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The purpose of this paper is to extend the Ray-Singer analytic torsion [RS1]
from an invariant of a smooth manifold to an invariant of a smooth parame-
trized family of manifolds. In addition, we prove a € *°-analog of the Riemann-
Roch-Grothendieck theorem for holomorphic submersions. We show that the
“higher” analytic torsion enters in a differential form version of this theorem.

Let us first give some of the history of the problem. In the 1930°’s, Rei-
demeister and Franz defined a certain invariant of simplicial complexes [Fr,
Re]. Let (K, F) be a pair consisting of a finite simplicial complex K and a
flat unitary complex vector bundle ¥ on K such that the twisted cohomology
H*(K; F) vanishes. To this data they assigned a real number, now called the
Reidemeister torsion. It turns out that the Reidemeister torsion is a topological
invariant of K. For a survey article on this invariant, see [M]. The original
interest of the Reidemeister torsion was that, unlike other more standard topo-
logical invariants, it can distinguish lens spaces which are homotopy-equivalent
but not homeomorphic, More generally, the spherical space forms of a given
dimension are classified up to isometry by their fundamental groups, along with
their Reidemeister torsions.

Ray and Singer asked whether, as for many other real topological invariants,
there is an analytic version of the Reidemeister torsion which is defined when
M is a closed smooth Riemannian manifold. If F is a flat unitary complex
vector bundle on A, they defined a real number in terms of the spectrum of
the Laplacian acting on F-valued differential forms on Af . They shawed that
if H'(M; F} = 0 then this number, the analytic torsion, is independent of
the choice of Riemannian metric on M, and conjectured that it equals the
Reidemeister torsion [RS81]. This conjecture was shown to be true indepen-
dently by Cheeger [C] and Miiller [Miil]. One can extend the equality between
Reidemeister and Ray-Singer torsions to the case of nonunitary F [Mi2, BZ].

The Reidemeister and Ray-Singer torsions have remained somewhat isolated
abjects, in that it has not been clear how they fit into the more general framework
of topology and analysis. On the algebraic topology side, it is well known that
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there is a relationship between the Reidemeister torsion and the first algebraic
K-group of fields. Soon after the work of Ray and Singer, Wagoner suggested
that to extend this relationship, instead of a single manifold one may wish
to consider a smooth parametrized family of manifolds. That is, one wishes to
define an invariant of a smooth fiber bundle. He conjectured, for reasons coming
from concordance theory, that the Reidemeister and Ray-Singer torsions can be
extended to invariants of a fiber bundle, and that these invariants are related to
the higher algebraic K-theory groups (W].

The program of defining a higher Reidemeister torsion has been recently
carried out by Igusa and Klein [I, K]. Their work is based on Waldhausen’s
algebraic K-theory of spaces and parametrized Morse theory. We summarize
their results in Appendix [I. However, their constructions are rather involved,
and to date the most complicated example for which the higher Reidemeister
torsion has been computed is that of a general circle bundle over st

Ray and Singer also considered a holomorphic version of their invariant, de-
fined for Hermitian holomorphic vector bundles on compact complex manifolds
[RS2]. Important progress has been made in understanding a families version of
this holomorphic analytic torsion. Bismut, Gillet, and Soulé defined a holomor-
phic torsion form on the base of a Kihler fibration. This holomorphic torsion
form enters into a differential form version of the Riemann-Roch-Grothendieck
theorem for holomorphic submersions [BGS!, 2, 3]. The degree-0 component
of the holomorphic torsion form is given by the holomorphic analytic torsion
of the fibers, considered as a function on the base.

In this paper we solve Wagoner’s problem of constructing a “higher” analytic
torsion in the smooth setting. We define the analytic torsion form of a C*-
fiber bundle with closed Riemannian fibers. It is a differential form on the base
of the fiber bundle whose degree-0 component is given by the analytic torsion
of the fibers, considered as a function on the base, We show that there is
a C%-version of the Riemann-Roch-Grothendieck thearem, which relates the
characteristic classes of a flat complex vector bundle, on the total space of a fiber
bundle, to those of its “direct image” on the base. The analytic torsion form
enters into a differential form version of this theorem. In addition, we show
that under appropriate acyclicity conditions, the analytic torsion form gives a
smooth topological invariant of the fiber bundle,

Let us state some of our results in detail. We first describe certain charac-
teristic classes of flat bundles. Let B be a smooth manifold, let F be a flat
coraplex vector bundle on B and let k' be a Hermitian metric on F. With
respect to a local covariantly-constant basis of F, kY is locally a Hermitian

matrix-valued function on B. Put
(0.1) o(F, By =w")dn",

a globally-defined End(F)-valued 1-form on A.
If k is a positive odd integer, define a k-form on B by

(0.2) e (F, 15y = Qimy 2 1o (R, 17,

Then ¢, (F, h7) is closed and its de Rham cohomology class ¢, (F) is indepen-
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dent of 4”7 . The class ¢, (F) was previously defined by Kamber and Tondeur

[KT, D], and one can think of ¢, (F, A } as a Chern-Weil-type description of
this class.

Now let Z — M = B be a smaoth fiber bundle with base B and connected
closed fibers Z, = n_l(b). Let F be a flat complex vector bundle on M .

Let H*(Z; F) z) denote the flat complex vectar bundle on B whaose fiber over
b € B is isomorphic to the cohomology group H* (Z,, F |2a) . Let TZ be the
vertical tangent bundle of the fiber bundle and let o(TZ) be its orientation

bundle, a flat real line bundle on M . Let e(TZ) € HY™ % (M ; 0(TZ)) be the
Euler class of TZ . )

Theorem 0.1. For any positive odd integer k,

dim(Z)

(0.3) Y (1Y e H(Z; Fly) = f e(TZ)-c,(F) in H'(B;R).
p=0 z

One sees that Theorem 0.1 is an analog of the Riemann-Roch-Grothendieck
theorem for holomorphic submersions, in which a holomorphic submersion be-
comes a smooth fiber bundle, d-flat (i.e., holomorphic) bundles become d-flat
bundles, the direct image of F becomes Zﬁf{fz N—1PH(Z: Fly),
the Chern character becaomes the ¢, classes and the Todd class becomes the
Euler class. A corollary of Theorem (1.1 is that if Z is odd-dimensional, then

Tom A (=1 e, (H?(Z ; F|,)) vanishes. In the case k = 1, this vanishing can
also be seen directly from the existence of a flat unitary metric, the Ray-Singer
metric, on the determinant line bundle aver B

We do not know of a purely topological proof of Theorem 0.1, Our proof
is analytic in nature, and gives a differential form version of (0.3). Equip the
fiber bundle with a horizontal distribution 77Af and a vertical Riemannian

metric gTz , and the flat vector bundle F with a Hermitian metric kY. The
HYZ;Fl,

vector bundles H”(Z; F|,) then acquire Hermitian metrics ' from
the Hodge isomorphism. We construct a (k — 1)-form %_I(THM, grz , hF)
on B such that
Theorem 0.2. For any positive odd integer k,
Ao (T, 677 WY = [ T2, V)P AT
z .
dim{Z} H"(Z;Flz))_

= S (1Yo (H(Z Fly), h
p=0

The O-form F(T7 M, g"%, ") is simply the function which to b € B
assigns half of the Ray-Singer analytic torsion of the fiber Z, over b, computed
using the flat vector bundle F| z," If Z is odd-dimensional and k& = 1, then

Theorem (.2 is equivalent to the topological invariance of the Ray-Singer metric
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on the determinant line of Z. For k > 1, the forms .%_I(THM, gTz s hF)
can be called “higher” analytic torsion forms on B.

Theorem 0.2 implies that if Z is odd-dimensional and H?{Z ; F|,) vanishes
for all p, then F,_ (T?M, g7%, ") is closed. We show that its de Rham
cohomology class 7, (M, F) is independent of the choices of T A M , gTz

" and A*. Thus G (M, F) e Hk_l(B; R) is a smooth invariant of the pair
(M, F). Inthe case k =1, if F isunimodular then 7 (M, F) is represented
by the locally constant function on B which to a point b € B .assigns half of
the Reidemeister torsion of the pair (Z, , F| Za) .

The paper is organized as follows. The first two sections are concerned
with finite-dimensional vector bundles, and the last two sections deal with the
infinite-dimensional bundles which arise from fibrations. We treat the finite-
dimensional case because the formalism is more easily seen in that case, which
is free of analytic technicalities, and because the results are of independent
interest in the finite-dimensional case.

Section 1 deals with flat superconnections. That is, we have a Z,-graded
vector bundle E on a manifold B and a superconnection A on E whose
square vanishes. Given two flat superconnections A° and 4” and a holomor-
phic function f: C -+ C, we define an associated closed form on B, If we
are given a single flat superconnection A° on E and a Hermitian metric WE
on E, we show how to construct an adjoint flat superconnection A on E,
which we then use to define a clased form f(A', nE ) an B . In the special case
when A’ is an ordinary flat connection, f(4’, hE) essentially reduces to the
above-mentioned forms ¢, (E, nE ).

In Section 2 we specialize to the case when E is Z-graded and the flat su-
perconnection A’ has total degree 1. We can then think of E as a family of
cochain complexes parametrized by B, with some additional structure provided
by the higher order terms of 4’. We introduce a rescaling kf of the metric

and examine how the forms f(A’, hf) depend on the scaling parameter ¢. A
torsion form Tf(A'  hE ) enters into this scaling-dependence. In the special case

when B is a point, Tf(A', hE) is proportionate to the torsion of the cochain
complex above B,

Section 3 gives the extension of the results of Sections 1 and 2 to the case of a
fiber bundle Z — M 5 B with connected closed fibers Z, = z~'(b) and a flat
(possibly nonunitary) complex vector bundle F on M . Choose a horizontal
distribution T7M on M. The main idea is that the elements of Q(M: F),
the space of F-valued differential forms on M , can be considered to be forms
on B with value in a certain infinite-dimensional vector bundle W, which is
such that the fiber of W over b € B is isomorphic to NZ,; F |Za)' The

differential 4™ on Q(M; F) then becomes a flat superconnection 4’ on W .
Upon choosing a vertical Riemannian metric on M and a Hermitian metric on
F, we obtain a2 Hermitian metric on W and an adjoint superconnection A™
on W . Remarkably, 1(4" + A') is essentially a Levi-Civita superconnection
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in the sense of Bismut {B]. This fact allows us to use local heat kernel analysis
to extend the formalism of Sections 1 and 2 to our infinite-dimensional setting.
We construct the higher analytic torsion form % (TH M, gTz Ny ) and prove
Theorems 0.1 and 0.2. We also describe how & depends on its arguments.

Section 4 deals with the case when the fiber bundle is associated to a principal
bundle with compact structure group G . We use equivariant methods to show
that the analytic torsion form % is a linear sum of characteristic classes of
the principal bundle, with coefficients that depend on the fiber of the associated
bundle and the G-action thereon. We compute .7 when M is a circle bundle
and F is a complex line bundle, and find that .7 is a polynomial in the first
Chern class of the circle bundle, with caefficients that are given by polylogarithm
functions of the holonomy of F|, .

Appendix 1 contains an axiomatic characterization of the torsion form
TI(A', hE) in the finite-dimensional acyclic case. We also discuss the torsion
forms of double complexes. This appendix is a supplement to Section 2. In
Appendix II we give a summary of the theory of Reidemeister and higher Rei-
demeister torsions.

We remark that in view of known relationships between polylogarithms and
the algebraic K-theory of fields [L], the appearance of polylogarithms in the
computation of .7 for circle bundiles gives evidence that .7 is in fact related
to Borel regulators in algebraic K-theory, as predicted in [W]. In the case B =
5 , our higher analytic torsion agrees with the higher Reidemeister torsion of
Igusa-Klein. This raises the possibility of an extension of the Cheeger-Miiller
result which would equate the higher Reidemeister torsion with its analytic
counterpart. More generally, our work indicates a relationship between analysis
on manifolds and algebraic, as opposed to topological, K-theory.

Let us finally remark that one may well ask if it is possible to see the real
analytic torsion form of a fiber bundle by endowing B with a Riemannian
metric and taking the adiabatic limit of the ordinary analytic torsion T(M) of
M, in analogy with what was done by Bismut and Cheeger for the eta form
[BC), and by Berthomieu and Bismut for the holomorphic torsion form [BerB].
The answer seems to be negative. In the adiabatic limit, the relevant term in
T(M) is [, T(Z,): x(b), where T(Z,) is the ordinary analytic torsion of the
fiber Z, and x(b) is the Gauss-Bonnet-Chern density of B [DM, F]. In effect,
the top-dimensionality of x(b) blocks out the terms in the analytic torsion form
T of positive degree. This does not mean that there is no higher real analytic
torsion, but rather that it cannot be seen by adiabatic limits.

We are grateful to John Klein and Christaphe Soulé for helpful discussions,
and to Mel Rothenberg for first telling us of some of the questions that are
addressed in this paper. The first author thanks the Institut Universitaire de
France for its support. The second author thanks the Humboldt Foundation
and the NSF for financial support, and the IHES and the Max-Planck-Institut-
Bonn for their hospitality while part of this work was performed. The results
in this paper were announced in [BLo].

Note. W. Dwyer and B. Williams inform us that they have found a purely topo-
logical proof of Theorem 0.1.
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I. FLAT SUPERCONNECTIONS, HERMITIAN METRICS
AND THEIR ASSOCIATED CLOSED FORMS

In this section we construct a closed form f(A’, hE) which is associated to a
Z,-graded complex vector bundle E, a flat superconnection A" on E, ametric

#E on E anda holomorphic function f: C — C. We show that the de Rham
cohomology class of f(A', hE) is independent of the choice of hE . We also
give the corresponding transgression formula.

The section is organized as follows. In (a) we establish our conventions
and briefly recall the superconnection formalism. In (b) we construct a closed
form based on a pair of flat superconnections. We introduce the transpose and
adjoint of a superconnection in (c) and (d). In {¢) we construct the closed
form f(A", %), In (f) we establish a transgression formula. Finaily, in (g) we
describe certain characteristic classes of flat vector bundies.

{a) The superconnection formalism. For background information on supercon-
nections we refer to [B], [BGV] and [Q1]. Let us just establish sore conventions.
We use the normalizations of [Sp] for differential forms. Except where other-
wise indicated, we will take all vector spaces in this paper to be aver C. Let
B be a smooth manifold, let A(T"B) denote its complexified exterior bundle
and let €}(B) denote the space of smooth sections of A(T"B). The symbol
& will denote tensoring aver C*°(B). Let E = E_® E_ be a Z,-graded
finite-dimensional vector bundle on B. We let C™(B; E) denote the smooth
sections of E, and Q(B; E) denote the smooth sections of A(T"B)G E .

Let t be the involution of E defining the Z,-grading, so that 1| E, = +I.
Then End(E) isa Z,-graded bundle of algebras over B , whose even (resp. odd)
elements commute (resp. anticommute) with 7. Given a € C*(B; End(E)),
we define its superirace Tr [a] € C *(B) by

Tr [a] = Tr{za].
Given w € Q(B) and A € C™(B; End(E)), put
(L.1) Tr[o - a] = o Trfal.
Then Tr, extends to a linear map from €(B; End(F}) to Q(B).

Given o, o' € Q(B; End(E)), we define their supercommutator (o, o'l e

Q(B; End(E)) to be

[a, o] = ad - (- l)(desa)(dega ‘o a.

A basic fact is that Tr, vanishes on supercommutators [Q1].

Let V& = v @ V- be a connection on E which preserves the splitting
E=E_&E_. Let § be an odd element of Q(B; End(E)). By definition,
vEts gives a superconnection 4 on E . That is, there is a C-linear map

A: C*(B; EY > Q(B: E)
which is odd with respect to the total Z,-gradings and satisfies the Leibniz
rule. We can extend A4 to an odd C-linear endomorphism of Q(B; E). By

definition, the curvature of A4 is A , an even C™°(B)-linear endomorphism of
(B ; E) which is given by multiplication by an e¢ven element of Q(B; End{E)).
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We can expand A4 as
(1.2) 4=3" A,
iz
where A J is of partial degree j with respect to the Z-grading on A(T"B).

Note that A4 is an odd element of C™(B; End(E)) and A, is a connection
on E.

{b) Flat superconnections.
Definition 1.1. A superconnection A on E is flat if its curvature vanishes, i.e.,

. 2
! ﬁ‘ A ?s'a flat superconnection written in the form (1.2), then
Ai=o0,
[44,41=0,
[4,, Al + A2 =0,
(1.3} X

(g, A+ [A4,, 4, _]+ - =0

Let A" and A" be two flat superconnections on E , so that

(1.4) Ar=0, A=
Put
(1.5) A=LA"+4), x=L4"-4).

Then A is a superconnection on E and X is an odd element of Q(B; End(E)).
Propasition 1.2. The following identities hold.
xX’=—4* [4,X]=0,
4, x1=0, [4",X1=0, [4,X]=0.
Proaf. From (1.4) and (1.5), we have that 4° = L(4", A']= —X? and [4, X]
=0. Then {4, A*] = (4", A’] =0, and (1.6) follows. O
Let f: C — C be a holomorphic function. Put

(1.6)

(1.7) a = Tr[f(X)] € Q(B).
Proposition 1.3. The form o is closed. Moreover, its even part is
(1.8) o™ = (rk(E,) — tk(E_)) f(0).

Proof. As [4, X] =0, it follows that

(1.9) [4, f(X)]=0.

As Tr, vanishes on supercommutators,
(1.10) do =Tr[A, f(X)]=0.
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Thus « is closed. Put

gla) = 3{f{a) + f(-q)).

Then there is a holomorphic function k: C — C such that g(a) = k(a?). As
X 1is odd,

(1.11) o™ = Tr [R(X7)].

Now

(1.12) % Tr,(h(tX )] = Tr XK (0X )] = %Trs[X, XExXH] = 0.
It follows that \

(1.13) Tr,[A(X )] = Tr,[A(0)] = (tk(E,) — th(E_))R(0).

Then (1.8) follows from (1.11} and (1.13). O

Remark 1.4. By Proposition 1.3, if we want to construct interesting closed forms
a, then we may restrict ourselves to the case when f is an odd function.

(¢) The transpose of a superconnection. Let £ be the antidual bundie to E .
That is, E* is the bundle of antilinear functionals on E. It inherits a Z,-
grading from that of E. Let

(, ):C*(B;E")x C™(B; E) » C™(B)

denote the pairing induced from the duality between E° and E; it is linear in
the first factor and antilinear in the second factor.

Let = denote the even antilinear map from Q(B; End(E)) to Q(B: End(E "))
which is defined by the following three relations:

1. For a, o' € Q(B; End(E}},

™ —5*_.
O =a O .

2. For & € Q'(B),

3. For a € C*(B: End(E)}, we have that @* € C™(B;End(E")) is the
conjugate transpose of g in the ordinary sense, i.e.,

@s,sy=(s, as)
forall s' € C*°(B; E") and s € C™(B; E).

Given a superconnection 4 on E , write A as vE + 8, where vf -vi g
v~ is a connection on E and S is an odd element of Q{B; End(E)). Let

vZ  be the connection on

E" induced from V”
Definition 1.5. A" is the superconnection on E given by
(1.14) A =v" +5.

One can easily check that A is independent of the decomposition of A as
VE LS. If 4 is flat, then A is flat.
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(d) The adjoint of a superconnection. By definition, a Hermitian metric h* .on
the Z,-graded bundle E is a Hermitian metric on E such that E_ and E_

are orthogonal. The metric #° induces an even C™(B)-linear isomorphism

(1.15) K. QB Ey - QB; E).

Definition 1.6. The adjoint A” df a superconnection A is the superconnection

on E given by

©(1.16) A =5
If A isflat, then A" is flat.

(e) Associated odd closed forms. Let ¢ Y2 bea square root of i . In what follows,

the choice of square root will be irrelevant.
We assume that the Z,-graded vector bundle E has a flat superconnection

A’ and a Hermitian metric A% . We now apply the formalism of Section I{b),
taking A” to be the adjoint superconnection A™ . That is, we have
(1.17) A=14"+4y, x=44"-4).
Let ¢: Q(B) — C(B) be the linear map such that for all homogeneous « €
Q(B),
(1.18) g = (2im) 9B 2,

In what follows, we will say that a holomorphic function f:C — C is real

if for all a € C, we have f(a) = f(a). We will say that a differential form is
real if it can be written with real coefficients.

Definition 1.7. Let f: C — C be a holomorphic real odd function. Put
(1.19) (A, 1) = in) P Tr(f(X)] € Q(B).

Theorem 1.8. (i) The form f(A', hE) is real, odd and closed. _
(ii) Let KE' be the induced metric on E* . Then fA Wy =—flA", kE‘) )
(iii) If there is an even isomorphism between the triplets (E, A, kE] and

(E*, A4, B, then f(4, W) =0.

{iv) Suppose that the triplet (E, A, HE } is the complexification of a real triplet
(Eg» A;, hE y. Then if k = 3 (mod4), the degree-k component of f(4', K
vanishes.

Proof. (i) By Proposition 1.3, f(4', KE ) is odd and closed. Now

£

X =-X,

and so
SO = f(X") = f(-X) = —f(X}.

It is now easy to check that (1.19) implies that f(A', Wt ) is real.
(ii) Using an obvious notation, one can check that

XA BEy = ~hE x4, By REY
from which the claim follows.
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(iii) This follows from statement {ii).
(iv) It is enough to show that Tr,[X*] = 0 if k = 3 (mod4). In general, we
have

(_._ l)k(k+[];’2.rrs[(Xk)-]
= (0P ) = X,

Tr [X¥]

In our case, Tr [X k] is real and the claim follows. O

(f) A transgression formula. Let / € R parametrize a smooth 1-parameter fam-
ily of Hermitian metrics hf on E. For each [ € R, form X, as in (1.17).

E
There is an operator (hf]_' %— ¢ C¥(B; End(E)), where we use an abvious
notation.

Theorem 1.9. The form ¢ Trs[%(;‘tf)_l %f—’ff f (X,)] on B is even and real. More-
over,

, ;L
(1.20) 2 1 ,hf)=d(<oTrs [%(hf) Ly Uq)D.

Proof. Let .# be the space of Hermitian metrics on E. Let #: B x.# — B
be projection onto the first factor. Then #*E isa Z,-graded vector bundle on

B x.# and n*A’ is a flat superconnection on n°E. Moreover, n E has a
canonical metric h™ © which restricts to A% on B x {h"}.

Let X" be the odd element of QB x.# ; End(z"E)) which is associated
to the triple (z°E, °4", k™ E) by (1.17). Let d* (resp. d”) denote exterior
differentiation in the .# (resp. B) direction on B x .# . Put

(1.21) 6= (W E) ' (@* 1" E) € Q'(B x 4 ; End(2"E)).

Let X" be the map which takes h% € # to X* € Q(B; End(E)). We

can think of X" a5 an element of C°(#) ® Q(B; End(E)), which in turn
embeds in Q(B x # ; End(n”E)). One can check that

(122) X = xR 1,
By (1.19),
(1.23) fi A ") = 2im) P Te LF(X™).

From (1.22) and (1.23),
(1.24) A, B Ey = 2in) P Tr (™ 1 L6)].

Taking the Taylor expansion of the right-hand side of (1.24) in the variable 8,
we obtain

S A, K Fy = Qin) P Tr, £ (X™")

1.25 .
(-2 +Qim) P Tr Lo (X7 N + 4,
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where B is a form on B x.# whose partial degree in the G_rassmann variables
of A(T".#) is > 2. By Theorem 1.8, the form f(z" A4, h" E] is real, odd and
closed. It follows that

(1.26) 0= (Q2im)" 2o Tr, LA (X)) + a®(2in) o Tr [Lo £ (X))

The smooth l-parameter family hf of metrics on E is equivalent to a
smooth curve ¢(f) in # . Let i, ,, denote interior multiplication with the tan-

gent vector of ¢. Then the part of iddd’-f(fl’/lr , hI‘E) which is of partial degree

zero in the Grassmann variables of A(7”".#), namely (aTrs[%(h qlak SFAXD1,
is an even real form on B. Applying fdc;d: to (1.26), we have

0= é?lf(A h )+ idq,d’.dﬂ ((2;‘7:] l;’2¢ Tr, [%eff(xpanial)])
LI < VOV B PN (YRR A L )
, 1Ok
= %f(A by -d” (;oTrs [%(h 2Ly (X")D a

Definition 1.10. Let QB be the vector space of real even forms on. B. Let QE"0
be the vector space of real exact even forms on B,

Theorem 1.11, The following identity holds:

lah

(1.28) d[ Py, L, )] dl = f(A, by = [, ).

In particular, the de Rham cohomology class of f(A', HE )} is independent of
K . Moreover, the class of the form [} ¢ Tr[i(hf) 2% £/ (X1l in Q% 1Q"°
depends only on the metrics hf and h‘[E .

Proof. Equation (1.28) follows from integrating (1.20) with respect to /. We
now use the notation of the proof of Theorem 1.9. Let ¢:[0,1] —» # bea
path in .# . From {1.25), we have

- 1
/ fa A hTE) = / ¢ Tr, [%U: )“ah‘ 7 ;)l dl.
¢ 0

Asthe form f(rn*A', K" ¥} is closed, the last statement of Theorem 1.11 follows
from Stokes’ Theorem. 0O

Definition 1.12. Let f(4', hF, k) € QB/QB’U be the class of
1
fonsoir 2]

Equation {1.28) states that
(1.29) dfA B hEy = f( A B - f(A, B,
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If A" is an ordinary flat connection, then the class f(A', h{f s hlE) is the
analog for us of the Bott-Chern class [BoC].

In what follows, we will let f{4') denote the de Rham cohomology class of
fA 1. |
(g) Chern-type classes of flat vector bundles. With the notation of Section 1(e),

suppose that 4’ is an ordinary flat connection vE = 98 o vE- on the Z,
graded vector bundle F. Then

(1.30) = (V") - )

can be written as X =4a(E, k”), with

(1.31) o(E, 15y = (") (v h") e Q' (B; End(E)).
Equations (0.1) and (1.31) are clearly equivalent. The unitary connection
(1.32) A= LV +v)

on E is given by

(1.33) A=V" +La(E, hF).

For k a positive odd integer, take f(a) = a . We write

(1.34) e (B, 05y = £95 15 = im0 e [0 (B, 15,

a closed k-form on B. Let ¢, (E) denote the de Rham cohomology class of

¢ (E, kE) : by Theorem 1.11, it is independent of 4% . If the flat vector bundie
E admits a covariantly-constant Hermitian metric, then ¢, (E) = 0.

Proposition 1.13. If E| and E, are Z,-graded flat complex vector bundles on

B, then

{(1.35) ¢ (E, ® E)) =, (E|) + ¢, (E,)

and

(1.36) . ¢ (E QE,))= Trs[IEl] < (E)) + Trs[IEl] <, (E,).

If E is a Zy-graded flat complex vector bundle, then
(1.37) ¢, (E") = —¢,(E).

Proaf. Equation (1.35) is evident. If #% and k™ are Hermitian metrics on
E, and E, respectively, we have

(1.38)  @(E, ®E,, k") = (I @ @(E,, ™) + (w(E,, K™ & I ).

Then
(1.39)

k
Tr0“(E, ® E,, i"®™)]= 3" (’;) Te [ (E, , K™)] Tr(0* P (E,, k™)),
=0
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By Proposition 1.3, the terms in the sum of (1.39) vanish if p is not equal
to 0 or k, from which (1.36) follows. Equation {1.37) follows from Theorem
1.8(i1). O

We wish to give a more intrinsic description of the classes ¢, (E). For sim-
plicity, we assume that £E_ = 0. Inthecase k=1, ¢ (E) € H ! (B; R) is the
cohomology class such that if y is a smooth closed curve in B and [y] is its
homology class, then

(1.40) ¢ (EX[v]) =In|det P |,

where P}, is the holonomy of E around y, computed at an arbitrary point of

Y.
More generally, put ¥ =rk{E), ¢ = GL(N,C) and K = U{N). Denote

the Lie algebras of ¢ and K by y = g{(N, C) and « = u(N), respectively.
The symmetric space G/K is isomorphic to the space of Hermitian metrics
on C¥. Suppose that B is connected, let * be a basepoint in B and let
p: n{B, ) - G be the holonomy representation of E at +. Letting B denote
the universal cover of B, we can write £ = B X, c¥. Puu H=h x, (G/K},
a fiber bundle over B with fibers diffeomorphic to /K. Then Hermitian
metrics on £ are equivalent to smooth sections of H .

The quotient space y/ix is isomorphic to the space of Hermitian N x N
matrices, and carries an adjoint representation of K. Define a k-form & on

y/x by sending Hermitian N x N matrices M, ..., M, to
1 sign(e)
(1.41) M, ..., M) =57 3 (=™ TrlM - Ml
0ES,

Then & is K-invariant and extends to a closed G-invariant k-form on G/K,
which we also denote by . Let x,: B x (G/K) — G/K be projection onto
the second factor. Then 7,(®) is a closed form on B x {(G/K). As @ is
G-invariant, 7,(®) is 7,(B)-invariant, and so pulls back from a closed form
o on H.If h* is a Hermitian metric on E and s: B — H is the associated
section, it follows tautologically that

-k %

(1.42) e (E , W) = in) %227 * " q).

As G/K is contractible, the fiber bundle H is topologically trivial and there is
an isomorphism j: H*(H;C) — H*(B; C). Letting [0] € H*(H; C) denote
the de Rham cohomology class of o, we have

(1.43) ¢, (E) = (2im) 7227 j([a)).

Equation (1.43) shows that the classes ¢, (E) are the same as those defined
by Kamber and Tondeur [KT] and further studied by Dupont [D] (see [D, §4]).
Let GL(N, C); denote GL(N, C) with the discrete topology. The flat bundle
E is classified by a homotopy class of maps v from B to the classifying space

BGL(N,C); and ¢, (E) = v*(ck,N) for some €.y € Hk(BGL(N, C);; R)
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{D]. Now the cohomology group H'(BGL(N, C) s> R) 1s isomorphic to the
(discrete) group cohomology H*(GL(N, C); R). We can also consider the con-
tinuous group cohomology H (GL(N, C); R), meaning the cohomology of the
complex of Eilenberg-Mac Lane cochains on GL(N, C) which are continuous
in their arguments. By forgetting that the cochains are continuous, there is a
map p,: H{GL(N, C); R) » H'(RGL(N, C);; R). It follows from [D] that
G N ,uN( _w) forsome C, Ner(GL(N C); R). For example, C| , is
given by the homomorphlsm g — Injdet(g)| from GL(N,C) to (R, +).

Furthermore, one can check that with rcspect to the embedding e,:
GL(N,C)—> GL(N +1,C), one has C —{H (ex))(Cy i) - The inverse
limit hm H (GL(N,C); R) isan exterior algebra with generators in every odd
degree [Bo p. 265]. Thus the classes ¢, (E} can be considered to be the inde-
composable stable characteristic classes, which can be described by continuous
group cochains, of flat complex vector bundles.

A related characteristic class of the flat bundle (E, V ) is its Cheeger-Chern-
Simons secondary class, which lies in H°dd(B : CC/ Z) [CS]. The imaginary part
of the Cheeger-Chern-Simons class lies in H°¥(B; R), and can be explicitly
constructed as follows. Let f € {0, 1] parametrize a smooth 1-parameter famﬂy
of connections {V,} (0, 1 such that V, is compatible with hE | and v, = =vf
Put

‘ ! 1 dV, —vp
(1.44) CCS({V:}:E[O’l])sz diTr [_ﬁ?ﬁe i) oy
Then
249 2 n; 2 ym
(145) dCCSUT by ) = Trle™ 1] Tele™ 2] = re(E) ~Tefe™ %4/},

As ¥, is h"-compatible, Tr[e~ ;"2"”1 is a real form, and so the form
Im( CCS ({V,} (o, l]] is closed. One can check that the de Rham cohomology

class of Im{(CCS({V,} 1, y)) 15 independent of KX and the specific choice of

{V.}o, ] » and so defines an invariant Im{(CCS(E)) € H%(B; R) of the flat
bundle E. This is the desired construction.

Proposition 1.14. The Cheeger-Chern-Simons secondary class and the ¢, (E)
classes are related by

o 22;},
(1.46) Im(CCS(E)) -35 Z RN sy ()
Proof. Take V, = A —tX . Using the fact that vE is flat, one computes that

(1.47) V= - X
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Then
1 —IX 2in
CCS({VI}ge[o 1 [2_;5 (f / ]
_ iyl 1= de | Qim) 7 Tr X ¥
(1.48) ‘_TZI (1= dr) iy THX Y
. 00 2} 2
i 2% E
= -—Z— LGy (B, BD).
2 v JH(2F + 1)1l

The proposition follows from taking the imaginary parts of both sides of
(1.48). O

Remark 1.15. Equation (1.46) is equivalent to an equality in the group
H“dd(BGL(N , C);3 R) relating the classes {ck, ~} and the imaginary part of
the Chern-Cheeger-Simons secondary class.”

II. FLAT SUPERCONNECTIONS OF TOTAL DEGREE 1, HERMITIAN METRICS
AND TORSION FORMS

In this section we construct the closed form f(A’, nE ) associated to a Z-
graded complex vector bundle E which is equipped with a Hermitian metric

1" and a flat superconnection . 4' of total degree 1. We also introduce a 1-
parameter family of metrics {hf Yoo On E. We calculate the ¢t — +oo limit
of f(A, hf ). Using the transgression formula of Section 1{f), we construct a
form S (A', ) such that

dS (A ) = f(A 1) = lim f(4', B)).

In the special case when (E, v) is a flat complex of complex vector bundles
equipped with a Hermitian metric HE , We construct a torsion form Tf(A' , hE)
such that R R .

f - ! . !

Finally, we compute the dependence of S.(4', #E) and TAA, h%) on the
metric A% .

The section is organized as follows. In {a) we introduce superconnections of
total degree 1 on a Z-graded vector bundle E. Given a flat superconnection
A" of total degree 1, in (b) we describe the associated cochain map » on E,
and the flat vector bundle H(E, v) on B which is the cohomology of (E, v).
In (c) we establish a transgression formula for the closed form f(A’, hf ). In
(d) we calculate the ¢ — +oo limit of f{A', hf) . In {e) we construct the form

Sf(A’, n* ) and in (f) we construct the torsion form TI(A' , hE). We discuss a
finite-dimensional version of Hodge duality in {g), and give a nontrivial example
of the formalism of this section.

In the entire section we use the assumptions and notation of Section 1.



FLAT VECTOR BUNDLES 307

{a) Superconnections of total degree 1 on a Z-graded vector bundle. Let B bea
smooth manifold. Let E = GBLG E' be a Z-graded complex vector bundle on

B. Put
E-@F, E-@F
i even iodd
Then E = E, ¢ E_ is a Z,-graded vector bundle, to which we may apply the
formalism of Section 1.
Let A" be a superconnection on £ = E_ & E_. As in (1.2), we write 4 in
the form

(2.1) 4'=)" 4,

iz0
where A;. is of partial degree j in the Grassmann variables A{(7"B).

Definition 2.1. We say that 4’ is of total degree 1 {resp. —1) if
—A| is a connection on E which preserves the Z-grading.

-For j € N— {1}, A;. is an element of (B; Hom(E*, E**"™)) (resp.
O/ (B; Hom(E*, E* 'y,

In what follows we will assume that A4’ is a flat superconnection of total
degree 1. Put
[ E
(2.2) v=Ag, v

!

= 4.

Clearly v € QB ; Hom(E*, E**")) and V” is a connection on E which
preserves the Z-grading.

Proposition 2.2. We have

(2.3) v =0, [, v1=0, (VO+[,A]=0.
Proof. These are just the first three identities in (1.3). O

As v = 0, we have a cochain complex of vector bundles
(2.4) (E,v): 0 E°SE' 5. L E" 0,

Definition 2.3. For b ¢ B, let H(E,v), = EBf:Q Hi(E, v), be the cohomology
of-the complex (£, v),.

From Proposition 2.2, v is covariantly constant with respect to the ¢onnec-
tion VE. It follows that there is a Z-graded complex vector bundle H(E, )
on B whose fiber over b € B is H(E, v),. There is also a natural connection
on H(E, v) which can be described as follows. Let w: Ker(v) — H(E, v} be
the quotient map. For 0 < i < n, let s be a smooth section of H t-(E , ¥). Then
there is a smooth section e of E'nKer(v) such that w(e) = s. Given a vector
field I/ on B, we have that U(Vﬁe) = Vﬁv(e) =0, and so Vge € Ker(v).
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Definition 2.4. Put
(2.5) VEEDS = y(Vie).

Equation {2.5) makes sense, as if e € Im(v) then V‘E,e € Im{y). Thus
v7E:*) s a connection on H (e, v) which preserves the Z-grading.

Proposition 2.5. The connection VE Y s flar.

Proof. From (2.3), if s and e are as above, then

(2.6) (VHEs = y((VF)e) = —w(lv, A3le) = 0. O

(b) Superconnections of total degree 1 and Hermitian metrics. We make the same
assumptions as in Section 2{a). By definition, a Hermitian metric on the Z-
graded vector bundle E = ] ,E * is a Hermitian metric on E such that the
E'’s are mutually orthogonal.

Let #° be a Hermitian metric on E . Let v* € Q%(B; Hom(E*, E*™")) be
the adjoint of v with respect to hE . Put
(2.7) V=o"-u.

As V! = —(v"v + v"v), it follows from finite dimensional Hodge theory that
for any b € B there is an isomorphism

(2.8) H(E, v), ~ Ker(V,). .

Thus there is a smooth Z-graded subbundle Ker(V) of E whose fiber over
b e B is Ker(V,). Morcover, '

(2.9) H(E, v) =~ Ker(V).

Being a subbundle of E, Ker(}) inherits a Hermitian metric from the Her-
mitian metric A% on E. Let A7+ denote the Hermitian metric on H(E, v)
obtained via the isomorphism (2.9). Let P**") be the orthogonal projection
of E onto Ker(V); it clearly preserves the Z-grading.

Put

W(E, h")= (k") (V°H),
m(H(E, ‘U) , hH(E,u)) — (hH{E,u))—l(vH{E,u)hH(E,v]).
These are l-forms on B with value in the selfadjoint endomorphisms that
preserve the Z-gradings.

Let (VE)" (resp. (V7-")*) be the connection on E (resp. H{(E, v))
which is the adjoint of vE {resp. vHE "’]) with respect to &° (resp. I;H(E ’”}),
These connections still preserve the Z-gradings, Then

(V5 =V + w(E, 1),
(VH(E,v))s — VH(E,U) + OJ(H{E, v), hH(E,tJ)}-

Now PRMIgE and PRN(9%)* sive connections on Ker(V). Using the
isomorphism {2.9), they can be considered to be connectionson H{E, v). Sim-
ilarly, the 1-form P*""(E, #%)P*") can be considered to be an element
of Q'(R; End(H(E, v))).

(2.10)

(2.11)



FLAT VECTOR BUNDLES 309
Proposition 2.6. The following identities hold:

gHE %) _ pRed¥) o E
(212) (VH(E,U})* — PKj:r(V)(vE)*,

(H(E, v), hE" = PRV, nF) PR,
Proof. Let e be a smooth section of Ker(v). As before, for a vector field U
on B, V‘E,e ¢ Ker(v). By Hodge theory, PK"(V)(Vf,e) — Vf,e € Im(v), and so
E Kee(V) o E

(2.13) W(Vge) = w(P "‘Mgle).

Equations {2.5) and (2.13) give the first identity in (2.12).
Let ¢ and ¢’ be smooth sections of £ and let U/ be a vector field on B.
Then

(2.14)  Ule,e'y,s = (Vie, e)e + (e, Vpe') e + (@(E, KoY U)e, &),z
If in addition e and ¢’ lie in Ker{}V), then (2.14) gives
Ule, e')e = (P*""'V5e, &) e + (e, PRVVEe") e

+ (P, WY U) P e, &) e

From (2.15) and the first identity in (2.12), we obtain the third identity in
(2.12). The second identity in (2.12) now follows from (2.11). O

Let A" = A™ be the adjoint of 4" with respect to HE . Then 4” is a flat
superconnection of total degree —1. From (2.1},

1]

(2.15)

H M " ]
(2.16) A'=)"A7, 4] =4].
jz0
From (2.2},
(2.17) v =dy, (VY =4

(¢) The rescaling of the metric. We make the same assumptions and use the

same notations as in Section 2(b). , .
Let N € End(E) be the number operator of E, i, N acts on E' by

multiplication by i. Extend N to an element of C™(B; End(E)).

Definition 2.7. For ¢ > 0, put
L
(2.18) W =rrt.
i=0

Then hIE is a metricon E and A° = h'lg.
Let A:’ be the adjoint of 4’ with respect to htE. Clearly 4" = AT' We have

(2.19) A=V a",

Using (2.16) and the fact that A" is of total degree —1, we get
" l—jf .+

(2.20) _ A =074

fz0
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We now use the formalism of Section 1{e). Put
(2.21) A, =54, +4), X, =4 -4

Let f: C — C be a holomorphic real odd function. Following Definition
1.7, for ¢t > 0 we put

(2.22) s B = i) P Te AX )L
Definition 2.8. Put
(223) £ =T [T 0] e e

Theorem 2.9. The form (4, k) is real and even. Moreover,

a . . 1 ,
(2.24) 57/ By = —df™ (A ).
Proof. We have
g—10k, N
(2.25) ) 5=

The theorem follows from Theorem 1.9 and (2.25). O

Although 4" and 4] are both flat superconnections on E, they occur in a
somewhat asymmetric way Itis posmble to make the equations more symmetric

by conjugating both 4’ and A by N

Definition 2.10. For ¢ > 0, let Cr be the flat superconnection on E of total
degree 1 given by

(2.26) C =",

and let C" be the flat superconnection on E of total degree —1 given by

(2'2?) Cﬂ N,“IAH r-N,‘I —NfIAﬂ N,r‘l

The superconnections Cf and C‘ are adjoint with respect to nE
Using (2.1), (2.16}, (2.26) and (2.27) we get

>0
(2.28) =
C:r _ Z .‘f(l ;)}ZA::.
izt

We again use the formalism of Section 1{e). Put
(2.29) C,=4C + ¢, = ¢ - C)).
From (2.21), (2.26) and (2.27), we havé

Ni2 o, ~Nj2 N2 o —Nf2
(2.30) C,=t"ar™, b =r"x
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Theorem 2.11. Forall t > 0,

t E. ¢t E
(2.31) {(A,’hfg) = f(C, ,’h ;
f(A)h‘)=ﬁ(Cr,h)_

In particular,
g ! E, _ 1 ! E
(2.32) 5/ (Co By = —df(C], 1),

Proof. Equation (2.31) follows from (2.30). Then (2.32) is equivalent to
(2.24).

Remark 2.12. There is a simple direct proof of (2.32). By (2.26) and {2.27),
we have

6 '3 ! N 6 M M N
(2.33) E?C‘ = — [Ct, i?] , EC‘ = [C, s -2—1] s
and so
a8 N
(2.34) 3—31): = [CI, i_t] .
From (1.6},
(2.35) [C,,D]=0.

Using (2.34) and {(2.35), we obtain

21l 1) = Zaim) P T (D)
= Qim)' o Tx, Hc‘, %} f'(Dr)]
= Qin)' o Tr, HC,, 2-‘\; f’(D,)H

=d (¢ Tr, [%f’(D,)D = %df"(c:, u").

(2.36)

{d) The ¢t — +oo limit of f(A', hf ). Suppose that there is a ¢ > 0 such that
for any k € N, there existsa C, > 0 such that :

(2.37) sup (1 +1af){f(a)] < .
| Real<c

As f is holomorphic, the derivatives of [ satisfy bounds similar to (2.37).
An example of such an [ is

fla) = aexp(az).

Let {,) be smooth forms on B. We will write

LR U{+a}

1
(2.38) 0,=0,+0 (ﬁ) as { — +o00
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if for any compact set K C B and any k € N, there is a €, , > 0 such that
the sup of the norms of @, — @_ and its derivatives of order <k on X can

be bounded above by C—;% .
Let d(H(E, v)) be the locally constant integer-valued function on B:

n - -
(2.39) d{H(E,v)) = Z(—I)Iirk(H*(E, 7)).
i=0
Since V7% is a flat connection on H (E, v) preserving the Z-grading,
vHE:Y g an example of a flat superconnection of total degree 1. Of course,
B - i £
(2.40) f(vH(E,v) , hH(E,u)] _ Z(—l)lf(VH (E,v], B (E,'u}).
i=0
Using (2.11) and (2.40), we have
(2.41)
n . , i
FOOTE pHEy N 1) 2in) e Tr [f (%(H‘(E, v), b “‘"’“’})} ,

i=0
Theorem 2.13. As ¢ — +x,

1A hf] zf(VH(E,u), hH(E,u]}_}_g (%) ’

Ayt LBy £'(0) 1
INA B = d(H(E, v) +§_(7§)'

Proof. Throughout this proof, C will denote a generic positive constant. By
(2.2), (2.11}, {2.17) and (2.28), we have

(2.42)

(2.43 D =i vivieE, K+ U - 4.
t =3 P
22
Put
Vit

Then F, is a sum of forms of degree > [ in the Grassmann variables of

A(T*B), and so is nilpotent. Therefore the spectra of D, and 3§V are iden-

tical.
Let ¢ > 0 besuch that (2.37) holds. Let A=A, UA_ be the oriented contour

in C:

—¢f2 0 s
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The operator V is skew-adjoint and so its spectrum lies on /R. Then for
t>0,

(2.44) f(D) = 2—;—! A ﬂ’% di.

For AcA,

(2.45) (A-D) ' = (1 - (,1- %V)—IF;)_I (,1— %V)_l.

By (2.9), Ker(V) ~ H(E,v). As V has purely imaginary spectrum, if
K C B is compact then thereisa € >0 such thatif 1€ A and > 1, then

-1 Ker(V)
(2.46) (A—a‘/EV) —57— s—%(lﬂln on K.
Also
~1 -1 -1
(1—(,1—“-?1/) 1«;) =1+(A—afiv) F,
(2.47)

+ ((A—%V)_IFI)Z+--- ,

and the expansion in {2.47) terminates after a finite number of terms. From
(2.43) we know that there is a € > (0 such that for ¢t > 1,

(2.48) |F, - %(E, hE)| < % on K.

From (2.46), (2.47) and (2.48), there exist C > (¢ and p € N such that for
f>1 and A€ A,

Ker(V}) -1
(1-(-VIv)"'F)™" - (1 L, hE)) '

(2.49)

‘/_(l +14))’ on K.
Using (2.435), (2.46) and (2.49), we have that for 1> 1 and A€ A,

Ker(V) -l pKer(p)
-1 P e} E P
(4-D,) _(I_TE(E’h J) A

(2.50)
‘/_(1 +]4)” onKk,

which is equivalent to

-1
(1—D )~| _ pRer (A _ pRen @ —(E 4E )P Ker(V)) pre)

(2.51)
‘/_(l + Ili) on K.
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As PKH(V’%(E , hE)PK“(V’ is a I-form, it is nilpotent, and so its spectrum
consists of {0}. Then

Ker(¥) &2 pRetV)y _ L f4)
(252) f(P (E h ) ) = ff-l—l/; j.—PKcr(V}c—zo(E, hE)PKEf(V) da

Using (2.37), (2.44), (2.51) and (2.52), we find that if ¢> 1, then

(2.53) |f(D,)-P"‘"V’f( “""‘V’—(E 1y P PK“(V)|5—% on K.

The first identity in (2.42) now follows from {2.12), (2.31), (2.41) and (2.53).
Still using (2.31) and proceeding as above, we find that as ¢ — +o0,

¢ By pA o HUE b)Y  H(E,u) 1
(2.54) A y=1v A )+ﬁ(ﬁ).

Clearly

(2.59) F (VH(E ) hH(E v) 29”2 f (VH(E,G), hH"(E,u))_

Now f' is an even function. Using Proposition 1.3, we deduce from (2.55)
that

[Nty
.

% . _
@36) SO RTE) = S D ik(HYE, )
i=0
The second identity in (2.42) now follows from {2.54)-(2.56). This completes
the proof of Theorem 2.13. O

[
2

Recall that f(A') (resp. f (VH(E’”})) denotes the cohomology class of
FA B (resp. f(ME p7E)

Theorem 2.14. As elements of H d(Ii’; R

(2.57) S = f(v
Proof. This follows from Theorems 1.11 and 2.13. O

H(E.v)J

(e) The form § f(A hE) We now refine Theorem 2.14 to the level of differen-
tial forms.

Definition 2.15. Let S J,(A', Wt ) be the real even form on B given by
f (0)) dt

+oo
(258)  S4 ") =~ [ (f'“(A’, 1) - d(H(E , v)) .
I
Using (2.42), it is clear that the integrand in (2.58) is integrable.
Theorem 2.16. The foliowing identity holds:
(2.59) s (A by = (A, ) = f@" 50 pHE,
Proof. This follows from Theorems 2.9 and 2.13. O
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Let h{';": and hf be two Hermitian metrics on the Z-graded vector bundle
E, and let h(‘;"(E ¥ and h{f(s '”) pe the metrics induced by hOE and hf on
H(E,v). .

We now use the notation of Section 1(f).

Theorem 2.17. The following identity holds in O° /QB'O :
(2.60)
SAA R =S4 hy) = FA g ) = FOTE RO R E,

Proof. Clearly both sides of {2.60) vanish when hf = hf . By (1.29) and (2.59),
if we apply the operator d to both sides of (2.60) then we get an identity. A
simple deformation argument then shows that {2.60) holds. O

‘(f) Flat complexes of vector bundles and their torsion forms. In this section we
consider the special case when the vector bundle E has not only a flat super-
connection, but has a flat ordinary connection. Let

(2.61) (E,v):0-E°SE'% ... % E" L0
be a flat complex of complex vector bundles. That is,
i i
(2.62) vi=Ppv*
=0
is a flat connection on E =]  E ‘ and v is a flat chain map, meaning
(2.63) v5? =0, o*=0, vEu=o
Put
(2.64) : A =v+ 95,

Then A’ is a flat superconnection of total degree 1. With respect to the decom-
position (2.1), A’ is characterized by the fact that

(2.65) A;=0 forj>2.
We now use the notation of Sections 2(c)-2(e). In particular, for ¢ > @,
A= '+ (9,
(2.66) Cl=viv+v”°,
C =V + vEy.
Let f: C — C be a real holomorphic odd function. By (2.66), we see that
although kIE = @:.':0 JE"hEj is not a metric for t =0, A:' s C: ,and C:' still make
sense for ¢ = 0. Therefore the forms f(A’, hf) = f(C,, hE) and f(4, hf) =

fA(C: , hE) still make sense for ¢ = 0, and depend smoothly on 7 € [(, +o0).
Let d(E) be the locally constant integer-valued function on B given by

(2.67) d(E) = i(—l)"z‘rk(g").

i=0
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As in (2.41), we have
(2.68) F(9F, 1E) = i(-n"(zf;«:)‘% Tr [f (%’-(E", hE{])] .
=0
Proposition 2.18. 45 : — 0,
£ BEy = f(V5, W5y + (),
(2.69) ‘
15 = a2 s,
Proof. Clearly

J(Co koY = f(9° 1Py,

2.70

270 1H(Cy, BBy = (95, ).

Also }

2.71) E, hE) = %i(~1)iif'(v‘€i, hE).
=0

As f'(a) is even, Proposition 1.3, (2.70) and (2.71) imply that
.,

(2.72) Sy, hy = 4(5)@.

This completes the proof of Proposition 2.18. O

Theorem 2.19. As elements of H*(B; R),

(2.73) Jv5 = f(v

Proof. If fla) = acxp(az] , then Theorem 2.19 follows front Theorems 1.11
and 2.13 and Proposition 2,18, Expanding [ in a power series, (2.73) extends
to an arbitrary /. O

H(E,v}]

We now refine Theorem 2.19 to the level of differential forms. Let f: C —» C
be a real holomorphic odd function such that (2.37) holds.

Definition 2.20. Put

Td Wy == [ [f"(A’, ) - d(H(E, v) L)

Fef] de

2 t’

(2.74)
—[d(E) - d(H(E, v}}]

a differential form on B.

Remark 2.21. By Theorem 2.13 and Proposition 2.18, the integrand in (2.74)
is integrable. We will call TJ,(A’ , hE ) a torsion form.
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Theorem 2.22. The form Tf(A' hE ) is even and real. Moreover,

(2.75) T4 KE) = (75, BE) — f(a™Em | e,

Proof. This follows from Theorems 2.9 and 2.13 and Proposition 2.18. 0O

Remark 2.23. Let B’ be a smooth manifold and let a: B — B be a smooth
map. Then

(2.76) Tia'A, a'h®) =o' T4, b").
We now use the same notation as in Theorem 2.17.

Theorem 2.24. The following identity holds in QF 105 °
(2.77)

E E. _ 7,oE E ,E,.

TAA' h) = THA' By) = (V" by, ) — [(V
Proof. Using (2.75), the proof is virtually the same as that of Theorem 2.17. Q
We now consider the 0-form component T}OI(A', hE) e C™(B) of THA HE).

Given b € B, decompose the degree-Q operator Pf with respect to the Z-
grading on E, as

H(E,v) L HE,v) hH(E,u])
3 0 ] 1 .

K
(2.78) vy =D,
i=0
with (Vf)l. (S End(E;). Let (I/},) denote the quotient action of (Vz) on

E}[Ker((V}),) .
Theorem 2.25.

O, ¢ B S (0) ¢ ‘. n
(2.79) Ty (A, ™) (b) = Tg('” ilndet(—(¥, )).
Proof. Let g: C — C be the holomorphic function such that f'(a) = g(al).
Let 4, hF)(b) denote the evaluation of the O-form component of
(A, kE) at b. From Definition 2.8, Theorem 2.11 and (2.66),

(2.80) O BBy ) = 22( 1y Tr[ (g(r/f)i)].

Let {Al k ,,rck“'f denote the eigenvalues of (V ); ; they are all nonnegative.

Substltutlng (2 80) into (2.74) gives

(2.81) )
0], ¢ .E R W A ik _ry| 4t
T @) =3 | Z 20[ (——m)—g( 4)l -
= % Z ln(ll k
1=0 3y #0

The theorem follows. O
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Theorem 2.25 states that, ﬁp to an overall multiplicative constant, the 0-form
part of the torsion form Tf(A', hE) is the function which to a point » € B

assigns the torsion of the chain complex (E,, v;) [M, RS1]. Thus TI(A’ , hE)
merits being called a “higher” torsion.

Remark 2.26. One can define a torsion form for a general flat superconnection
A’ of total degree 1 by using zeta-function regularization to control the small-f
divergence in the analog of (2.74). The only difference in equation (2.75) is
that f (VE , hE] would be replaced by the {-term in the Laurent expansion of
[, hf }. For simplicity, in this section we have presented the details of the
case when A’ has only terms of degree 0 and 1 in the Grassmann variables of
A(T"B), as one does not need zeta-function regularization in this case. In Sec-
tion 3 we will deal with a superconnection, on an infinite-dimensional bundle,
with terms of degree 0, 1, and 2 in the Grassmann variables of A(7"B). The
degree-2 term of the superconnection, while apparently singular in the small-¢
limit, will in fact play the role of ensuring that the torsion form will again not
need zeta-function regularization.

(8) Duality. We make the assumptions of Sections 2(a)-2(¢). Recall that E”
has the Z-grading given by E*' = E** .

Theorem 2.27. Suppose that n = dim(E) is even and there is an isometric iso-
1

morphism : E — E" such that o(EY=E""" and A" =oA'a™". Then
(2.82) fc k¥y=0
and
] n '
(2.83) INE Ky = ZUK(E,) = tk(E_)) [ (0).

Proof. Equation (2.82) follows from Theorem 1.8(iii). Write D,” for the object

of (2.29) constructed from A" and A® . Then as in the proof of Theorem
1.8(ii), we have

(2.84) TrINS'(D)] = T[N f (D)) = Te [N £ (D)),
Using the even isomorphism ¢, this gives

(2.85) Tr[Nf'(D)]=Tr[(n — N) (D).

Thus

(2.86) Te[Nf'(D)] = gTrs[ 7Dl

The theorem now follows from Proposition 1.3 and Definition 2.8. 0O
Theorem 2.28. Assume that n is even and & is an isomorphism as in Theorem
2.27. Then with the notation of Definition 2.15, S (A', k") = 0.

Proof. From Theorem 2.27, (C: , Kt ) is independent of ¢, and so it equals

its £ - +oo limit, which from Theorem 2.13 is d(H(E, v))f—‘égl. Thus the
integrand of Definition 2.15 vanishes. 0O
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Theorem 2.29. Assume that n is even and o is an isomorphism as in Theorem
2.27. Then with the notation of Definition 2.20, TI(A’ . hE) ={.

Proof. From Theorem 2.27, f "\(C: , hE ) is independent of ¢, and so it equals
its { — +oo and ¢t — O limits, which from Theorem 2.13 and Proposition

2.18 are d(H(E, u))%gl and d(E)%‘—Jl , respectively. Thus the integrand of
Definition 2.20 vanishes. 0O '

We now give a useful way to construct isomorphisms & . Suppose that there
is a nondegenerate form (-, -} defined on @} (E' ® E"™'), linear in the first
factor and antilinear in the second factor, such that for all ¢, € E' and e, €
Eﬁ—f
(2.87) (e, &) = (=" e, ey).

Extend (-, -) toa C™(8)-valued form on C* (B; E), and further to a form on
Q(B; End(E)) by requiring that for ¢, € C*(E"), ¢, € C ©(E7), @, € QX (B,
and w, € Q'(B),

(2.88) (@, -€, 0,-e) = (~1)} cu A&, (e, ) € o (m).

Deﬁnition‘ 2.30. We say that (." ) is compatible with 4’ if for all e €
C*(B; E') and e, € C*(B; E),

(2.89) de,, e)) = (A'e,, &) +(~1)(e,, A'ey).

Definition 2.31. Given the A'-compatible form (-, ), let the isomorphism j:
E — E” be given by

{2.90) {jle)), e,) =(e;, e,) foralle ,e, €E.

Define g: £E - E” by

(2.91) ae) = (=1)" N2 50y fore € E

Extend o to an isomorphism o: Q(B; E) — Q(B; E”) by

(2.92) a{w-e) = (-1)*w - a(e).

Theorem 2.32. We have
(2.93) A" =(-1)"04
Proof. As in Section 1(c), split 4" as vE+s. Then it suffices for us to show

that v* ={-1) "evEa™ and 3 =(—1) o'So'_'.
Let U be a vector fiecld on B. Then for e, ¢’ € C*(B; E),

(2.94) Ule,e')=U{jle), €'y = (Vfr’j(e): e’y + (je), Vf;é")-
On the other hand, from (2.89), '
(2.95)  Ule,e)=(Vie,e)+ (e, Vie) = {(j(Vie), ) + (i(e), Vi e').

ol
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Thus Vf,‘j = }'Vf, . Tt follows that Vﬁ'a = JV‘E , and so vPo = (-1)"aVE.

Consider the degree- k component of §. We may assume that S is a finite
sum of the form § = Y w-a, with a € C*(B; End(E', E™'™%)) and w ¢
QX(B). Given e € C®(E') and ¢’ € C*(E""), equation (2.89) implies that

0= Z[(m -ae, e') + (—I)"(e , w-ae)]
=Nlw- (e, ey + (-1)"*w- (e, ae))]

(2.96) -
= Y [w-(j(ae), &)+ (1) *w- (j(e), ae’)]
= Y lw- {i(ae). €y + (1) w. @ je), &)).

Thus _

(2.97) 0=y [w-j@e)+(-1)"* w7 je)].

Put |

(2.98) e() = (_l)i(¢'+l);’2+nf-

Tt is sufficient to check that for all ¢ € C*(E"),

(2.99) S*ale) = (-1)"a(Se),

or

(2.100) S 6. a(e) = (-1)'S (e - ae),

or

(2.101) )N .7 a(e) = (1) Y - alae),

or

(2102) (-1 S w7 jle) = (1) eli +1 - 0) Y w- j(ae).
Equation (2.102) follows from (2.97) and (2.98). O

Definition 2.33. Given * € C*(B; End(E)), we say that (E, (-, -), #) defines
a duality structure on E if ‘
L. x maps C*(B; E') isomorphically to C*(B; E"™").
2. Forall e € CP(B; EY, +*(e) = (-1)" ¢
3. {e,, &), ={e,, *(e,)) defines a Hermitian metric on E.
Lemma 2.34. The map * is an isometry.
Proof. For ¢, e, € C*(B; E'), we have
) . -
2103 P ey = e, <) = (1) (x(ey), &) =Ty ¥e)))
={e,, e}z = (€, &) ,r.
The lemma follows. 0O
We say that (E, (-,+), %) is an A'-compatible dnality structure on E if
(-, +) is compatible with A" and (E, (-, ), ») is a duality structure on E. We

assume that E has such a structure and we give E the corresponding Hermitian
metric.
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Theorem 2.35. The isomorphism & of Definition 2.31 is an isometry.
Proof. Tt is enongh to show that j is an isometry. For ¢ € C*°(8; E), we have

. 2 2 / 2
. 2 e, e e, e e .,e
e = sup L _ (e ) (L' e)
%0 le]lye e#0 ez 0 (€|
(2.104) o :
e« eyl

-1 2 2
s — 1= " (@l = llell:-
i
¢'#0 lle [l

The theorem follows. 0O
Thus if £ has an 4'-compatible duality structure and »n is even, we have an

isomorphism as in Theorem 2.27 and we can apply Theorems 2.28 and 2.29.
Define v: E — E by

(2.105) v=a k"

By (1.16) and (2.93),

(2.106) A" =" 4.

Lemma 2.36. For ¢ € C*°(B; EV),

(2107) v(e] — (__l)n(n—l)ﬁ(_l)f(l'+l],l’2+nf N (é')

. Proof. Define c(i) as in (2.98). Forall ¢' € C¥(B; E"™"),
(hF(e), &'y = (e, +(€')) = (x(e), £'(e")) = (=1) " V(nle), €')

= (1) j(x(e)), €) = (—1)"e(n — i)(a(x(e)), €7,
from which the lemma follows. 0O

(2.108)

Example 2.37. Let & be a vector bundle over B with positive-definite Hermi-
tian metric 4% and compatible Hermitian connection v% . Take E = E° O E'
with E® = E' = & . Define a superconnection A’ by

;{00 ,_(vF 0 r_ (0 —(v*)
(2.109) Ao—(‘, 0), Al_(o vg), Az_(o ",
the other terms in A’ being zero. Then A is flat. Define a form (-, -) on E

by saying that for ¢, f € &,
(2.110)

(g, ) =0, (e, f,)=—ike, [}, (e, f;) =ik (e, f), (e, f;) =0,

where the notation “ e, " indicates that e is considered to be an element of E ‘
One can check that (-, <) is compatible with 4'. Put

(2.111) . (_(_’I. 5)

Then (E, (-, +), *x) defines a duality structure. The Hermitian metric on E is
given by :

(2.112) ey Sl = ey £y =Ko (e, ).
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One has
wr 4= 8). -(5 ) 4-(d )
the other terms in A" being zero. Then
_! ( 0 Vi %L)
2\ v - 0 '

Let h: C — C be such that f'(a) = #(a’). Then

(2.114) D

P ) = 1 K = 9T [ 5.17(D)] = oTe, [ F4e0D)

(2.115) £2
1 1 %)
il oo
LR L (WIS e (iVE w12\
1w (7) (T)T‘[(‘ o
and
(2.116)

v B L | © (iVINTE ey (IVE dt @®)*\*
Sf“-‘*’”—igm(fl (7)o (T)T)Tr[(_ﬁ -

We see that S,(4, K®) is closed and its de Rham cohomology class is given
by a sum of Chern classes of &, with coefficients that depend on f. Example
2.37 is a finite-dimensional model of the circle-bundle results of Section 4.

IT1. “RIEMANN-ROCH-GROTHENDIECK" FOR FLAT VECTOR BUNDLES
AND HIGHER ANALYTIC TORSION FQRMS

In this section we extend the finite-dimensional results of Sections 1 and 2
to the case of fiber bundles, using techniques of local index theory. We prove
Theorems 0.1 and 0.2 of the Introduction.

The section is organized as follows. Given a smooth fiber bundle Z — M 5
B with closed fibers, a horizontal distribution TH M on the fiber bundle, and
a flat vector bundle F on M, in (a) we describe a certain infinite-dimensional
Z-graded vector bundle W on B. In (b) we show that exterior differentiation
on Q(M; F) gives a flat superconnection of total degree 1 on W. In {c) we
discuss the geometry of fiber bundles with a horizontal distribution and a verti-
cal Riemannian metric. In (d), we compute the adjoint superconnection (dM)*
and show that 1((d My* +d™) is essentially a Levi-Civita superconnection in the
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sense of [B]. Following Section 2(c), in section (e) we construct a rescaled su-
perconnection C, and an operator D, , and prove a Lichnerowicz-type formula

for Cff —zD,,. In (f) we describe the flat connection on H(Z; F|,).

In (g) we show that for all ¢ > 0, the Chern character ¢:Trs[exp(—Cf)] €
Q(B) equals rk(F)x(Z}. In (h) we take f(a) = aexp(a2 ) and construct
f(C:, hw) € Q°dd(B). We calculate the ¢+ — 0 and ¢ — +oo asymptotics
of fi (C;; , hw) and prove Theorem 0.1. In (i) we prove a transgression for-
mula for the forms f(C,, K”). In (j) we construct an analytic torsion form
T(TEIM, g7%, WF ) and prove Theorem (.2. We also compute the dependence
of 7 (THM , gTZ . e ) on its arguments, and give duality and product theo-

rems. Finally, in (k) we relate the degree-0 component of .7 (T’?r M, grz’ A )
to the Ray-Singer analytic torsion [RS1], and show that the results of (j} imply
the anomaly formula of Bismut-Zhang [BZ] concerning Ray-Singer metrics on
the determinant line bundle.

In the entire section we use the notation of Sections 1 and 2.

(a) Smooth fiber bundles. Let Z — M 5 B be a smooth fiber bundle with
connected closed fibers Z, = ?r_l(b) of dimension n. Let TZ be the vertical
tangent bundle of the fiber bundle and let 7°Z be its dual bundle.

Let T M be a horizontal distribution for the fiber bundle, meaning that
TH M is a subbundle of TM such that

(3.1) TM=T'"MeTZ.

Let PTZ denote the projection from TAM to TZ. We have

(3.2) TM ~ 2 TB.

Then (3.1) and (3.2) give that as bundles of Z-graded algebras over M,
(3.3) MT My=7a" (AT B))® AT Z).

Let F be a flat complex vector bundle on M and let V¥ denote its flat
connection. Let W be the smooth infinite-dimensional Z-graded vector bundle
over B whose fiber over b€ B is C*(Z,; (A(T"Z)® F)|z,,]- That is,

C™(B; W)=~ C®(M; AT"Z)® F).

Let QV(M ; F) denote the subspace of Q(AM ; F) which is annihilated by in-
terior multiplication with horizontal vectors. Then there is an isomorphism

(3.4) Q" (M; Fy=C™(B; W),

where the isomorphism is given by sending an element of QV(M s F) to its
fiberwise restrictions. From (3.3),

(3.5) QM FY=Q(B) & QV(M; F).
Thus we have an isomorphism of Z-graded vector spaces
(3.6) QM ; FY=Q(B; W).
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(b} A flat superconnection of total degree 1. The exterior differentiation operator
d™ | acting on (M ; F), has degree 1 and satisfies (d"" )2 = 0. Furthermore,
forall fe C™ (B) and we QM; F),

(3.7) M@ fy-w) = (x'd?f) Aw+(n‘f)-d”(m>.

Thus d¥ defines a flat superconnection of total degree 1 on W . We will
compute the terms in the decomposition (2.1) of av.

Definition 3.1. Let d% denote exterier differentiation along fibers. We consider
d? to be an element of C™(B; Hom(W*", W*™')). .

If U is a smooth vector field on B, let U” & CP(M; THM) be its
horizontal lift, so that =, U¥ = U. As the flow generated by U¥ sends
fibers to fibers diffeomorphically, the Lie differentiation operator L » acts on
C™(M; A(T°Z) ® F), and one can easily verify that for f € C™(B) and
ac C¥M; AT Z)® F),

(3.8) Lypa= (" f)- L ua

and

(3.9) Lou{(n" fla)y=n"(Uf)-a+ (" f)-L,na
Definition 3.2. For s € C*(B; W) and U a vector field on B, put
(3.10) Yy § = Lyns.

From (3.8) and (3.9), v¥ is a connection on W which preserves the Z-
grading.

If Ul and U, are vector fields on B, put
(3.11) TW,, U,) =P, uf1e c®M; TZ).
One easily verifies that T gives a TZ-valued horizontal 2-form on M , which
one calls the curvature of the fiber bundle,

Definition 3.3. i, € Q’(B; Hom(W*, W*™")) is the 2-form on B which, to
vector fields I/ and V' on B, assigns the operation of interior multiplication
by T(U,V) on W,

The next proposition essentially appears in [BGV, Proposition 10.1].
Propesition 3.4. d =d” +V" +1i,.

Proof. We first show that the superconnection d + 9% + iy is flat. We have

to show:
Zz.2

L (@) =o0.
N S VA L S
w2 Z . YA
(3.12) 3. (V)Y +dip+id” =0
4. VWi +i V" =0.
5. i2=0.
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Equation (3.12.1) is trivially true. If U is a vector field on B, let {¢,}, 5
denote the flow generated by UY . As ¢; commutes with d? | it follows that
L,# commutes with d’ » which implies (3.12.2}. If U and U, are vector
fields on B then

w.2 .
VOV, Uy) = [Lyn, Lynl = Ly g9

(3.13)
=Ly ym-w,, vy = Lemzwr um = ~Lrw, v
However,
z . . 2
(3.14) d” irg vy *irw. vy 4 =Lry vy

which gives (3.12.3).
Let V2 be a torsion-free connection on TB. If U,, U,,and U, are vector
fields on B then

U
i+, v, U, U,)
W, ) W,
=Vylrw, vy~ tray.uy Vo, el u,,up

BRI A AN cyclie permutations

(3.15) = LU;‘”T(U,,U,) - ‘:r(U,,U,)LU,” ~ et v, vy

i, 3, Uy) + cyclic permutations

= i[U,” (U UN-T(VG Uy U= T(0, . Vg, Uy)
+ ¢cyclic permutations.
On the other hand, by the Jacobi identity,
o=P U, (U, U] + cyclic permutations)
(3.16) = PTZ([UH, =T, Uy) +[U,, U3]H]) + cyclic permutations
= —[U, T(U,, Ul - TWU,, [U,, U,]) + cydlic permutations.
Comparing (3.15) and (3.16) gives (3.12.4). Equation {3.12.5) is trivially true.

Now as the statement of the proposition is local on M, we may assume
without loss of generality that F is the trivial complex line bundle on M.

Then letting the superconnection d” + V¥ + iy acton Q(B; W)~ Q(M), we
have (dz +9% +£1,.)2 = 0. Itis easy to check that dZ +v” + iy is a derivation
of Q(M), and that for f € C*(M),

(3.17) @ +v¥ +if=d"rea' .

The proposition follows from the standard axiomatic characterization of
a¥. o

(¢) Vertical metrics on fiber hundles. Hereafter, we assume that we have a ver-

tical Riemannian metric on the fiber bundle Z — M & B. That is, we have a
positive-definite metric gTZ on TZ.
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As for notation, we let lower case Greek indices refer to horizontal directions,
lower case italic indices refer to vertical directions and upper case italic indices
refer to either. We let. {7’} denote a local basis of 1-forms on M , with dual
basis {e,} of tangent vectors. We will always take {e};_, to be an orthonormal
framing of TZ . We will assume that the forms {t°} are pulled back from a
local basis of 1-forms on B, which we will also denote by {"}. Exterior mul-
tiplication by a form ¢ will be denoted by ¢A and interior multiplication by a
vector v will be denoted by i, . Using the horizontal distribution and vertical
Riemannian metric, we can identify vertical vectors and vertical 1-forms. Ex-
terior multiplication by ! will be denoted by EJ and interior multiplication
by e, will be denoted by I7. We have that E'T* + I*E/ = % If X isa
vertical vector (or.1-form), put
(3.18) e(X) = (XA) — iy, X)) =(XA)+iy.

Then for vertical vectors X and Y, we have
c(X)e(YY+ c(Ve(X) = -2{X, Y)grz ,
(3.19) XYY +e(Y)e(X) =X, Y) =,
(XYY )+ HY)e(X) =0.
Thus ¢ and ¢ generate two graded-commuting Clifford algebras. Put o = cle;)
and & = é(e;).

In calculations we will sometimes assume that B has a Riemannian metric
‘;_s,r"""J and M has the Riemannian metric gTM = gT en gTB , although all
final results will be independent of g% . Let v™ denote the corresponding
Levi-Civita connection on M and put viZ - pTeg™™ , a connectionon TZ.
As shown in [B, Theorem 1.9], v7Z is independent of the choice of gTB . The
restriction on V72 to a fiber coincides with the Levi-Civita connection of the
fiber. We will also denote by V7% the extension to a connection on A(T*Z).

We will use the Einstein summation convention freely, and write

(3.20) W=7 (V,"e)).

As there is a vertical metric, we may raise and lower vertical indices freely.
The fundamental geometric tensors of the fiber bundle are its curvature
(3.11), a TZ-valued horizontal 2-form on M, and the second fundamental

form of the fibers, a (TH M) -valued vertical symmetric form on Af. These
tensors are incorporated into a tensor S defined in [B]; the relationship between
the notation of [B] and the present notation is given by

(S(e))fos fp) = Wpoy = = Wop; = =0y = Wy = Wgj = =W g,
(S(ej)ek’ fcr) = mak}' = majk = _mjak = _wkaj'

The 2-form T of (3.11) is given in terms of the local framing by

_ a B
(3.22) T, =—0,,1 AT

Define a horizontal 1-form & on M by
(3.23) k= mhjr“,

(3.21)
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the. meanrcz:ur;ature 1-form to the fibers.
Let V72€F be the tensor product of V72 and the flat connection V¥

Proposition 3.5. As operators on C*(B; W), in terms of a local framing we
have

d —EJ TZ@F

3

é
*

(3.24) vW-oE (v”m" ~w BT,

: o fl p

lT:_moﬂjE E"F,
Proof. The first and third identities in (3.24) are clear. To prove the second
identity, we use the fact that the difference between Lie differentiation and
covariant differentiation, acting on (A ; F), is given by
(3.25) L, —vIMer -

e e

K!JE I

Acting on QY (M ; F) = C®(B; W), we obtain

(3.26) L, -V — g, ET o BT
Projecting onto TZ then gives
(3.27) vy -t o, BT,

d

from which the second identity in (3.24) follows. O

Remark 3.6. One can rederive Proposition 3.4 using local framings. Suppose
that B has a Riemannian metric and that M has the induced Riemannian
metric and Levi-Civita connection. Acting on QY (M; F) = C®(B; W), we
have

M EjvTM®F . EavfMef

(3.28)
EJ(VTZ®F+69 i L) + E° (v,

TZ8F mﬁkaEﬁIk)'

Using Proposition 3.5 and the symmetries of (3.21), Proposition 3.4 follows
when both sides act on C*°(B; W), and hence Proposition 3.4 is an equality of
superconnections. Of course, the conclusion of Proposition 3.4 is independent
of the choice of the vertical Riemannian metric on the fiber bundle or the
Riemannian metric on B.

(d) The adjoint superconnection and the Levi-Civita superconnection. In addition
to the assumptions of 2(c), suppose that F is equlpped with a Hermitian metric

1. Let 95" denote the unitary connection (V + (V y*) on F and let
VTZ@F o denote the connection on A(T Z)® F obtained by tensoring v’z
and V7“. Let w be short for w(F, n* ) € Q' (M ; End(E)), defined as in
(1.31).

Let * be the fiberwise Hodge duality operator associated to g , which
we extend from an operator on C(M;A(T"Z)) to an operator on
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CO(M; MT'Z)® F) =~ C*(B; W). Then W acquires a Hermitian metric
k¥ such that for s,s" € C*(B; W) and be B,

(3.29) (ls. )8y = [ (58 o5 )
g
Propasition 3.7. The adjoint of the superconnection aM is given by
(3.30) (@) = @5 + (V%) - T,
where
(3.31) d®) = -1, +y)
is the fiberwise formal adjoint of d? with respect to '
(3.32) (V) =BV ~ S E ),

and TA is exterior multiplication by the T of (3.11).

Proof. Let k¥ be asin (1.15), let v be as in (2. 107), and let 77: (M ; F) —
QM;F') begivenby 7 =v & k' . Let d¥'F" be exterior differentiation
on Q(M:F"). Following the lines of the proof of (2.106), we have

(3.33) @y = (- d" T

One can easily check that

()7 'Ely =-1,

07 'y = -F,

(-7 'E'Y = E°,

- F* TZRF
7 I g = vl Ly,
I Fi

(3.34)

The proposition now follows from (3.24) and (3.34). O
Definition 3.8. Put

(3.35) vt =LwT 1 (v,

Clearly' D? is a selfadjoint element of C®(B; End(W)), v¥¥ is a Her-

mitian connection on W, and (W, k") is an element of Q'(B; End(W)).
From (3.18) and Propositions 3.5 and 3.7, we abtain

z Je=TZBF, of
(3.36) D" =c'v, -1y,
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and
v = BN, 00— Y, (BT + I E)
TZeF, )
(3.37) =E°(V, 7+ 4ky).

(-PE*+E'T") + v )
vy

(W, h" ) = E% (e, 4
=E%(w

(Equation (3.36) appears in [BZ, Proposition 4.12], which deals with the case
when B is a point.)
In particular, if U is a vector field on B, then

ajk

(3.38) vy = VA kU,
Following the formalism of Section 1(e), put
(3.39) A=Y@ +4"), x=L@" -a".
Proposition 3.9. We have
(3.40) A=1D7 1 v  _ 1y(T)
and
(3.41) X = —%é"'vj;z”"‘ + 4 W+ LB (0, ) - Ja(T).

Proof. Equation (3.40) follows from Propositions 3.4 and 3.7. From (3.37) and
Propositions 3.5 and 3.7, we obtain

H@) - d%) = 4(-¢9. 7" + e~ &Yw)

(3.42) , ,
= %(—éjvzzw’“ +5cw)),
- £ ‘.k
(3.43) HEYY =)=t , 1Y) = LE™ (@ ¢ + v,
and
(3.44) %(—(T/\) ~ i) = —%E(T).
Equation {3.41) follows. 0O
Remark 3.10. For ¢ > 0, put
(3.45) E = \/ECJV:;Z®F,u VLT %ﬁC(T) ,

the Levi-Civita superconnection associated to the vertical signature operator
coupled to V¥ ¥ [B, Section 3]. By (3.40),

(3.46) A=E , — iy,

Thus A is essentially the same as the Levi-Civita superconnection of parameter
t= ;l ; it is precisely the same if nt s covariantly-constant with respect to v,
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(e) A Lichnerowicz-type formula. We now develop the formalism of Section 2(c)
in the present infinite-dimensional setting.

For ¢t > 0, let hrw be the Hermitian metric on W associated to the metrics
7%/t and k¥ on TZ and F, respectively. Let (d¥ ); be the adjoint of the
superconnection a¥ with Tespect to h:V .

Let N be the number operator of W ; it acts by multiplication by i on
C®(M; A(T"Z)9 F). Asin (2.19), we have

(3.47) o @y, =¥ a¥y e,
As in (2.21), put
(3.48) 4,=3¢d™y +d"y,  x,=4@" - 4").

Then A, is a superconnection and X, is an odd element of Q(A& ; End(W)).
As in Definition 2.10, put '
C' = MM
(3.49) o ’
Cf' iy Nfz(dM)n-thz.
Then C;' is the adjoint of C; with respect to I
As in (2.29), put

(3.50) C,=XC'+Cy, D=3 -C).

Again, C, is a superconnection and D, is an odd element of Q(B; End(W)).
As in Section 2(c¢), for our purposes one can work equally well with either
(4,, X} or (C,, D,}. To make the comparison easier with the local families
index formalism of [B], we will use (C,, D,}.

As in (1.33), we have

(3.51) v e, BTy =9 + Ly
Let R ** be the curvature of V¥ **. From (3.51),
(3.52) RF*= -1y
Let VTZ@F’“W be the covariant derivative of . Explicitly,
TZ®F, TZ
(3.53) Y, St =V, v+ Ty, v )
Let R7# denote the curvature of V' % and put
TZ TZ
(3.54) Ry =(e;, R ) 2.
Define R™Z ¢ Q*(M ; End(A(T"Z))) by
~T2 TZ ,j .k
(3.55) R™ = \RTZee

and & € Q°(M ; End(A(T"Z) ® F)) by |
(3.56) R =RZQI)+ Uy gy @R ).
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Let R € C™(M) be the scalar curvature of the fibers. Let z be an auxiliary
odd Grassmann variable which anticommutes with all of the odd Grassmann
variables introduced previously.

- For t > 0, put

TZRF ,u 1 ek 1 o f 1
(3.57) P Ve, T enE g B E 3
@’ =@ej9fej _gv{j’ej‘

We now prove a crucial Lichnerowicz-type identity.
Theorem 3.11. For { > 0, the following z‘dentz‘ry holds:

C:z_ZDM:[(_gZ*'E) 3¢ Cj'g( € ¢;)

+ VI E* R e, e+ 3 et (e e,, e

(3.58) 1 k TZ&F,

af s i

+t(4w + C”c ;> vl - —c (: (V wk})
—%E C"(VTZ@F“ -)_ichj_%Ea

Proof. We first prove the statement when z = 0. From (3.46), we have

N
(3.59) C,=E,— TCJ ¥
Then _
0 _ Vi
(3.60) Co=E +~ r.rfJ + e [w;, Vil = S LE,, Cwjl,

where the last term is a graded commutator. From [B, Theorem 3.6],

Ef =1 (—92 + %) + %c‘cjﬂ(ei . ;)
(3.61) ‘ 1
+VICE R e, e,) + EEQEﬁﬂ(ea, es).

A simple computation using {3.38) and (3.45) gives
(3.62) (E,, &'y ]= Vit (vi’"z‘z"c )+ BT (VI My,
Combining (3.60}, (3.61) and (3.62} gives the validity of (3.58) when z =0.
As 22 =0 , it remains to show that the coefficients of z in the two sides of
(3.58) are the same. That is, we must show that

Vit 2/t

Z o
(3.63) —zD,, = —(9 28 + 28 D, - zé(VZzej)) -y - LB,

2
One computes that
y Y rz
D28 + 28T, - 28(9,"e;)

TZQF, 1 a jk 1 B
_z(ZEJV - \/iwa}.kE c'e —EwuﬂonE c’).

(3.64)
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Comparing (3.64) with the expression in (3.41} for X = D, gives (3.63). O

Remark 3.12. If hF is covariantly-constant with respect to viand z=0 , then
(3.58) is a special case of [B, Theorem 3.5], in which the Dirac-type operator

is taken to be the vertical signature operator coupled to vi* If Bisa point
and z =0, then (3.58) is equivalent to [BZ, Theorem 4.13].

(f) The flat connection on the cohomology bundle of the fibers.

Definition 3.13. Let H(Z; F|,) = @™% H'(Z; F|,) be the Z-graded vector
bundle over B whose fiber over b € B is the cohomology H(Z, ; F lzb) of the

complex (W, dzb} .

As in Section 2(a), the flat superconnection d induces a flat connection
vHZiFl) oy g (Z; F|,) which preserves the Z-grading. The connection
vAZ:F12) does not depend on the choice of ™M , and is the canonical flat
connection on H(Z; F|,).

Put ¥ = (d%)* —d?, an clement of C™(B; End(W)). Foreach b¢ B, V,
extends to a densely-defined skew-adjoint operator acting on the Lz-completion
of W, . By Hodge theory, there is an isomorphism
(3.65) H(Zb;‘F|Zb) «-:Ker(?/b),

Then there is an isomorphism of smooth Z-graded vector bundles on B:
(3.66) H(Z; F|;) = Ker(V).

As a subbundle of W, Ker(V) inherits a Hermitian metric from the Hermi-
tian metric A% of (3.29). Let A7Z:F ') denote the Hermitian metric on
H(Z; F|,) obtained by the isomorphism {3.66).

Let P be the orthogonal projection of W onto Ker(V}. It is a smooth
family of smoothing operators along the fibers. Let (VH (Z3Fl2)y* pe the adjoint
of VHZiFlz) with respect to the Hermitian metric A2 F2) pyt

(367) vHE e o @Iz g (M2l

a Hermitian connection on H(Z ; F|,).
Now PXIg¥ and PV g%y give connections on Ker(V). Using the
isomorphism (3.66), they can be considered to be connections on H(Z ; F|,).

Similarly, PK*"’(V)OJ(W, hW)PK"'r(V’ can be considered to be an element of
Q'(B; End(H(Z; F|)))-
Proposition .14, The following identities hold:
VH(Z;F|Z) _ PKer(V)vW,
(3.68) (VH(Z;F[Z))* _ PKcr\(V)(VW)*’
W(H(Z ; F|,), W& 12y = PO, 1% PR,
Proof. The proof is the same as that of Proposition 2.6, 0O
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(g) The Chern character superconnection forms. Let E be a rank- N complex

vector bundle on M , let VX be a connection on E and let R® be its curvature.
If P is an ad-invariant polynomial on g/{N; C), put

2in

E
(3.69) PE,VE)=P (_R ) :

Then P(E, VE) is a closed form, whose de Rham cohomology class will be
written as P(E). For A € gi(N; C), put

(3.70) ch(A} = Triexp(A}].

The corresponding genus is the Chern character. For N even, let Pf: so(N) —
R denote the Pfaffian and put

RTZ

f|—

(3.71) Tz, V%) = P [2::
0 if dim(Z) is odd.

Let o{TZ) be the orientation bundle of TZ, a flat real line bundle on M.
Then e(TZ, VTZ) is an o(TZ)}-valued closed form on M which represents
the Euler class ¢(TZ) of TZ, lying in H*™ (M ; o(T2)).

Let x(Z) € C™(B) be the locally constant integer-valued function on B
which, to b € B, assigns the Euler characteristic of the fiber Z, . If dim(Z) is
odd then x(Z)=20.

By [B, Theorem 3.4], for any ¢ > 0 the form ¢Trs[exp(—Cf)] e Q(B) is
closed and its de Rham cohomology class coincides with the Chern character
ch(H(Z, F|,)) € H(B;R). As H(Z; F|,) is a flat bundle on B, we have
that ch(H(Z; F|,)) = tk(F)x(Z). We now refine this statement to the level
of differential forms.

if dim(Z) is even,

Theorem 3.15. For any > 0,

’)

(3.72) 7] Trs[exp(—Ct )1 =tk(F)x(Z).

Proof. Without loss of generality, assume that B is connected. We first proceed
as in the proof of Proposition 1.3. By (1.6), we have

2
(3.73) C =-D.
Also
9

oD
a7 Tr,[exp(D])] = Tr, HDI, 321] exp(Df)]

(3.74)

: 4D
=Tr, [DI, na—t" exp(Df)] =0.

Suppose temporarily that dim(Z) is even and TZ is spin. Let =5, &
S_ be the corresponding vector bundle of (T'Z, gTZ } spinors, a Z,-graded

Hermitian vector bundle on Af. Let v¥ = ¥’ @ V5~ be the Hermitian
connection on § = §, @& S_ induced from V% Let $" =8 @8 be the
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dual bundle to § and let ¥° = V5 @ V5~ be the dual connection on S*. We
have an isomorphism of Z,-graded vector bundles:
MTZy=5SeS$".

Thus we may apply local index theory techniques to the family of vertical Dirac
operators coupled to 75 8% We could work equally well with the methods
of {B, Section 4] or [BGY, Chapter 10]. For concreteness, we will follow the
latter approach here. _ ‘ ‘

Consider a rescaling in which §; — u‘””a}. Lol u VR Y E* S
# '2E® and & — & . One finds from (3.58) that as u — 0, in adapted
coordinates the rescaling of qu approaches

1, rz &\’
(3.75) - (aj - ZR»*" X ) + Z.
Then local index theory techniques give
(3.76) lim  Tr,fexp(~C})] = f e(TZ, V%) eh(F, v° "),
- z

As all of the arguments are local on M , (3.76) is also true if TZ is not spin,
or even orientable.
From Propesition 1.3 we have

F —RF
(3.77) ch(F,V '“y=Tr [exp( ‘ )] = rk(F),
: 2in
a locally constant function on M . Then -

fe(TZ,VTZ)ch(F,VF’“)=/ o(TZ , V%) tk(F)

(3.78) 2 z

= rk(F)f e(TZ,V'%) = k(F)x(Z).
zZ

Equation (3.72) now follows from equations (3.73), (3.74), (3.76) and (3.78).

If dim(Z) is odd, a similar argument can be worked out. In fact, by [BZ,
Proposition 4.9], c(e,) - c(e,)é{e,}- - - ¢é(e,) is the only monomial in the cle;)’s
and é&(e;)’s whose supertrace on A(T"Z)® F is nonzero. The implication is
that the local index techniques can also be used in the odd-dimensional case.
As { — 0, we see that R is the only polynomial in the #(e;)’s which survives.
As it is even in the &(e,)’s, it follows that

. 2
(3.79) Jlim ¢ Tr [exp(~C;)]1 =0,

which is consistent with (3.72). O

(h) A “Riemann-Roch-Grothendieck” theorem for flat vector bundles. We con-
tinue the extension of the formalism of Section 2 to the infinite-dimensional
setting. Put

(330 fla) =aexp(a’),
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a holomorphic real odd function. The inequalities {2.37) hold for f. We have
(3.81) f(a) = (1 + 2% exp(a’).

By Definition 1.7,
. yi w
£OF By = im) P Te [ (SF L HD)] e aany,
(3.82) f(VH(Z;FIZ) hH(Z;Flz))
= @in) Pox, £ (SHZ; FIp), O] e oy,

We obtain from (3.41) and (3.50) that for any ¢ > 0, the operator —Df is
a fiberwise-elliptic differential operator. Then f (Df) is a fiberwise trace class
operator. Following the notation of Sections 1 and 2, put
(3.83) AC 1Yy = (2in) o Tr [ £(D,)] € Q(B).

Theorem 3.16. For any t > 0, the form f(C: . hW) is real, odd and closed. Its

de Rham cohomology class is independent of t, T M , ¢"% and W 4s -0,
(3.84)

AC ) = [,e(TZ, 92 (97, W)+ &(0)  if dim(Z) is even,
RN W TN if dim(Z) is odd.
As t — +x,
(3.85) ACL By = 0" I L ().

Proof. Proceeding as in the proof of Proposition 1.3 and Theorem 1.8, it fol-
lows that f (C; , hw) is real, odd and closed. Proceeding as in the proof of
Theorem 2.11, it follows that its de Rham cohomology class is independent of
t. Proceeding as in the proof of Theorem 1.11, it follows that the de Rham
cohomology class is independeni of M, gTZ and A% .

Let z be an odd Grassmann variable. Given a € Q(B)® C[z], we can write
a in the form

(3.86) a=a;+ za,
with a,, o, € Q(B). Put
(3.87) ' o’ = a,.
As Cf = —Df, we have
2
(3.88) Tr,[f(D)]= Trlexp(-C, + zD)))’.

For ¢ >0, let ¥, € End(Q)(B) @ C[z]), be such that if a € (B) ® C[z] has
total degree k, then y,o = %4 . Then

(3.89) Tr [exp(— Cf +zD)]l =y, Trj[cxp(t(—C'l2 +2zD)))]

By standard resulis on heat kernels, we know that Trs[exp(l(——Cll + 2zD,))] has
an asymptoiic expansion in { as { — 0, which only contains integral powers of
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t if dim({Z) is even, and only contains half-integral powers of ¢ if dim(Z) is
odd. From (3.88) and (3.89), we conclude that f (C: , A% has an asymptotic
expansion in ¢ of the type just described.

To calculate the ¢ — 0 limit of ’I‘rﬁ[exp(—CfI + zD,,)], we use the Lich-
nerowicz formula of Theorem 3.1l. First, assume that dim(Z) is even and
TZ is spin. We proceed as in the proof of Theorem 3.15. Consider a rescalmg
in which 8; — u ”28 o sV E B Sy PR ¢ 4 and
zZ—-u ”22. One ﬁnds from (3.58) that as « — 0, in adapted coordinates the
rescaling of u(Cj —zD,) approaches
(3.90) (@, RTZx* L2V Ly
As z& commutes with the other terms in 3; - RTZ x* - —zc’ we have
(3.91)

_r(a ka" 7Z (0 O)

TZ k.1 TZ k.1
SPR LT ”(0 0) + (128 (9, — LRI Z x*)e”

e iRy 0, 0)
= —I(a 5 _;k (0 0).

Then local index theory techniques give
m(zm)” 29 Tr [exp(~C] + zD,)I°

(3.92) .
= / e(TZ, VTZ)\/Zinga Tr, [exp (-RF’” + —Z—GJ(F, hF))] .

P 2
Putting together (3.52), (3.82), (3.88) and (3.92), we find
(3.93) lim £(C;, By = [ e(TZ, v A vt b,

- z

As all of the arguments are local on M, (3.93) is true in full generality when
dim(Z) is even. The first identity in (3.84) follows.

When dim(Z) is odd, the same arguments as in the proof of Theorem 3.15
give that

(3.94) lim (C;, »y=o.
The second identity in (3.84) follows.

To establish (3.85), we proceed as in the proof of Theorem 2.13. From
Propositions 3.4 and 3.7 and Definition 3.8, we have

_ \/E Z.w z 1 W E(T)
(3.95) D=5 ~d")+ 50, k") - 3.
Put
Vv =(d?%) -d*,
(3.96) o] w.  &(T)

=z, 1) - 22



FLAT VECTOR BUNDLES 337

As in the proof of Theorem 2.i3, we see that the spectra of D, and lgV
coincide.
Let A=A _UA_ be the contour in C:

k
A AL
-1 1] +] -
y
Then
1 f4)
(3.97) fD,)= Tni Jy 7= D, da.

To study the asymptotics of (3.96) as { — +oo, we may proceed formally
as in the proof of Theorem 2.13. A similar problem was considered in [BGV,
Theorem 9.23] and [BerB, Section 5]. We find that as ¢t — +o0,

V2ine Tr[(D,)]
(3.98) _ JZTEQTrS [chr(v)f (%’-(W, hw)) szr(v)] +& (_\;—Z)

Equation (3.85) now follows from Proposition 3.14 and (3.98). O

For k a positive odd integer, recall the definition of ¢, (F) € H* (M; R)
- from Section 1(g). Similarly, define ¢, (H(Z; F|;)) € Hk(B', R).
Theorem 3.17. For any positive odd integer k
{3.99) e (H(Z; F|,)) = f e(TZ)-c (F) in Hk(B; R).

z

In particular, if dim(Z) is odd or if F admits a Hermitian metric which is
covariantly-constant with respect to vE then
(3.100) o {(H(Z; F|,))=0.
Proof. From Theorem 3.16, we have that as cohomology classes,

(3.101) f(v”(z“'"z),h“"‘Z‘F'Z’):/e(rz,v”)f(vf,hf).
Zz

We have
Foor. 8¢y, (F, BT
AOVF Ry =y e

(3.102) =1 iz
o0 . (Z,F1;)
f(vH(Z;F|Z)= hH(Z;F]z)) _ *i: Cyp (H(Z ; F!!z) L z )-

i=1
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Equation (3.99) follows from matching terms of equal degree on the two sides
of (3.101). .

If dim{Z) is odd then e(TZ} = 0. If h" is covariantly-constant with
respect to V¥ then ¢, {F) = 0. In either case, (3.100) follows from (3.99). O

Remark 3.18. As mentioned in the Introduction, Theorem 3.17 is a C™-analog
of the Riemann-Roch-Grothendieck theorem for holomorphic submersions.

Remark 3.19. The composition of multiplication by the vertical Euler class and
integration over the fiber is the Becker-Gottlieb transfer [BG] in rational ¢oho-
mology.

(1) A transgression formula. Recall that N is the number operator of W . In
keeping with the notation of Section 2(c}, for ¢ > 0 put

(3.103) PR =0T |57 D)).
From (3.81), we have
‘ N
(3.104) N BT ) =g Tr, [5(1 + 2Df)exp(nf)] .
Theorem 3.20. Forany t > 0, the form f"(C,, 1" is real and even. Moreover,

(3.105) 9- <, h") =1df"‘(c’

Proof. The proof is formally the same as that of Theorem 2.9. See also Remark
2.12 for a simple direct proof. O

Put
dim{Z) ] .
(3.106) X(Z;F)= 3" (-1)itk(H(Z; Fl,)),
i=0

an integer-valued locally constant function on B.

Theorem 3.21. As t — 0,

(3.107) f"\(C':, hw) _ Ldim(Z)rk(F)x(Z) + &(1) t:fdfm(Z) £:s even,
G (/1) if dim{Z) is odd.

As t — o0,
¥(Z; F) 1
(3.108) e, n’y= T+ﬁ($).

Proof. Put ﬁ:MxRL and B=B><R:. Define #: M — B by #(x,s) =
(:r(x) s) Let p be the projection M — M and let p' be the projection
M- R

Let Z be the fiber of Then TZ = p*TZ. Let grz be the metric on
TZ which restricts to p gTZ/s on M x {s}. Put

(3.109) T"M = p'T"M e p" TR,
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One can show that V7 = p'V'Z + ds(Z — L) and R'Z = PR In

particular, RT% (£, =0. Clearly (p°F, p°v%) is a flat vector bundle on
7 N 3

Using the product structure on M, we can write
¥ =d" + dsa,,

(3.110) - i )
(dM)* _ S—(N—dlm(zm)(du +ds 6S)SN-d1m(Z].,!2-

(The dim(Z)-term arises from the dependence of the volume form on s.) Then

(3.111) (@"y = @™’ + ds (35+5(N-d"“2(z))).
Following {3.39), put
7= Lia™y gy = x 4 98 (n_ Gim(Z)
(3.112) X =5(@")y -d") =x,+5; (N 5 )
Defining 5: as in (3.50), we have
= N2, N2 ds dim{Z)
(3.113) D, =s"""D,s"* + 32 (N- > )
We deduce that
it &, 1% = 11¢,, ")+ L e,
) dim(Z '
- ‘4£ )dsq:Trs[f (D)1

As in the proof of Theorem 3.15, the fact that f'(a) is an even function implies
that ¢ Tr [f '(D 1] is indcpcndent of ¢, and the method of proof of (3.85) shows

that it equals tk(F)x(Z)f'(0). Thus
&L R = fie,, “’)+—f( o h)
~as82E) ryz) )

Equation {3.84) gives the t — 0 aszmptotlcs of the left-hand side of (3.115).

In particular, using the fact that R™? (33} , *J = 0 we see that the t — 0 limit of
the left-hand side of (3.115) has no ds term. As f'(0) = 1, equation (3.107)
follows from (3.84) and (3.115).

Let 0: B — B be projection onto the first factor. Letting N now be the
number operator of H(Z; F|,), we have

H(Z; §'F|;)=a"H(Z; Fly),

(3.115)

W(H(Z; p"Fs), hE# 1z
(3.116)

= w(H(Z; F|,), "7 1) 4 ? (N— ‘-11'-“5@—)) .
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Thus
(3.117)A )
f(vH(Z;p F|2), pHZe Flz))

=f(VH(Z;F|2), hH(Z;F|Z)) + % (X’(Z; F) - dm‘;(Z)

(F)U(2)) £'0).
Equation (3.85) gives the ¢ — +co asymptotics of the left-hand side of (3.115).

In particular, the ¢ — 400 limit equals the right-hand side of (3.117). Com-
paring the ds-terms, equation (3,108} follows. O

(j) Higher analytic torsion forms. We now construct analytic torsion forms along
the lines of Definition 2.20.
Definition 3.22. The analytic torsion form .7 (T M , g7% | h¥) € Q(B) isgiven
by
(3.118)

FTm, g™ h)

B (dim(Z)rk(F)x(Z} X1z F))f: (I_@)l at.
i

4 2 2

It follows from Theorem 3.21 that the integrand of (3.118) is integrable on
[0, oca].

Theerem 3.23. The form 7 (THM . gTZ ) kF) is even and real. Moreover,
d7 (T M, g™, W5
_ f e(TZ | sz)f(vF’ hF) _f(vH(Z;ﬂZ]’ hH(z;r-]Z))_
z
Proof. This follows from Theorems 3.16 and 3.20. O

We now describe how 5~ (THM , gTz, hF) depends on its arguments. Let
(THM, 72, kY)Y and (T"PM, g7%, B'F) be two triples. We will mark the
objects associated to the second triple with a .

Let &(TZ, \vald s vz ) € QM /QM 0 be the secondary class associated to
the Euler class. ¥s representatives are forms of degree dim(Z) — 1 such that

(3.120) d&(TZ,v"'*, ’TZ)_e(Tz vy —e(Tz,v"%).
If dim(Z) is odd, we take é(TZ , V2, v'"%)y 1o be zero.
Theorem 3.24, The following identity holds in QF / o 0.

T, g7 1 g M, g7 hT

=f.é(;"z,vfr v 19" Kb
z

+fze(rz, N T2 Al Sl
_J?-(VH(Z;FIZ), hH(Z;FIZ), h’H(Z;FIZ)).

(3.119)

(3.121)
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Proof. First, a horizontal distribution on M is simply a splitting of the exact
sequence
0-TZ—>TM -7 TB — Q.

As the space of splitting maps is affine, it follows that any pair of horizental
distributions can be connected by a smooth path of horizontal distributions. Let
s € [0, 1] parametrize a smooth path {TSH M} 10,y such that TJI M=T'M
and TlH M =T M. Similarly, let gst and hf be metrics on TZ and F,
depending smoothly on s € [0, 1], which coincide with gTz and #¥ at =0,
and with gﬂ"-z and h"iat s=1.Let #: Mx[0, 1] — Bx[0, 1] be the obvious
projection, with fibher Z . Let F be the lift of F to M x [0, 1].

Now T"(M x [0,1]). , = T/'M x R defines a horizontal subbundle
TY(M x [0, 1]) of T(M x[0,1]), and TZ and F are naturally equipped
with metrics grz and A" . By Theorem 3.23,

dF (T (M x [0, 11), g7, hF)

3.122 5 T3 . F F
(3.122) =/Ee(TZ,VTZ)f(VF,hF)—‘f(V

HZ:Fly  HEZ ;ﬁ;)]_

Iet &: B x [0, 1] — B be projection onto the first factor. Then there is an
equality of pairs

(3.123) (H(Z; Fz), V10 = 6" (H(Z;; FI,), V7717,

The restriction of 5"’(TH(M><[O, 11}, ng, hF) to Bx{0} (resp. Bx{l1}) co-
incides with F(TM, g72, hF) (resp. (T M, "%, W'")). Comparing
the ds-terms of the two sides of equation (3.122) and integrating with respect
to s vyields equation (3.121). O

Corollary 3.25. If dim(Z) is odd or if i is covariantly-constant with respect
to V5 then the class of 5"’(THM, Pk hF) in QB/QB’U is independent of
M.

If dim(Z) is odd and H(Z; F|,) = 0 then T (T"M, g7%, h) is a closed
form whose de Rham cohomology class is independent of T M, g:""z , and K.
Proof. This follows from Theorems 3.23 and 3.24. 0O

Theorem 3.26. If WY is covariantly-constant with respect to v, dim(Z) is even
and TZ is orientable then (T M, 2%, 1 =0.
Proof. Define a form (-, <) on W by

(3.124) (5,5 5,)(b) = [Z (s, (B) A5, B} ¢

for all s,,s, € C*(B; W) ~ C¥(M; AMT"Z)® F). Let » be the fiber-
wise Hodge duality operator associated to grz . Then one can check that

(W,(,),%) isa d™-compatible duality structure in the sense of Definition
2.33. The proof is now formally the same as that of Theorem 2.29. O
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Remark 3.271. More generally, if dim(Z) is even, T arbitrary, and hF‘ is
the induced Hermitian metric on the antidual bundle ¥~ then

(3.125) T M, g% 05 = —a(TMm, TE R,

Proposition 3.28. For i € {1,2}, let Z, = M, LB be a fiber bundle over
B with connected closed fibers, a horizonal distribution THM‘. and a vertical
Riemannian metric g'% . Let F, be a flat complex vector bundle on M, with
Hermitian metric b’ . Put Z = ZxZ, Let Z—-M L B be the product fiber

bundle, with the product horizontal distribution T" M and the product vertical
Riemannian metric grz‘ If pM - M, denotes the projection map, put

F = p}(F,) ® p;(F;), with the Hermitian metric k" = p}(h™) @ p;(h'?). Then
Gaze T Mg K = AEZ)T (T My 87 )
| B Z)T (T M, 77, W),
Proof. We have

QM Fy=Q(M; F|) oy QOM,; F,),
(3.127) N=(N, o)+ &N,),

D! =D}, @)+ (I ®D; ).
As {1+ 2a+b))e*™ = (1 +2a)e” - (1 + 2b)e” — 4ae” - be® , we obtain
N I ! N ’
Tr, [ 570)| = ol '0, NTe, | 270, )

#Tr, [0, )| Tl @, )]
(3.128) N
~4Tr,[f(D} )1Tr, [721’(1);:)}

4Ty, [% f(nf,,)] TrA(D] ).

The method of proof of Theorem 3.15 gives that for i ¢ {1, 2},
Tr,(f(D, )] =0,
Te,[f (D, )] = tk(F)x(Z).

The theorem now follows from Definition 3.22. O

(3.129)

(k) Relationship to the Ray-Singer torsion and the anomaly formula of Bismut-
Zhang. We now consider the O-form component % IOI(THM . gTZ . hF) €
C™(B) of the form (T M, g"%, h¥). Recall that V = (d%)" —d®. Let
(Vl)' denote the quotient action of ¥ on W/Ker(V). Clearly —(Vl)' is a
positive operator. For s € C such that Re(s) > Lmz@l , put

(3.130) 8(s) = - Tr [N(~(V))”'}.
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Then &(s) extends to a meromorphic function of s € C which is holomorphic
near s = 0 [Se]. By definition, the Ray-Singer analytic torsion of the de Rham

complex (W, d”) is 22(0) [RSL].

Theorem 3.29. We have

(3.131) FOT M, g7 Ty = 12,
2 8%

Proof. From [BZ, Theorem 7.10], we have that as t — 0,

(3.132) .
dim{Z) Y;C(F)X(Z) +&(t) if dim(Z) is even,

Trs[Nexp(rVE)] = c L .
7 + &1 if dim(Z) is odd,

where we will not need the exact value of the constant ¢. Put g(a) = (1+2a)e’
We abbreviate SREXEXE _ /(7 F) by ¢'. Then

_ L e Wy
B(s) = 1"(3)[0 £ " Tr[Ne 1d¢

_ 1 e Yy i _

= I‘(s)fo £ (Tr[Ne™ 1= x (Z; F))dt = —¢ +5A(s),
where the function A(s) is holomorphic around s = 0. It follows that
(3.134) 1‘M(O]— A(O).

On the other hand, from Definition 3.22,
(3.13%)

FTOT M ¢

(3.133)

TZ F

3 h )

Fatis 1(Z; F) ¢ e\ \ dt
T |38 (‘4—)] g #0-gs (‘z)) T

Tr, 'Eg(rV’)] 1 E) pgy - "’-gw)) dt

I

o

=-[" (Tr S ser)] - %g(—:)) @

/-0+m ( [N v ,] ) % Te (Ve - %’g(_ n) ?

+OQ 2.4 !
) f ( [2 e )J rd_df Trs[Ne’(V ] ]-—%g(—t)) dt
=0

= (%% s=0(1 - Zs)ﬁ(s]) -

I
= 54(0).

a

4
ds

The theorem follows. O
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As in [BZ, Section 2a)], if 4 is a complex line, let 47! denote the dual line.
If E is a complex vector space, put

det E = A™(E).
Put
dim{Z) ) i
(3.136) det H(Z; Fl,) = Q) (detH'(Z; FLHY,
' i=0

a complex line bundle on B.
Identifying H(Z ; F},) with Ker(V), the line bundle det H(Z ; F|,) inher-

its a metric | | ] which is induced from the restriction of the L -metric
det H{Z ; F|,)
(3.29) to Ker(V).

Definition 3.30 [BZ]. The Ray-Singer metric || ":jH(Z;Flz) on det H{(Z ; F|,)
is given by

RS 148
BIN Wiy =m0 { 5520}

The Ray-Singer metric is constructed in analogy to the Quillen metric
[Q2, BGS3] for holomorphic vector bundles on complex manifolds. One can
check that the degree-1 part of (3.119) is equivalent to a statement about
det H(Z; F|,), namely
(3.138)

[1]
QUH(Z; Flp) |z = { a2, 970797 10}

Similarly, if (272, k¥) and (g"7%, k") are pairs of metrics on TZ and F
then the degree-0 part of (3. 12_1) is equivalent to

e
log ':;H(z;ﬂz)
| "detH(Z‘,Flz)
(3.139) - {f F&F K K erz, v
z

[0}
_/;f(vFj hrF)é(Tz, vz v:’rz)} ’

which in turn is equivalent to the anomaly formula of [BZ, Theorem 4.7]. In
fact, by considering a fiber bundle over R with fiber Z , one sees that (3.138)
and (3.139) are equivalent.

IV. COMPACT STRUCTURE GROUPS

In this section we use equivariant methods to compute the analytic torsion
form of a fiber bundle with compact structure group.
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The section is organized as follows. Given a fiber bundle M = P x . Z , with
G compact, in (a) we give a way to construct flat complex vector bundles on M
by equivariant means. In (b} we give the equivariant versions of the operators
of Section 3. In (c) we compute the analytic torsion form of P x,Z and in (d)
we give explicit formulas when M is a circle bundle and F is a flat complex
line bundle.

(a) Equivariant flat vector bundles. Basic information on fiber bundles with com-
pact structure group c¢an be found in [Be, Chapter 9]. With the assumptions of
Section 3, suppose that the holonomy group of the bundle Z - M 5 B isa
compact Lie group . Then there is a principal ¢-bundle P and an action of

G on Z such that M = P x,Z = (P x Z)}/~, where the equivalence relation

~ 1s given by (p,z)~(p-y_1,y-z) forall pe P, ze Z,and y € G.

Given a connection © on P, we obtain a horizontal distribution TM on
M. We can assume that Z has a G-invariant Riemannian metric gZ. This
gives a vertical Riemannian metric gTZ on M. The fibers of M are then
totally geodesic, and so the only relevant geometric tensor of the fiber bundle is
the curvature tensor.

We now give an equivariant construction of flat complex vector bundles on
M. That is, we wish to extend flat vector bundles on Z equivariantly to
flat vector bundles on AM . It is clear that this cannot be done in complete
generality, as not every flat vector bundle on Z extends topologically to a flat
vector bundle on M. (For example, if Z = § ! , B = §? and M = S then
only a trivial flat vector bundle on Z will extend to a flat vector bundle on
M .) Hence our consiruction will produce a certain class of flat vector bundles
F, on Z, namely those of Lemma 4.3, which do extend equivariantly to flat
vector bundles ¥ on M. _

Let I" be the fundamental group of Z andlet z,: Z — Z be the projection

map from the universal cover of Z to Z . Define a group G’ by

(4.1) G ={(r,$) € GxDif(Z): n 0 =y-71,}.

There are homomorphisms o: G — G and 8: G' — Diff{Z) given by a((y, ¢))
=y and £((y, ¢)) = ¢, and by definition n,08(y") = a(y')-n, forall y € G .
Define an equivalence relation = on P x Z by

(4.2) (0, 2= (p-(a) ", BF)- )

forall peP, 2¢Z,and y € G . Put Pxyp Z =(PxZ)/=.

Lemma 4.1. There is a diffeomorphism between P x Z and M.

Proof. Define &: PxZ - PxZ by &(p, 2)=(p, 7,(2)). Then

Ep-a)", BK)-2) = - (o)), 7, () - 2))
=(p-(a¥) ", oy} 2, (2) ~ E(p, 2).
Thus & descends to a map &Z': P X gt Z — M. Clearly & is onto. To show

=t

that & is one-to-one, it is enough to show that if &(p, 2) ~ &(p’, 2) then

(4.3)
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at

(p, 2) = (p', 2'). So suppose that £(p, 2) ~ £(p’, ). Then there exists
aye G such that (p-y~", y-7(2) = (¢, n(2")). By the lifting theorem,
there exists a ¢ € Diff(Z) such that n,o0¢p =y m, and @(2) = 2. Putting
¥ =(y, $), it follows that (p, 2) = (p’, 2'). Thus Z is a bijection. One can
check that it is a diffeomorphism. 0O '

There is an exact sequence
(4.4) | -T—G -Gl
and a corresponding homotopy exact sequence
(4.5) = 2 (G) > T = my(G) = 1y (G) - 0.
Let p: 7y (G') — GL(N, C) be a representation of m,(G') and let
(4.6) pe: G — my(G) L GL(N, C)
be the corresponding representation of G .

Definition 4.2. The vector bundle F on M = P x Z is given by F =
(PxZ xCY)/G ,where y' € G’ actson (p, 3,v)e(PxZ xC") by

(4.7) Yo, 5,0)= (@ @), B2, pelv) - v).

Lemma 4.3. The restriction F, of F to a fiber Z is isomorphic to the flat
bundle on Z given by the representation T" — nO(G') 2 GL(N, C).

Proof. The projection #: F — B is the map from (P x 7 x CN)/G' to P/G
induced by (p, 2, v) - p. Then for p € P, the preimage 2 Y (pG) of pGe B
is isomorphic to (pG x Z x C¥)/G' ~(Z xCY)T. O

Definition 4.4, With the notation of Definition 4.2, we say that G acts on
(Z,F,),and write F=Px,F, and (M, F}y=FPx;(Z, F).

Let d%'%2 be the exterior derivative on Q(Z; F;). Let g be the Lie algebra
of G. Given x € g, let X be the corresponding vector field on Z , let ¢(X) =
(XA)—i, and &(X) = (XA)+i, be the Clifford multiplications on Q(Z; F,),
and let L, be Lie differentiation in the X-direction on (Z; F,).

Proposition 4.5. The vector bundle F is flat.

Progf. For any x € g, its moment ,uFZ (x) € C*(Z; End(F,)), relative to
the flat connection on F,, is given by ,uFZ(x) =L, - dz'F-Z;'X - iXdZ‘FZ
[BGV, Definition 7.5]. As the representation T’ — 7,(G') % GL(N, C) factors
through no(G') , it follows that the moment vanishes. As the curvature of F,
also vanishes, the proposition follows from [BGV, Lemma 7.37.2]. O

(b) Equivariant computational methods. We use the notation and results of
[BGV, Chapter 7 and Section 10.7). Let {x,} be a basis of the Lie algebra
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g. Let ©® =6%, and Q = Q’x_ be the connection and curvature forms on
P, respectively. The space (QP) ® Q(Z; F,))y,.. ©f basic forms is given by
(4.8)

(QUP)RZ; Fy)yasio = {T € QP)RUZ; Fy):

7 is G-invariant and for all x € g, i, 7 = 0},
where the interior multiplication acts only on the first factor in (P) ®
AZ; Fp).

There is an identification between QUB; W) ~ Q(M; F) and (UP) @
UZ; Fy )y - The operators d* . v¥ ,and i of Section 3(b), when acting
on (B; W), arise as the restrictions (to the basic subspace) of operators on
Q(P)®Z; F,) given by

@d*)(r,21,) = (-1)*F g, @ d” F2e,,
(4.9) Y 81 =d"t, 07, + (@ AT) @ Ly 1y,
(i) (1,8 1)) = ~(Q A1) ® iy 7.

Suppase that the vector bundle ﬁz = 7Z x CY has a G'-invariant Hermitian
metric kﬁz . This passes to a Hermitian metric 4%z on F, , and a Hermitian
metric #° on F. Define @(F,, k'2) € Q'(Z, End(F,)) as in (1.31).

Lemma 4.6. The form o(F, hF) € QI(M; End(F)) is the pushdown to M of
the basic form 1@ o(F,, h'2) e Q°(P) 8 Q'(Z, F,).
Proof. Define k™7 asin (1.15). Then A is induced from the operator I ® A"z

on Q(P)®UZ, F,). As k'% is G-invariant, 2™ commutes with L, . Now
-a8

(4.10) w(F, by =E"a"h" —a¥,
the lemma follows from Proposition 3.4 and (4.9). O

Let C[g] denote the space of complex-valued polynomial functions on the
Lie algebra g. Recall that the space of (G-equivariant differential forms on Z
is defined to be

(4.11) Q.(Z) = (Clgl e AZ)°,

the G-invariant elements of Cg]® (Z). If & is a G-vector bundle on Z
then the space of G-equivariant & -valued differential forms on Z is defined
to be :

(4.12) Q,(Z; B) = (Clgl o AZ; B))°.

Writing an element g € Q. (Z) as a(x), x € g, the equivariant Chern-Weil
homomorphism ®: Q.(Z) — (Q(P) ® UZ)),,,; essentially consists of replac-
ing x by the curvature form €.

Proposition 4.7. As forms on B,
(4.13) / e(TZ , V2 (vF , 1Fy = o@D pHEFlaly _ g,
Z
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Proof. The result of the equivariant computation must be a polynomial in the
curvature form Q. However, any such polynomial is an even form, whereas

L, e(TZ, V") f(vF, 1Fy and f(97EF12)  pHEFI2ly aee odd forms. O

Let (d%'%2)* be the formal adjoint to dz_‘FZ . Then the operators (d%)*,
(VW]', and TA of Proposition 3.7, acting on (B ; W), are the restrictions
of operators on Q(P)® QUZ, F,) given by

@5z, @ 1,) = (—1)*Fg 2 (d” 7)1y,
W« w
(4.14) (V) (1, 01,)=(V ) (1, ®1,),
(TA)Y (1,8 1,) = —(Q" A1) ® (X, A1,).

Thus the operators C, and D, of (3.50} are the restrictions of operators C'I
and 5; on Q(P)RCQZ, F,) which, when acting on C(Z, F, ), can be written
as

Vi
2

1
2/
= t + 1,

D, = %{(dz"'}) - d* )+ Q).

{¢) Analytic torsion form of a fiber bundle with compact structure group. We will
compute the supertraces of operators on C™(B; W) by equivariant means. We
first discuss the formalism in the finite-dimensional case. Let G be a compact
Lie group and let P be a principal (-bundle, Let .4 be a finite-dimensional
Z,-graded G-module. Let W be the vector bundle P x,.# . Let ¢ be an
element of Q.(pt.; End(#)) = (C[g] ® End(#))“ . Let us write ¢ as Q(x),
with x € g. There is a corresponding element Q' of Q(B; End(W)) which is
represented by the basic form Q(Q) € Q(P) R End{.#7) .

We can compute Trs[Q’] € Q(B) as follows. There is a supertrace

(4.16) Tr,: Q4 (pt.; End(#)) — Q,(pt.),

| 6,= [(dz‘FZ)*+dz’Fz]+(Vw)'+ (),

(4.15)

where Q.(pt) = C[g]G. Composing with the Chern-Weil homomorphism
®: Q,(pt.) — Q(B), one has -
(4.17) Tr,[Q'] = O(Tr,[Q)).

In the infinite-dimensional case of interest to us, # = Q(Z; F,). Our
supertraces will now be formal power series in x, as opposed to polynomials
in x. For x € g, put

(4.18) ﬁr(x)=§[(dz‘Fz)'—dz’FZ]+2+ﬁé (2%)

Proposition 4.8. Forall ¢ > 0, the form f(C,, hw) € SX(B) vanishes.
Proof. The same argument as in the proof of Proposition 4.7 applies. O
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Proposition 4.9. For all t >0, the form fNC,, K%) € Q(B) is a linear combi-
nation of characteristic forms of the principal G-bundle P, with coefficients that
only depend on (Z , F,, gz, W zYy and the G-action thereon.

Proof. Define Q € Q.(pt.; End(#)) by

(4.19) 0(x) = 3 /' (B,(x).

Then f™(C,, #¥) = Tr,Q'. The above discussion of how to compute super-
traces equivariantly extends to the infinite-dimensional setting. The computa-
tion of the supertrace Tr [Q] € Q;(pt.) only involves (Z, F,, g%, kz) and
the G-action thereon. As f(C!, k") = &(Tr,[Q]) lies in the image of the
Chern-Weil homomorphism, the proposition follows. 0O

If (M,F)=Pxg(Z,F,) has the horizontal distribution 7"/ induced
from the connection © on P, the vertical Riemannian metric grz induced
from the Riemannian metric gz on Z , and the Hermitian metric kY induced
from the Hermitian metric 22 on F,, we will denote the analytic torsion
form F(THM, 7%, hF) e QB) by T (P x4(Z, F,)).

Corollary 4.10. The analytic torsion form I (P x ,(Z , F,)) € Q(B) is a linear
combination of characteristic forms of the principal G-bundle P, with coefficients
that only depend on (Z , F, , gz , th) and the G-action thereon.

Proof. This follows from Definition 3.22 and Proposition 4.8. O

Corollary 4.11. Let Z — M 5 B be a fiber bundle with compact structure
group G. Let F be a flat bundle on M which is constructed as in Definition
4.2. Suppose that dim(Z) is odd and H(Z; F,) = 0. Let (T"M, g7, 1%)
be a triplet consisting of a horizontal distribution on M , vertical Riemannian
metric on M and Hermitian metric on F . Then the de Rham cohomology class
of & (TH M, 272 hY) is a linear combination of characteristic classes of the
principal G-bundle P, with coefficients that only depend on the topological type
of (Z, F;) and the G-action thereon.

. Proof. This follows from Corollaries 3.25 and 4.10. O

(d) Circle bundles. Let P be a principal U(1)-bundle with connection € and
curvature Q2. Take Z to be a circle of length 2z, upon which U(1) acts by
an r-fold covering, |r{ > 1. (The case r =0 can be easily handled separately.)

Put M =Pxp, S

Lemma 4.12. Defining G as in (4.1), we have G = (Z/rZ) x R.

Proof. Letting R act on Z = R by translation, we have

(4.20) G ={(w,1)eU(l)xR: w =e"}.

There is an isomorphism i: G'—(Z/rZ) xR given by i{w, H=(we ™", ty. O
The sequences (4.4) and (4.5) become

(4.21) 1 -2 —(Z/tZ) xR - U(1) - 1
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and
(4.22) s Z o L= ZIr2 -0 0.

Let { # 1 be an rth root of unity and let p: Z/rZ — C* be the corresponding
representation of Z/rZ. Then Fg is the flat complex line bundle on the circle

with holonomy group generated by {.As { # 1, wehave that H (S Fa}=0.
Give Fg the Hermitian metric induced from the standard Hermman metric

on ZxC

Proposition 4.13. The analytic torsion form 5 (P Xyt (s, Fq)) € Q(B) is the
pushdown to B of the basic form on P given by

J
23) ZZ 222{!+1)' (Z ! gm) ().

s 1 ]

Proof. Write { =e*™ with rbe Z, b ¢ Z. Defining 5r(x) as in (4.18), we
first compute the eigenvalues of ﬁf(x) , acting on QI(S Y Fa). Let l{(s)ds €

Q'Z)®C be a T-invariant 1-form on R, i.e., /(s +2x) = ¢”™I(s) . Using the
fact that iy € u(l) is represented by the vector field ry3, on R, we obtain

2
(4.24) Dliy)(I(s) ds) = ((_—‘Ca 2\1/” 2”; ) l(s)) ds

Then a basis of eigenvectors for D?(iy) is given by {e“*"7ds} | with
H=—-rx]

eigenvalues {—{(n+b+ {f;’f;) Yoo o - Putting g(a) = (1 +2a)e”, we have

A, ot W 1 = £ 'ty
(4.25) JH(C, R )=—5¢(n;mg(‘z( +b+§?§?z) )) ’

where ® is the Chern-Weil homomorphism which replaces iy by Q.
By the Poisson summation formula,

. > —i(n+d)? 4 & —dn’m?t Zimmb
(4.26) > e =y — ), e T
H=—0x t M=—:{0

Acting on both sides of (4.26) with 1+ 2t4 gives

- 2, 2 .
(4.27) Z g (_%(n + b)2) _ 167[5;"2’:—3}'2 Z mle—m m ,r'telmmb.

n=—o0 m#0

Formally replacing the b of (4.27) by b+ £ and using the fact that x(Sl) =

2int

2'(S'; Fa) =0, equation (3.118) becomes
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- lCD f°° P Z m2€—(4xim’—mn‘y1;‘r€2inmbff_f

2 o oo t

_ 1¢ f"“ LR E mle—(4£’m1—mriy}ue2mmbd_u
2 0 m#0 u

= %(I) (161:5‘le" (%) > om Yantm® - mriy) e zm'"b)

(4.28) 0

_ lq) 1 (1 riy )_3JIII2 elirsmb

== —(1- ==
2 0 | 4n°m

[ & _1_(2j+1) riv \ m
=3® (E < |m| 22«’(;1) (4n2m) ¢ )
L@ AN [~ L m ) (Y
- 22 25(j1)? (Z mﬂm[C ) (41:2) '

m#0

Let ¢(M) € H'(B; Z) be the first Chern class of a circle bundle M . Let-
ting f: H(B, Z) — HX(B; R) be the change-of-coefficients map, B(c,(M)) is

represented by the basic form —#2 on P. For { € C such that [{| < | and

{#1,let Li,({) be the polylogarithm function

R -V
(4.29) Li ({) = El >3

Corollary 4.14. Let M’ be an oriented circle bundle over a connected base B .

Let r be an integer greater than one and let p: 2/rZ — Aut(C) be a nontrivial
representation which is generated by an rth root of unity {. Give M the
structure of a principal U(1)-bundle and let M be the quotient of M' by the
action of the Z/rZ subgroup of U(1). Let F be the flat complex line bundle

M x,C over M. Let (THM g"rsl hF) be a triplet consisting of a horizontal
dtsmbunon on M, a vertical Rtemanman metric on TS' and a Hermitian
metricon F. Then 7 (TH M, , hF } is a closed form on B and its de
. Rham cohomology class [ff‘”(THM, g:ml , hF)] € H'(B; R) is given by

(7 M, g™, )]

= S (1Pea) (-221;—? Re(Li..., (O))(Blc, (M)’

feven

(4.30)
+ 092 em G D @), ).

2
jodd 2J( )

Proof. This follows from Corollary 3.25 and Proposition 4.13. O
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APPENDIX |

(a) An axiomatic characterization of the torsion forms in the acyclic case. We
make the same assumptions as in Section 2(f). In addition, we assume that the
complex (E, v) is acyclic, i.e.,

(AL1) H(E, v) =0,

We will say that the flat Her:mtlan complex (E, A, hE } splits if there exist
flat Hermitian vector bundles (F', VF P ) such that (£, v} is the complex
(A12) 0=F o FleF —F'eF . ..o F 7 eF ™ S F7 S0,
and moreover, for | <i<n—1, E'=F~' @ F' is equipped with the metric
W= e n
Theorem Al.l. (a) The following identity holds:

(AL.3) dT (A, h®) = f(V" "),

(b) If B' is a smooth manifold and o: B’ — B is a smooth map, then

(Al.4) Tia' A, o' W) =o' T (A, "),

() If (E, A', h®) splits, then T,(A', h®) =
(d) T4, hEY depends smoothly on A’ and K*.

Proof. Equation (A1.3) follows from Theorem 2.22, and equation (Al.4) fol-
lows from Remark 2.23. If E splits then we have

(ALS5)  [w(E, k"), v]=0, [@w(E,h"),v"1=0, oo’ +v'v=L
From (2.21), we have

(A1.6) X = LeE, K+t v

From (A1.5) and (A1.6) we obtain

(ALT) X’ = L (B, k") - 1).

As f'(a) is an even function, there is a holomorphic function g(a) such that
f'(@) = g(a”). Then

N
1K) = 0T, [0t
- i . 1 1 2,4 E t
] i
= g(—l) igTr [Eg (Za) (E',h )~ Z)] .
Recalling the definition of 4(E) from (2.67), Proposition 1.3 and (A1.8) imply
f (i)

(A1.8)

(AL9) £ = a) ECA - aey L CE)
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Part (c) of the theorem now follows from putting (A1.9) into Definition 2.20.
Finally, T (A hE } depends smoothly on A and H® by construction, giving
part {d) of thc theorem. 0O

Now we imitate [BGS1, Theorem 1.29], where an axiomatic characterization
of Bott-Chern classes was given.

Theorem A1.2. Given a manifold B, let T (4, h") be a real even form on B
verifving the conditions (a)-(d) of Theorem Al.1. Then

(A1.10) T4 K5y =Ty, %) in@® 10",
Proof. Suppose first that # = 2. In this case, the complex (E,v) can be
written in the form
G—»L:»M—;M/L—»O,

. . T L L oM ML
with v being the obvious injection or projection map. Let V=, V™ ,and V
be the flat connections on L, M and M/L, respectively.

As smooth vector bundles, we have an isomorphism

(A1.11) M=LaoM/|L,

and L is a flat subbundle of M. Let 7M™ be the sum connection i VA
vEa vME | Put

(AL1.12) a=v"-'9" ¢ 0'(B: Hom(M/L, L)).
In matrix form, we can write
i vt o 0 0
M \% E G Vv 0
(Al13) V¥ =( A v%,m), V=4 o v g
o o0 o Mt

The flatness of V¥ implies
(AL.14) vie+avMt =0,

le., a is covariantly-constant.

The idea of the proof will be to assume first that M has a direct sum Her-
mitian metric, and then effectively deform o linearly to zero, keeping track of
_how Tf changes during the deformation process. When o vanishes, we are

in the split situation. Using the hypotheses on Tf, we will derive an explicit
formula for T' which will prove the theorem. One must only be careful to
check that all of the equauons make sense as one approaches the split situation.

More precisely, let #* and AM'T be Hermitian metrics on L and M/L,
respectively. In what follows, the parameter s will always lie in (G, 1]. Let

h:'{ be the Hermitian metric on M given by

ML
(A1.15) Y _hL@hT
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i
Let hf = (Bf-zo hf be the Hermitian metric on E which coincides with A" on
E®=L,with ¥ on E' = M and with £~ on E* = M/L.
By assumption, T; satisfies conditions (a) and (b) of Theorem Al.1, and
proceeding as in the proof of Theorem 2.17, we find

(AL.16) TA by~ TyA', hE) = (9%, hE 1) in @7 1@

Let p € End(M) be such that p =0 on L and p =1, on M/L. Let
g € End{E) be such that ¢ =0 on E0=L, g=pon E' =M, and q:IM},L
on E? = M/L. In matrix form,

00 0 O
0 0 00 0 0

AlL.17 = , =
( ) p (0 ;W) =l0o 01, o
00 0 I,

- Let V& (resp. VM"L*) be the adjoint of vt (resp. VM"L) with respect
to A" (resp. AM'Y). Then *9™* = v* ¢ V*/I* is the adjoint of °v™ with
respect to 4 forany s € (0, 1]. Let V¥ (resp. V") be the adjoint of V¥
(resp. \vad ) with respect to h:{ (resp. hf). Let «* be the adjoint of o with
respect to h‘:u . Then one can check that

oM 09M s,
(A1.18) s e
vE = v g v o VML,
Put
XL: %(VL*_VL),
(AL19) XM”“:%(VM"L* v,
. 0 M+ ﬂ M
2(V v,

.r = E(Vs - V ).
Using {A1.12) and (A1.18), we have

; L
(A120) X = ()f) XPM)  x=

By Definition 1.12, we have

(AL21)  J(VERE L KE)= /¢Tr[ )] &
From Proposition 1.3, (A1.17), and (A1.20), we obtain

(AL22) Tr, [27'(0)] = - Tr [‘%f’ (X' + %(m‘ - a)ﬂ + rk(M/L)f_z@.
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We have the identity

(A1.23) s P2 (X’ + %(sa' - o:)) PP x4 ‘/TE(Q* ~ a).
Using {A1.23), equation (A1.22) becomes
F
(AL.24) Tr, [%f’(}{s)] =—Tr [%f’ (X’ + g(a* - cz))] + rk(M/L)-fzﬂ-
Thenas s -0,
(A1.25) Tr, [%f’(Xs)] = d(s).
Thus as s — 0,
[ l

d o du g . du

(A1.26) —fs 9 Tr, [5f (Xu)] w7, e [5f (Xu)] o
One computes that

(AL.27) A =y 4+ (v e OVM + Via) @ VMR,
Put
(A1.28) Ay =v+ (Ve 'vM e v
From (A1.27), we see that as s — 0,
(A1.29) s A7 = £+ o5,
Tautologically,

[ E - [ 2 E
(A1.30) THA 1) = Tis™ 45 WP,

As T} satisfies condition (d) of Theorem Al.1, equations (A1.29) and (A1.30)
give that as s — (,

(A1.31) TH(A', hY) — T4y, BO).
Clearly (E, A;] s u® ) splits, and so by condition (c) of Theorem Al.1,
(AL32) TH( Ay, h") =0,
Taking s — 0 in (A1.16) and using (A1.21), (A1.26), (A1.31) and (A1.32),
we obtain

f
O S e L L9 e ey

The class of Ty(4', &) in 0°/Q" is uniquely determined by (A1.33). Equa-
tion (A1.10) follows when A% = hf‘ If #% is an arbitrary metric on the
Z-graded vector bundle E, then by using conditions (a), (b) and (¢) and pro-
ceeding as in the proof of Theorem 2.17, we get the validity of (A1.10) in full
generality.
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We have now proved the theorem in the case n = 2. The proof for arbitrary
# follows along similar lines, and is left to the reader. O

Put
det E' = A" (E", 0<i<n,

(A1.34) detE = é(det(ﬁ:" Ny

i=0
As (E,v) is acyclic, detE has a canonical nonzero section 7(v) [BGSI,
Section la)]. To construct 7T(v), take s, € detE’, s, # 0. Take s, €
. 1 . . y) : 1 : Q
AGmE -dmE Bl oo that vs,AS, # 0 in A"PE' | 5, g AN E A ErdimE g2
such that ws, As, #0 in A™E”, etc. Put

(AL35)  T()=s5,0(us,As) @ Ws As)® -®ws,_ As) ",

Then T'(v) is independent of the choices of the s,’s. Moreover, T(v) is a flat
section of detE. .
Let #° be a Hermitian metric on the Z-graded vector bundle E . Let [ llz.‘:t E

be the induced metric on det E . Let (T(4', k”))"! be the degree-0 component
of T (A", h¥).
Theorem Al.3. The following identity holds:
E., [0 ' IE
(A1.36) (T A, BN = £7(0) Log(l T(0)geq )-
Proof. From (A1.3), we have

(A1.37) d(T A, 5y = @ Trw(E , £7)].
As T(v) is a flat section of detE,

(AL.38) d(Log(|T ()| £)) = 4 Tr,@(E , A5)]
Moreover, one easily verifies that if (E, 4, hE) splits then
(A1.39) LOS(HT(U)II:';E) =0.

The theorem now follows from Theorem Al.2 and {(A1.37)-(A1.39). O

(b) Analytic torsion forms of double complexes. We make the same assumptions
as in Section 2(f).
Let (E/, v, ¥)cicn 0< j<nt be aflat double complex of complex vector bun-

dleson B. Then v maps E, into E;*' and v’ maps E, into E_,, . Moreover
v+ is also a chain map, i.e., (v+ 'u')2 =0, _
Put E = Bgcicn ocj<n’ E;' Let V& = Docicn, o<j<n’ % be the flat con-
nection on E. Put
A =9+,
(A1.40) A =9 4o,
Al =V ru 4,
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Then A, (resp. A") induces corresponding flat superconnections A’ (resp.
L] I

' i ; ; E E
A7) on E=@y ey E| (resp. E' =@ i<, E) . Let & =@ocicn.0cj<n' H
be a Hermitian metric on E . ‘

We assume that the (E}, v) complexes and the (E’, v) complexes are

acyclic. Then (E_, v +v'} is also acyclic. Put

(A1.41) fEL K= Y (~1)™ F(95 | ),
055

Then there is a form Tf(A:" , hF) associated to the flat Hermitian complex
(E, v+, hE] which satisfies
(A1.42) dT (A7, h®) = (9%, k")

For 0 <i<n (resp. 0<j<n),put h% = Docicn’ K (resp. hE =
@oxi<n h™) . As before, we can construct the forms (4], k%), T, (4", KF).
Now we imitate [BGS1, Theorem 1.20].
Theorem Al.4. The following identities hold:
#
e E ] E; X B B0
TAAS B =3 ()T, ) in Q71Q%7,

i=0
(A1.43) P
« ,E j i G EL B, B0
THAL B = YT ) i 007
j:
Proof. We could use Theorem Al.1 to prove the theorem. Instead, we will give
a direct proof. Let N, € End(E) act on E] by multiplication by j. For

"5 >0, set _
E Fo B
h = EB sTH.

a<i<n

0Lj<n’

From Definition 1.12 and Theorem 2.24, we have
a 1. E, NH ¢ f0 E . B, .80
(AL44) =T/ (4], b)) = Ty, [Ef (—2~(E, % ))] in @7 10""°.
‘Then from Proposition 1.3, we have
N, r o E N t
H = = H
(A1.45) @Trs[zsf (2(E,hs ))] Trs[szf (0).

As the complexes (Ef ) u') are acyclic, we have

(AL.46) Tr [N, =0.

From (Al.44) and (A1.46), we deduce that for s > 0,
(A1.47) TAA, Ky =THAS, hF) in Q%10

&y
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Let A’:S be the adjoint of A", with respect to kf . Put
(A1.48) Cl = Nl gogTNul? o = N0 Vel

Let v* and v™ be the adjoints of v and v’ with respect to 4#%. Then

(A1.49) Cl =V rsurn’,  C=v" 4+ 0" +0"
For any s > 0, we have
(A1.50) TAAS  B) = THCY ., ).

Also, C; is well defined for s = 0. Using the fact that the (Ef s U') complexes
are acyclic, we find that as 5 — 0,

(A1.51) TACS 5 = TACl,, hP).
Put
(A1.52) D= 5C) - Cy.

Tet D' be the restriction of D to E'. Then
NH ! d il fenyd
(A1.53) o Tr, | S27(DY =3 (-1 59 Trlf (D).
J=0
Using Proposition 1.3, (A1.53), and the acyclicity of (Ef, 'u'), we obtain

(Al.54) I;oTrS [%’if’(n}] =0.

From (Al1.54), we deduce that

!
H

| E ] i L E
(A1.55) TACy, )= (-1 T (4", 1),
=0
The second equality in {A1.43) follows from (A1.47}, (Al1.50), (Al.51) and
(AL1.55). The first equality follows by exchanging the roles of v and v'. 0

APPENDIX II. REIDEMEISTER TORSION AND HIGHER REIDEMEISTER TORSION

In this appendix we review some facts about the Reidemeister torsion of
Reidemeister and Franz and the higher Reidemeister torsion of Igusa and Klein.
The results of this appendix are independent of the rest of the paper.

The Reidemeister torsion is a classical invariant of non-simply-connected
manifolds (see [M] for a survey of Whitehead and Reidemeister torsions}. Let
Z be a compact manifold with fundamental group zn. Let F be a field. Let
K, (F) be the first algebraic X-group of F; it is isomorphic to F" =F— {0}.
Let p:m — GL(N,F) be a representation. Suppose that H*(Z; E,), the
cohomology of Z defined with the local system E P induced from p , vanishes,
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By means of a cellular decomposition of Z, one can define the Reidemeister
torsion 7(Z, p), an element of

(A2.1) WHh'(F) = Cokernel (:u x ﬁ %K, (]F)) ,

where a(£l x [g]) = £det{p(g)). One can show that T(Z, p) is a simple-
homotopy invariant of Z, and hence is, in particular, a homeomorphism in-
variant.

Suppose that F has a “conjugation” automorphism of order two, and de-
fine the unitary group (N, F) accordingly. Suppose that p takes its value
in UN,F). If a: F - C is a conjugation-preserving homomorphism then
the map &: F'(= K (F)) — R given by 4(f) = Injo(f)| extends to a map
J: Whi(F) — R. Then &T(Z, p)) € R is a topological invariant of Z. An
analytic version of this real invariant, the analytic torsion, was proposed by Ray
and Singer [RS1]. The equality between the analytic torsion and 3(T(Z, p))
was proven independently by Cheeger {C] and Miiller {Miil]. This equality was
extended to representations with unitary determinant in [Mii2]. See {BZ] for the
relationship between analytic and combinatorial torsions in the case of general
representations.

The Whitehead and Reidemeister torsions are intimately related to the first
algebraic K-groups of Zz and T, respectively. J. Wagoner conjectured that
they can be extended to invariants related to higher algebraic K-groups [W].
We will only discuss the extension of the Reidemeister torsion.

Let us first recall Quillen’s definition of higher algebraic K-groups [Q3], when
applied to F. Let GL(F) denote the direct limit of the groups GL(N,F)
with respect to inclusion. Let BGL(F); be the corresponding classifying space
(where the & subscript indicates the discrete topology on GL({F)) and let
BGL(]F‘):{ be the result of applying Quillen’s plus construction to BGL(F);.
Put

(A2.2) K(F) = Z x BGL(F);.

Then by definition, K,(F) =z (K(F)).
There is a homomorphism @: K, (F) - K, | (C) induced by . Let z be
a primitive element in degree (k+1) of H(GL(C); R), the cohomology of the
complex of Eilenberg-MacLane group cochains which are continuous in their
- entries. By forgetting the continuity of its defining group cocycle, z maps to
an element Z of the group cohomology Hk“(GL((C); R). On the other hand,
the Hurewicz homomorphism gives a map

K, (C)=m, (BGLC);)— H,, (BGLC); ; R)
~ H,, (BGL(C);; R) = H,, (GL(C); R).

If k& is even then by pairing the image of the Hurewicz homomorphism with
Z, we obtain a nonzero map from K, (C) to R, the Borel regulator [Bo]. Let

A: K, | (F} — R denote the composition of & and the Borel regulator.

Now suppose that one has a fiber bundle Z — M — S* with -compact
connected fiber Z . Let n' be the fundamental group of M and suppose that

(A2.3)
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one has a representation p’: ' — U(N, F) such that the cohomology groups
of the fibers, defined using the restriction of g', vanish. To such a bundle
and representation, Wagoner proposed to assign a higher Reidemeister torsion
F (M, p'}, an element of a certain quotient K;{ aF of K, (F). If k is
even, then A descends to a map A: K, ., (F) — R, and one would obtain a real
invariant A(7 (M, p'}) of the fiber bundle. The standard Reidemeister would
be recovered as the special case k = 0, with s° being a point, A = J and
A=4.

One application envisaged in {W] was the detection of homotopy groups of
diffeomorphism groups. Let (Z, p) be acyclic as above and let Diff( Z, p) de-
note the group of diffeomorphisms of Z which fix a basepoint and induce
the identity on 7/Ker(p). Given a basepoint-preserving map f:S° '
Diff(Z , p}, use the clutching construction to form a fiber bundle Z — M — s«
and extend p toa representation p' of z'. Then one would obtain an invari-
ant of the class of g in n,_ (Diff(Z, p}} by taking the higher Reidemeister
torsion of the fiber bundle.

The construction of the higher Reidemeister torsion of [I, K] uses a “White-
head space”. Let Mn(n’) be the group of n x n matrices with entries consisting
of zeros and of elements of n', with one element of 7’ in each row and each
column. The direct limit under inclusion is denoted M{x'). A Barratt-Priddy-
type theorem states

(A2.4) ZxBM(z')" ~Q (Bn),

where O +(Bf:') = QL™ (B :rr’+) is the application of the stable homotopy func-
tor to the disjoint union of Bz’ and a basepoint [Lo].

The representation p' gives a homomorphism from M, (z') to GL(nN, F},
and hence a map
{A2.5) p:ZxBM(n ] — K(F).
The homotopy fiber of p has a delooping, which is called the Whitehead space
wh” (F). Thus there is a homotopy fibration

(A2.6) QWH’ (F) — Q, (Br') — K(F).

By definition, the higher Whitehead group is Wh? (F) = z,(Wh’ , (F)) . One sees
from the homotopy exact sequence of (A2.6) that the definition of Wh’;’ (F)
coincides with that of (A2.1).

Given a fiber bundle Z - M 5 B with compact connected fiber Z and

a representation p': n' — U(N, F) of the fundamental group of M which is
acyclic on the fibers, Igusa and Kleln use parametrized Morse theory to construct

a homotopy class 7 € [B, Qwn’ (F)] of maps from B to QWh* (F (F). In the
special case when B is a point, T € s'aso(Q\?\f'h'J (IF)) = Wh’o (F} coincides with

the Reidemeister torsion T(Z, p')
The Becker-Gottlieb transfer of the fiber bundle is a homotopy class of maps
from B to Q.(M) {BG]. The classifying map M — Bz’ induces a map
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Q. (M) - Q+(Brz') . It is shown that the compositions B — Q_ (M) — Q,(Bn)

and B 5 QWh’ (F) —» Q (Bn') coincide up to homotopy. Thus if the trans-
fer of the fiber bundle is trivial then z can be lifted to a homotopy class
1 € [SB, K(F)] of maps from the suspension of B to K(F). The Borel regu-
lator, thought of as an element of HkH(K {Fy; R), pulls back under % to give
an element of Hk(B; R) which is independent of the choice of lift of t. This
is the higher real Reidemeister torsion. In the case & = 0, one recovers the real
Reidemeister torsion 3(T(Z, p)).

If the fiber Z of the bundie is closed and odd-dimensional then the transfer
of the fiber bundle is rationally trivial. So in this case one can again define the
higher real Reidemeister torsion. The reader can compare this with the second
result of our Corollary 3.25, stating that under the same conditions, the analytic
torsion form gives a well-defined de Rham cohomology class of B. (In fact,
Corollary 3.25 does not require unitariness of the representation.) Igusa and
Klein computed the pairing between the higher Reidemeister torsion and the
fundamental homology class of B when B = s? ,Z=8 ! , M is the lens space
L{r, 1}, F = Q({), the cyclotomic number field generated by a primitive rth
root { of unity, and p': Z/rZ — F is given by p'(n) = {". The result was
a numerical constant times rIm(Li,({)}. The reader can compare this with
(4.30).
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ABRSTRACT. We prove a Riemann-Roch-Grothendieck-type theorem concerning
the direct image of a flat vector bundle under a submersion of smooth manifalds.
We refine this theorem to the level of differential forms. We construct associated
secondary invariants, the analytic torsion forms, which coincide in degree 0 with
the Ray-Singer real analytic torsion.
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REsUME. On démontre un analogue du théorame de Riemann-Roch-Grothen-
dieck pour I'image directe d'un fibré plat par une submersion. On raffine ce
théoréeme au niveau des formes différentielles. On construit des invariants sec-
ondaires, fes formes de torsion analytique, qui coincident, en degré 0, avec la
torsion de Ray-Singer.
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