(g(t))l oo (ary < oo- ‘ N
t>1

dlstance ;
Rm|=0O(s ")

V3

Thus the curvature scale is at least a constant multiple of /.

lresclale by
- S_
Parabolic blowdown

For s — oo, put

blowdown time 7 = 1: metric gs(1)

gs(1) = s g(s7).
For each s, gs(7) is also a Ricci flow solution. Distances are

divided by /s, while curvatures are multiplied by s. Hence a —_—
Type-lll estimate becomes a uniform curvature bound on each )

5 g istance, <X
fixed T-interval away from 0. \R,m?gjl)ﬂ =0(1)
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Topology predicts a geometric decomposition

closed orientable

The topological decomposition 3-manifold
iconnected sum
@ take the Kneser—Milnor prime decomposition;
@® cut prime factors along incompressible tori, if torus < S
any (the JSJ tOI’i); hyperbolic graph-manifold

5 q q pieces pieces
© each remaining piece carries a locally N
composition at large time

homogeneous metric modeled on one of
Thurston's geometries.

Graph manifolds

A graph manifold is assembled from circle bundles
over surfaces. Equivalently, in the prime closed
orientable case, it has no hyperbolic pieces.
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The eight model geometries

o

S

/4

ISH S2xR R3 Nil
round / spherical sphere along a line flat shearing

Sol H? H? xR SLa(R)
stretch / contract hyperbolic surface along a line line over H2

The long-time viewpoint

Topology supplies the list of possible pieces; Ricci flow is expected to reveal their canonical geometries

dynamically.

For compact geometric pieces; finite-volume noncompact hyperbolic and H? xR pieces can also occur in the full decomposition.

Under Ricci flow, a 3-torus goes flat

Introduction
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The large-time picture

Canonical Ricci flow

One can flow through singularities. At large time, the
connected components are aspherical.

Thick—thin intuition m
The thick part Io_oks hyperbgllc. The t_hln part is ol underetond eeds col.
graph-manifold-like and carries collapsing directions. asymptotically lapse analysis
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Expected Gromov—Hausdorff limits under g(t)/t

Large-time dictionary

Limit of (M, g(t)/t) Thurston type
point R3 or Nil
circle/interval Sol
2-orbifold, K = —1/2  H? x R or SLy(R)
3-manifold, K = —1/4 H3

This paper's range

We focus on the torus-bundle geometries: elliptic,
parabolic, and hyperbolic monodromy.

R3, Nil —>- point
Sol | circle / interval
I:Ivz xR ~ hyperbolic
SL2(R) 2-orbifold
C ag [ sl
8/45
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Collapse hides geometry: lift to the universal cover

Compact picture compact manifold et gz [l
> lower-

with tiny fibers . i
A collapsing compact limit can be very small: a dimensional

. ' T
point, a circle, or an interval. lift y § remember 3D
- - universal cover homogeneous
Lifted picture unwraps fibers expander

The universal cover still remembers the full
three-dimensional geometry. Blowdowns of the
lifted flow are expected to be expanding solitons.
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Input |: JL 2010 — identify the blowdown

n compact
Hypotheses supplied to the theorem blowdown

point / circle
/ orbifold

divide by ¢
C /
[Rmy| < —,  diam(M, g(t)) < CVt.
¢ Type-1lI flow
with diam = O(V/%)

Conclusion used here lift, then \
lifted blowdown

The compact blowdown has the dimension homogeneous
predicted by the geometric type, while the expander
lifted blowdown approaches the corresponding
homogeneous expanding soliton.

The present paper’s job is to
prove the diameter bound.
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Input 1l: JL-Sesum — the locally T?-invariant case

Write a locally T2-invariant metric over the base . .
coordinate y as Energy density, energy, and quotient length

g = hyy(y,t) dy® + Gap(y,t) QAQB,

E(y,t) = RYY Tr((G71Gy)?)
where G is the fiber metric and hy, dy? is the (1) r(( v) )

quotient metric. E(t) = max &(y, t),
yest

G: fiber shape

@'@s@ L(t) = /Sl v hyy(y, 1) dy.

>y Thus E(t) measures the largest normalized variation of the fiber

I— shape along the base, while L(t) is the quotient-circle length.
hll? dy
JL-Sesum estimates
1 1 1 d 1
— > —(t1 — t0), “log L(t) < ~E(¢).
B Blg) 23l glel®)s B0

The fiber-shape energy decays, and the quotient length can grow only by the accumulated energy.
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Input Ill: Bamler — large-time time-slice structure

For every sufficiently large time

The curvature satisfies

C
IRm(g())ll Lo (ary < -

Moreover, there are €(t) — 0 and Ag > 0 such that, in
the R3, Nil, and Sol cases, the normalized slice
(M,t=1g(t)) is €(t)~GH close to one of

pt (almost flat), S}, [0,4],

where £ > \g in the last two alternatives.

The circle branch

The normalized metric is £(¢)-close in high regularity to a
locally T2-invariant model whose torus fibers are very
small.

Under Ricci flow, a 3-torus goes flat

large normalized slice

(Mt g(t))
A Y A
point circle interval
almost flat L > o £ > Xo
o T O ——
small T2
fibers

B

>

base circle b’};

Introduction
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After a finite cover: three possible monodromies

My = (T? x [0,1))/((z,1) ~ (Hz,0)), H € SL(2,Z).

case representative behavior of H  geometry
elliptic finite order; virtually H = I R3
parabolic (™M), m#0 Nil
hyperbolic [tr H| > 2 Sol

T2 x {0}

transport once around S*

Y

T2 x {1}

Under Ricci flow, a 3-torus goes flat

\

H identifies the ends

Fixed fibrations and finite-stage decay
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A torus bundle over a circle

Cut the base circle at one point

The bundle becomes T? x [0, 1]. The

! T2 x {0 ' T2 x {1
two boundary fibers are glued by {0} : . =
, ™ each torus fiber
(2,1) ~ (Hz,0) 'maps to one base point

The return map ot base S*

A loop around the base carries one
torus fiber back to itself by
H € GL(2,Z).

Under Ricci flow, a 3-torus goes flat Fixed fibrations and finite-stage decay 14 /45



Why time-slice symmetry is not enough

What one large time slice gives

For each large ¢, Bamler supplies a locally T?-invariant metric g that is e(t)-close to t~*g(t) and has very
small torus fibers.

Exact symmetry is understood

When the Ricci flow itself is locally T2-invariant, the main theorem was proved by JL-Sesum.

The missing spacetime statement

The comparison metric and its preferred fibration may change with ¢. Without a fixed fiber subgroup and a
quantitative contraction between consecutive resets, small errors can accumulate over infinitely many scales.

Time-slice approximation must be upgraded to a coherent stagewise comparison.
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Ricci-DeTurck: a heat equation after choosing coordinates

choose an invariant

Gauge-fixed equation background h(t)

Relative to an invariant background Ricci flow h(t), let q(t)
solve
0tq = —2Ric(q) + Lw (q,n) 4 A4
n " B B obtain a strictly
Wi(g,h)" = q" (F(Q)ij - F(h)i]-). parabolic
The principal term is ¢”/V;V ¢, so the equation is strictly RDT equation
parabolic.

Y

Geometric meaning
smooth the

Pulling ¢(t) back by the DeTurck diffeomorphisms recovers the o errlies wehlEe
original Ricci flow: the gauge changes coordinates, not
geometry.
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The non-invariant part: what must shrink

Averaging over the torus

¢

Given a fixed local T2-action, split the metric into

o~
wiggles along
A ——~—~———_ - ]
average + fluctuation. tiny fibers
o~

The fluctuation is the part that is not invariant Q\
along the fibers. v

after one stage:
much less wiggle

One-stage goal

On a normalized interval 7 € [1, 100], make the
fluctuation at the end much smaller than at the

start.
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Finite-stage decay of the non-invariant part

Let h(t) be a locally T2-invariant Ricci flow on [1, 100] r=1

with bounded curvature, a nonshort quotient circle, and

very short torus orbits. Suppose grpT remains close to h.

For the fixed local torus action, set RDT smoothin
—

NVVVV N\~

short fibers turn a uniform
regularity estimate into an
arbitrarily strong contraction

gxpT = 9RDT — Avr2(9RDT)-

Uniform contraction
For every ao > 0, if the fibers and initial perturbation are

sufficiently small, then

Hgfl{DT”CN‘*'”(Mx[lOJOO]) <o ||gfl{DT(1)HCNv”(M)-
The constants remain uniform as the fibers collapse.

Fixed fibrations and finite-stage decay 18 /45
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Why should the non-invariant part decay?

After parabolic normalization, set v = grpT — h and p = log(t/Tp), with h locally T2-invariant. To first order,

0pv = A, pv + bounded lower-order terms.

The leading operator is Lichnerowicz heat flow; high-frequency eigenvalues are taken to be negative.

1. Fourier split on the fiber

>
| o

nonzero fiber mode

v = Z v (y, p)e'™ .

kez?
k = 0: invariant;
non-invariant.

Under Ricci flow, a 3-torus goes flat

k # 0:

2. Collapse opens a spectral gap

fibers shrink

—
k=0
average
———0— 00— )\
k # 0 modes

very negative

A < —clk|?e72, k0.
The non-invariant part lies far to the
left.

3. Fast decay in log time

exponential
in p=logt

> P
£\

ot ()l s e om0 = (1)
to

Exponential in logt becomes power

decay in t.

Fixed fibrations and finite-stage decay 19 /45



Why the contraction is uniform during collapse

On the cyclic cover that unwraps the base, set

-~ * i
u=grDT, Za=u—Ryu,  ao=|grpr(Mlcno,
w = aJlgrfDT, d= sup diamy(a local T*-orbit at time 7).
r€[1,100]

Translate differences satisfy a local linear
equation Ayeraging the z, recovers w, which has zero orbit average. This
For each a € T?, mean-value linearization gives gives lwllco < Cdflw||ot-

Or 20 — PPIV, V20 = BPVp 20 + Caza. Interpolation with the uniform high-norm bound gives that for

7 € [10, 100], for some 0 < p < 1,

Lifted harmonic charts have a fixed radius. Uniform parabolicity, the

- S ; : w
maximum principle, and Schauder estimates therefore give a HchN+v(Mx[1o,100]) < cdt.
high-regularity bound for z, that is independent of the collapsing
scale. Hence sufficiently short fibers force an arbitrarily strong

contraction.

unwrap the base H compare translates F linearize F Schauder control F short-orbit gain
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Fixed-fiber bootstrap: fibers stay small

M (torus bundle over S')
Geometric claim )

If the metric is GH-close to a circle,

. . fed ifntion : small-fiber fibration
and the circle base is not too short, 7 M8 : mp: M = S
then an approximating locally fxd fber F = 73 Mt s
T2-invariant metric has small fibers. e Pl F

[ 1% (horizontal projection
ng fiby

R ks

common bisssiit 3 ; B o

5 e BRRER . B
Why this is useful T =L
The lower bound for the circle base fcd bse 51

converts Gromov—Hausdorff collapse 7
into the quantitative short-orbit
hypothesis needed for finite-stage
contraction.
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One complete stage

(1]
(2]
(3]
(4]

start with a controlled metric ¢(1) at 7 = 1;
take the average to get r(1);
run the Ricci flow to get 7(7);

run the RDT flow starting from ¢(1), relative
to 7, to get ¢(7);

@ rescale and restart.

The stage closes

Finite-stage contraction keeps ¢(100) close to
7(100), so the rescaled metric starts the next stage
inside the same stability range.

ro1 T =100
qt(ll)l 4 |ROTrelativetor q(100) refeale by 1001 )
ERmiEls RDT endpoint . restart
metric
A
Aves l 1 contracted
T ' difference
~ stage k + 1
r(1) r(100) begins at 7 = 1
invariant > P f
BT Ricci flow Ricci endpoint

Under Ricci flow, a 3-torus goes flat Stagewise recursion and long-time limits
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Three flows in the iteration

Fix T}, = 100¥T, and use normalized time 7 = t/ Ty on the kth stage.

Original Ricci flow Continuous piecewise-smooth RDT flow Possibly discontinuous invariant flow
g(t) is smooth and geometrically canonical ¢’ (T%7) = Tkqx (7). Each stage is an RDT h(Ty7) = Txrk (7). Each 7 is locally
on the immortal tail; no symmetry is pullback of g, and the stages match T=-invariant for a fixed fibration structure,
assumed. continuously. but averaging can make h jump at T}.

I smooth

| | | continuous;
| | | gauge changes
g/ = ==
invariant by
| ! 1 o
stages; may jump
|
ho— — ——
| | | |
To T1 Ts Ts

g’ is geometrically equivalent to g; the iteration contracts the stagewise error ||g’ — h||.

Under Ricci flow, a 3-torus goes flat Stagewise recursion and long-time limits 23 /45



Iteration picture: less wobble at every scale

: stage O error
Spacetime coherence

stage 1 error
The induction turns separate time-slice — tave 2 error
oo . stage
fibrations into one controlled chain of — stage 3 error
normalized stages. —_ I_l

>

What to remember g °
To 1007y

At each restart the metric is closer to
its invariant model than it was one
stage earlier.

10027y 1003Ty

Under Ricci flow, a 3-torus goes flat Stagewise recursion and long-time limits 24 /45



Inside one invariant stage: energy and quotient length

For the invariant stage metric, write
2 ApB
Tk = (Tk)yy Ay~ + G, ap 07607,

Here G, is the fiber metric and (rk)yydy2 is the quotient metric on the base circle.

Set ek
ex(r) = max(r)" T ((G) 7 (Gu))?) . Bi = en(1),
d
() = L(SY, (ri)yy (1)), £y = Ly(1). oo
The JL-Sesum estimates become
Ey > T
ex(r) < 17k7
1+ 1 -1)E, I \

AN

controlled growth

1/2
th(r) < ék(l 5= 1)Ek) .

Geometric exchange

The fiber-shape energy decays, while the quotient length grows
only by the corresponding controlled factor.

Under Ricci flow, a 3-torus goes flat Stagewise recursion and long-time limits 25 /45
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The transition jump and the scalar recursion

After flowing to 7 = 100, average the endpoint and rescale by 100~!. If by, is the non-invariant error, then

1/2
100E), 1+ 2B,

E < ——+—— + Chby, L <(14+Cby) | —————— L.

k+1_1+%E1€ k k1 < ( k)( 100 k
Bt Eip1 = By

Energy reset N .
For . . ;

100E large energy is reset immediately
F(E) = —5g -
14 £2/5 7
one has 0 < F(E) < 200/99. One stage sends arbitrary fixed point 2~

energy to a universal range. —
/// Zbk < 00 pre-
Why length remains bounded vents cumulative drift

The excess above the fixed point £ = 2 and the jumps by > Bk
are summable. Hence the logarithmic length increments
are summable.
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From normalized quotient length to physical diameter

On stage k, the physical comparison metric is
h(TkT) = Tka(T).

Hence
L(Sl yy TkT =V Tk gk < C\/ Tk = C\/l?

The fixed fibers are also O(\f) in physical scale, and g is uniformly bilipschitz to ;. Therefore

diam(M, g(t)) < CVt.

Under Ricci flow, a 3-torus goes flat Stagewise recursion and long-time limits 27 /45



Elliptic monodromy: flat geometry wins

. . large-time flow
After a finite cover T
The bundle is a 3-torus. / \

B . enters fibred branch
Two possible large-time branches almost-flat regionl I diam < Cv/i
JL 2010:

almost-flat blowdown

® the fibred regime persists, and the stagewise ‘ —
argument gives diam (M, g(t)) < Cv/t.
In either case, the R? case of JL 2010 yields an
almost-flat blowdown; expanding to diameter one and

taking a finite cover, along with local stability of flat
metrics, then gives smooth convergence to a flat metric.

@ The normalized flow enters an almost-flat region; or

Under Ricci flow, a 3-torus goes flat Stagewise recursion and long-time limits 28 /45



Hyperbolic monodromy: Sol geometry

Topological obstruction to almost flatness

A closed almost-flat manifold is infranil, hence has
virtually nilpotent fundamental group. A Sol torus
bundle has hyperbolic monodromy and
exponential-growth fundamental group. Therefore the
flow cannot enter an almost-flat region.

b compact limit
circle

stretch / contract

Flow conclusion

The fibred diameter argument applies. JL 2010 then
identifies the compact blowdown on the finite cover as a
circle, while the lifted flow converges to the Sol
expander.
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Parabolic monodromy: organize the global Nil dichotomy

In the nontrivial fibred branch, define the normalized diameter
D(t) =t~/ 2diam(M, g(t))

and, for fixed Dy > 0,
L= {t Z TNil : D(f) Z Do}.
large component I large component I

D < Dg: done gap

The complement L¢ already satisfies the desired diameter bound. On every connected component
I C L, Bamler's fibred comparison is available at every time, so the fixed-fibration machinery can be
run componentwise.
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Nil large components: the first block resets the energy

Start a large-normalized-diameter component at time S unknown initial
with energy Eo
diam(M, g(S5)) < D1VS. ¥ , ,
T el an incomplete final
Type-lll metric distortion controls the first block directly; block > block is handled by
no uniform initial vertical-energy bound is assumed. 1 petuclcisiogion
B < 4
Y
E(100™'r(100)) < % < % <3. hereatier |

After the endpoint jump, E is universally bounded, so the
same recursion controls every later complete block.

JL’s Nil case then gives compact collapse to a point and the Nil expander on M.

Under Ricci flow, a 3-torus goes flat Stagewise recursion and long-time limits 31/45



What the paper adds

Type-lll time-slice PRI homogeneous
> > L] H | 7 < >
Ricci flow small fibers spacetime diam < CVE blowdown
coherence

Coann)

D

The bridge

Finite-stage Ricci-DeTurck contraction plus the energy—length recursion turns Bamler's time-slice
structure into the diameter hypothesis needed by JL 2010.

Y

Stagewise recursion and long-time limits 32/45
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A remaining conjecture

For an immortal Ricci flow on a closed three-manifold,

diam(M, g(t)) = O(v/t) <= M admits a locally homogeneous metric.

The = direction follows from JL 2010, Proposition 3.5: under the Type-III
bound, the square-root diameter estimate forces a single geometric piece.

two one-cusped finite-volume hyperbolic manifolds, truncated and glued

common 1'%

7w

TS wAlANA NET
RA () | ‘h‘ crbalite peee
U VARV, \pr (2

Nt A
hyperbollic pieée ‘

M = N¥ Upz N

H? R3 Nil
V" known V" known v~ known

Sol H? xR SL(R)
V" known 7 open 7 open

The <= direction is known for H3, R3, Nil, and Sol.

Remaining cases

For H? x R and Sﬁig (R), the present strategy lacks the

needed inputs from both JL-Sesum and Bamler.

Under Ricci flow, a 3-torus goes flat Stagewise recursion and long-time limits
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Thank you

Questions




Backup: full stagewise iteration diagram

Under Ricci flow, a

Proof of Theorem 3: Indefinite Ricci-DeTurck iteration

©)

©)

®

Start of stage k

e start conditions at 7 =
o pullback relation
o fixed fibers small

Stage stability
® gi. 7k exist on [1,100]
® [lgx = 7ill < Cubi
o pullback flow remains controlled

Fixed-fiber bootstrap
® Bamler fibration on each slice
xed fibers stay small
® quotient length > g

ke k+1

Indefinite iteration
repeat for k = 0,1,2,..;
hence by — 0

o start conditions persist
o pullback relation pe
o fixed fibers remain s

Start of stage k + 1

Endpoint averaging

rescale by 10071
age ¢;(100) over the local
2-action

® obtain the next start metric

rd

O)

Non-invariant decay
o apply Theorem 2 on [1,100]
o b < b
e errors are summable

Scaling and pullback
identities

Ty, = 100FT,

Grs1(1) = 100" ¢, (100)
ris1(1) = g (1)

kre(T

Backup slides

W(Tyr) = Tiry(7)
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Backup: full energy—length recursion

Under Ricci flow, a

Proof of Theorem 4: Quotient-Circle Length Bound (Stagewise Recursion)

(D) Within one smooth stage

Normalized invariant flow
(1), 1< 7 <100

=100

Along the normalized flow:
energy decays
Ej
e (100) s — K —
1+ 3 B

length grows by controlled factor

I
£,(100) < £k<1 4 % EA.)

7

@ Transition / jump
at switching time

P = 100" 14(100)
m

Average the rescaled endpoint gi(100)
over the local

T2-action to obtain

Small jump controlled by b.

© next start

Energy and length afier the jump:

Ejsq < 100€4(100) + C by

Rescale at 7 = 100 (end of stage k)

@ Scalar recursion

Stagewise recursion (k > 1)

Lrs1 < (14 Cby) 1071 £,(100)

Consequently, for ¢ € [T}, 7
(normalized) energy at
mhaliiedJenetgniat's by > 0 measures the size of the perturbation {(t) < CVA.
v = (quotient-circle) length at 7 = at the end of stage k (small and summable).

L(S" hyy (1)) < CVE

Conclusion

‘The quotient-circle length satisfies

for all ¢ >T,

for 2 constant C depending only on the initial data and the perturbation bound ¥, by.

Backup slides

36/45



Backup: mean-value linearization

On the cyclic cover, set u = grpr, Ue = Riu, and z, = u — u,. Along
Us = Ug + S(u — Ug), 0<s<1,

the fundamental theorem of calculus gives

1
Q/};(u) — Q’};(Ua) = / DQ/]; Uy [Za] ds.
J0

Thus
Orzq — PYIN NV gzq = BYV 24 + Cy 24,
with

1 1 -1
= [uas = [ mras o= [ e
0 Jo 0

The principal coefficient is uniformly elliptic because every u, is uniformly bilipschitz to h.

Under Ricci flow, a 3-torus goes flat Backup slides 37/45



Backup: regularity of the linearized coefficients

For
Oy — PPV, V ey = BPV,y + Cy,

the mean-value coefficients along us have the formal parabolic regularities
Pec CN+U,(N+J)/2 Be CN71+O',(N71+O')/2 C e CN72+U,(N72+0')/2'
Schematically,
B~ultsxu T« Va,
C~u 2% V2u+u>*Vus Vu+ Rm(h) * A(u,u™t).

On any interior slab [1 4+ ¢, 100], Shi estimates for h and quasilinear Schauder estimates for u give all
higher coefficient bounds required by the nested-cylinder bootstrap.
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Backup: maximum principle and Schauder estimates

For o = 2o/ llgkor (DI and 6o = yal2,
(0r = PY'VpVg)pa < Coa.

The deck generator conjugates the torus translations by the monodromy, so (x,a) — ¢ (x,t) descends to a
compact associated bundle. The scalar maximum principle gives a uniform C° bound. On the universal cover,
the invariant background h(t) has a fixed-radius harmonic-coordinate atlas. This uses:

® the universal-cover injectivity-radius estimate;

® curvature bounds and Shi derivative estimates;

® control of 9;h = —2Ric(h).

In these charts the system is uniformly parabolic with controlled Hélder coefficients. Nested backward-cylinder
Schauder estimates give the required high-order bounds; at ¢ = 100 one uses a one-sided backward cylinder.

Under Ricci flow, a 3-torus goes flat Backup slides 39 /45



Backup: why the injectivity-radius lemma is enough

The universal-cover lemma says: if g has bounded curvature and is uniformly bilipschitz to a locally
invariant torus-bundle metric h, then

inj; > igA~12.
Its uses are different in the two analytic arguments.

@ In the decay theorem, take g = h: the invariant background supplies the harmonic-coordinate
atlas. The unknown Ricci-DeTurck metric only needs to be uniformly close to h.

@® In stage stability, the generally non-invariant reference flow p(7) is bilipschitz to Bamler's
invariant comparison m., so the lemma applies directly to p(7).

© In the second comparison, the reference r(7) is itself invariant.

Injectivity radius supplies a spatial radius; curvature bounds, Shi estimates, and control of
0yg = —2Ric supply the full parabolic Schauder atlas.
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Backup: the stage-stability estimate

Let p(7) be the normalized original Ricci flow on [1/2,101] and let
r(1) = p(1).
For sufficiently small
b= [lp(1) = r(Wlle~e )

the invariant Ricci flow 7(7) exists on [1,100], and the Ricci-DeTurck representative ¢(7) of p(7)

relative to r(7) satisfies
llg = rllon+oviorsz < Caih.

The proof uses a common continuous-dependence estimate

lullx,cr) < Co(llu(D)]lon.s )
with a quadratic Taylor remainder

IN:(W)lly,

followed by a bootstrap and continuation argument.

Under Ricci flow, a 3-torus goes flat Backup slides 41 /45

1) < Cllullk, (1),



Backup: transition estimates under a collapsing fiber scale

For two nearby invariant metrics p and p, use a horizontal gauge for p and normalized
horizontal /vertical frames. Relative CV: control bounds

G—l/Q(é _ G)G_l/Q,

)

ISHRSY

a71/2G71/2ay(é o G)Gfl/Q

independently of the absolute fiber scale. Consequently, if E(p) < Ey and § = |[p — pllcn.o(,) is small,
E() < E(p)+C5,  L(p) < (1+CH)L(p).

This scale-free estimate is what allows endpoint averaging during collapse.
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Backup: exact closure of the scalar recursion

The fixed point E = 2 is visible from

F(E)—2= E-2
1+ 2E
With yi, = (B —2)+,
1
< — Cby, = < 00.
Yr+1 S 100.Uk+ k ;yk 0
Moreover,
1/2
1+ 2F 1/2
Z T3k :(14_&(5;]“_2)) ,
100 200
SO

¢
log% < O(yg + by).
k
Since both series on the right are summable,

sup By, < oo, sup {p < oo.
k k
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