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1. Introduction

A sequence {g;}32, of Riemannian metrics on a compact manifold M makes it col-
lapse to a lower-dimensional metric space Y if the metric spaces {(M, ¢;)}5°, converge
to Y in the Gromov—Hausdorff topology. If one imposes some curvature condition on
the Riemannian metrics then the collapsing can force extra structure on M. The best
understood case is when the Riemannian metrics have a uniform double-sided curvature
bound. In that case, Cheeger and Gromov showed that collapsing occurs if and only if M
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admits an F-structure of positive rank [8,9]. In later work, Cheeger, Fukaya and Gromov
gave a complete description of the collapsing geometry in terms of Nil-structures [6].

With the success of the Cheeger—Gromov work, attention turned to collapsing under
other curvature bounds. The case of a uniform lower bound on sectional curvature was
considered by Fukaya—Yamaguchi, Kapovitch-Petrunin-Tuschmann and others; see [17]
and references therein. The case of a uniform lower bound on Ricci curvature was
considered by Gromov, Cheeger—Colding, Kapovitch-Wilking and others; see [18] and
references therein. By intricate arguments, it was shown in these cases that the collapsing
manifold has a weak fibration structure.

The curvature operator is the symmetric operator on 2-forms coming from the Rie-
mann curvature tensor. The results in this paper indicate that if one assumes a uniform
lower bound on the curvature operator then the collapsing picture is structurally sim-
ilar to the bounded curvature case considered by Cheeger and Gromov. The difference
between collapse with curvature operator bounded below, and collapse with sectional
curvature bounded below, is closely tied to the difference between actions of abelian Lie
groups and actions of nonabelian Lie groups; see Section 2 for examples.

One advantage of the curvature operator is that one knows the manifolds that admit
a Riemannian metric with nonnegative curvature operator, from work of Béhm and
Wilking [2]. This is contrast to the situation with nonnegative sectional curvature.

The Cheeger—Gromov notion of an F-structure is based on local torus actions. If M
has an F-structure then for each m € M, there is a neighborhood of m with a finite
cover that admits a torus action. The actions by these tori, whose dimensions can vary,
have to be consistent on overlaps. In this paper we define a fibered F-structure, or an
fF-structure. This structure mixes local torus actions and local fiberings. The motivation
for fF-structures comes from collapsing examples, such as those in Section 2.

Definition 1. An atlas for an fF-structure on a smooth connected manifold M is given
by a locally finite open cover M = |J, U; and for each i,

(1) a finite normal cover m; : U; — U, say with covering group I3,

(2) an effective action p; : T; — Diff(fji) of a torus group T;, which is I;-equivariant
with respect to a homomorphism I; — Aut(7;), and

(3) a T; x I'j-equivariant proper submersion s; : (71 — Ei so that

(4) the Tj-action is never vertical; given X in the Lie algebra t; and p € ﬁi, if the

corresponding vector field Vx has Vx(p) € Ker(ds;) then Vx(p) = 0.

There is a consistency requirement on overlaps, which is detailed in Section 3.

One can extend notions from F-structures to fF-structures. An fF-structure has pos-
itive rank if for each 1, dim(gi) < dim(fj\}-) or the T;-action has no global fixed points.
If for each i, the orbits of the T;-action on [Af, all have the same dimension (possibly
depending on i), then the fF-structure is polarized. If dim(T;) is independent of i, and

dim(s; !(pt)) is independent of 4, then the fF-structure is pure. More generally, there
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is a notion of a substructure, whose actions are by subgroups (not necessarily closed)
of the toral groups, so it makes sense to talk about an fF-structure with a polarized
substructure.

There is a notion of an invariant vertical metric for the fF-structure. Invariant vertical
metrics always exist. There is also a notion of an invariant metric. Given an invariant
vertical metric, one can extend it to an invariant metric.

The Cheeger—Gromov results about bounded curvature collapse are phrased in terms
of the injectivity radius. Although the injectivity radius is not suitable for other types
of collapse, one can instead use local volumes; with bounded curvature, the two notions
of collapse are equivalent [5,10]. Given r > 0, m € M and a Riemannian metric g
on M, let V,. . (g) denote the volume of the ball of radius » around m. The next three
theorems extend the main results of [8] to the setting of collapse with a lower bound on
the curvature operator.

Theorem 1. Suppose that M is a compact manifold with a pure polarized fF-structure
of positive rank. Suppose that there is an invariant vertical metric with nonnegative
vertical curvature operator. Then there is a family {ge}eso of tnvariant metrics on M so
that:

(1) The curvature operators of {(M, gc)}eso are uniformly bounded below.

(2) The diameters of {(M, gc)}teso are uniformly bounded above.

(3) The Gromov—Hausdorff limit lime_,0(M, gc) is the orbit space of the fF-structure,
a lower-dimensional length space.

Theorem 2. Suppose that M is a compact manifold with a fF-structure, having a polarized
substructure of positive rank. Suppose that there is an invariant metric on M for which
the substructure has a positive vertical curvature operator. Then there is a family {gc}eso
of invariant metrics on M so that:

(1) The curvature operators of {(M, gc)}eso are uniformly bounded below.
(2) lime_,ovol(M,g.) = 0.

Theorem 3. Suppose that M is a compact manifold with an fF-structure of positive rank.
Suppose that there is an invariant vertical metric with nonnegative vertical curvature

operator. Then there is a family {ge}eso of invariant metrics on M so that:

(1) The curvature operators of {(M, gc)}eso are uniformly bounded below.
(2) For any r > 0, we have lim¢_,osup,,car Vrm(ge) = 0.

Corollary 1. Under the assumptions of Theorem 3, the simplicial volume of M wvanishes.

Proof. This follows from Theorem 3 and the isolation theorem of [15, p. 14]. O
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In the proofs of Theorems 1-3, in each case there is a potentially dangerous term in
the curvature operator that must be handled. The way to handle this term differs in the
three cases. For Theorem 1, we use the Ricci flow to reduce the structure group of the
fiber bundle. For Theorem 2, we use the positivity of the vertical curvature operator.
For Theorem 3, we expand in transverse directions.

The converses of the F-structure versions of Theorems 1 and 2 fail [11, Example 6.4],
[8, Remark 4.1]. The converse of the F-structure version of Theorem 3 is the main result
of [9]. In Section 8 we give a local model for the geometry of a manifold that satisfies
the conclusion of Theorem 3, under a smoothing assumption. We show that the local
model has a canonical fF-structure with nonnegative vertical curvature operator. It seems
plausible that if M satisfies the conclusion of Theorem 3 then after removing a finite
number of disjoint topological balls, the remainder has an fF-structure of positive rank,
with fibers that admit metrics having nonnegative curvature operator; see Remark 3 for
further discussion.

My interest in these questions came from a talk by Wilderich Tuschmann about his
work with Herrmann and Sebastian on manifolds with almost nonnegative curvature
operator, which was written up in [16]. I thank Wilderich and Peter Teichner for discus-
sions.

2. Nonnegative curvature operator

In this section we give information about manifolds with nonnegative curvature op-
erator. We also give some examples of collapsing.

If M is a Riemannian manifold then the curvature operator at p € M is the self-adjoint
map Riem on AQ(T; M) given in local coordinates by

Riem(w) = Z Rijklwkl da® A da? . (2.1)

.5,k

We can also consider Riem as an operator on A?(T » M ) ® C. Clearly Riem > 0 implies
that M has nonnegative sectional curvature but the converse fails in dimension greater
than three.

Any symmetric space M = G/H with nonnegative sectional curvature has non-
negative curvature operator, as follows from the equation R(X,Y)Z = [Z,[X,Y]] for
XY, Z € T.gM. A Kéhler manifold of real dimension greater than two cannot have
positive curvature operator, since Riem vanishes on A*%(TxM) & A®?(TyM). It will
have nonnegative curvature operator if and only if Riem is nonnegative on /11’1(T1’,k M).

Boéhm and Wilking proved that a compact connected Riemannian manifold with pos-
itive curvature operator is diffeomorphic to a spherical space form [2]. When combined
with [13, Theorem 5|, we can say that if M is a compact connected Riemannian manifold
with nonnegative curvature operator then each factor in the de Rham decomposition of
the universal cover M is isometric to one of
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(1) a Euclidean space,

(2) a sphere with nonnegative curvature operator,

(3) a compact irreducible symmetric space,

(4) a compact Kéhler manifold that is biholomorphic to a complex projective space,

with Riem nonnegative on real (1, 1)-forms.

Let M be a complete connected Riemannian manifold with nonnegative curvature
operator. Since M also has nonnegative sectional curvature, it is diffeomorphic to a
vector bundle over its soul S, in the sense of Cheeger and Gromoll [7]. The nonnegativity
of the curvature operator implies that there is a local isometric product structure over
the soul [22]. That is, M is an isometric quotient (S x Y)/I", where

(1) S is a compact Riemannian manifold having nonnegative curvature operator, with
fundamental group I" and S as its universal cover,

(2) (Y,y) is a pointed complete Riemannian manifold with nonnegative curvature oper-
ator that is diffeomorphic to R*, with k € [0,n], and

(3) I' acts by isometries on Y, fixing y.

That I" fixes a point y € Y comes from the fact that the soul S is a submanifold of M, and
so must be representable as (5’ x {y})/I". We remark that the local isometric product
structure also exists under the weaker assumption that M has nonnegative complex
sectional curvature [3, Theorem 2].

Example 1. Although S?"*! has positive curvature operator, CP™ = $2"*1 /81 does not.
This shows that a lower bound on the curvature operator is not preserved under taking
quotients.

Example 2. Although SU(3), with a bi-invariant Riemannian metric, has nonnegative
curvature operator, its quotient SU(3)/S! by a circle subgroup cannot. Rescaling, we
see that a manifold with a nonnegative curvature operator can have a quotient with
arbitrarily negative curvature operator.

Example 3. Suppose that 7' acts isometrically on a compact Riemannian manifold M
with curvature operator bounded below by KId. Let Z; C S! be the finite subgroup
of order k. For € > 0, let ¢T" denote the result of taking a flat 7" and multiplying the
Riemannian metric by €2. Put Yie =M Xz1 eT!. The curvature operator on Y . is
bounded below by KId. As k — oo and € — 0, the Gromov-Hausdorff limit of Y} ¢ is
M/T'. Thus M/T" is a limit of Riemannian manifolds with curvature operators that are
uniformly bounded from below.

Example 4. Suppose that a compact Lie group G acts isometrically on a compact Rieman-
nian manifold M with nonnegative sectional curvature. Give G a bi-invariant Riemannian
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metric. For € > 0, put M, = M Xg €G, equipped with the quotient Riemannian met-
ric coming from M X eG. As € — 0, the Gromov-Hausdorff limit of M, is M/G. For
each €, the manifold M, has nonnegative sectional curvature. Thus M/G is a limit of
Riemannian manifolds with nonnegative sectional curvature. In contrast, Proposition 2
in Section 8 shows that if G is nonabelian then it is generally not true that the family
{Mc}ce(0,1) has curvature operators that are uniformly bounded from below.

Example 5. Let M be a compact Riemannian manifold. Let G be a compact Lie group
and let P be a principal G-bundle over M, with connection. Give G a bi-invariant
Riemannian metric and give P the associated connection metric g. For € > 0, let (P, g)
be the result of multiplying the fiber Riemannian metric by 2. The following facts can
be read off from (4.7) below.

(1) If M has nonnegative sectional curvature then P has almost nonnegative sectional
curvature: for every o > 0, the manifold (P, g.) has sectional curvatures bounded
below by —o if € is sufficiently small [14, Section 2].

(2) If M has nonnegative curvature operator and G is abelian then P has almost non-
negative curvature operator: for every o > 0, the manifold (P, g.) has curvature
operator bounded below by —old if € is sufficiently small.

(3) If M has nonnegative curvature operator and G is nonabelian then the manifolds
{(P, ge)}eE(O,l] have curvature operators that are uniformly bounded below. However,
it is generally not true that for every o > 0, the manifold (P,g.) has curvature
operator bounded below by —old if € is sufficiently small.

Remark 1. As seen, if s : M — B is a Riemannian submersion and M has nonnegative
curvature operator then B need not have nonnegative curvature operator. Hence there
cannot be a synthetic notion of nonnegative curvature operator which is preserved un-
der Gromov-Hausdorff limits, at least in the collapsing case. This is in contrast to the
situation with nonnegative sectional curvature. It may be useful to think of collapsing
with curvature operator bounded below as a type of collapsing with sectional curvature
bounded below, with some additional structure.

3. fF-structures

In this section we define fF-structures and give some examples. The definition is
based, of course, on the Cheeger—Gromov definition of F-structures. We show that an
invariant vertical metric always exists, and that an invariant vertical metric can always
be extended to an invariant metric.

We first give a definition of infinitesimal fF-structures in terms of sheaves. Some
readers may want to skip to Definition 4 of an atlas.

Let M be a smooth connected manifold. Let V denote the sheaf on M of smooth
vector fields, a sheaf of Lie algebras. For m € M, let V,, denote the stalk at m, i.e.
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the germs of vector fields at m, and let I, : V,,, — T, M be the localization map, i.e.
evaluation at m.

Definition 2. An infinitesimal fF-structure on M consists of

(1) a sheaf K of finite-dimensional abelian Lie algebras on M,

(2) an injective sheaf homomorphism 7 : £ — V), and

(3) a subsheaf D of V so that for any open set U C M, D(U) consists of the sections of
an integrable distribution Dy C TU,

satisfying the conditions that

(1) if V; € K(U) and Vs € D(U) then [5(V3), Va] € D(U), and
(2) for every m € M, Lyy(0m (KCin)) N 1y (Dy,) vanishes in T, M.

The first condition in Definition 2 is an equivariance statement about D. The second
condition in Definition 2 says that a tangent vector at m coming from the infinitesimal
Lie algebra action can never point in the direction of the distribution.

Given an infinitesimal fF-structure, a subinfinitesimal fF-structure is given by a sub-
sheaf (K',D’) with similar properties.

The infinitesimal fF-structure has positive rank if for all m € M, the pair
U (M (i), (D)) € Ty M & T, M never vanishes. An infinitesimal fF-structure
is pure if the dimensions of K,, and l,,(D,,) are constant in m.

Definition 3. An fF-structure on M is an infinitesimal fF-structure with the property

that for each m € M there are a neighborhood U, of m and a finite normal cover

T - ﬁm — U, say with covering group I, so that

(1) there is an effective action p : T, — Diﬁ(ﬁm) of a torus group T,,, equivariant with
respect to a homomorphism I5,, — Aut(7},), and

(2) there is a proper submersion s,, : ﬁm — Em, which is T;, x I',,-equivariant, such
that

(3) if m € 7,1 (m) then the action near m of the Lie algebra t,, coincides with the lift
of N (Krn), and

(4) if m € m,,}(m) then the germs (at M) of sections of the vertical tangent bundle
Ker(ds,,) coincide with the lift of D,,.

In conditions (3) and (4) above, we use the fact that m,, is a local diffeomorphism in
order to lift vectors.

We say that the fF-structure has positive rank if the underlying infinitesimal fF-struc-
ture has positive rank. We say that the fF-structure is pure if the underlying infinitesimal
fF-structure is pure.
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Definition 4. An atlas for an fF-structure on M is given by a locally finite open cover
M =, U; and for each 1,

(1) a finite normal cover 7; : ﬁi — Uj;, say with covering group I7,

(2) an effective action p; : T; — Diff(ﬁi) of a torus group T;, which is I}-equivariant
with respect to a homomorphism I; — Aut(7;), and

(3) a T; x I'j-equivariant proper submersion s; : [71- — Ei so that

(4) the Tj-action is never vertical; given X in the Lie algebra t; and p € ﬁi, if the
corresponding vector field Vx has Vx(p) € Ker(ds;) then Vx(p) = 0.

This structure must have the following intersection property. Suppose that U;\U; # 0.
Put U;; = U; NUj;. Then there are

(1) a finite normal I';j-cover m;; : ﬁij — Uy,

(2) an effective action p;; : T;; — Diff (ﬁij) of a torus group 7Tj;, which is I5;-equivariant
with respect to a homomorphism I;; — Aut(T;;),

(3) a Tj; x I};-equivariant proper submersion s;; : U;; — By, so that the Tj;-action is
never vertical,

(4) asubgroup T;; ;% I;;; C T;;xI;; with alocally isomorphic surjective homomorphism
Tijs @ Iyj s — T % I3,

(5) asubgroup T;;,;x1;; ; C T;;x1;; with a locally isomorphic surjective homomorphism
Tij’j X Fij’j — Tj X Fj, and

(6) equivariant smooth maps «;j; : ﬁij — ﬁi, Qi ﬁij — ﬁj, Bij,i - éij — Ei,
Bijg: Biy = B,

so that

( ) T3 O Qg4 = Tij,

(2) mjoay;; =y,

(3) S; © O[”;L = Blj,z o} Sij, and
(4)

85 0 Qiji = Bijj © Sij-

In condition (6) above the equivariance of a;j;, for example, is with respect to the
Tij, » Iy;-action on ﬁij and the T; x I;-action on ﬁi, as linked by the homomorphism
in (4).

Any fF-structure admits a compatible atlas in the sense of Definition 4; cf. [8, p. 317].
We can and will assume that for each m € M, we have T,, = T; for some i. The
fF-structure has positive rank if and only if for all 7, the T;-action has no global fixed
points or the preimages s; 1(pt) have positive dimension. The fF-structure is pure if and
only if dim(7}) is independent of i and dim(s; *(pt)) is independent of 4.

Given m € M, define the vertical fiber F;(m) C M to be the image under 7; of the ver-
tical fibers in U; that contain elements of 7, H(m). That is, F;(m) = m;(s; *(si(7; 1 (m)))).

i
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Given an fF-structure on M, suppose that the underlying infinitesimal fF-structure
has a subinfinitesimal fF-structure (K', D’). We say that (K',D’) is polarized if the fF-
structure admits an atlas so that for each 4, if we partition U; by the equivalence relation
generated by flows of vector fields in n(K'(U;)), then the ensuing orbits have constant
dimension in U;, as immersed submanifolds.

We do not assume that the lift of n(K'(U;)) to U; generates a closed subgroup of
the T;-action on UZ. We also do not assume that the flows of D’(U;) generate closed
orbits, or that dim(K'(U;)) or dim(Dy; ) are independent of i. If in addition (K',D’) is
pure, i.e. if dim(K'(U;)) and dim(Dy;,) are both independent of 4, then (K', D’) is pure
polarized. Our terminology differs slightly from that for F-structures in [8], where one
would say that the existence of such a substructure means that the original F-structure
has a polarization, or a pure polarization.

Example 6. Let M have an F-structure. Then for any connected closed manifold Z, the
product manifold M x Z has an fF-structure. It will have positive rank if and only if Z
has positive dimension or the F-structure on M has positive rank.

Example 7. Let Z; and Z5 be connected closed manifolds. Let M7 and My be connected
manifolds. Let B be a manifold. Suppose that there are codimension-zero embeddings
(Zl X B) C M; and (ZQ X B) C My. Then M = (22 X M1) Uz, xZsxB (Z1 X Mz) has an
fF-structure. There is an evident atlas whose groups 7T; are trivial and whose submersions
are (Z2 X Ml) — Ml, (Z]_ X MQ) — M> and (Zl X Jg X B) — B.

Example 8. Let G be a connected compact Lie group. Let K be a closed subgroup of G.
Let P be the total space of a principal G x T*-bundle. Then P/K has a pure polarized
fF-structure coming from the submersion s : P/K — P/G, along with the remaining
T*-action.

Lemma 1. Given an fF-structure, there is a compatible atlas with the following proper-
ties.

(1) Each U; has compact closure.
(2) If me U, N---NU,, then for some ordering, we have

(Tiy s Fiy(m)) € (Tiys Fiy(m)) C -+ C (T, Fiy (). (3.1)

(3) Given m € U, there is at most one j # i so that m € U; and (T;, Fi(m)) =
(T5, F3(m)).

Proof. The proof is the same as in [8, Lemma 1.2]. O

The relation of (3.1) gives a partial ordering on {U,}, in the sense that U, < Up if for
each m € U, NUg, we have (Ty, Fo(m)) C (Ip, Fg(m)). Let Uy be a maximal element
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of the partial ordering. Let Us be a maximal element among those that are left after
removing U;. Proceeding in this way, we obtain a subcover {U;} of M with the property
that if ¢ > j and U; N U; # (0 then the restriction of (T}, F}), to U; N Uj, is contained in
the restriction of (T3, F}) to U; NU;. We will call such an atlas a regular atlas.

The flows generated by the vector fields in the D(U)’s generate a partition P of M
into submanifolds, possibly of varying dimensions. If m € U; then the vertical fiber F;(m)
is contained in the submanifold P, € P that contains m. In fact, P, = U,. ,,cp, Fi(m).

Given a collection ¢g" of Riemannian metrics on the submanifolds P iI/l\ P, for any

~

atlas we obtain vertical Riemannian metrics on the submersions s; : U; — B;.

Definition 5. We say that ¢" is an invariant vertical metric on M if for each i, the
vertical Riemannian metric on U; is smooth and Tj-invariant. We say that ¢¥ has positive
(nonnegative) curvature operator if for each ¢, the vertical Riemannian metric on U; has

positive (nonnegative) curvature operator.
This notion is independent of the choice of atlas.
Lemma 2. An invariant vertical metric exists.

Proof. The proof is similar to that of [8, Lemma 1.3]. For simplicity, we assume that M
is compact. The proof can be easily modified to the noncompact case.

Let {U;} be a regular atlas. After refining the atlas if necessary, we can assume that
for each i, the closure U; /h\as a normal I’;-cover /U_\l which fibers over a smooth compact
manifold-with-boundary B;. -

Choose a vertical Riemannian metric on U 1 which extends smoothly to U,;. Average
it with respect to the Tj-action. Project to get an invariant vertical metric on U;.

Consider Us. The invariant vertical metric on Uy N Uy (possibly empty) lifts to a

vertical Riemannian metric on 7, ' (U;NUs). Extend this to a vertical Riemannian metric

—

on fjg which extends smoothly to Us. Average it with respect to the Ty-action. This new
averaging will not change the vertical Riemannian metric on 75 Yun Us). Project to get
an invariant vertical metric on U; U U, which agrees with the previous invariant vertical
metric on Uy N Us. Then repeat the process. O

Definition 6. Given an infinitesimal fF-structure, a smooth function f on M is invariant
if for all open U C M and all V € n(KX(U)) + D(U), we have V f|y = 0.
A Riemannian metric g on M is an invariant metric if for all open U C M:

(1) If Ve n((U)) then Lyg = 0 and V is pointwise orthogonal to each element of
D(U).

(2) Given m € U and ey,es € T, M, if e1,e5 € D[l] then for any V € D(U), we have
(Lvg)(er,e2) = 0.
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Condition (1) in Definition 6 means that g is invariant under the local torus action,
and the generators are orthogonal to the distribution. Condition (2) in Definition 6 gives
a local Riemannian submersion structure, with fibers in the distribution direction.

Given an fF-structure on M, we say that g is invariant if it is invariant for the un-
derlying infinitesimal fF-structure. If {U;} is an atlas then an invariant Riemannian
metric g on M restricts to a Riemannian metric on U;, which lifts to a Riemannian
metric on U‘l This defines a T; x [;-invariant Riemannian submersion structure on
si: U; — Bi.

Lemma 3.

(1) Any invariant vertical metric is the restriction of an invariant metric on M to the
submanifolds in the partition P.

(2) There are an atlas {U;} and smooth invariant compactly-supported functions
F; : U; — [0,1] so that M = J, F; *(1).

Proof. For simplicity, we assume that M is compact. Let ¢" be an invariant vertical
metric. Let M = J,; U; be a regular atlas. We assume that U; has the properties in the
proof of Lemma 2. The lift of g"' |y, gives a vertical Riemannian metric g} on Uy. As the
generating vector fields of the Tj-action are never vertical, one can use the slice theorem
(along with an induction over the strata of the Tj-action) to construct a I-invariant

horizontal distribution H; for s; : [71 — 31 that extends smoothly to U; and contains
the generating vector fields of the Tj-action. Choose a Riemannian metric g/ on B that

extends smoothly to By. There is an induced Riemannian metric §; = gV @ 537 on Uy,
for which H; is orthogonal to Ker(ds;). Average g1 with respect to Ty x I';. The result
pulls back from an invariant metric g; on Uj.

Consider Us. The lift of V|, gives a vertical Riemannian metric gy on Us. The lift of
g1lv,nu, gives a Riemannian metric g on 7, * (U;NUy) which restricts to gy on the fibers
of s9 in 7y (U1 NUy). Let H) be the orthogonal complement to Ker(dss) on 75 (U NUs),
with respect to g{. As the generating vector fields of the Th-action are never vertical, one

o~

can construct a horizontal distribution #s for s, that extends smoothly to Us, contains
the generating vector fields of the Th-action and agrees with H} on 7y (U N Uy).

Put B| = sy(m; (U1 N Us)) C By. There is a unique Riemannian metric g7 on By
so that g/ = gy @ s3gi” on ;' (U NUs). Choose a Riemannian metric G on B, that
agrees with g’ on By and that extends smoothly to By. There is an induced Riemannian
metric go = gy @ s5gi! on U, for which H is orthogonal to Ker(dsz). Average go with
respect to Ts x I'5. The result pulls back from an invariant metric go on U, which agrees
with g1 on U; N Us. Repeat the process. This produces an invariant metric g on M that
restricts to gV

Fix a bump function ¢ : [0,00) — [0, 00) so that ¢[jg,1/2) = 1 and ¢|1,0) = 0. Given ,
let {P; ;} be a finite collection of submanifolds in P that lie in U;. For ¢; ; > 0 small
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enough, the function A4; ;(m) = ¢(d(m, P; j)/€;, ;) is smooth on M, and clearly invariant.
Put

Fim) = 1= 6( Y Auym)). (3.2)

With an appropriate choice of the F; ;’s and ¢; ;’s, the ensuing F;’s will satisfy the
conclusion of the lemma. O

4. Riemannian submersions

In this section we collect some curvature formulas for Riemannian submersions, after
warping both the fibers and the base.

Let s : M — B be a Riemannian submersion. Let ¢" denote the inner product on
TV M = Ker(ds) and let gp denote the inner product on TB, so gi = g¥ @ s*g5.
Let {e,} be a local orthonormal frame for the horizontal space TH M that pulls back
from B. Let {e;} be a local orthonormal frame for TV M. Put {e;} = {e.} U {e;} and
let {7/} denote the dual coframe. Using the Einstein summation convention, we write
wlig =71(Vees) and wl; = w!l ;575 so wl jx +w/ 1 =0 and dr! +w! ;A T7 = 0.
With 27 ; = d027 ; + Q27 A 2K, we write 27 = %RIJKLTK ATE. Let Ry denote the
curvature tensor of a fiber s71(b) in its induced Riemannian metric and let Rp denote
the curvature tensor of B.

The fundamental tensors of the Riemannian submersion are the curvature tensor A
and the second fundamental form 7' [1, Chapter 9C]. These satisfy the symmetries

Wapi = Aa,@’z = _ABai = _ABia = Aiﬂa = AazB = _AiozB (41)
and
Waij = Taij = Taji = =Tjai = —Tiaj- (4.2)

Given f,h € C™(B), put ¢; = e fe; and €, = e"e,. Then {¢;} is an orthonormal
basis for the metric § = e*f¢g" + e 2"s*gp. Let R’ ;i1 denote the components of the
curvature tensor of g, written in terms of the basis {€;}. One finds

Aipg = el +2h Al

T'aj =" (T"a; + ' jealf)
w ik = eifwijk
D e = e Mt

0%y = e " (w gy + 6% egh — dgyeah) (4.3)

and
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éijkl =e 2 i/jkl + &M [T ok T — T T,
+eaf (06T — 6T o — 6T i + 06T ) — [V 12 (6" k650 — "6,
R = e TV, T o1, — Vi T o))
+ el T T AP g — Tk AP o + e f (' AP o — 6 A ;)]
Rlajg = [=VpT aj + VAl as = T'arTF
— (Vanf +eafesf +eafegh+eshesf —(VS, Vh)(SaB)éij
—T'ajep(f+h) =T gjeal(f +h)] — e THRAL A7,
R iy = " (ViA®5; = VA% + T T 55 — T3 T 1)
+ 2T (A0 ATy — A% AT )
R = el TNV A% — A% TF  — AF g T + A% T i + 24% gie., (f + D)
+ A% ieg(f+h) = A% iea(f + h) — A%gibgyeh + AP 5ibaqesh]
R%gy5 = " [R5 5 — 0%5(VsVyh + egheyh)
+ 0%, (VVsh + eghesh) + 0% 5(Vo Vo h + egh ey h)
— 67 (VaVsh + eahesh) — V2 (8,055 — 0%5034)]
+ 2T (245, AT 5 — A% 5 Al + A% Algs). (4.4)

Here the covariant derivatives are with respect to the projected connection on
TV M & s*TB. That is,

VjTiak = ejTiak + Wilelak - wlk:jTiah
VT aj = egT aj + w'kgT aj — wapT'yj — w" 5T  a,
ViAlag = ejAlap + w'ijA s,
V., A% = e, A% + w5, A5 — W’ gy A% — wi i A%, (4.5)
In particular, if h = 0 then the equations simplify to
R jy = e Ry s + Tl ok T 50 = T T i
+eaf (66T — 6T ar — 6Tk + 66T 1) — |V I (8°k050 — 616 1)
Ripjr = e (VT o — ViT's;)
+ el [T, A7 ar = T'prA%aj + s f (8" A ar — 85 A7)
Riajs=—VsT'aj+ VA s — T'arT*s; — (VaVsf + eafesf)
—Tlajepf —T'gjeaf — T A AT o,
Rgij = ViA%g; — VA% g + T T g5 — T4 T g + €2 (A%, A7 g5 — A% A7 ;)
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R%gyi = & (Vo A% i = A% THoi = AP, T + A TV
+24% e, f + A% iepf — AP eaf)
.Z,%ag,yg = RaBﬁfyé + e2f (2Aa5iAiw§ - Aai(;Ai@V + Aai,yAig(;). (4.6)

If in addition the fibers of s are totally geodesic and f is constant then the equations
further simplify to

Eijkl =e %/jkl
Rlgjr =0
Riajp=V;Alas — e AL 5 A7,
R iy = ViA®g; = VjA%gi + €2 (A%, A7 — A% A1)
R gys = IV, A%;
Eaf;»ﬂ; = R%ﬂ.ﬂ; + 62f (2AagiAi,),5 — Aai(;Aiﬁ,y + Aai,yAig(;). (4.7)

5. Bounded diameter collapse

In this section we prove Theorem 1. As in [8, Section 2] we shrink the Riemannian
metric in certain directions. We construct a (local) double fibration and look at the cur-
vature formulas that arise when simultaneously shrinking the various fibers. We identify
the terms that could cause the curvature operator to become unbounded below. In order
to get rid of these terms, we show that the structure group of the main fiber bundle can
be reduced to actions on the fiber that are affine in the flat directions of the fiber and
isometric in the other directions. The construction of this reduction uses the Ricci flow.

As the fF-structure is pure, after passing to a holonomy cover there are

(1) a normal cover 7 : M— M , say with covering group I' (not necessarily finite),
(2) a T*-action on M,

(3) a homomorphism p : I' — Aut(T%), and

(4) a proper submersion s : M — B which is T* x I'-equivariant.

Let Z denote the fiber of s. From the positive rank assumption, if dim(Z) = 0 then
k > 0. The orbit space is B/(T* x I').

By assumption, there is an invariant vertical metric ¢" with nonnegative curvature
operator. Let g be an invariant metric on M that extends ¢¥. Then its lift § to M
makes s into a 7% x I'-equivariant Riemannian submersion.

Suppose first that 7% acts freely on M. Write g as an orthogonal sum

g=091+92+7s (5.1)

where
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(1) @1 is the restriction of g to Ker(ds),

(2) go is the restriction of g to the generators of the T*-action, and

(3) g3 is the restriction of g to the orthogonal complement of the direct sum of Ker(ds)
with the generators of the T*-action.

Given € > 0, put

Je = €1 + €22 + 3. (5.2)
Then g, is the pullback to M of an invariant Riemannian metric g. on M.
There is a commutative diagram

M
sy s
M/T* / B (5.3)

B/T*
of Riemannian submersions. Let

(1) {z} be local coordinates on B/T*,
(2) {z“,z'} be local coordinates on B, and
(3) {z, 2’} be local coordinates on M /T*,

so {z®, % 2’} are local coordinates on M. Let

(1) {7} be an orthonormal local collection of 1-forms on M that pull back from B /Tk,

(2) {7, 7'} be an orthonormal local collection of 1-forms on M that pull back from B,
and

(3) {r%, 7} be an orthonormal local collection of 1-forms on M that pull back from
M/T*.

(Here the index I has a different use than in Section 4.) Then {r®,7% 71} is a local
orthonormal basis of 1-forms on M. We indicate the dependence of the 1-forms on the
coordinates by

(1) 7
2) 7

3)

« :Ta(mﬁ)7
i = 79(2f,27), and
I:Tl(xﬁ,a:‘]).

Let Ee denote the curvature tensor of g.. We express components of EE in terms of an
orthonormal frame for g.. Put f = loge. The components of R, that only have indices
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of type a and 4, and at least one index of type i, can be read off from (4.6). Similarly,
the components of R, that only have indices of type a and I, and at least one index of
type I, can be read off from (4.6). The other nonzero components of R, are

Ry = Ry + € (A%i5A gy — 2A%5: A5 — A%y A'gs)
+ € (A% s AT gy — 24% 5, AT 5 — A% 1, AT g5),

Rl = (A0 AV 15— AL s A7 1),

Rigpr = AL 3A7 1,

Rigj;= @Al jA% g,

Riios = €Al gaT 15,

Rigjr = €T AP 1. (5.4)
As € goes to zero, we see from (4.6) tliat the only possibly divergent terms in the

curvature operator come from the tensor S which has the symmetries of the curvature
tensor, and whose nonzero entries are given by

Stin = € Ry ju
gzajk = 6_1(VjTio¢k: - vaiaj)v
Slask =€ (VT ok — VKT og). (5.5)

From (4.5),

i ; i i i
ViT ok = ;T ar + W' ;T ot — W'k T ot

VT ok = egT o + ' 0gT o — Wl gy T! or, (5.6)

and similarly for V;T%,; and VT?,;. From the T*-invariance, by taking {z'} to be
linear coordinates on the tori we can assume that e;7%,; = 0 and w’;; = w'y; = 0. Thus
Stor=0.

From Section 2, a fiber Z has a finite normal cover Z’, say with covering group A,
which admits a A-invariant isometric product metric Z/ = T% x qu\izl F,,, where T°
has a flat metric and each F},, is a compact irreducible symmetric space. Thinking of Z
as a smooth manifold, let C be the space of A-invariant structures on Z’ consisting of
a product decomposition Z’ = T% x ngl F,,, a complete affine structure on 7% with
trivial holonomy, and an irreducible symmetric space metric on each F,,, with volume one.

Lemma 4. Diff(Z) acts transitively on C.

Proof. Let Z; and Z be manifolds diffeomorphic to Z, with structures C; and Co,
respectively. We can find a A-equivariant diffeomorphism ¢’ : Z; — ZJ that preserves
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the product structure. From the rigidity of the affine structure on 7'* and the rigidity of
the volume-one symmetric space structure on F},, we can assume that ¢’ is the product
of an affine map and an isometry. O

Given a structure ¢ € C, let G be the subgroup of Diff(Z) preserving c¢. That is,
an element ¢ € G has a A-equivariant lift ¢/ € Diff (Z’) that acts affinely on T and
isometrically on Hﬁzl F,,. From Lemma 4, C = Diff(Z)/G. We give C the quotient
topology.

Lemma 5. The fiber bundle s : M — B can be reduced to a T x I'-equivariant bundle
with structure group G.

Proof. Let gy be a Riemannian metric on Z with nonnegative curvature operator. From
Section 2, a finite normal cover of Z can be written as an isometric product Z' =
T x Hﬁzl F,,. Each factor F,, is diffeomorphic to an irreducible symmetric space, but
if F,, is a sphere or a complex projective space case then the metric need not be the
symmetric space metric. We can run the Ricci flow on each F),,-factor, normalized so that
the volume approaches one. From [2,25,26], the metric on F),, converges to a symmetric
space metric with volume one. From the proofs in these references, the limiting metric
is a continuous function of the initial metric. Running this flow fiberwise on the bundle
s: M — ﬁ, in the limit each fiber obtains a structure from C.

The bundle s : M — B is classified by a continuous map f : B — BDiff(Z),
defined up to homotopy. With respect to the fibration E Diff(Z) — BDiff(Z), put
W= (EDiff(Z)), so that there is a commutative diagram

W —~ EDiff(2)

l | l (5.7)

B Bpifi(2)

The fibration W — B has fiber Diff(Z). From the Ricci flow, we obtained a continuous
T* x I-invariant section of the fibration (W xpit(z)C) — B. Such a section is equivalent
to a T x I'-equivariant reduction of the structure group to G' [21, Lemma 1.7]. O

Thus we can assume that each fiber Z of s : M — B has a finite normal cover of
the form Z/ = T* x H 1 Fm, with F, belng a compact irreducible symmetric space
of volume one, and that the bundle s . M — B has a horizontal distribution whose
holonomy lies in G. We can find a vertical Riemannian metric g" that is compatible
with this structure. Using the same metric as before on g, along with ¢", we get a
Tk x -invariant metric § on M. Tt follows that T «k can only have nonzero entries
when I and K correspond to the T®-directions in the fiber. Using affine coordinates in
the affine directions, it follows that w’j; vanishes in such directions and e;T!,x = 0.
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Thus S! oJk = 0. Hence the curvature operator of g. remains bounded below as €
goes to zero. The remaining claims of the theorem are straightforward to verify; cf. [8,
pp. 325-326].

Suppose now that the T*-action is not free. As the fF-structure is polarized, there is
an integrable distribution Z on M so that if U C M is an open set then the lift of n(K(U))
consists of the I-invariant sections of Z |x—1(v). Decompose g as in (5.1), replacing the
generators of the T*-action by 7. The curvature computations are essentially local on M.
Lemma 5 is unchanged and the rest of the argument goes through.

Remark 2. Instead of considering the double Riemannian submersion (5.3), we could
consider the single Riemannian submersion sy o s : M — B /T* with fiber T x Z.
Computing the A and T tensors for the Riemannian submersion s; o s would lead to the
same conclusion.

6. Bounded volume collapse

In this section we prove Theorem 2, partly along the lines of [8, Section 3].

Let {U;} be a regular atlas and let {F;} be a collection of invariant functions, as in
Lemma 3. We can assume that the restriction of the infinitesimal fF-structure to each U;
has a pure polarized subinfinitesimal fF-structure. Suppose first that we do not have to
pass to substructures.

Let gV be the invariant vertical metric with positive curvature operator. Let gin, be
the invariant metric on M that extends g . Given € > 0, put go = (log2 € Hginy-

For i > 1, given g;_1, we define g; inductively. As in (5.1), on U, write Gi1 =T gi—1
as

Gi-1=Gi-11+gi—12+ gi—13 (6.1)
Put
gi = 62ﬁF"§¢71,1 + EQW:F’@AQ +Gi—1,3- (6.2)

Define g; on U; to be such that g; = 7} g;. Define g; on the complement of U; to be g;_1.

Let g. be the result of performing these operators on all of the U;’s. To check that
the curvature operator of g, is uniformly bounded below as € goes to zero, pick m € M.
Let (Ty,, F(m)) be a maximal element with respect to the partial ordering of (3.1). Let
T - ﬁm — U, Ty, Iy, and s, : ﬁm — Em be as in Definition 3.

We only have to check how the curvature operator at m changes when going from g;_1
to g;, for each i such that m € U;. Because F; is invariant for the entire fF-structure,
7, F; pulls back from a function F/ on By, Thus we can apply (4.6), taking f = F!log(e).
Because of the original multiplication of gy, by log? e, when passing from giy to go,
the terms in (4.6) that involve |V f| and Hess(f) will be uniformly bounded in e. We can
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follow the argument in Section 5, up to the paragraph containing (5.6). However, we can
no longer assume that S7 «JK vanishes.

Suppose that the vertical curvature operator of g;_1 is uniformly bounded below by
some constant ¢ ;. Let D be a 2-form on M. Then

(D,SD) = D' S}, DXE + 4D S, x DK
2 672Fi(m)c?_1DJKDJK + 4€7Fi(m)Dla(vJTIaK _ VKTIaJ)DJK
= H€7Fi(m)0i—1DJK +2¢; 1, D' (V yTrak — VKTIaJ)H2

— 4672 | DIV s Trak — VicTras)|

WV

—4¢,%4 || D" (V s Trax — VKTIaJ)H27 (6.3)

independent of e.

In the first step, going from g,y to go, if € < e~! then the curvature operator cannot
become more negative. Thus it suffices to look at the change in the curvature operator
starting from go. Because the atlas is regular, when going from gg to g;_1, the metric on
a fiber s;,;!(pt) gets multiplied by €f1(m)++2Fi-1(m) Then ¢; 2 will be multiplied by
the same factor.

It follows from (6.3) that the curvature operator of g. stays bounded below as € goes
to zero. The remaining claim of the theorem is straightforward to verify.

If instead we just have a subinfinitesimal fF-structure (K, D}) on each U;, which is
pure polarized, then we again write g;—1 as in (6.1), where now

(1) gi—1, is the restriction of g;_; to the (lifted) Dbi directions,
(2) gi—1,2 is the restriction of g;_; to the (lifted) n(K})-directions, and
(3) Gi—1,3 is the restriction of g;_1 to the remaining orthogonal complement.

We then define g; as in (6.2). Since we assume that the curvature operator is positive as
a symmetric form on A?((Dy; )*), the preceding argument goes through.

7. General collapse

In this section we prove Theorem 3, using results from [8, Section 4].

To establish notation, we first recall the construction of [8, Section 4], which applies
to an F-structure of positive rank.

Let € > 0 be a parameter. Let {V;} be a regular atlas for the F-structure. Let giny
be an invariant Riemannian metric. Put go = (log® € )giny. Let {F;} be a collection of
invariant functions as in Lemma 3. Put E =n; ;.

For i > 1, we define g; inductively from g;_1. Put g;—1,0 = 7}g;—1 on ‘A/l

Let E’M be the union of the dimension-j orbits of the Tj-action on V;. As in [8,
Section 4(c)], there is a T; x I;-invariant covering {\A/”} of V;, where ‘A/” is a normal
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neighborhood of a truncation E - of Z‘Z - Let s; 5 VZ i E . be the projection map.

A certain Riemannian metric on Vm‘ is constructed in [8, S(,(,m()n 4(c)], for which s, ; is
al; xI; equivariant Riemannian submersion.

Given p € EZ j» let I; j(p) denote the isotropy group at p for the T;-action, with Lie
algebra i; ;(p). Let € ;(p) be the orthogonal complement to i; ;(p), with respect to an
inner product on the Lie algebra of T; defined in [8, Section 4(c)|. Let K, ;(p) be the
connected (not necessarily closed) subgroup of T; with Lie algebra £ ;(p). Note that
K; ;j(p)-p=T; - p. There is an isometric action of K; ;(p) on s; (T p), that extends
the action of K; ;(p) on T; - p. As j varies the various structures are compatible, as
described in [8, Section 4(c)].

Define V; ; C V; by V;; = Fl(‘/;.j). As in Lemma 3, we construct invariant functions

F;j Vi = [0,1] so that supp(F;,;) C V;; and V; = |, Fz_jl(l) Put F,; = n'F; ;. We
will define g;_1 ; inductively in j. Write

~ ~(1 (2 ~(3
Ji-1,j-1 = 91(7)1,j71 + 92(7)1,3'71 + 957)1,]'71, (7.1)

where

(1) 91( )1 j—1 is the restriction of g Gi-14-1 to the tangent space of each K, ;(p)-orbit in

(T D), as p varies over Em,

(2) gZ( )1 j—1 is the restriction of g;_1 j 1 to the orthogonal complement of the tangent
space of each K ;j(p)-orbit, in s;_ (T D), as p varies over 5 ., and
(3) gf )1 j—1 is the restriction of gi—1,j—1 to the orthogonal complement of the tangent

bundle of s;° (T D), as p varies over Zm

On ‘7@,3‘, put

~ 1 2 3
gi—l,j_GQFE7 ! ()1g 1‘1‘92( )1j et ”91( )1J 1- (7.2)

On the complement of ‘7” in ‘71-, let gi—1; be Gi—1,j-1.

Let g; be the result of doing this for all j. On V;, let g; be such that g; = 7}g;. On
the complement of V;, let g; be g;_1. Let g. be the result of doing this for all 1.

We claim that as € goes to zero, the curvature operator of g. is uniformly bounded
below. To see this, we can compute the curvature tensor of g;_ 1, in (7.2) using Egs. (4. 4)
for the locally-defined Riemannian submersmn Qi VZ g VZ i/ K ;. The functions F
and F” pull back from functions F and Fy; on Vm/Kw- In applying (4.4), we take
f=(log e)Fi'Fi’J and h = 2(log e)FZ’Fz’] Because of the expansion of /g\S)Lj_D the terms
on the right-hand side of (4.4) with an index in such a direction will remain bounded
below. Thus, it is only relevant to check the curvature operator on the submanifolds
8, jl (T; - p). That the curvature operator stays bounded below on these submanifolds
follows from the proof in Section 6, in the special case when the fibering s,, is the
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identity map. As in that section, we use the fact that the functions F; and F;; are
invariant for the entire F-structure. Note that gy had a factor of log? e~ 1.

It is straightforward to see that as e goes to zero, (M, g.) is locally volume collapsing in
the sense of the theorem. Note that the T;-orbits in YA/l ;j are contained in the submanifolds
s;. jl (T; - p). These submanifolds are not expanded in the construction of g., while the
K; ;-directions in them are contracted.

Now suppose that M has an fF-structure of positive rank. Let {U;} be a regular
atlas. Let giny be an invariant Riemannian metric. Put gg = (log2 671) Jinv- Let {F;} be
a collection of invariant functions as in Lemma 3. Put ﬁ =7 F;.

Let s; : U — V be the fibering. (We previously denoted the base by :.) We construct
the covering {Vi i} of Vi as before. There is a T; x I}-action on Vi, where T; can now
be the trivial group if s; has fibers of positive dimension. Again, there is an integrable
distribution K ; on Ul ;- Put UZ =S5 1(‘7m)

As in the preceding discussion, we deﬁne Gi—1,—1 inductively in j. Write

—~ ~0 ~(1 (2 ~3
gi-1,j—-1 = gzgf)l,jfl + 9191,%1 + 91(7)14'71 + 91914'71’ (7.3)

where @(0—)1,1'—1 is the restriction of g;—1 ;—1 to Ker(ds;) and gz(l)1 o1 @( )17] 15 @(3)17] 1

are defined as before on Ker(ds;)*. Then on U’Z—_j, we put

~(0) ~(1)

2F Fy i1 2F Fi 1 ~(2)
TGy T ETT TG o G o T e

(3
4F; F”gz( )1g 1 (7.4)

§1—1,j =€
On the complement of (7” in ﬁi, let g;—1,; be gi—1,;—1. Let g; be the result of doing this
for all j. On Uj, let g; be such that g; = 7g;. On the complement of U;, let g; be g;—1.
Let g. be the result of doing this for all 1.

We claim that as € goes to zero, the curvature operator of g is uniformly bounded
below. Because of the expansion in @(3)1 _j—1, it is only relevant to check the curvature
operator on the total spaces of the fibrations s; over the submanifolds s; (T D). That
the curvature operator stays bounded below on these total spaces follows as in Sec-
tion 6.

It is straightforward to see that as € goes to zero, (M, g.) is locally volume collapsing
in the sense of the theorem.

8. Local structure of collapsed manifolds with curvature operator bounded below

In this section we give a local model, at the volume scale, for the geometry of a
Riemannian manifold which is locally volume collapsed relative to a lower bound on the
curvature operator. We describe a canonical fF-structure on the local model.

As an immediate application, we show that in a certain type of collapse, the curvature
operator cannot stay bounded below.
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8.1. Local model

Let M be a complete Riemannian manifold. We first adapt some definitions
from [19,23].

Definition 7. Given p € M, the curvature scale R, at p is defined as follows. If the con-
nected component of M containing p has nonnegative curvature operator then R, = co.
Otherwise, R, is the (unique) number r > 0 such that the smallest eigenvalue of the

1
curvature operator on B(p,r) is — .

Definition 8. Let ¢,, denote the volume of the Euclidean unit ball in R™. Fix @ € (0, ¢;,).
Given p € M, the w-volume scale at p is

rp = rp(W0) = inf{r > 0: vol(B(p,r)) = wr"}. (8.1)
If there is no such r then we say that the w-volume scale at p is infinite.

Lemma 6. Let (M,p) be a complete pointed Riemannian manifold of dimension n.

(1) Given d,w > 0 there is some &' = &' (n,d,w) > 0 with the following property. Suppose
that vol(B(p, Rp)) < §'Ryy. Then r), < IR,.

(2) Given r,0,w > 0 there is some &' = §'(n,r,d,wW) > 0 with the following property.
Suppose that the curvature operator of M is bounded below by —Id. Suppose that
vol(B(p,r)) < &'. Then r, < OR,.

Proof. (1) Without loss of generality, we can assume that § < 1. Put ' = J@é". Since
vol(B(p, R,)) < &' Ry < 3R, the definition of r, implies that r, < R,. Then

1
wr}} = vol(B(p,rp)) < vol(B(p, Ry)) <8R} = 51715”]%;, (8.2)

from which the claim follows.
(2) From the definition of R,, we have R, > 1. Put & = {@wmin(r",é"). Since,
vol(B(p,r)) < 8’ < swr", the definition of r, implies r, < r. Then

wr, = Vol(B(p, rp)) < vol(B(p,r)) <8 < %w(;", (8.3)

from which the claim follows. O

We define pointed C¥-nearness between two complete pointed Riemannian mani-
folds (M, p1) and (Ma,ps) as usual in terms of the existence of a basepoint-preserving
CE+l_smooth map F : M; — M, so that F*gy is C¥-close to g; on large balls
around pj.
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The next proposition gives a local model for the geometry of a manifold which is
locally volume collapsed with respect to a lower bound on the curvature operator, under
an additional smoothing assumption at the volume scale.

Proposition 1. Givenn € Z*, an integer K > 10, a function A : (0, 00) % (0, 00) — (0, 00)
and € > 0, there are some w,d > 0 with the following property. Let (M,p) be a pointed
complete Riemannian manifold of dimension n. Let r, denote the w-volume scale at p.
Suppose that

(1) rp, < OR,, and
(2) for all k € [0, K] and C < 61, we have [VFRiem| < A(C, E)r;(kH) on B(p,Crp).

Then (TLM, p) is e-close in the pointed CX -topology to a pointed complete Riemannian
P

manifold (M,p') for which M is an isometric quotient (S x Y)/I", where

(1) S is a compact Riemannian manifold having nonnegative curvature operator, with
fundamental group I' and S as its universal cover,

(2) (Y,y) is a pointed complete Riemannian manifold with nonnegative curvature oper-
ator that is diffeomorphic to R*, with k € [0,n],

(3) I' acts by isometries on'Y, fizing y, and

(4) the Tits cone of Y is e-close in the pointed Gromov-Hausdor(f topology to a complete
pointed Alexandrov space of dimension less than n.

Proof. Fix @w > 0 for the moment. Leaving off conclusion (4) for the moment, suppose
that the proposition is not true. Then there is a positive sequence {d;}$2; converging to
zero and a sequence of pointed Riemannian manifolds {(M;,p;)}52, so that (M;,p;) sat-
isfies the hypotheses of the proposition, with § = §;, but does not satisfy the conclusion of
the proposition. Using assumption (2) of the proposition, after passing to a subsequence
L M;,pi) = (M,p') exists in the pointed C¥-topology.

we can assume that limiﬂoo(a
From the definition of R,,, assumption (1) of the proposition implies that M has non-
negative curvature operator. Let S be the soul of M. Then conclusions (1)—(3) of the
proposition follow from the result of [22], as mentioned in Section 2.

Finally, if dim(Y) < n then the Tits cone of Y is already of dimension less than n.
Suppose that dim(Y) = n, so M =Y. Now vol(B(p’,1)) = @w. The Bishop—Gromov
inequality implies that for all R > 1, we have vol(B(p/, R)) < wR". Taking w sufficiently
small, we can ensure that the Tits cone of M has pointed Gromov—Hausdorff distance
less than e from some complete pointed Alexandrov space of dimension less than n. O

Corollary 2. Given n € Z*, an integer K > 10, a function A : (0,00) x (0,00) — (0, 00)
and r,e > 0, there are some w, 0" > 0 with the following property. Let M be a complete
Riemannian manifold of dimension n with curvature operator bounded below by —Id. Let
rp denote the w-volume scale at p. Suppose that for some p € M,
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(1) vol(B(p,r)) < ¢, and
2) for allk € [0,K] and C < 6~, we have |VFRiem| < A(C, w ry "2 on B p,Cry).
P P

Then the conclusion of Proposition 1 holds at p.

Proof. This follows from Lemma 6(2) and Proposition 1. O
8.2. Canonical fF-structure

We describe a canonical fF-structure on M = (S x Y)/I'; cf. [9, Section 2]. From
Section 2, there is a finite cover S’ of S which is isometric to the product of a torus 7"
with a simply-connected compact manifold N’, the latter of which being the isometric
product of irreducible factors each of which is

(1) a Riemannian manifold that is diffecomorphic to a sphere,
(2) a Kéhler manifold that is biholomorphic to a complex projective space, or
(3) a symmetric space with nonnegative sectional curvature.

Let M’ be the pullback of M to S’, so that the diagram

M —= M

l l (8.4)

S — S

commutes. The N’ factor splits off isometrically from the bundle M’ — S’ so M’ is a
product M’ = N’ x Z'. The remaining bundle Z’ — T' has a local isometric product
structure, with fiber Y. There is a corresponding holonomy representation p : Z! —
Isom(Y,y).

As the differential D,, : Isom(Y, y) — O(T,Y) is injective, we can equally well consider
the homomorphism D, o p : Z! — O(T,Y). Put C = Im(D, o p). Then C is a compact
abelian Lie group, and so fits into a split exact sequence 1 — T — C — F — 1 for some
finite abelian group F. In particular, there is a surjective homomorphism

n 7t 20 0 5 F (8.5)
Put 7! = R!/ Ker(n). Let Z” be the pullback of Z’ to T!, so that the diagram

Z// Z/

| -

a—

commutes. Put M” = N’ x Z". It is a finite cover of M.
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We claim that there is an effective isometric action on Z” by a torus whose dimension
is at least [. Since the universal cover Z” splits isometrically as R! x Y, there is an evident
R! x Ti-action on Z”. There is an inclusion Ker() — R! x T, which is the product of
the inclusion Ker(n) — R! and the restriction of D, o p to Ker(n). The action of R! x T*
on Z" = (R! x Y))/ Ker(n) factors through an effective action of the compact connected
abelian Lie group (R! x T%)/Ker(n).

This gives a pure fF-structure on M, since the product bundle M” — Z” is (R! x
T*)/ Ker(n)-equivariant. The fF-structure has positive rank unless S is a point, in which
case M is diffeomorphic to R™.

Remark 3. Regarding a possible converse to Theorem 3, Corollary 2 gives a model for
the local geometry of M, under a smoothing assumption, and this subsection gives an
fF-structure on the local model. This fF-structure has positive rank unless the local
model is diffeomorphic to R™. We note that the latter possibility does not occur in the
analogous discussion for double sided curvature bounds [9, Section 2|. In that case, the
local model is flat; if it were diffeomorphic to R™ then conclusion (4) of Proposition 1
would be violated. In contrast, in our case a model space diffeomorphic to R™, which is
collapsed at infinity, could well occur.

After possibly removing some disjoint topological balls, centered around points whose
local models are diffeomorphic to R™, it is plausible that the local fF-structures on the
complement can be glued together to form a global fF-structure of positive rank, for
which the fibers of the submersions are manifolds that admit Riemannian metrics of
nonnegative curvature operator.

One approach to proving this involves showing that if (M, g) is locally collapsed, with
respect to a lower bound on the curvature operator, then the local geometry around a
point p € M is appropriately close, at the volume scale, to one in which the smoothing
assumption (2) of Corollary 2 is satisfied. This is true in the bounded curvature case [12,
Proof of Theorem 2.3]. Related smoothing results appear in [3, Section 4] and [24, The-
orem 2.2].

If the conclusion of Proposition 1 is satisfied at each point of M then a second issue
is to glue together the local fF-structures to a global fF-structure. Related gluing results
are in [9, Section 5] (for the group actions) and [19] (for the fiberings).

Remark 4. In the bounded curvature case, there are analogs of the F-structure versions
of Theorems 1-3 when the F-structure is replaced by a Nil-structure. This was stated
in [8, Remark 2.1] and proved in [4]. We expect that Theorems 1-3 can be extended to
the setting of fNil-structures. In the other direction, the main theorem of [6] describes the
local geometry of a locally collapsed manifold with a prescribed double-sided curvature
bound, in all of the collapsed directions, in terms of a Nil-structure. To have a similar
result with curvature operator bounded below, the first step would be to characterize the
manifolds with almost nonnegative curvature operator (ANCO), which is an interesting
question in its own right.
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It is clear that almost flat manifolds are ANCO, compact manifolds with nonnegative
curvature operator are ANCO, and products of ANCO manifolds are ANCO. Using (4.7),
one sees that if M is ANCO then a principal 7*-bundle over M is ANCO. As noted in [16],
this already shows that there are simply-connected ANCO manifolds that do not admit
a Riemannian metric of nonnegative curvature operator, coming from circle bundles over
products of complex projective spaces. See [16] for further discussion.

8.8. A special type of collapse

Let M be a compact Riemannian manifold. Let G be a compact connected Lie group
of positive dimension that acts effectively and isometrically on M. Given m € M, let G,
denote the isotropy subgroup at m. By the slice theorem, there are a finite-dimensional
vector space V,,, and a homomorphism p,, : G, — GL(V};,) so that there is a G-invariant
neighborhood of the orbit G - m which is G-diffeomorphic to G xq,, V.

Proposition 2. Give G a bi-invariant Riemannian metric. Suppose that as € — 0, the
curvature operator of M. = M Xg €G stays uniformly bounded below. Then for each
m € M, the orbit G/G, is a locally symmetric space. Let § = gm +myy, be the orthogonal
decomposition, with [gm,mpy] C m,,. Then in addition, for all XY € m,,, we have
pm ([X, Y]Qm) =0.

Proof. As € goes to zero, the spaces M, converge in the Gromov—Hausdorff topology to
the lower-dimensional space M/G. The rescaled pointed spaces (%ME, m) converge in the
pointed Gromov-Hausdorft topology to G x¢,, Vi,. Hence the w-volume scale at m is
proportionate to €. It follows from Proposition 1 that G/G,, is a locally symmetric space
and G xq,, Vi, is a vector bundle over G/G,, with a local isometric product structure.
From [20, Theorem 11.1], the curvature of the principal bundle G — G/G,, is given by
Q2(X,Y) = —1[X,Y],,, for X,Y € m,,. As G Xg,, Vi is the associated vector bundle,
if its connection is flat then p,,([X,Y]y,,) =0. O
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