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Ricci curvature for metric-measure spaces
via optimal transport

By JoHN LoTT and CEDRIC VILLANI*

Abstract
We define a notion of a measured length space X having nonnegative
N-Ricci curvature, for N € [1,00), or having co-Ricci curvature bounded be-
low by K, for K € R. The definitions are in terms of the displacement convexity
of certain functions on the associated Wasserstein metric space P»(X) of prob-
ability measures. We show that these properties are preserved under measured
Gromov-Hausdorff limits. We give geometric and analytic consequences.

This paper has dual goals. One goal is to extend results about optimal
transport from the setting of smooth Riemannian manifolds to the setting of
length spaces. A second goal is to use optimal transport to give a notion for
a measured length space to have Ricci curvature bounded below. We refer
to [11] and [44] for background material on length spaces and optimal trans-
port, respectively. Further bibliographic notes on optimal transport are in
Appendix F. In the present introduction we motivate the questions that we
address and we state the main results.

To start on the geometric side, there are various reasons to try to ex-
tend notions of curvature from smooth Riemannian manifolds to more general
spaces. A fairly general setting is that of length spaces, meaning metric spaces
(X,d) in which the distance between two points equals the infimum of the
lengths of curves joining the points. In the rest of this introduction we as-
sume that X is a compact length space. Alexandrov gave a good notion of a
length space having “curvature bounded below by K”, with K a real number, in
terms of the geodesic triangles in X. In the case of a Riemannian manifold M
with the induced length structure, one recovers the Riemannian notion of hav-
ing sectional curvature bounded below by K. Length spaces with Alexandrov
curvature bounded below by K behave nicely with respect to the Gromov-
Hausdorff topology on compact metric spaces (modulo isometries); they form
a closed subset.

*The research of the first author was supported by NSF grant DMS-0306242 and the
Clay Mathematics Institute.
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In view of Alexandrov’s work, it is natural to ask whether there are metric
space versions of other types of Riemannian curvature, such as Ricci curva-
ture. This question takes substance from Gromouv’s precompactness theorem
for Riemannian manifolds with Ricci curvature bounded below by K, dimen-
sion bounded above by N and diameter bounded above by D [23, Th. 5.3].
The precompactness indicates that there could be a notion of a length space
having “Ricci curvature bounded below by K7, special cases of which would
be Gromov-Hausdorff limits of manifolds with lower Ricci curvature bounds.

Gromov-Hausdorff limits of manifolds with Ricci curvature bounded below
have been studied by various authors, notably Cheeger and Colding [15], [16],
[17], [18]. One feature of their work, along with the earlier work of Fukaya [21],
is that it turns out to be useful to add an auxiliary Borel probability measure
v and consider metric-measure spaces (X,d,v). (A compact Riemannian man-
ifold M has a canonical measure v given by the normalized Riemannian den-

sity 30‘1(()}\%) .) There is a measured Gromov-Hausdorff topology on such triples

(X,d,v) (modulo isometries) and one again has precompactness for Rieman-
nian manifolds with Ricci curvature bounded below by K, dimension bounded
above by N and diameter bounded above by D. Hence the question is whether
there is a good notion of a measured length space (X, d, ) having “Ricci cur-
vature bounded below by K”. Whatever definition one takes, one would like the
set of such triples to be closed in the measured Gromov-Hausdorff topology.
One would also like to derive some nontrivial consequences from the definition,
and of course in the case of Riemannian manifolds one would like to recover
classical notions. We refer to [16, App. 2] for further discussion of the problem
of giving a “synthetic” treatment of Ricci curvature.

Our approach is in terms of a metric space (P(X), W2) that is canonically
associated to the original metric space (X, d). Here P(X) is the space of Borel
probability measures on X and Wy is the so-called Wasserstein distance of
order 2. The square of the Wasserstein distance Wa(uo, 111) between po, 1 €
P(X) is defined to be the infimal cost to transport the total mass from the
measure g to the measure pj, where the cost to transport a unit of mass
between points zg, 21 € X is taken to be d(zg,x1)?. A transportation scheme
with infimal cost is called an optimal transport. The topology on P(X) coming
from the metric Wa turns out to be the weak-* topology. We will write Po(X)
for the metric space (P(X), W3), which we call the Wasserstein space. If (X, d)
is a length space then P»(X) turns out also to be a length space. Its geodesics
will be called Wasserstein geodesics. If M is a Riemannian manifold then we
write P3¢(M) for the elements of P»(M) that are absolutely continuous with
respect to the Riemannian density.

In the past fifteen years, optimal transport of measures has been exten-
sively studied in the case X = R", with motivation coming from the study of
certain partial differential equations. A notion which has proved useful is that
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of displacement convexity, i.e. convexity along Wasserstein geodesics, which
was introduced by McCann in order to show the existence and uniqueness of
minimizers for certain relevant functions on P3(R™), [31].

In the past few years, some regularity results for optimal transport on R"
have been extended to Riemannian manifolds [19], [32]. This made it possible
to study displacement convexity in a Riemannian setting. Otto and Villani
[36] carried out Hessian computations for certain functions on P»(M) using a
formal infinite-dimensional Riemannian structure on P»(M) defined by Otto
[35]. These formal computations indicated a relationship between the Hessian
of an “entropy” function on P»(M) and the Ricci curvature of M. Later,
a rigorous displacement convexity result for a class of functions on P3¢(M),
when M has nonnegative Ricci curvature, was proved by Cordero-Erausquin,
McCann and Schmuckenschléger [19]. This work was extended by von Renesse
and Sturm [40].

Again in the case of Riemannian manifolds, a further circle of ideas re-
lates displacement convexity to log Sobolev inequalities, Poincaré inequalities,
Talagrand inequalities and concentration of measure [8], [9], [27], [36].

In this paper we use optimal transport and displacement convexity in order
to define a notion of a measured length space (X, d, v) having Ricci curvature
bounded below. If NV is a finite parameter (playing the role of a dimension) then
we will define a notion of (X, d, ) having nonnegative N-Ricci curvature. We
will also define a notion of (X, d, v) having co-Ricci curvature bounded below
by K € R. (The need to input the possibly-infinite parameter N can be seen
from the Bishop-Gromov inequality for complete n-dimensional Riemannian
manifolds with nonnegative Ricci curvature. It states that r~" vol(B,(m))
is nonincreasing in r, where B,(m) is the r-ball centered at m [23, Lemma
5.3.bis]. When we go from manifolds to length spaces there is no a priori value
for the parameter n. This indicates the need to specify a dimension parameter
in the definition of Ricci curvature bounds.)

We now give the main results of the paper, sometimes in a simplified
form. For consistency, we assume in the body of the paper that the relevant
length space X is compact. The necessary modifications to deal with complete
pointed locally compact length spaces are given in Appendix E.

Let U : [0,00) — R be a continuous convex function with U(0) = 0. Given
a reference probability measure v € P(X), define the function U, : Py(X) —
R U {o0} by

(0.1) Uuli) = [ Upla) dv(o) +U"(00) sl X).
where

(0.2) p=pv + fis
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is the Lebesgue decomposition of 1 with respect to v into an absolutely con-
tinuous part pr and a singular part us, and

(0.3) U/(00) = Tim 2.
r—oo T
If N € [1,00) then we define DCx to be the set of such functions U so
that the function

(0.4) B = AU

is convex on (0,00). We further define DCy to be the set of such functions U
so that the function

(0.5) Pv(A) = U(e™?)
is convex on (—00,00). A relevant example of an element of DCy is given by

_1/N .
(0.6) UN(T):{Nr(l r1/N) Tf1<N<oo,
rlogr if N = oo0.

Definition 0.7. Given N € [1, oo, we say that a compact measured length
space (X,d,v) has nonnegative N-Ricci curvature if for all pg, 1 € Pa(X)
with supp(uo) C supp(v) and supp(p1) C supp(v), there is some Wasserstein
geodesic {p}4epo,1) from pg to 1 so that for all U € DCy and all ¢ € [0, 1],

(0.8) Uy (pe) < Uy (p1) + (1 = 1)U, (p0)-

Given K € R, we say that (X,d,r) has oco-Ricci curvature bounded below by
K if for all pg, u1 € Po(X) with supp(uo) C supp(v) and supp(u1) C supp(v),
there is some Wasserstein geodesic {Mt}te[og} from pg to p1 so that for all
U € DCsx and all t € [0, 1],

1
(0.9) Un(pe) < tUp(n1) + (1 = 1)Us (o) — 5 AU)H(1 — )W (po, 1),
where A : DCoo — RU{—00} is as defined in (5.14) below.

Note that the inequalities (0.8) and (0.9) are only assumed to hold along
some Wasserstein geodesic from pg to p1, and not necessarily along all such
geodesics. This is what we call weak displacement convexity.

Naturally, one wants to know that in the case of a Riemannian man-
ifold, our definitions are equivalent to classical ones. Let M be a smooth
compact connected n-dimensional manifold with Riemannian metric g. We
let (M,g) denote the corresponding metric space. Given ¥ € C°°(M) with
fM e~Ydvoly =1, put dv = e~ ¥ dvolyy,.
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Definition 0.10. For N € [1,¢], let the N-Ricci tensor Ricy of (M, g,v)
be defined by
Ric + Hess (V) if N = o0,
Ric+Hess(W)—ﬁd@®d@ ifn <N < oo,
Ric+ Hess (V) —oo(d¥ ® d¥) if N =n,
—00 if N <n,

(0.11) Ricy =

where by convention co - 0 = 0.

THEOREM 0.12. (a) For N € [1,00), the measured length space (M, g,v)
has nonnegative N -Ricci curvature if and only if Ricy > 0.

(b) (M,g,v) has co-Ricci curvature bounded below by K if and only if
Rico, > Kg.

In the special case when V¥ is constant, and so v = fo‘i‘()}\%, Theorem 0.12
shows that we recover the usual notion of a Ricci curvature bound from our
length space definition as soon as N > n.

The next theorem, which is the main result of the paper, says that our no-
tion of N-Ricci curvature has good behavior under measured Gromov-Hausdorff
limits.

THEOREM 0.13. Let {(X;,d;,v3)}52, be a sequence of compact measured
length spaces with lim;_(X;,d;,v;) = (X,d,v) in the measured Gromov-
Hausdorff topology.

(a) Forany N € [1,00), if each (X;, d;, v;) has nonnegative N -Ricci curvature
then (X,d,v) has nonnegative N-Ricci curvature.

(b) If each (X;,d;,v;i) has oco-Ricci curvature bounded below by K then
(X,d,v) has co-Ricci curvature bounded below by K.

Theorems 0.12 and 0.13 imply that measured Gromov-Hausdorff lim-

its (X, d,v) of smooth manifolds (M , 30‘1‘(’}(/‘;)) with lower Ricci curvature
bounds fall under our considerations. Additionally, we obtain the following
new characterization of such limits (X, d, v) which happen to be smooth, mean-
ing that (X,d) is a smooth n-dimensional Riemannian manifold (B, gg) and
dv = e~ dvolp for some ¥ € C*®(B):

COROLLARY 0.14. (a) If (B, gp,v) is a measured Gromov-Hausdorff limit
of Riemannian manifolds with nonnegative Ricci curvature and dimension at
most N then Ricy(B) > 0.

(b) If (B,gB,v) is a measured Gromov-Hausdorff limit of Riemannian
manifolds with Ricci curvature bounded below by K € R then Ricso(B) > Kgp.

There is a partial converse to Corollary 0.14 (see Corollary 7.45(ii, ii)).
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Finally, if a measured length space has lower Ricci curvature bounds then
there are analytic consequences, such as a log Sobolev inequality. To state it,
we define the gradient norm of a Lipschitz function f on X by the formula

. f(y) = [(@)]
0.15 Vf|(z) =limsup ——=———.
(0.15) V£l(z) = limsup 0
THEOREM 0.16. Suppose that a compact measured length space (X,d,v)
has oo-Ricci curvature bounded below by K € R. Suppose that f € Lip(X)
satisfies fX fPdv=1.
(a) If K > 0 then

(0.17) /XfZIOg(fQ)dz/g—f{/X]Vf\Qdu.

(b) If K <0 then

(0.18) /X f?log(f?) dv < 2 diam(X), //X IVfI2dv — %K diam(X)?2.

In the case of Riemannian manifolds, one recovers from (0.17) the log
Sobolev inequality of Bakry and Emery [6].
A consequence of (0.17) is a Poincaré inequality.

COROLLARY 0.19. Suppose that a compact measured length space (X, d,v)
has oco-Ricci curvature bounded below by K > 0. Then for all h € Lip(X) with
Jx hdv =0, we have

1
(0.20) /h2du§/ |Vh|? dv.
X K Jx

In the case of Riemannian manifolds, Corollary 0.19 follows from the Lich-
nerowicz inequality for the smallest positive eigenvalue of the Laplacian [28].

We now give the structure of the paper. More detailed descriptions appear
at the beginnings of the sections.

Section 1 gives basic definitions about length spaces and optimal trans-
port. Section 2 shows that the Wasserstein space of a length space is also a
length space, and that Wasserstein geodesics arise from displacement interpo-
lations. Section 3 defines weak displacement convexity and its variations. This
is used to prove functional inequalities called the HWI inequalities.

Section 4 proves, modulo the technical results of Appendices B and C, that
weak displacement convexity is preserved by measured Gromov-Hausdorff lim-
its. The notion of N-Ricci curvature is defined in Section 5, which contains the
proof of Theorem 0.13, along with a Bishop-Gromov-type inequality. Section 6
proves log Sobolev, Talagrand and Poincaré inequalities for measured length
spaces, such as Theorem 0.16 and Corollary 0.19, along with a weak Bonnet-
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Myers theorem. Section 7 looks at the case of smooth Riemannian manifolds
and proves, in particular, Theorem 0.12 and Corollary 0.14.

There are six appendices that contain either technical results or auxiliary
results. Appendix A, which is a sequel to Section 2, discusses the geometry
of the Wasserstein space of a Riemannian manifold M. It shows that if M
has nonnegative sectional curvature then P,(M) has nonnegative Alexandrov
curvature. The tangent cones at absolutely continuous measures are computed,
thereby making rigorous the formal Riemannian metric on Py(M) introduced
by Otto.

Appendices B and C are the technical core of Theorem 0.13. Appendix B
shows that U, (u) is lower semicontinuous in both p and v, and is nonincreasing
under pushforward of 1 and v. Appendix C shows that a measure p € P»(X)
with supp(p) C supp(v) can be weak-* approximated by measures {}72
with continuous densities (with respect to v) so that U, (u) = limy_.oo Uy ().

Appendix D contains formal computations of the Hessian of U,. Ap-
pendix E explains how to extend the results of the paper from the setting
of compact measured length spaces to the setting of complete pointed locally
compact measured length spaces. Appendix F has some bibliographic notes
on optimal transport and displacement convexity.

The results of this paper were presented at the workshop “Collapsing and
metric geometry” in Miinster, August 1-7, 2004. After the writing of the
paper was essentially completed we learned of related work by Karl-Theodor
Sturm [41], [42]. Also, Ludger Riischendorf kindly pointed out to us that The-
orem B.33 was already proven in [29, Ch. 1] by different means. We decided to
retain our proof of Theorem B.33 rather than just quoting [29], partly because
the method of proof may be of independent interest, partly for completeness
and convenience to the reader, and partly because our method of proof is used
in the extension of the theorem considered in Appendix E.

We thank MSRI and the UC-Berkeley mathematics department for their
hospitality while part of this research was performed. We also thank the anony-
mous referees for their suggestions.
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1. Notation and basic definitions

In this section we first recall some facts about convex functions. We
then define gradient norms, length spaces and measured Gromov-Hausdorff
convergence. Finally, we define the 2-Wasserstein metric W5 on P(X).

1.1. Convex analysis. Let us recall a few results from convex analysis. See
[44, Ch. 2.1] and references therein for further information.

Given a convex lower semicontinuous function U : R — R U {oco} (which
we assume is not identically co), its Legendre transform U* : R — R U {oco} is
defined by

(1.1) U*(p) = sup [pr — U(r)].

reR
Then U* is also convex and lower semicontinuous. We will sometimes identify
a convex lower semicontinuous function U defined on a closed interval I C R
with the convex function defined on the whole of R by extending U by oo
outside of I.

Let U : [0,00) — R be a convex lower semicontinuous function. Then U
admits a left derivative U’ : (0,00) — R and a right derivative U : [0,00) —
{—o0} UR, with U’ (0,00) C R. Furthermore, U’ < U’ . They agree almost
everywhere and are both nondecreasing. We will write

(1.2) U'(c0) = lim U/ (r) = lim US’T) € RU {o0}.

If we extend U by oo on (—00, 0) then its Legendre transform U* : R — RU{oo}
becomes U*(p) = sup,>q[pr — U(r)]. It is nondecreasing in p, infinite on
(U'(0), 0) and equals —U(0) on (—o0, U/ (0)]. Furthermore, it is continuous
on (—o0,U’(00)). For all r € [0, 00), we have U*(U! (1)) = rU! (r) = U(r).

1.2. Geometry of metric spaces.

1.2.1. Gradient norms. Let (X,d) be a compact metric space (with d
valued in [0, 00)). The open ball of radius r around = € X will be denoted by
B, (z) and the sphere of radius r around = will be denoted by S, (x).

Let L>°(X) denote the set of bounded measurable functions on X. (We
will consider such a function to be defined everywhere.) Let Lip(X) denote
the set of Lipschitz functions on X. Given f € Lip(X), we define the gradient
norm of f by

(1.3) V1(2) = limsup W

if x is not an isolated point, and |V f|(z) = 0 if x is isolated. Then |V f]| €
L>®(X).
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On some occasions we will use a finer notion of gradient norm:

if x is not isolated, and |V~ f|(x) = 0 if z is isolated. Here a4 = max(a,0)
and a_— = max(—a,0). Clearly |V~ f|(z) < |Vf|(x). Note that |V~ f|(z)
is automatically zero if f has a local minimum at x. In a sense, |V~ f|(z)
measures the downward pointing component of f near x.

1.2.2. Length spaces. If ~ is a curve in X, i.e. a continuous map = :
[0,1] — X, then its length is

J

(1.5) L(y) = sup sup d(y(t;-1),7(t5)).

Clearly L(7) > d(v(0),~(1)).
We will assume that X is a length space, meaning that the distance be-

tween two points xg,x1 € X is the infimum of the lengths of curves from xg
to x1. Such a space is path connected.

As X is compact, it is a strictly intrinsic length space, meaning that we
can replace infimum by minimum [11, Th. 2.5.23]. That is, for any z¢, 21 € X,
there is a minimal geodesic (possibly nonunique) from zy to x;. We may
sometimes write “geodesic” instead of “minimal geodesic”.

By [11, Prop. 2.5.9], any minimal geodesic ~ joining xo to x; can be
parametrized uniquely by t € [0, 1] so that

(1.6) d(y(),~(t) = [t — t'|d(z0, 21).

We will often assume that the geodesic has been so parametrized.

By definition, a subset A C X is convez if for any xg,z1 € A there is a
minimizing geodesic from zg to z; that lies entirely in A. It is totally convex
if for any zg, 1 € A, any minimizing geodesic in X from xg to z1 lies in A.

Given A € R, a function F': X — R U {oo} is said to be A-convez if for
any geodesic v : [0,1] — X and any ¢ € [0, 1],

(L.7) F(y(t) <tF(y(1) + (1 =) F((0)) - %At(l —t) L(7)*

In the case when X is a smooth Riemannian manifold with Riemannian metric
g, and F € C?(X), this is the same as saying that Hess F > \g.

1.2.3. (Measured) Gromov-Hausdorff convergence.

Definition 1.8. Given two compact metric spaces (Xi,d;) and (Xs,ds),
an e-Gromov-Hausdorff approximation from X; to X is a (not necessarily
continuous) map f : X7 — X so that
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(i) For all 21,2} € X1, |da(f(z1), f(2})) — di(21,27)| <e.
(ii) For all zo € Xo, there is an z1 € X so that dao(f(z1),22) <€

An e-Gromov-Hausdorff approximation f : X; — X5 has an approximate
inverse f’ : X9 — X1, which can be constructed as follows: Given x5 € Xo,
choose x1 € X7 so that do(f(z1),22) < € and put f'(z3) = z1. Then f'is a
3e-Gromov-Hausdorff approximation from Xs to X;. Moreover, for all z1 €
Xl, dl(:El, (f/ o) f)(:l?l)) < 28, and for all o € X2, dQ(CL‘Q, (f ¢) f’)(aig)) <e.

Definition 1.9. A sequence of compact metric spaces {X;}5°; converges to
X in the Gromov-Hausdorff topology if there is a sequence of g;-approximations

This notion of convergence comes from a metrizable topology on the space
of all compact metric spaces modulo isometries. If {X;}?°, are length spaces
that converge to X in the Gromov-Hausdorff topology then X is also a length
space [11, Th. 7.5.1].

For the purposes of this paper, we can and will assume that the maps f
and f’ in Gromov-Hausdorff approximations are Borel. Let P(X) denote the
space of Borel probability measures on X. We give P(X) the weak-* topology,
i.e. lim; oo pt; = o if and only if for all F' € C(X), lim; oo [y Fdp; = [y Fdpu.

Definition 1.10. Given v € P(X), consider the metric-measure space
(X,d,v). A sequence {(X;,d;,v;)}5°, converges to (X,d,v) in the measured
Gromov-Hausdorff topology if there are ;-approximations f; : X; — X, with
lim; o0 &; = 0, so that lim; oo (f;)«v; = v in P(X).

Other topologies on the class of metric-measure spaces are discussed in
23, Ch. 31].

For later use we note the following generalization of the Arzela-Ascoli
theorem.

LEMMA 1.11 (cf. [22, p. 66], [24, App. A]). Let {X;}5°, be a sequence of
compact metric spaces converging to X in the Gromov-Hausdorff topology,
with e;-approzimations f; : X; — X. Let {Y;}2, be a sequence of com-
pact metric spaces converging to Y in the Gromov-Hausdorff topology, with
ei-approzimations g; : Y; — Y. For each i, let f! : X — X; be an approzimate
inverse to f;, as in the paragraph following Definition 1.8. Let {a;}°, be a
sequence of maps «; : X; — Y; that are asymptotically equicontinuous in the
sense that for every e > 0, there are 6 = §(¢) > 0 and N = N(g) € Z" so that
foralli > N,

/

(1.12) dx,(zi,x;) <6 = dy, (ai(z4), ai(x3)) < e.



914 JOHN LOTT AND CEDRIC VILLANI

Then after passing to a subsequence, the maps g; o a; o fl : X — Y converge
uniformly to a continuous map o : X — Y.

In the conclusion of Lemma 1.11 the maps g;oc;o f/ may not be continuous,
but the notion of uniform convergence makes sense nevertheless.

1.3. Optimal transport: basic definitions. Given pug, 1 € P(X), we say
that a probability measure 7 € P(X x X) is a transference plan between pg
and p if

(1.13) (po)«m = po, (p1)«m = p1,

where pg,p1 : X x X — X are projections onto the first and second factors,
respectively. In words, m represents a way to transport the mass from pg to
w1, and 7(zg, 1) is the amount of mass which is taken from a point zy and
brought to a point x;.

We will use optimal transport with quadratic cost function (square of the
distance). Namely, given pg, u1 € P(X), we consider the variational problem

(1.14) W (o, p11)? = inf/ d(zo, z1)%dr (0, 1),

T JXxX
where m ranges over the set of all transference plans between pg and p;. Any
minimizer 7 for this variational problem is called an optimal transference plan.

In (1.14), one can replace the infimum by the minimum [44, Prop. 2.1],
i.e. there always exists (at least) one optimal transference plan. Since X has
finite diameter, the infimum is obviously finite. The quantity W5 will be called
the Wasserstein distance of order 2 between pg and pi; it defines a metric
on P(X). The topology that it induces on P(X) is the weak-* topology [44,
Ths. 7.3 and 7.12]. When equipped with the metric Wa, P(X) is a compact
metric space, often denoted by Py(X).

We remark that there is an isometric embedding X — P(X) given by
x — 0. This shows that diam(P2(X)) > diam(X). Since the reverse inequality
follows from the definition of Wa, actually diam(Pa(X)) = diam(X).

A Monge transport is a transference plan coming from a map F : X — X
with Fuug = pi1, given by m = (Id, F).uo. In general an optimal transference
plan does not have to be a Monge transport, although this may be true under
some assumptions (as we will recall below).

A function ¢ : X — [—00, 00) is d—;—concave if it is not identically —oco and
it can be written in the form

(1.15) ¢(x) = inf (W _5@/))

z'eX 2

for some function ¢ : X — [—00,00). Such functions play an important role in
the description of optimal transport on Riemannian manifolds.
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2. Geometry of the Wasserstein space

In this section, we investigate some features of the Wasserstein space
P,(X) associated to a compact length space (X, d). (Recall that the subscript
2 in P»(X) means that P(X) is equipped with the 2-Wasserstein metric.) We
show that P»(X) is a length space. We define displacement interpolations and
show that every Wasserstein geodesic comes from a displacement interpolation.
We then recall some facts about optimal transport on Riemannian manifolds.

2.1. Displacement interpolations. We denote by Lip([0, 1], X') the space of
Lipschitz continuous maps ¢ : [0,1] — X with the uniform topology. For any
k>0,

(2.1)  Lipy([0, 1], X)
- {c € Lip([0,1], X) : d(e(t), c(t')) < k|t — ¢'| for all ¢,¢' € [0, 1]}

is a compact subset of Lip([0, 1], X).

Let I' denote the set of minimizing geodesics on X. It is a closed subspace
of LiPgiam(x)([0; 1], X), defined by the equation L(c) = d(c(0), ¢(1)).

For any ¢ € [0, 1], the evaluation map e; : I' — X defined by

(2.2) er(y) = (t)

is continuous. Let F : I' — X x X be the “endpoints” map given by E(y) =
(eo(7),e1(7)). A dynamical transference plan consists of a transference plan 7
and a Borel measure IT on I' such that E,II = 7; it is said to be optimal if 7
itself is. In other words, the transference plan 7 tells us how much mass goes
from a point zy to another point x1, but does not tell us about the actual path
that the mass has to follow. Intuitively, mass should flow along geodesics, but
there may be several possible choices of geodesics between two given points and
the transport may be divided among these geodesics; this is the information
provided by II.

If IT is an optimal dynamical transference plan then for ¢ € [0, 1], we put

(2.3) e = (er) 1.

The one-parameter family of measures {ji},c[0,1) is called a displacement in-
terpolation. In other words, y; is what has become of the mass of pg after it
has travelled from time 0 to time ¢ according to the dynamical transference
plan II.

LEMMA 2.4. The map c : [0,1] — P3(X) given by c(t) = u; has length
L(c) = Wa(po, pi1)-
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Proof. Given 0 <t <t/ <1, (e, ep).Il is a particular transference plan
from py to py, and so

(2.5)
Walpe, ) < /

XxX

d(0,21)%d ((e1, ep)aTT) (0, 1) = / A (), 4(t))2dTI()
= [@ - 0PL e = (¢~ 17 [ d60)2(0)2dn)
N T
— (¢ 1P [ dlan, )P o 0) = (¢~ 0P Walpio )
XxX
Equation (2.5) implies that L(c) < Wa(po, 1), and so L(c) = Wa(po, p1). O

2.2. The Wasserstein space as a length space.

PROPOSITION 2.6. Let (X,d) be a compact length space. Then any two
points pg, p1 € Po(X) can be joined by a displacement interpolation.

Proof. The endpoints map F is Borel and surjective. Given (zg,z1) € X X
X, E=Y(zg,21) is compact. It follows that there is a Borel map §: X x X — T
so that FoS =1d xxx [46, Cor. A.6]. In words, S is a measurable way to join
points by minimizing geodesics. Given pg, pu1 € Py(X), let m be an optimal
transference plan between o and p1, and put II = S, (7). The corresponding
displacement interpolation joins pg and p;. O

COROLLARY 2.7. If X is a compact length space then P2(X) is a compact
length space.

Proof. We already know that P5(X) is compact. Given pg, pu; € Pa(X),
Proposition 2.6 gives a displacement interpolation ¢ from pg to 1. By Lemma
2.4, L(c) = Wa(uo, p1), so that P»(X) is also a length space. O

Remark 2.8. The same argument shows that (P(X),W),) is a compact
length space for all p € [1,00), where W), is the Wasserstein distance of order p
[44, §7.1.1].

Ezample 2.9. Suppose that X = AUBUC, where A, B and C are subsets
of the plane given by A = {(21,0): =2 < 1 < -1}, B = {(z1,72) : 23 + 23 =
1} and C = {(21,0) : 1 < 21 < 2}. Let pp be the one-dimensional Hausdorff
measure of A and let uq be the one-dimensional Hausdorff measure of C. Then
there is an uncountable number of Wasserstein geodesics from pg to p1, given
by the whims of a switchman at the point (—1,0).

2.3. Wasserstein geodesics as displacement interpolations. The next result
states that every Wasserstein geodesic arises from a displacement interpolation.
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PROPOSITION 2.10. Let (X, d) be a compact length space and let {1t }1e(o,1
be a geodesic path in Py(X). Then there exists some optimal dynamical trans-

ference plan 11 such that {Mt}te[o,l] 1s the displacement interpolation associated
to II.

Proof. Let {Mt}te[o,l] be a Wasserstein geodesic. Up to reparametrization,
we can assume that for all ¢,¢' € [0, 1],

(2.11) Wa(pe, ) = [t = ' Walpo, ).
(1/2)

Let wﬁﬂ?ml ,» be an optimal transference plan from pg to py /9, and let 73,2, be

an optimal transference plan from gy /5 to py. Consider the measure obtained
by “gling together” 70, and U2,

(0) (1/2)
(212) M(l) _ dﬂ-zo,x1/2d 12,1

d#1/2($1/2)
on X x X x X.

The precise meaning of this expression is just as in the “gluing lemma”
stated in [44, Lemma 7.6]: Decompose 7(®) with respect to the projection
p1: X x X — X on the second factor as 7(0) = Jg(c?)/zul/z(xlﬂ), where for jy o-
almost all 9, 03(6?)/2 € P(pfl(:vlm)) is a probability measure on pfl(ml/Q).
Decompose 7(1/2) with respect to the projection py : X x X — X on the

first factor as 7(1/2) = ag(gllff)ulﬂ(xln), where for py p-almost all zy 9, 03(611{22) €

P(pgl(xl/z)). Then, for F € C(X x X x X),

(2.13) / FdM® = / /
XxXxX X JprH(@iy2)xpg t (@1)2)
'F(%?951/27xl)d%(:?)/z(Jfo)dac(ellff)(xl)dﬂ1/2($1/2)-

The formula

(2.14) Ay 0, = /X MY, e,

defines a transference plan from pg to p1 with cost

(2.15) / d(wo, 21)dmg, g,
XxX
(0) d7r(1/2)

zdﬂxo,xl/z T1/2,%1
dM1/2(951/2)
dﬂé%)yivlmdﬂ;llfi)iﬁl
dﬂ1/2($1/2)
=2 (/ d($07$1/2)2dﬂég),xl/2 +/ d(371/27$1)2d779153,)11>
XxX XxX

=2 (Wz(MoM;)Q + Wz(u;,ul)Q) = Wa(po, ).

</ (d(z0, x1/2) + d(21/2,21))
XxXxX

S/ 2(d(wo, 1/2)* + d(w1)2,21)°)
XXX xX
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Thus 7 is an optimal transference plan and we must have equality everywhere
in (2.15). Let

(2.16) B = {(9507:151/2,151) € X X X x X :d(xo,21)2)

1
= d(131/2,$1) - id(x()a ‘Tl)}a
then MM is supported on B, For t € {0,%,1}, define ¢; : BY — X by
et(zo, ¥1/9, 1) = 74 Then (et)*M(l) = L.
We can repeat the same procedure using a decomposition of the interval
[0,1] into 2¢ subintervals. For any i > 1, define

(217) B(Z) = {(ZC(), Xo—iyX2.9—iy ..., L1921, xl) S X2i+1 : d(l’o, ZL‘Q—i)

= d(l’gﬂ', 1:2.271') =...= d(]:l_Qﬂ',J}l) = 27id($0, :Iil)}

For 0 < j < 2 — 1, choose an optimal transference plan W;jjf:)% 1y
Hj2-i 8O H(jq1).2-i- Then as before, we obtain a probability measure M@ on
B by
(2.18) _ _

@) B dr O (zg, zo-)dm® N (291, 29.0-4) ... dr(1 =2 (@1 g, 27)

Lotz dpg-i(w2-:) . . . dpy—2-1(T1-2-+)

from

The formula
(219) dﬂ—ﬂfoyl’l = A2i—1 Ml(‘f)%xz—ia'..yxl

defines a transference plan from g to py. For t = j-27% 0 < j < 2, define
e : B — X by et(xg,...,21) = z4; then (et)*M(i) = L.

Let S be as in the proof of Proposition 2.6. Given (zg,...,x1) € B,
define a map py, . 4, : [0,1] — X as the concatenation of the paths S(xg, z2-:),
S(xo-i,T2.9-1), ..., and S(xj_9-i,21). AS pa,,. 4 is a normalized continuous

curve from z to x; of length d(xg,x1), it is a geodesic. For each i, the linear
functional on C(T") given by

(220) F— ) F(pro7-.~,$1)sz(?,...,x1
X27'+1

defines a probability measure R®) on the compact space I'. Let R(°>®) be the
limit of a weak-* convergent subsequence of {R(i)}zl. It is also a probability
measure on I

For any ¢ € ot N[0,1] and f € C(X), we have [,(e;)* fdR® = [, fdu
for large i. Then fK(et)*de(Oo) = [y fdu; for all f € C(X), or equiva-
lently, (e;)R(>®) = p;. But as in the proof of Lemma 2.4, (e;).R(>) is weak-x
continuous in t. It follows that (e).R(>) = u; for all ¢ € [0, 1]. O
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2.4. Optimal transport on Riemannian manifolds. In the rest of this sec-
tion we discuss the case when X is a smooth, compact, connected Riemannian
manifold M with Riemannian metric g. (The results are also valid if g is only
C3-smooth.)

Given po, 1 € Py(M) which are absolutely continuous with respect to
dvolys, we know that there is a unique Wasserstein geodesic ¢ joining pg to
p1 [32, Th. 9]. Furthermore, for each t € [0,1], ¢(t) is absolutely continuous
with respect to dvolys [19, Prop. 5.4]. Thus it makes sense to talk about the
length space P3°(M) of Borel probability measures on M that are absolutely
continuous with respect to the Riemannian density, equipped with the metric
Ws. It is a dense totally convex subset of Pa(M). Note that if M is other than
a point then P§°(M) is an incomplete metric space and is neither open nor
closed in Py(M).

An optimal transference plan in P3°(M) turns out to be a Monge trans-
port; that is, c(t) = (F})«po for a family of Monge transports {Fi}c(o1] of
M. TFor each m € M, {Fy(m)}ico, ) is a minimizing geodesic. Further-
more, there is a %—concave function ¢ on M so that for almost all m € M,
Fy(m) = exp,,(—tV¢(m)) [19, Th. 3.2 and Cor. 5.2]. This function ¢, just
as any %—concave function on a compact Riemannian manifold, is Lipschitz
[32, Lemma 2] and has a Hessian almost everywhere [19, Prop. 3.14]. If we
only want the Wasserstein geodesic to be defined for an interval [0,771] then

. . 2
we can use the same formula with ¢ being Tg -concave.

3. Functionals on the Wasserstein space

This section is devoted to the study of certain functions on the Wasser-
stein space Po(X). We first define the functional U, on P»(X). We then define
A-displacement convexity of the functional, along with its variations: (weak)
A-(a.c.) displacement convexity. We give relations among these various no-
tions of displacement convexity. We define the H-functionals Hy ,. Finally,
under certain displacement convexity assumptions, we prove HWI functional
inequalities.

The notion of A-displacement convexity is more conventional than that of
weak A-displacement convexity. However, the “weak” notion turns out to be
more useful when considering measured Gromov-Hausdorff limits. We will see
that the “weak” hypothesis is sufficient for proving functional inequalities.

3.1. Weak displacement convexity. All of our results will involve a dis-
tinguished reference measure, which is not a priori canonically given. So by
“measured length space” we will mean a triple (X,d,v), where (X,d) is a
compact length space and v is a Borel probability measure on X. These as-
sumptions automatically imply that v is a regular measure.



920 JOHN LOTT AND CEDRIC VILLANI

We write

(3.1) Po(X,v) = {p € Py(X) : supp(p) C supp(v)}.

We denote by P3¢(X,v) the elements of P»(X, v) that are absolutely continuous
with respect to v.

Definition 3.2. Let U be a continuous convex function on [0,00) with
U(0) = 0. Given p,v € Po(X), we define the functional U, : Po(X) — RU{o0}
by

(3.3) mwzéwmwww+wmmmx
where
(3.4) p=pv + fis

is the Lebesgue decomposition of 1 with respect to v into an absolutely con-
tinuous part pr and a singular part ps.

Remark 3.5. If U'(c0) = oo, then finiteness of U, (u) implies that p is
absolutely continuous with respect to v. This is not true if U’(o0) < oo.

LEMMA 3.6. U,(u) > U,(v) =U(1).

Remark 3.7. The lemma says that as a function of u, U, is minimized
at v. If p is absolutely continuous with respect to v then the lemma is just
Jensen’s inequality in the form

(35) vt 2o ([ s ivis).

The general case could be proved using this particular case together with an
approximation argument such as Theorem C.12. However, we give a direct
proof below.

Proof of Lemma 3.6. As U is convex, for any « € (0,1) we have

(3.9) Ular+1—a) <aU(r)+ (1 —-a)U(1),
(3.10) Ur)—U(1) > é U(ar +1—a)—U(1)].

Then
U 1—a)-U(1
(3.11) / Ulp)dv — U(1) 2/ (apt+1=-c) = UQ)
X X ap—a
where we take the integrand of the right-hand-side to vanish at points x € X
where p(x) = 1. We break up the right-hand-side of (3.11) according to

(p—1)dv,
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whether p(z) < 1 or p(x) > 1. From monotone convergence, for p < 1 we
have

(3.12)
: Ulap+1—a)—U(1) -
alg{)l* X ap — o (p = Dlp<rdv =U_(1) /X(P — Dl dy,
while for p > 1 we have
(3.13)
- Ulap+1—a) —U(1)
ali,%l+ X ap — (p - 1)1p>1 dv = U_/‘_(l) /X(p — 1)1p>l dv.
Then

(3.14) /XU(,O)dZ/—U(l)ZU'_(l)/X(p—l)dy

HUL(1) - U (1) / (0 — Dy d

X
>U’ (1) /X(p— 1)dv > U'(c0) /X(p —1)dv
=—U"(00)ps(X).
As U, (v) = U(1), the lemma follows. O

Definition 3.15. Given a compact measured length space (X, d,v) and a
number A € R, we say that U, is

e \-displacement convex if for all Wasserstein geodesics {pu}ejo,1) with
o, 11 € Po(X,v), we have

(316)  Uylu) < U, () + (1~ 0 (o) — GA(1 — )W (pao, 1)
for all ¢t € [0, 1];

o weakly \-displacement convez if for all ug, 1 € Pa(X,v), there is some
Wasserstein geodesic from g to pg along which (3.16) is satisfied;

o (weakly) A-a.c. displacement convez if the condition is satisfied when we
just assume that po, p1 € P3(X,v).

Remark 3.17. In Definition 3.15 we assume that supp(ug) C supp(v) and
supp(p1) C supp(v), but we do not assume that supp(u¢) C supp(v) for t €
(0,1).

Remark 3.18. If U, is A-displacement convex and supp(v) = X then the
function t — U, (u¢) is Ad-convex on [0, 1]; i.e. forall 0 < s < ¢’ < landt € [0, 1],
(3.19)

1
UV(,Uts'-i—(l—t)s) < tU,(ps) + (1 = 1)Uy (ps) — 5)‘t(1 - t)(sl - 5)2W2(M07#1)2'

This is not a priori the case if we only assume that U, is weakly A-displacement
convex.
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We may sometimes write “displacement convex” instead of 0-displacement
convex. In short, weakly means that we require a condition to hold only for
some geodesic between two measures, as opposed to all geodesics, and a.c.
means that we only require the condition to hold when the two measures are
absolutely continuous.

There are obvious implications

A-displacement convex = weakly A-displacement convex

(3.20) ) \

A-a.c. displacement convex =—> weakly A-a.c. displacement convex.

The next proposition reverses the right vertical implication in (3.20).

PROPOSITION 3.21. Let U be a continuous convex function on [0, 00) with
U(0) =0. Let (X,d,v) be a compact measured length space. Then U, is weakly
A-displacement convex if and only if it is weakly M-a.c. displacement conver.

Proof. We must show that if U, is weakly A-a.c. displacement convex
then it is weakly A-displacement convex. That is, for ug, 1 € Po(X,v), we
must show that there is some Wasserstein geodesic {fi}efo,1) from po to i
along which

(322)  Uylu) < U(oi0) + (1~ 000, (m1) — GAHL — )W (jao, )

We may assume that U, (ug) < oo and U,(u1) < oo, as otherwise (3.22) is
trivially true for any Wasserstein geodesic from g to 1. From Theorem C.12
in Appendix C, there are sequences {1 0}5>, and {ug1}52, in P3(X,v) (in
fact with continuous densities) so that limy oo ptk,0 = po, imp— oo k1 = p1,
limy o0 Uy (ptr0) = U (o) and limg_oo Uy (1) = Up(p1). Let ¢ 2 [0,1] —
P>(X) be a minimal geodesic from (4,0 to g 1 such that for all ¢ € [0, 1],

(3.23) U,(cx(t)) <tUp(pr) + (1 =) U (pr0) — %/\t(l — ) Wal(pur0, 1)

After taking a subsequence, we may assume that the geodesics {c,}32, con-
verge uniformly (i.e. in C([0,1], P»(X))) to a geodesic ¢ : [0,1] — P»(X) from
to to pp [11, Th. 2.5.14 and Prop. 2.5.17]. The lower semicontinuity of U,,
Theorem B.33(i) in Appendix B, implies that

U,(c(t)) < li’gn inf U, (cx(t)).
—00
The proposition follows. O

In fact, the proof of Proposition 3.21 gives the following slightly stronger
result.

LEMMA 3.24. Let U be a continuous convex function on [0, 00) with U(0)
= 0. Let (X,d,v) be a compact measured length space. Suppose that for
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all po, p1 € P3(X,v) with continuous densities, there is some Wasserstein
geodesic from po to p1 along which (3.16) is satisfied. Then U, is weakly
A-displacement conver.

The next lemma gives sufficient conditions for the horizontal implications
in (3.20) to be reversed. We recall the definition of total convexity from Section
1.2.2.

LEMMA 3.25. (i) Suppose that X has the property that for each minimiz-
ing geodesic ¢ : [0,1] — Pa(X), there is some 6. > 0 so that the minimizing
geodesic between c(t) and c(t') is unique whenever |t — t'| < d.. Suppose that
supp(v) = X. If U, is weakly \-displacement convex then it is A-displacement
convex.

(ii) Suppose that P3°(X,v) is totally convexr in Pa(X). Suppose that X
has the property that for each minimizing geodesic c : [0,1] — P3°(X,v), there
is some 0. > 0 so that the minimizing geodesic between c(t) and c(t') is unique
whenever |t — t'| < 0.. Suppose that supp(v) = X. If U, is weakly M-a.c.
displacement convex then it is A-a.c. displacement convexz.

Proof. For part (i), suppose that U, is weakly A-displacement convex.
Let ¢ : [0,1] — P5(X) be a minimizing geodesic. We want to show the
A-convexity of U, along c. By assumption, for all 0 < s < s’ < 1 there is
some geodesic from ¢(s) to ¢(s’) so that (3.19) is satisfied for all ¢ € [0,1]. If
5.5]" It follows that the function
s — U,(c(s)) is A-convex on each interval [s, s'] with |s — §'| < 4., and hence
on [0, 1]. This proves part (i).

The same argument works for (ii) provided that we restrict to absolutely

continuous measures. |

3.2. Important examples. The following functionals will play an important
role.

Definition 3.26. Put

{Nr(l —r~UN) if1 < N < oo,
Un(r) =

(3.27) .
rlogr if N = o0.

Definition 3.28. Let Hy,, : P2(X) — [0, 00] be the functional associated
to Un, via Definition 3.3. More explicitly:
e For N € (1,00),

(3.29) Hy, =N — N/ p'-
X

where pv is the absolutely continuous part in the Lebesgue decomposition of
 with respect to v.
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e For N = oo, the functional H, , is defined as follows: if u is absolutely
continuous with respect to v, with yu = pv, then

(3.30) Hoo (1) :/ plog pdv,
b'e
while if ¢ is not absolutely continuous with respect to v then Hu (1) = 00.

To verify that Hy, is indeed the functional associated to Uy, we note
that Uy (co) = N and write

(3.31) N/Xp(l—p_if) dV+NuS(X):N/)(p(1—p_A17)dV

+N <1/ pdu)
X
:N—N/ PN du.
X

Of course, the difference of treatment of the singular part of v according
to whether N is finite or not reflects the fact that Uy grows at most linearly
when N < oo, but superlinearly when N = co. Theorem B.33 in Appendix B
ensures that Hy , is lower semicontinuous on P»(X).

Remark 3.32. Formally extending (3.27) to the case N = 1 would give
Ui(r) = r — 1, which does not satisfy the condition U(0) = 0. This could
be ameliorated by instead considering the function U(r) = r. However, the
corresponding entropy functional U, is identically one, which is not of much
use. We will deal with the case N = 1 separately.

Remark 3.33. The quantity Hu, ,(p) is variously called the Boltzmann
H-functional, the negative entropy or the relative Kullback information of
with respect to v. As a function of p, Hy,(p) attains a minimum when
= v, which can be considered to be the measure with the least information
content with respect to v. In some sense, Hy,, (¢) is a way of measuring the
nonuniformity of p with respect to v.

3.3. HWI inequalities.

Definition 3.34. Let (X, d,v) be a compact measured length space. Let U
be a continuous convex function on [0, c0), with U(0) = 0, which is C%-regular
on (0,00). Given pu € P3(X,v) with p = Z—‘VL a positive Lipschitz function on
X, define the “generalized Fisher information” Iy by

(3.35) Iy () = /X U (0)2 [V p? dp = /X pU"(0)2 |V pl? do.

(See Remark 3.56 about the terminology.)
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The following estimates generalize the ones that underlie the HWI in-
equalities in [36].

PROPOSITION 3.36. Let (X, d,v) be a compact measured length space. Let
U be a continuous convex function on [0,00) with U(0) = 0. Given p €
Py(X,v), let {pi}ecp,1) be a Wasserstein geodesic from pg = p to py = v.
Given X € R, suppose that (3.16) is satisfied. Then

(3.37) AWl v)? < Uyl) = Uu(0).

Now suppose in addition that U is C?-reqular on (0,00) and that p €
P3e(X,v) is such that p = % is a positive Lipschitz function on X. Suppose
that U, (1) < 0o and puy € P3°(X,v) for allt € [0,1]. Then

(3.38) U, (w) — U, (v) < Walp, v)/Ty () — —Wg (1, v

Proof. Consider the function ¢(t) = U,(yt). Then ¢(0) = U,(p) and
»(1) =U,(v). By assumption,

(3.39) B(1) < t6(1) + (1~ 1)0(0) — SN~ )Wa(y )

If ¢(0) — ¢(1) < 3AWa(p, v)? then as

o16) = 0(1) < (1=1) (800) ~ 0(1) = Wl )?).

we conclude that ¢(t) — ¢(1) is negative for ¢ close to 1, which contradicts
Lemma 3.6. Thus ¢(0) — ¢(1) > AW (u, v)?, which proves (3.37).

To prove (3.38), put p; = 4. Then ¢(t) = [, U(p;) dv. From (3.39), for
t > 0 we have

340)  0(0)— o) < - 2P0 Na ()

To prove the inequality (3.38), it suffices to prove that

(3.41) lim inf <—M> < Wa(p, v)/ Ty ().

t—0

The convexity of U implies that

(3.42) Ulpe) — Ulpo) = U'(po)(pt — po)-
Integrating with respect to v and dividing by —t < 0, we infer

343~ 10— 0] < 5 [ Vlon()ldia(o) = dpo(e)]
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By Proposition 2.10, p; = (e;).I1, where IT is a certain probability measure
on the space I' of minimal geodesics in X. In particular,

(3.44)
1 [0 oo t) -~ doe) = = [ 0 a0~ U @) ).
Since U’ is nondecreasing and td(v(0),v(1)) = d(v(0),~v(¢)), we have
(3.45)
1

— 1 [0 - Ui 0))] )
= —% /F o (D) <po((0)) [T (po(7(£))) = U (po(7(0)))] dI1(v)

U'(po(7(1))) — U'(po(7(0))) [po(7(£)) — po(7(0))]-
- /F po(v(t)) PO(V(O)) d(’y(()),’y(t)) d(7(0)7W(1))dH(7)>

where strictly speaking we define the integrand of the last term to be zero
when po(y(t)) = po(7(0)). Applying the Cauchy-Schwarz inequality, we can
bound the last term above by

U (a0 U O () ~ ol OO
(346 \// D)~ O o )

\/ / D)),

The second square root is just Wa(ug, p1). To conclude the argument, it suffices
to show that

(3.47)
T U () — Uy O o1 (8)) — po(7(O))]2
it | 0/ (0) — (7 ()2 i) M) = vl

The continuity of pg implies that lim;_, po(7(t)) = po(7(0)). So that

i [0 (0 (¥(1))) = U"(po(v(0)))?
=0 [po(v(t)) = po(7(0))]2

On the other hand, the definition of the gradient implies

o) — s ()2
(3.49) Bt = 1(0),7()2

(3.48) = U"(po(7(0)))*.

< |V o2 (7(0)).

As py is a positive Lipschitz function on X, and U’ is C'-regular on (0, 00), U’o

po is also Lipschitz on X. Then [U/(p“(Véa)()og’géf)oz)(‘y(o)))]2 is uniformly bounded
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on I', with respect to ¢, and dominated convergence implies that

(3.50)

gt | 000 = VOO by )~ Oy,

P S T () = po( ()2 d(3(0),1(1))?
< / U” (po(1(0)))2IV~ po[2(+(0)) dI() = / U” (po))2IV~ pol () dia(a).
T X

This concludes the proof of the inequality on the right-hand-side of (3.38). O

Remark 3.51. Modulo the notational burden caused by the nonsmooth
setting, the proof of Proposition 3.36 is somewhat simpler than the “standard”
Fuclidean proof because we used a convexity inequality to avoid computing
¢'(0) explicitly (compare with [44, p. 161]).

Particular cases 3.52. Taking U = Uy, with u = pv and p € Lip(X) a
positive function, define

N —1)2 ~p|?
() Wﬂl dv if1< N < oo,
N X pﬁ"'

(3.53) INy () =
— 2
/ M dv if N = o0.
p

Proposition (3.36) implies the following inequalities:
o If A > 0 then
(3.54)

]\ A
S Wapv)* < Hy (i) < Wa(p, v)\ In (i) = 5Walp, v)* < ﬁlzvu(u)

e If A <0 then
A
(3.55) Hy (1) < diam(X)y/ Iy, (1) — 3 diam(X)2.

Remark 3.56. I, (1) is the classical Fisher information of u relative to
the reference measure v, which is why we call Iy a “generalized Fisher infor-
mation”.

4. Weak displacement convexity
and measured Gromov-Hausdorff limits

In this section we first show that if a sequence of compact metric spaces
converges in the Gromov-Hausdorff topology then their associated Wasserstein
spaces also converge in the Gromov-Hausdorff topology. Assuming the results
of Appendices B and C, we show that weak displacement convexity of U, is
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preserved by measured Gromov-Hausdorff limits. Finally, we define the notion
of weak A-displacement convexity for a family F of functions U.

4.1. Gromov-Hausdorff convergence of the Wasserstein space.

PropPoOSITION 4.1. If f : (X1,d1) — (X2,d2) is an e-Gromov-Hausdorff
approximation then fi : Po(X1) — P2(X2) is an e-Gromov-Hausdorff approxi-
mation, where

(4.2) & =4e 4 /3e(2diam(X>) + 3¢).

COROLLARY 4.3. If a sequence of compact metric spaces {(Xi,d;)}2,
converges in the Gromov-Hausdorff topology to a compact metric space (X, d)
then {Po(X;)}52, converges in the Gromov-Hausdorff topology to P>(X).

Proof of Proposition 4.1. Given ui,p) € Pa2(X1), let 1 be an optimal
transference plan for 1 and p). Put ma = (f X f)«m1. Then 7y is a transference
plan for f.p and f.u). We have

(4.4) Wo( fupr, fapth)? S/ da(x2, y2)*dma (w2, y2)
XoxXo

:/ da(f(z1), (1)) dmi (21, 1)
X1 xX1

As

(4.5) |da(f(x1), f(1))? = da(w1,91)]
= |d2(f(z1), f(1)) — da(zr, y0)| (da(f (1), f (1)) + di(z1, 1)),

we have

(4.6) |da(f (1), f(11))? = di(21,91)?| < e(2diam(X,) + &)
and

(4.7) |do(f (1), f(41))? = di(21,91)?| < e(2diam(Xa) + €).

It follows that

(4.8) Wa(fuir, fepty)? < Walpr, py)? + €(2 diam(X1) + €)
and
(4.9) Wo(fepa, feph)? < Walp, ph)? + £(2 diam(X5) + ).

From this last inequality,

(4.10) Wal fepr, fopt)) < Walpn, 1)) + /(2 diam(X2) + ¢).
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We now exchange the roles of X; and X3. We correspondingly apply (4.8)
instead of (4.9), to the map f’' and the measures f,u1 and f.u), and use the
fact that f’ is a 3e-Gromov-Hausdorff approximation, to obtain

(411)  WalfL(fop), FL(Futth)) < Wolfupir, futty) + /32(2 diam(Xz) + 3¢).

Since f’ o f is an admissible Monge transport between pq and (f' o f).pu1, or
between g} and (f o f).p}, which moves points by a distance at most 2¢, we
have

(4.12) Wa(f o f)sp1, ) < 2e, Wa((f" o fepl, ph) < 2e.

Thus by (4.11) and the triangle inequality,

(4.13) Wolp1, tfh) < Wal fupn, fupt)) + 4e + /3e(2 diam(Xz) + 3¢).

Equations (4.10) and (4.13) show that condition (i) of Definition 1.8 is satisfied.

Finally, given us € Py(X32), consider the Monge transport f o f’ from ps
to (fof")sp2. Then Wa(ua, fu(fipz)) < e. Thus condition (ii) of Definition 1.8
is satisfied as well. O

Remark 4.14. The map f, is generally discontinuous. In fact, it is con-
tinuous if and only if f is continuous.

4.2. Stability of weak displacement convexity.

THEOREM 4.15. Let {(X;,d;,v;)}2, be a sequence of compact measured
length spaces so that lim; oo (X;, d;,v;) = (X, d, Vo) in the measured Gromov-
Hausdorff topology. Let U be a continuous convex function on [0,00) with
U(0) = 0. Given A € R, suppose that for all i, U,, is weakly \-displacement
convex for (X;,d;,v;). Then U, _ is weakly A-displacement convex for (X,d,v).

Proof. By Lemma 3.24, it suffices to show that for any pg, 1 € Pa(X)
with continuous densities with respect to v, there is a Wasserstein geodesic
joining them along which inequality (3.16) holds for U,_. We may assume
that U, (10) < oo and U, (1) < 00, as otherwise any Wasserstein geodesic
works.

Write pg = poveo and p1 = p1Veo. Let f; : X; — X be an g;-approximation,
with lim; oo &; = 0 and lim; oo (fi)sVi = Voo. If i is sufficiently large then

Jx pod(fi)svi > 0 and [y p1d(f;)«v; > 0. For such i, put p; o = fx(/{og% and

i _ (ff I)V'i . i _ D(f'i)*Vi . . _ l(fi)*V'i
Hil = 7]}( plg(fi)*l/,-' Then (fz)*,ul,o = 7fxppod(fi)*qu and (fz)*/ﬁz,l = 7fxppld(f¢)wi'

Now choose geodesics ¢; : [0,1] — P>(X;) with ¢;(0) = p; 0 and ¢;(1) = pi1 so
that for all ¢ € [0, 1], we have

(4.16) Uy, (ci(t)) < tUy, (in) + (1 = t)Uy, (pip) — %/\t(l — ) Wa (i 0, pin)*-
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From Lemma 1.11 and Corollary 4.3, after passing to a subsequence, the
maps (fi)« o ¢ : [0,1] — P»(X) converge uniformly to a continuous map
C: [0, 1] — PQ(X) As Wz(ci(t),ci(t’)) = ’t — t'\W2(ui,0,ui,1), it follows that
Wa(c(t),e(t)) = |t — t/|Wa(uo, p1). Thus ¢ is a Wasserstein geodesic. The
problem is to pass to the limit in (4.16) as ¢ — oo.

Given F' € C(X), the fact that pg € C(X) implies that

. . d(fi)«vi
4.17 lim Fd(f;)spio = hm/ Fpy—""7— :/ Fpodvs.
(4.17) i—oo Jx (fi)stio i—oo Jx OfXPOd(fi)*Vi x

Thus lim; oo (fi)spti0 = po. Similarly, lim; oo (fi)«pi1 = p1. It follows from
Corollary 4.3 that

(4.18) zlilgo Wa(pio, i) = Wa(po, pe1)-
Next,
(4.19)

R fipo = Po N
Uvi(hio) = /X v < Ix pocz(fi)*ui) a5 /X v (fx pod<fi>*ui> dlfo)svi-
As

. PO

4.20 lim U <> =Ul(po
( ) i—00 fX pod(fi)«vi (o)
uniformly on X, it follows that
(4.21)

. £0o .

lim U(>dfi*ui:hm/Up dfi*yi:/Up AVso .
imoo Jx  \ [y pod(fi)«vi (2 i—oo [x (po)d(£:) X (ko)

Thus lim;—,o0 Uy, (i,0) = Uy (o). Similarly, lim; oo Uy, (1ti1) = Uy (p11).
It follows from Theorem B.33(ii) in Appendix B that

(4.22) Uity ((fi)xci(t)) < Uy, (ci(t))-

Then, for any ¢ € [0, 1], we can combine this with the lower semicontinuity of
(u,v) — Uy (p) (Theorem B.33(i) in Appendix B) to obtain

(428) U (el®) < lminf Uy, ((f)oci(t)) < liminf Uy, (ei(8).

71— 00

Combining this with (4.18) and the preceding results, we can take i — oo
in (4.16) and find

(4240) Uy (elt) < o (1) + (1= )0s (o) — GA(1 — 1) Wa(ja0, )2

This concludes the proof. O
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Definition 4.25. Let F be a family of continuous convex functions U on
[0,00) with U(0) = 0. Given a function A : F — R U {—occ}, we say that a
compact measured length space (X, d,v) is weakly A-displacement convex for
the family F if for any puo, u1 € Po(X,v), one can find a Wasserstein geodesic
{#t}eejo) from pg to py so that for each U € F, U, satisfies

(4.26)  Up(p) < tU, (1) + (1 = 1)Us (o) — %A(U)t(l — t)Wa(uo, m)?
for all ¢ € [0, 1].

There is also an obvious definition of “weakly A-a.c. displacement con-
vex for the family F”, in which one just requires the condition to hold when
o, i1 € P3°(X, v). Note that in Definition 4.25, the same Wasserstein geodesic
{1t }efo,1] is supposed to work for all of the functions U € F. Hence if (X, d, v)
is weakly A-displacement convex for the family F then it is weakly A(U)-
displacement convex for each U € F, but the converse is not a prior: true.

The proof of Theorem 4.15 establishes the following result.

THEOREM 4.27. Let {(X;,d;,v;)}2, be a sequence of compact measured
length spaces with lim;_,oo (X, di,v;) = (X,d,vs) in the measured Gromov-
Hausdorff topology. Let F be a family of continuous convexr functions U on
[0,00) with U(0) = 0. Given a function A : F — RU{—o0}, suppose that each
(Xi,di,v;) is weakly \-displacement convex for the family F. Then (X, d, Vo)
is weakly \-displacement convex for the family F.

For later use, we note that the proof of Proposition 3.21 establishes the
following result.

PROPOSITION 4.28. Let F be a family of continuous convex functions U
on [0,00) with U(0) = 0. Giwven a function A : F — RU{—o0}, (X,d,v) is
weakly \-displacement convex for the family F if and only if it is weakly A-a.c.
displacement convex for the family F.

5. N-Ricci curvature for measured length spaces

This section deals with N-Ricci curvature and its basic properties. We
first define certain classes DCx of convex functions U. We use these to define
the notions of a measured length space (X, d,v) having nonnegative N-Ricci
curvature, or oco-Ricci curvature bounded below by K € R. We show that
these properties pass to totally convex subsets of X. We prove that the Ricci
curvature definitions are preserved by measured Gromov-Hausdorff limits. We
show that nonnegative N-Ricci curvature for N < oo implies a Bishop-Gromov-
type inequality. We show that in certain cases, lower Ricci curvature bounds
are preserved upon quotienting by compact group actions. Finally, we show



932 JOHN LOTT AND CEDRIC VILLANI

that under the assumption of nonnegative N-Ricci curvature with N < oo, any
two measures that are absolutely continuous with respect to v can be joined by
a Wasserstein geodesic all of whose points are absolutely continuous measures
with respect to v.

5.1. Displacement conver classes. We first define a suitable class of convex
functions, introduced by McCann [31]. Consider a continuous convex function
U :[0,00) — R with U(0) = 0. We define the nonnegative function

(5.1) p(r) = rUi(r) - U(r),

with p(0) = 0. If one thinks of U as defining an internal energy for a continuous
medium then p can be thought of as a pressure. By analogy, if U is C?-regular
on (0,00) then we define the “iterated pressure”

(5-2) pa(r) =rp'(r) — p(r).

Definition 5.3. For N € [1,00), we define DCy to be the set of all con-
tinuous convex functions U on [0, 00), with U(0) = 0, such that the function

(5.4) (A = AXNU(AN)

is convex on (0, 00).
We further define DCo, to be the set of all continuous convex functions U
on [0,00), with U(0) = 0, such that the function

(5.5) P(A) = e U(e™)
is convex on (—00, 00).

We note that the convexity of U implies that ¢ is nonincreasing in A, as
U(z)

—.— is nondecreasing in x. Below are some useful facts about the classes DCy .

LEMMA 5.6. If N < N’ then DCn+ C DCy.

Proof. If N’ < oo, let ¥ and ¥y denote the corresponding functions.
Then Yn(N) = Y ()\N/ N"). The conclusion follows from the fact that the
function z — ™/ is concave on [0,00), along with the fact that the com-
position of a nonincreasing convex function and a concave function is convex.
The case N’ = oo is similar. O

LEMMA 5.7. For N € [1, 0],

(a) If U is a continuous convex function on [0,00) with U(0) = 0 then U €
DCy if and only if the function r — p(r)/rl_% is nondecreasing on
(0,00).

(b) If U is a continuous convex function on [0,00) that is C%-regular on
(0,00) with U(0) =0, then U € DCy if and only if p» > —4%.
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Proof. Suppose first that U is a continuous convex function on [0, c0) and
N € [1,00). Putting 7(A) = A~V one can check that

(5.8) Y (A) = —Np(r)/r'=~.

Then 1 is convex if and only if 1" is nondecreasing, which is the case if and
only if the function 7 — p(r)/r'~¥ is nondecreasing (since the map A — A~V
is nonincreasing). Next, suppose that U is C%-regular on (0, 00). One can check
that

(5.9) Y'(\) = N2t <p2(r) + p](;«)> .
Then ) is convex if and only if 4" > 0, which is the case if and only if py > —%.
The proof in the case N = oo is similar. O

LEMMA 5.10. Given U € DCy, either U is linear or there exist a,b > 0
such that U(r) > arlogr — br.

Proof. The function U can be reconstructed from ¢ by the formula

(5.11) U(z) = zp(log(1/z)).

As 9 is convex and nonincreasing, either ¢ is constant or there are constants
a,b > 0 such that ¥(A) > —aX — b for all A € R. In the first case, U is linear.
In the second case, U(z) > —axlog(1l/x) — bx, as required. O

5.2. Ricci curvature via weak displacement convexity. We recall from
Definition 4.25 the notion of a compact measured length space (X, d, ) being
weakly A-displacement convex for a family of convex functions F.

Definition 5.12. Given N € [1,00|, we say that a compact measured
length space (X,d,v) has nonnegative N-Ricci curvature if it is weakly dis-
placement convex for the family DCy.

By Lemma 5.6, if N < N’ and X has nonnegative N-Ricci curvature then
it has nonnegative N’-Ricci curvature. In the case N = oo, we can define a
more precise notion.

Definition 5.13. Given K € R, define A : DCo, — RU {—00} by

Klim, o+ 22 if K >0,
(5.14) AU) = inf KM =40 if K =0,
r>0 r . () .
Klim,_ pT if K <0,
where p is given by (5.1). We say that a compact measured length space

(X, d,v) has co-Ricci curvature bounded below by K if it is weakly A-displacement
convex for the family DCy.
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If K < K’ and (X,d,v) has oco-Ricci curvature bounded below by K’ then
it has co-Ricci curvature bounded below by K.

The next proposition shows that our definitions localize on totally convex
subsets.

PRrROPOSITION 5.15. Suppose that a closed set A C X is totally convez.
Given v € Po(X) with v(A) > 0, put v/ = ﬁV‘A € Py(A).
(a) If (X,d,v) has nonnegative N-Ricci curvature then (A,d,v") has non-
negative N-Ricci curvature.

(b) If (X,d,v) has co-Ricci curvature bounded below by K then (A,d,v") has
oo-Ricci curvature bounded below by K.

Proof. By Proposition 2.10, P>(A) is a totally convex subset of P5(X).
Given p € Py(A) C Py(X), let u = pv + ps be its Lebesgue decomposition
with respect to v. Then p = p'v/ + ps is the Lebesgue decomposition of p
with respect to v/, where p/ = I/(A)p‘ - Given a continuous convex function
U :[0,00) — R with U(0) = 0, define

(5.16) U(r) =
Then U’(c0) = U’(c0), and U € DCy if and only if U € DCy . Now
(5.17) Us) = | UG/ + 0" (o))

A

_ V(lA) /A U(v(A)p) dv + U (00) s (A)

= [ Ot v+ Toc)a(X) = Tl

As Py(A, V) C Py(X,v), part (a) follows.
Letting p denote the pressure of U, one finds that
p(r) _ p(w(A)r)
5.18 = .
(5.18) r v(A)r

Then with reference to Definition 5.13, A(U) = A(U). Part (b) follows. O

5.3. Preservation of N-Ricci curvature bounds. The next theorem can be
considered to be the main result of this paper.

THEOREM 5.19. Let {(X;,d;,v3)}52, be a sequence of compact measured
length spaces with lim;_(X;,d;,v;) = (X,d,v) in the measured Gromov-
Hausdorff topology.

o If each (X;,d;,v;) has nonnegative N -Ricci curvature then (X, d,v) has
nonnegative N -Ricci curvature.
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e If each (X;,d;,v;) has co-Ricci curvature bounded below by K, for some
K € R, then (X,d,v) has co-Ricci curvature bounded below by K.

Proof. If N < oo then the theorem follows from Theorem 4.27 with the
family F = DCy and A = 0. If N = oo then it follows from Theorem 4.27 with
the family F = DCy and A given by Definition 5.13. O

In what we have presented so far, the concept of (X, d, v) having nonneg-
ative N-Ricci curvature, or having oo-Ricci curvature bounded below by K,
may seem somewhat abstract. In Section 7 we will show that in the setting of
Riemannian manifolds, it can be expressed in terms of classical tensors related
to the Ricci tensor.

5.4. Bishop-Gromov inequality. We first show that a weak displacement
convexity assumption implies that the measure v either is a delta function or
is nonatomic.

PROPOSITION 5.20. Let (X, d,v) be a compact measured length space. For
all N € (1,00], if Hn, is weakly \-displacement convex then v either is a delta
function or is nonatomic.

Proof.  We will assume that v({z}) € (0, 1) for some z € X and derive a
contradiction.

Suppose first that N € (1,00). Put pg = §, and py = % By
the hypothesis and Proposition 2.10, there is a displacement interpolation
{#e}eepo,1) from po to py along which (3.16) is satisfied with U, = Hy, .
Now Hy,(mo) = N — N(v({z}))"/N and Hy,, (1) = N = N(1 — v({z}))"/N.
Hence

(5.21)  Hyu(u) <N — (1 - )N(w({z})
SN = ()Y DAL~ )W (i, )

Put D = diam(X). As we have a displacement interpolation, it follows that if
t > 0 then supp(ut) C Bip(z) and pe({z}) = 0. When pu; = piv + (ut)s is the
Lebesgue decomposition of u; with respect to v, Holder’s inequality implies
that

(5.22) / piiﬁ dv = / ptliﬁ dv
X Bip(z)—{z}

-+ N
/ Pt dl/) v (BtD(x) - {x}) "
Bip(z)—{x}

< (BtD(x) - {x}) v
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Then
(5.23) Hyp() 2 N =N (V (M) N ”({x}))l/

As limy_,g+ v (Btp(a:)) = v({x}), we obtain a contradiction to (5.21) when ¢
is small.

If N = oo then Hy (o) = log m and Hu ,(11) = log % Hence

(5:24) Hoculn) < (1=)log 1 })+tlog ({ 5 M) Wy, ).

In particular, u; is absolutely continuous with respect to v. Write u; = pv.
Jensen’s inequality implies that for ¢ > 0,

(5.25)

dv
/BtD(w){x} Pt log(Pt)V (BtD(fU) _ {x})

dv dv
s (s ) "\ oo™ (1)
= ! log =
v (M - {a:}) v (W - {fU})
Then
(5.26) Hoou(pt) = /X ptlog(pr) dv = /B e} ptlog(pt) dv
> log !

v (Btp(x) — {x})

As limy_o+ v (BtD(m)) = v({z}), we obtain a contradiction to (5.24) when ¢
is small. O

We now prove a Bishop-Gromov-type inequality.

PROPOSITION 5.27. Let (X, d,v) be a compact measured length space. As-
sume that Hy ,, is weakly displacement convex on Py(X), for some N € (1,00).
Then for all z € supp(v) and all 0 < r; < ro,

(5.28) (B, (z)) < (’”2

™

)N V(Bo, (1)
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Proof. From Proposition 5.20 we may assume that v is nonatomic, as
LB, @)
2

the theorem is trivially true when v = §,. Put po = 6, and pu; = B

By the hypothesis and Proposition 2.10, there is a displacement interpolation
{Mt}te[o,l] from po to p1 along which (3.16) is satisfied with U, = Hy, and
A=0. Now Hy,, (o) = N and Hy, (1) = N — N(v(By,(x)))"/N. Hence

(5.29) Hy,(pit) < N —tN(w(B,,(z))Y".

Let py = piv + (ue)s be the Lebesgue decomposition of u; with respect to v.
As we have a displacement interpolation, p; vanishes outside of By, (x). Then
from Holder’s inequality,

(5.30) Hy,(pt) > N — N(v(By, ()N,

The theorem follows by taking t = :—; O

THEOREM 5.31. If a compact measured length space (X,d,v) has nonneg-
ative N-Ricci curvature for some N € [1,00) then for all x € supp(v) and all
0<r <rog,

T2

(5.32) v(By,(z)) < ( )NV(B,,1 (x)).

™

Proof. If N € (1,00) then the theorem follows from Proposition 5.27. If
N =1 then (X,d,v) has nonnegative N’-Ricci curvature for all N’ € (1, 00).
The theorem now follows by replacing N in (5.32) by N’ and taking N’ — 1.
O

COROLLARY 5.33. Given N € [1,00) and D > 0, the space of compact
measured length spaces (X, d, v) with nonnegative N -Ricci curvature, diam (X, d)
< D and supp(v) = X is sequentially compact in the measured Gromouv-
Hausdorff topology.

Proof. Let {(X;, d;, v;)}32, be a sequence of such spaces. Using the Bishop-
Gromov inequality of Theorem 5.31, along with the fact that supp(v;) = Xj, it
follows as in [23, Th. 5.3] that after passing to a subsequence we may assume
that {(X;,d;)};2, converges in the Gromov-Hausdorff topology to a compact
length space (X,d), necessarily with diam(X,d) < D. Let f; : X; — X
be Borel ¢;-approximations, with lim; .., &; = 0. From the compactness of
P(X), after passing to a subsequence we may assume that lim; oo (f;).v; = v
for some v € P5(X). From Theorem 5.19, (X,d,r) has nonnegative N-Ricci
curvature.

It remains to show that supp(r) = X. Given z € X, the measured
Gromov-Hausdorff convergence of {(Xj;,d;, )}, to (X,d,v) implies that
there is a sequence of points z; € X; with lim; . f;(x;) = x so that for allr > 0
and ¢ € (0,r), we have limsup,_, . v;(Br—c(z;)) < v(B,(z)). By Theorem 5.31,
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(r — &) Nuy(B,_o(z:)) > diam(X;,d;)"N. Then v(B,(z)) > (W)N

diam(
which proves the claim. O

Remark 5.34. Corollary 5.33 shows that it is consistent in some sense to
restrict to the case supp(r) = X, at least when N is finite; see also Theorem
5.53. The analog of Corollary 5.33 does not hold in the case N = oo, as can

2
e " dx

be seen by taking X = [-1,1], d(z,y) = |z —y|, v = T ity

and letting ¢
go to infinity.

5.5. Compact group actions. In this section we show that in certain cases,
lower Ricci curvature bounds are preserved upon quotienting by a compact
group action.

THEOREM 5.35. Let (X,d,v) be a compact measured length space. Sup-
pose that any two o, 1 € P3°(X,v) are joined by a unique Wasserstein
geodesic, that lies in P53°(X,v). Suppose that a compact topological group G
acts continuously and isometrically on X, preserving v. Let p: X — X/G be
the quotient map and let dx,q be the quotient metric. We have the following
implications:

a. For N € [1,00), if (X,d,v) has nonnegative N-Ricci curvature then
(X/G,dxq,p«v) has nonnegative N-Ricci curvature.

b. If (X,d,v) has oo-Ricci curvature bounded below by K then
(X/G,dx g, p«v) has co-Ricci curvature bounded below by K.

The proof of this theorem will be an easy consequence of the following
lemma, which does not involve the length space structure.

LEMMA 5.36. The map py : Pa2(X) — Py(X/QG) restricts to an isometric
isomorphism between the set Po(X)Y of G-invariant elements in Py(X), and
P (X/QG).

Proof.  Let dh be the normalized Haar measure on G. The map p, :
Py(X) — Py(X/G) restricts to an isomorphism p, : Po(X)% — P»(X/G); the
problem is to show that it is an isometry.

Let 7 be a transference plan between fig, 11 € PQ(X)G. Then 7 = ng .
mdh(g) is also a transference plan between g and fi1, with

(5.37) /X (@) - /G /X _dx(ag.Godr(@.5)an(s)

_ / dx (3, )2dx (7, 7).
XxX
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Thus there is a G-invariant optimal transference plan 7 between 1o and ;.
As m = (p X p),7 is a transference plan between p,jip and p.p1, with

2 = ), p(0)2d7(Z, 7
(5.38) /(X/G)X(X/(;) dx 6 (e, y)Pdn(z,y) = /X  dxalp(@), p) (3. )

< / dx (7, 5)2d7(F,7),
XxX

it follows that the map p, : Po(X)¢ — Py(X/G) is metrically nonincreasing.

Conversely, let s : (X/G) x (X/G) — X x X be a Borel map such that
(p xp)os =1d and dx os = dx/g. That is, given 2,y € X/G, the map
s picks points T € p~(x) and ¥ € p~!(y) in the corresponding orbits so
that the distance between  and ¥ is minimized among all pairs of points in
p~1(x) x p~L(y). (The existence of s follows from applying [46, Cor. A.6] to
the restriction of p x p to {(#,y) € X x X : dx(%,y) = dx;a(p(Z),p(y))}. The
restriction map is a surjective Borel map with compact preimages.) Given an
optimal transference plan m between 1o, 11 € Po(X/G), define a measure 7 on
X x X by saying that for all F € C(X x X),

(5.39) /X | Fii- / /X/G v PO - (0.0 (o).
Then for F € C((X/G) x (X/G)),

(5.40) / Fd(p x p)«7
(X/G)x(X/G)

—/ (p x p)*Fdr
XxX

/ / (0 % p)*F) (s(z,) - (9, 9))dr(z, y)dh(g)

(X/G)x(X/Q)

- / / F((p x p)(s(2,9) - (9,9))) dr(a,y)dh(g)
G J(X/Q)x(X/G)

F(z,y)dn(z,y).

/(X/G)X(X/G)

Thus (p X p)«7 = m. As 7 is G-invariant, it is a transference plan between
() (0, () (1) € Po(X)°. Now
(5.41)

/ dx (7,5)2d7(7,7) = / / dx(s(z,y) - (9. 9))2dn(z, y)dh(g)
XxX G J(X/)Q)x(X/G)

dX/G(x7 y)zdﬂ-(w‘v y)

B /<X/G)x<X/G>

Thus p, and (p,)~! are metrically nonincreasing, which shows that p, defines

an isometric isomorphism between P(X)% and Py(X/G). O
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Proof of Theorem 5.35. The proofs of parts a. and b. of the theorem are
similar, so we will be content with proving just part a.

First, (X/G,dx/q) is a length space. (Given z,y € X/G, let T € p~(z)
and y € p~l(y) satisfy dx(z,7) = dx/c(z,y). If c is a geodesic from T to y
then po ¢ is a geodesic from x to y.)

Given pg, p1 € P3(X/G,p.v), write po = pop«v and pg = pip«v. Put
o = (p*po)v and 1 = (p*p1)v. From Lemma 5.36, Wa(pg, 1) = Wa(uo, f11)-
By hypothesis, there is a Wasserstein geodesic { it }4¢[o,1] from fig to fi1 so that
for all U € DCy, equation (3.16) is satisfied along {fi¢ }+e[o,1, with A = 0. The
geodesic {ﬁt}te[o,u is G-invariant, as otherwise by applying an appropriate
element of G we would obtain two distinct Wasserstein geodesics between fig
and pi1. Put py = pupig. It follows from the above discussion that {u}ejo ]
is a curve with length Wa(ug, 1), and so is a Wasserstein geodesic. As piy €
P3¢(X,v), we have p; € P3°(X/G, psrv). Write py = pipsv. Then iy = (p*pe)v.
As
(5.42)

Up.v(1it) :/X/G U(pt)dp*VZ/XP*U(pt)dVZ/XU(p*m)dVZUu(ﬁt),

equation (3.16) is satisfied along {1t },¢[0,1), with A = 0. Along with Proposition
3.21, this concludes the proof of part a. O

5.6. Uniform integrability and absolute continuity. In what has been done
so far, it would be logically consistent to make our definition of nonnegative
N-Ricci curvature to mean weak displacement convexity of just Hy ,, and not
necessarily all of DCpx. The reasons to require weak displacement convexity for
DCy are first that we can, in the sense of being consistent with the classical
definitions in the case of a Riemannian manifold, and second that we thereby
obtain a useful absolute continuity property for the measures appearing in a
Wasserstein geodesic joining two absolutely continuous measures. This last
property will feed into Proposition 3.36, when proving Theorem 6.1.

LEMMA 5.43. Let {u;}", be a finite subset of P3°(X,v), with densities
pi = % If N < oo then there is a function U € DCx such that

U(r)

(5.44) lim =00
r—oo T
and
(5.45) sup /U(pi(x))dy(a;)<oo.
1<i<m Jx

Proof. As a special case of the Dunford-Pettis theorem [13, Th. 2.12],
there is an increasing function @ : (0, 00) — R such that

(5.46) im 20 _ o

r—oo T
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and

(5.47) sup / B(ps(x)) dv(z) < co.
1<i<m J X
We may assume that ® is identically zero on [0, 1].
Consider the function v : (0,00) — R given by

(5.48) Pp(A) = Ao,

Then ) = 0 on [1,00), and limy_g+ ¥(\) = co. Let ) be the lower convex hull
of ¢ on (0,00), i.e. the supremum of the linear functions bounded above by 1.
Then 1) = 0 on [1,00) and v is nonincreasing. We claim that limy_ g+ 1(\)

= oo. If not, suppose that limy_g+ Q;()\) = M < oco. Let a =sup,> w

< 00 (because this quantity is < 0 when A is small enough). Then ¢ (\) >
M +1—al, so limy_o+ ¥ (A) > M + 1, which is a contradiction.

Now set
(5.49) U(r) = r(r=V/N).
Since ¥ < ¢ and ®(r) = rop(r~/N), we see that U < ®. Hence
(5.50) sup / U(pi(z)) dv(z) < oo.
1<i<m J X

Since lim)y o+ ©¥(\) = 0o, we also know that

(5.51) lim 2

r—oo T

= OQ.

Clearly U is continuous with U(0) = 0. As J is convex and nonincreasing, it
follows that U is convex. Hence U € DCy. O

THEOREM 5.52. If (X, d,v) has nonnegative N-Ricci curvature for some
N € [1,00) then P3°(X,v) is a convex subset of Po(X).

Proof.  Given pg, 1 € P3(X,v), put pp = % and p; = %. By
Lemma 5.43, there is a U € DCy with U'(c0) = oo such that U, (ug) < oo
and U, (p1) < co. As (X,d,v) has nonnegative N-Ricci curvature, there is a
Wasserstein geodesic {pu}e(o,1] from po to p1 so that (3.16) is satisfied with
A = 0. In particular, U, (u) < oo for all t € [0,1]. As U'(o0) = oo, it follows

that p; € P3°(X,v) for each t. O

We now clarify the relationship between (X, d,r) having nonnegative
N-Ricci curvature and the analogous statement for supp(v). We recall the
notion of a subset A C X being convex or totally convex, from Section 1.2.2,
and we note that d ‘ , defines a length space structure on a closed subset A if
and only if A is convex in X.
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THEOREM 5.53. a. Given N € [1,00), suppose that a compact measured
length space (X,d,v) has nonnegative N-Ricci curvature. Then supp(v) is
a convex subset of X (although mnot necessarily totally convex) and
(supp(v), dlsupp(v), v) has nonnegative N-Ricci curvature. — Conversely, if
supp(v) is a convex subset of X and (supp(v),d|supp(v), V) has nonnegative
N-Ricci curvature then (X, d,v) has nonnegative N-Ricci curvature.

b. Given K € R, the analogous statement holds when one replaces “non-
negative N-Ricci curvature” by “oco-Ricci curvature bounded below by K.

Proof. a. Let (X,d,v) be a compact measured length space with non-
negative N-Ricci curvature. Let po and py be elements of P>(X,v). By
Theorem C.12 in Appendix C, there are sequences {puro}re; and {ug1}72,
in P3°(X,v) (in fact with continuous densities) such that limy_,o0 px,0 = po,
limp oo 1 = p1 and for all U € DCy, limp_ o0 Up(pr0) = U,(po) and
limy 00 Uy (pti1) = Up(p1). From the definition of nonnegative N-Ricci, for
each k there is a Wasserstein geodesic {i ¢ }+c[0,1] such that

(5.54) Up(pret) < t U (pie1) + (1 =) U (b 0)

for all U € DCx and t € [0,1]. By repeating the proof of Theorem 5.52, each
k¢ 1s absolutely continuous with respect to v. In particular, it is supported in
supp(v). By the same reasoning as in the proof of Proposition 3.21, after pass-
ing to a subsequence we may assume that as k — oo, the geodesics {Mk,t}te[o,l]
converge uniformly to a Wasserstein geodesic {Mt}te[o,l] that satisfies

(5.55) U (pz) <UL (pa) + (1 = ) Uy (po)-

For each t € [0, 1], the measure y; is the weak-* limit of the probability mea-
sures {fig¢}7>, which are all supported in the closed set supp(v). Hence py
is also supported in supp(v). To summarize, we have shown that {u}c(o,1) is
a Wasserstein geodesic lying in P(X, ) that satisfies (5.55) for all U € DCx
and ¢ € [0,1].

We now check that supp(v) is convex. Let z¢ and x1 be any two points in
supp(v). Applying the reasoning above to pg = d,, and u; = d,,, one obtains
the existence of a Wasserstein geodesic {Mt}te[o,l] joining d,, to 5, such that
each p; is supported in supp(r). By Proposition 2.10, there is an optimal
dynamical transference plan II € P(I") such that u; = (e).II for all ¢ € [0, 1].
For each t € [0,1], we know that ~(t) € supp(v) holds for II-almost all . It
follows that for IT-almost all 7, we have v(t) € supp(v) for all t € QN [0, 1].
As v € I' is continuous, this is the same as saying that for II-almost all 7, the
geodesic v is entirely contained in supp(v). Also, for II-almost all v we have
v(0) = xg and y(1) = z1. Thus xy and z; are indeed joined by a geodesic path
contained in supp(v).

This proves the direct implication in part a. The converse is immediate.
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b. The proof of part b. follows the same lines as that of part a. We
construct the approximants {0 }72, and {1152, with continuous densities,
and the geodesics {fk¢}ic0,1]- AS Heow(pior) < o0 and Heo o (1) < oo,
we can apply inequality (3.16) with U = Hy and A = K, to deduce that
Hoo o (per) < oo for all t € [0,1]. This implies that p j is absolutely continuous
with respect to v. The rest of the argument is similar to that of part a. O

Remark 5.56. Corollary 5.33 and Theorem 5.53.a together show that in
the case N < oo, we do not lose much by assuming that X = supp(v).

6. Log Sobolev, Talagrand and Poincaré inequalities

In this section we study several functional inequalities with geometric
content that are associated to optimal transport and concentration of measure:
log Sobolev inequalities, Talagrand inequalities and Poincaré inequalities. We
refer to [4] and [44, Ch. 9] for concise surveys about previous work on these
inequalities.

We first write some general functional inequalities. In the case of co-Ricci
curvature bounded below by K, we make explicit the ensuing log Sobolev in-
equalities, Talagrand inequalities and Poincaré inequalities. We then write out
explicit functional inequalities in the case of nonnegative N-Ricci curvature.
Finally, we prove a weak Bonnet-Myers theorem, following [36, §6].

6.1. The general inequalities. We recall the generalized Fisher information
of (3.53), where p € Lip(X) is positive and p = pr is the corresponding
measure.

THEOREM 6.1. Suppose that (X,d,v) has co-Ricci curvature bounded be-
low by K > 0. Then for all u € P2(X,v),

(6:2) S Wl ) < Hoc (1)

If now p € P3°(X,v) and its density p = % 18 a positive Lipschitz function
on X then
K 9 1
(6.3) Heoo (1) < Wa(p,v)/ Loow () — §W2(,Ua v)” < ﬁloo,u(ﬂ)-
If on the other hand (X,d,v) has co-Ricci curvature bounded below by K < 0
then
: K . 9
(6.4) Hoo () < diam(X)y/ Lo (1) — o) diam(X)“.

If (X,d,v) has nonnegative N-Ricci curvature then

(6.5) Hyy(p) < diam(X)y/In,(@).
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Proof. We wish to apply Proposition 3.36 to the cases described in
particular cases 3.52. Under the assumption that U, (u) < oo, we have to show
that there is a Wasserstein geodesic as in the statement of Proposition 3.36
with p; € P3°(X,v) for all t € [0,1]. If N = oo then there is some Wasserstein
geodesic {put}eep,1) from p to v which in particular satisfies equation (3.16)
with U, = Hy, and A = K. Hence Hu ,(111) < oo for all ¢t € [0,1] and the
claim follows from the fact that U/ (c0) = co. If N € [1,00) then the claim
follows from Theorem 5.52. O

We now express the conclusion of Theorem 6.1 in terms of more standard
inequalities, starting with the case N = oc.

6.2. The case N = 0.

Definition 6.6. Suppose that K > 0.
e We say that v satisfies a log Sobolev inequality with constant K, LSI(K),
if for all p € P§°(X, v) whose density p = fl—fj is Lipschitz and positive, we have

(6.7) HOO,V(M) IOO,I/(,“)-

< —
2K

e We say that v satisfies a Talagrand inequality with constant K, T(K),
if for all p € P(X,v),

2H (1)
—

e We say that v satisfies a Poincaré inequality with constant K, P(K), if
for all h € Lip(X) with [ hdv = 0, we have

1
(6.9) /thyg / IV~ h|? dv.
X K X

Remark 6.10. Here we used the gradient norm defined in (1.4), instead of
the one defined in (1.3). Accordingly, our log Sobolev inequality and Poincaré
inequalities are slightly stronger statements than those discussed by some other

(6.8) Wo(p,v) <

authors.

All of these inequalities are associated with concentration of measure [4],
[8], [9], [26], [27]. For example, T(K) implies a Gaussian-type concentration of
measure. The following chain of implications, none of which is an equivalence,
is well-known in the context of smooth Riemannian manifolds:

(6.11) [Ric > K] = LSI(K) = T(K) = P(K).

In the context of length spaces, we see from Theorem 6.1 that having oco-
Ricci curvature bounded below by K > 0 implies LSI(K') and T(K). The next
corollary makes the statement of the log Sobolev inequality more explicit.
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COROLLARY 6.12. Suppose that (X, d,v) has co-Ricci curvature bounded
below by K € R. If f € Lip(X) satisfies [ f?dv =1 then

(6.13) /X Plog(f?) dv < 2Wa(fv, V)4 //X V= f]2dv — %WQ(fQV, v)2.

In particular, if K > 0 then

(6.14) /XfQIOg(f2)dl/§[2(/X]V_f|2dy,

while if K <0 then

(6.15) /X f*log(f?) dv < 2 diam(X), //X V= f|2dv — %diam(xﬁ

Proof. For any € > 0, put p. = fl::‘f. From Theorem 6.1,

V= pel? K
(6.16) / pelog(pe) dv < Wa(pev, v) / V| dv — —Wa(pev,v)2.
X X Pe 2
As
|V_ps|2 1 4f2 — 2
6.17 = \v4
the corollary follows by taking ¢ — 0. O

We now recall the standard fact that LSI(K') implies P(K).

THEOREM 6.18. Let (X,d,v) be a compact measured length space satis-
fying LSI(K) for some K > 0. Then it also satisfies P(K).

Proof. Suppose that h € Lip(X) satisfies [ hdv = 0. For € € [0, ﬁ),
put fe =v1+eh >0. As 2f. V™ f. = eV h, it follows that

: 1 _ .09 1 —7 2
As the Taylor expansion of zlog(z) —x + 1 around z =1 is Q(x —1)24..,
2
(6.20) Eli>r(r]1+ 52/ Plog(f2)d / h* dv.
Then the conclusion follows from (6.14). O
Remark 6.21. If Q(h fX \Vh|2 dv defines a quadratic form on Lip(X),

which in addition is closable in L?(X,v), then there is a (nonpositive) self-
adjoint Laplacian A\, associated to (). In this case, P(K) implies that —A,
> K on the orthogonal complement of the constant functions.
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We do not claim to show that there are such Laplacians on (X,d,v) in
general. In the case of a limit space arising from a sequence of manifolds with
Ricci curvature bounded below, Cheeger and Colding used additional structure
on the limit space in order to show the Laplacian does exist [18].

As mentioned above, in the case of smooth Riemannian manifolds there
are stronger implications: T(K') implies P(K), and LSI(K) implies T(K). We
will show elsewhere that the former is always true, while the latter is true under
the additional assumption of a lower bound on the Alexandrov curvature:

THEOREM 6.22. Let (X,d,v) be a compact measured length space.
(i) If v satisfies T(K) for some K > 0, then it also satisfies P(K).

(ii) If X is a finite-dimensional Alexandrov space with Alezandrov curvature
bounded below, and v satisfies LSI(K) for some K > 0, then it also
satisfies T(K).

Remark 6.23. The Alexandrov curvature bound in (ii) essentially serves
as a regularity assumption. One can ask whether it can be weakened.

Remark 6.24. We have only discussed global Poincaré inequalities. There
is also a notion of a metric-measure space admitting a local Poincaré inequality,
as considered for example in [18]. If a measured length space (X,d,v) has
nonnegative N-Ricci curvature, with N < oo, then it admits a local Poincaré
inequality, at least if one assumes almost-everywhere uniqueness of geodesics.
We will discuss this in detail elsewhere.

6.3. The case N < co. We now write an analog of Corollary 6.12 in the
case N < co. Suppose that (X, d, v) has nonnegative N-Ricci curvature. Then
if p is a positive Lipschitz function on X, (6.5) says that
N -1 V-pl|?
diam(X) / | 5 pl dv.

X pNT

(6.25) N — N/ PN dv <
X

If N> 2 put f = psx. Then [, f¥2dv = 1 and one finds that (6.25) is
equivalent to

LGLER) 2(N-1) .. B
(6.26) 1—/Xf dVSN(N—Q)dlam(X)”/X|V fI?dv.

As in the proof of Corollary 6.12, equation (6.26) holds for all f € Lip(X)
satisfying [ f¥-2 dv = 1. From the Holder inequality,

(6.27) /Xf%iv_?dyg(/dey>’vz“(/sziﬂdy>’vjv*2:(/xfdy>lf“_
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Then (6.26) implies

628) 1< mdiamm, //X VP v+ (/dey>”2“.

Writing (6.28) in a homogeneous form, one sees that its content is as follows:
for a function F' on X, bounds on || V™ F |2 and || F' ||; imply a bound on
| F' || 2~ . This is of course an instance of Sobolev embedding.

If N =2, putting f = log(%), one finds that [y e~fdv =1 implies

s 1
(6.29) 1—/){@2 dv < 4diam(X)“/X\V_f2dy.

6.4. Weak Bonnet-Myers theorem. The classical Bonnet-Myers theorem
says that if M is a smooth connected complete N-dimensional Riemannian
manifold with Ricps > Kgps > 0, then diam(M) < 7/ 2L

We cannot give an immediate generalization of this theorem to a measured
length space (X,d,v), as we have not defined what it means to have N-Ricci
curvature bounded below by K for N < oo and K > 0. However, it does
make sense to state a weak version of the Bonnet-Myers theorem under the
assumptions that (X, d, v) has nonnegative N-Ricci curvature and has oo-Ricci
curvature bounded below by K > 0.

THEOREM 6.30. There is a constant C > 0 with the following property.
Let (X,d,v) be a compact measured length space with nonnegative N-Ricci

curvature, and oo-Ricci curvature bounded below by K > 0. Suppose that
supp(v) = X. Then

(6.31) diam(X) < C’\/z.

Proof. From Theorem 5.31, v satisfies the growth estimate

B
(6.32) UB(@) N ga<
v(Bar(r))
From Theorem 6.1, v satisfies T(K'). The result follows by repeating verbatim
the proof of [36, Th. 4] with R=0,n =N and p = K. O

Remark 6.33. The remark at the end of [36, §6] shows that C' = 7.7 is
admissible.

7. The case of Riemannian manifolds

In this section we look at the case of a smooth Riemannian manifold (M, g)
equipped with a smooth measure v. We define the tensor Ricy and show
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the equivalence of lower bounds on Ricy to various displacement convexity
conditions. In particular, we show that the measured length space (M, g,v)
has nonnegative N-Ricci curvature if and only if Ricy > 0, and that it has
oo-Ricci curvature bounded below by K if and only if Rice, > Kg.

We use this, along with Theorem 5.19, to characterize measured Ricci limit
spaces that happen to be smooth. We give some consequences concerning their
metric structure. We then show that for Riemannian manifolds, lower N-Ricci
curvature bounds are preserved under taking compact quotients. Finally, we
use displacement convexity to give a “synthetic” proof of a part of the Ricci
O’Neill theorem from [30].

7.1. Formulation of N-Ricci curvature in classical terms. Let (M, g) be
a smooth compact connected n-dimensional Riemannian manifold. Let Ric
denote its Ricci tensor.

Given ¥ € C*°(M) with [;, e ¥ dvoly; = 1, put dv = e~¥ dvoly.

Definition 7.1. For N € [1, 00|, the N-Ricci tensor of (M, g,v) is

Ric + Hess (V) if N = o0,
Ric+Hess (V) — x-dV ®@d¥ if n < N < o0,
Ric+ Hess (V) — co(d¥ @ d¥) if N =n,
—00 if N <n,

(7.2) RiCN =

where by convention co - 0 = 0.

The expression for Ricy is the Bakry-Emery tensor [6]. The expression for
Ricy with n < N < oo was considered in [30], [39]. The statement Ricy > Kg
is equivalent to the statement that the operator L = A — (VW) - V satisfies
Bakry’s curvature-dimension condition CD(K, N) [5, Prop. 6.2].

Given K € R, we recall the definition of A\ : DCoy — R U {—00} from
Definition 5.13.

THEOREM 7.3. a. For N € (1,00), the following are equivalent:
(1) Ricy > 0.
(2) The measured length space (M, g,v) has nonnegative N -Ricci curvature.
(3) For allU € DCy, U, is weakly displacement convex on Py(M).
(4) For allU € DCy, U, is weakly a.c. displacement convex on P3°(M).
(5)

5) Hpy, is weakly a.c. displacement convex on P3°(M).

b. For any K € R, the following are equivalent:
(1) Riceo > Kg.
(2) The measured length space (M, g,v) has co-Ricci curvature bounded below
by K.
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(3) For allU € DCx, U, is weakly A\(U)-displacement convex on Py(M).
(4) ForallU € DCo, U, is weakly \(U)-a.c. displacement convex on P3(M).
(5) Hoo, is weakly K-a.c. displacement convex on P3°(M).

For both parts (a) and (b), the nontrivial implications are (1) = (2) and
(5) = (1). The proof that (1) = (2) will be along the lines of [19, Th. 6.2],
with some differences. One ingredient is the following lemma.

LEMMA 7.4. Let ¢ : M — R be a d;—concave function. We recall that
¢ 1is necessarily Lipschitz and hence (V¢)(y) exists for almost all y € M. For
such y, define

(7.5) Fi(y) = exp, (=tV(y)).
Assume furthermore that y € M is such that
(i) ¢ admits a Hessian at y (in the sense of Alexandrov),
(ii) Fi is differentiable at y for allt € [0,1) and
(iii) dF(y) is nonsingular for allt € [0,1).

Then D(t) = det (dFy(y)) satisfies the differential inequality

D"(t)
D(t)

1
(7.6) < —Ric(Fi(y), F(y)  te(0,1).
Proof. Let {e;}}; be an orthonormal basis of T, M. For each i, let J;(t)
be defined by

(7.7) Jit) = (dF)),(es).

Then {J;(t)}~, is a Jacobi field with J;(0) = e;. Next, we note that d¢ is
differentiable at y, and that d(d¢), coincides with Hess ,(¢), up to identifica-
tion. This is not so obvious (indeed, the existence of a Hessian only means
the existence of a second-order Taylor expansion) but can be shown as a con-
sequence of the semiconcavity of ¢, as in [19, Prop. 4.1 (b)]. (The case of a
convex function in R™ is treated in [1, Ths. 3.2 and 7.10].) It follows that

(7.8) J;(0) = — Hess (¢)(y)es.
Let now W (t) be the (n x n)-matrix with
(7.9) Wij (t) = (Ji(t), J;(t));

then det (dF})(y) = detz W (t).
Since W (t) is nonsingular for ¢ € [0,1), {J;(t)}i_, is a basis of T, M.
Define a matrix R(t) by Ji(t) = 3_; R(t)ng(t). It follows from the equation

(7.10) & (0, 0) — (D), 1)) = 0
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and the self-adjointness of Hess (¢)(y) that RW — WRT = 0 for all t € [0,1),
or equivalently, R = WRTW =1, (More intrinsically, the linear operator on
TF, ()M defined by R satisfies R = R*, where R* is the dual defined using the
inner product on T, M.)

Next,

(7.11) W' = RW + WRT,

Applying the Jacobi equation to

(7.12) Wi = (Ji'(2), Jj(8) + (Ji(t), J7 (8)) + 2(J;(2), J5(2))
gives
(7.13) W" = —2Riem(-, F/(y), -, F{(y)) + 2RWRT.
Now
d . 1. .

14 —detn = —detan Tr (W'W 1
(7.14) dtdet W (t) 2nclet W(t) e (W'W™)
and

d2 1 ]_ 1 2
(7.15) Tdet W(t) = —sdetz= W (t) (Tr (Ww'w—h)

1. .
— 5 detz W (t) Tx (W'w—1H?)
1 1 -1
+ o -detz W (1) Tr (W'w=1).

Then by (7.11) and (7.13),

7.16 D*1d2D—1TR2 2T R? 1R‘ F!(y), F! Lp R?
(7.16) W*ﬁ( r(R)) - r( )—ﬁ ic(F/(y), t(y))"i_ﬁ r(R7).
As R is self-adjoint,

1
(7.17) E(Tr(R))Q — Tr(R% <0,
from which the conclusion follows. O

Proof of Theorem 7.3, part (a). To show (1) = (2), suppose that Ricy > 0.
By the definition of Ricy, we must have n < N, or n = N and V¥ is constant.
Suppose first that n < N. We can write

(7.18) Ricy = Ric—(N — n)e% Hess (eiﬁ) .

Given jug, 1 € P3°(M), let {p}iepo,1) be the unique Wasserstein geodesic
from g to pi. From Proposition 4.28, in order to prove (2) it suffices to show
that for all such pp and pq, and all U € DCy, the inequality (3.16) is satisfied
with A = 0.
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We recall facts from Subsection 2.4 about optimal transport on Rieman-
nian manifolds. In particular, u; is absolutely continuous with respect to dvoly,
f(;r all ¢, and takes the form (F}).uo, where Fi(y) = exp,(—tV¢(y)) for some
%—concave function ¢. Put ny = di‘ffM. Using the nonsmooth change-of-

variables formula proven in [19, Cor. 4.7] (see also [31, Th. 4.4]), we can write

(7.19)
Uuti) = | U (m))e*0 dvol(m)

_ / U(eﬂz(mw))%(y)) VW) det(dF) () dvola (y).
M

det(dF;)(y)
Putting
(7.20) Cly,t) = e~ % det™ (dF,)(y),
we can write
(7.21) (1) / Cly )N U (m0(y)C (1)) dvolas ().

Suppose that we can show that C(y,t) is concave in ¢ for almost all y € M.
Then for y € supp(po), as the map

(7.22) A= @AV (no(y)A™Y)

is nonincreasing and convex, and the composition of a nonincreasing convex
function with a concave function is convex, the integrand of (7.21) is convex
in ¢. Hence U, (p) will be convex in ¢.

To show that C(y,t) is concave in t, fix y. Put

(7.23) Ci(t) = e v
and
(7.24) Co(t) = det (dFy)(y),
so that C(y,t) = C1(t) ~ Ca(t)~. We have
d2C d2C
10 —10°01
(7.25)  NCT'—o = (N -n)Cy'— o
L, d2Cy n(N—n) [, ,dC _,dCy)\?
1 2 101 1042
Tl N <Cl a9 a )

. . d*C
< (Ric—Ricy) (F/(y), F{(y)) +nCy ' dt22'

We may assume that the function ¢ has a Hessian at y [19, Th. 4.2(a)], and that
dF; is well-defined and nonsingular at y for all ¢t € [0,1) [19, Claim 4.3(a-b)].
Then Lemma 7.4 shows that

(7.26) ncy 12 C < —Ric(Fl(y), Fi(y))-
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So NC~Y(t)C"(t) < —Ricn(F/(y), F{(y)) < 0. This shows that (M,g,v) is
weakly displacement convex for the family DCy.

The proof in the case N = n follows the same lines, if we replace C by 1
and Cy by C.

We now prove the implication (5) = (1). Putting U = Uy in (7.21), we
obtain

(7.27) Hyolp) = N =N [ Clo i)'~ dvolus(v)

Suppose first that n < N and Hy,, is weakly a.c. displacement convex. Given
m € M and v € T,,M, we want to show that Ricy(v,v) > 0. Choose a
smooth function ¢, defined in a neighborhood of m, so that v = —(V¢)(m),
Hess (¢)(m) is proportionate to g(m) and

1 1
N nv‘li = E(Ag{))(m)

(7.28)

Consider the geodesic segment ¢ — exp,, (tv). Then

(7.29) crH0)C(0) = — ¥ 1_ —o¥

and

(730)  CFO)CH0) = 5 T (0) = - TH(R(0))
=~ Te(Hess (6)(m)) = - (A6)(m).

Hence by construction, C;*(0)C}(0) = C5(0)C%(0). From (7.25),
(7.31) NC~H0)C"(0) = (Ric — Ricy) (v,v) +nCy 1 (0)C5(0).
As R(0) is a multiple of the identity, (7.16) now implies that
(7.32) NC~Y0)C"(0) = — Ricy (v,v).

For small numbers 1,e9 > 0, consider a smooth probability measure g with
support in an e1-ball around m. Put p; = (Fg,)«po where F; is defined by
Fi(y) = exp, (=tVe(y)). If e2 is small enough then e3¢ is %z—concave. As po
is absolutely continuous, Fg, is the unique optimal transport between pg and
(Fe,)«0- As a consequence, p; = (Fie, )« o is the unique Wasserstein geodesic
from pip to p1. Since 1 — 0 and then e — 0, if Hy, is to satisfy (3.16) for
all such pg then we must have C”(0) < 0. Hence Ricy(v,v) > 0. Since v was
arbitrary, this shows that Ricy > 0.

Now suppose that N = n and Hy , is weakly a.c. displacement convex.
Given m € M and v € T,,, M, we want to show that v¥ = 0 and Ric(v,v) > 0.

Choose a smooth function ¢, defined in a neighborhood of m, so that v =
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—(V¢)(m), and Hess (¢)(m) is proportionate to g(m). We must again have
C"(0) <0, where now C(t) = e~ l’(F5<y))det%(all*"t)(y). By direct computation,
Cl/(o)

C(0)

If ¥ # 0 then we can make C”(0) > 0 by an appropriate choice of A¢. Hence
U must be constant and then we must have Ric(v,v) > 0.
Finally, if N < n then (7.25) gives

(E)?  2(wT)(A¢)(m)

7.33
(7.33) o >

=~ (Ric+ Hess (¥))(v,v) +

(7.34) NC(;/((OO; — _(Ric+ Hess (1))(v, )
(w¥)2  n(N —n) vl (Ag)(m)\?
+N —n N <_N —n + n ) '

One can always choose (A¢)(m) to make C”(0) positive and so Hy, cannot
be weakly a.c. displacement convex. O

Proof of Theorem 7.3, part (b). We first show (1) = (2). Suppose that
Ricoe > Kg. Given pg, 1 € P§(M), we again use (7.19), with U € DCx.
Putting

(7.35) C(y,t) = —U(Fi(y)) + log det(dFi)(y),
we have
(7.36) Uy () = /M Cty (no(y)e_c(y’t)> dvolys(y).

As in the proof of (a), the condition Rics, > Kg implies that
d*C

C < —KIFl(y)P = ~K|Vol(y).

where the last equality comes from the constant speed of the geodesic t —
F;(y). By assumption, the map

(7.38) A= (m)erU(no(y)e )

is nonincreasing and convex in A, with derivative —%)):::). It follows that

(7.37)

the composition

(7:39) t— g (n)e“ U0 (mo(y)e= W)

is \(U)|V¢|?(y)-convex in t. Then

(7.40) Cwdr (no(y)e—c‘(y,t)) < teCEDY (T]o(y)e_c(y’l)>

+ (1= )W (o(y)e=00)

~ MOIVSP W) o)



954 JOHN LOTT AND CEDRIC VILLANI

Integrating with respect to dvolys(y) and using the fact that

(7.41) Wa (o, in)? = /M V6P ()0 (y) dvolay ()

show that (3.16) is satisfied with A = A(U). The implication (1) = (2) now
follows from Proposition 4.28.
The proof that (5) = (1) is similar to the proof in part (a). O

The case N = 1 is slightly different because Hi , is not defined. However,
the rest of Theorem 7.3.a carries through.

THEOREM 7.42. a. The following are equivalent:
(1) Ricy > 0.
(2) The measured length space (M, g,v) has nonnegative 1-Ricci curvature.
(3)
(4) For all U € DCy, U, is weakly a.c. displacement convex on P3°(M).

For allU € DCy, U, is weakly displacement convex on Py(M).

Proof. The proofs of (1) = (2) = (3) = (4) are as in the proof of
Theorem 7.3.a. It remains to show that (4) = (1). Since DCy C DC; for all
N > 1, condition (4) implies that U, is weakly a.c. displacement convex on
P3¢(M) for all U € DCy. So by Theorem 7.3.a, M satisfies Ricy > 0 for all
N > 1. It follows that n < 1. If n = 0, i.e. M is a point, then Ric; > 0 holds
automatically. If n = 1, i.e. M is a circle, then taking N — 17 shows that
Ricy > 0, i.e. ¥ is constant. O

Remark 7.43. In the Riemannian case there is a unique Wasserstein geo-
desic joining pg, 1 € P3°(M). Hence we could add two more equivalences to
Theorem 7.3. Namely, a.(4) is equivalent to saying that for all U € DCy, U,
is a.c. displacement convex on P3¢(M), and b.(4) is equivalent to saying that
for all U € DCw, U, is A(U)-a.c. displacement convex on P3¢(M).

Remark 7.44. Theorem 7.3 also holds under weaker regularity assump-
tions. For example, if ¥ is a continuous function on Euclidean R™ then
(R”,e“l’ dvoan) has oo-Ricci curvature bounded below by zero if and only
if ¥ is convex.

7.2. Geometric corollaries. We have shown that our abstract notion of
a lower Ricci curvature bound is stable under measured Gromov-Hausdorff
convergence (Theorem 5.19) and, in the Riemannian setting, coincides with a
classical notion (Theorem 7.3). This subsection is devoted to various geometric
applications.

We first give a characterization of the smooth elements in the set of mea-
sured Gromov-Hausdorff limits of manifolds with Ricci curvature bounded be-
low.
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COROLLARY 7.45. Let (B,gp) be a smooth compact connected Rieman-
nian manifold, equipped with the Riemannian density dvolg, and let ¥ be a
C?-regular function on B which is normalized by an additive constant so that
e~V dvolp is a probability measure on B. We have the following implications:

(i) If (B, gp,e~ ¥ dvolg) is a measured Gromov-Hausdorff limit of Rieman-
nian manifolds with nonnegative Ricci curvature and dimension at most
N then Ricy(B) > 0.

(i) If (B, gp,e~Y dvolg) is a measured Gromov-Hausdorff limit of Rieman-
nian manifolds with Ricci curvature bounded below by K € R then
Riceo(B) > Kgp.

(ii) As a partial converse, if (B, gp,e~¥ dvolg) has Ricy(B) > 0 with N >
dim(B) + 2 an integer then (B, gp,e” Y dvolp) is a measured Gromov-
Hausdorff limit of Riemannian manifolds with nonnegative Ricci curva-
ture and dimension at most N.

(ii") If (B, gp,e”Y dvolg) has Riceo(B) > Kgp then (B,gp,e ¥ dvolp) is
a measured Gromov-Hausdorff limit of Riemannian manifolds M; with
Ric(M;) > (K — $)gur,.-

Proof.  Parts (i) and (i') are a direct consequence of Theorems 5.19,
7.3 and 7.42. Part (ii) follows from the warped product construction of [30,
Th. 3.1]. The proof of (ii’) is similar. O

Remark 7.46. In Corollary 7.45(ii’), if K # 0 then one can use a rescaling
argument to transform the condition Ric(M;) > (K - %) g, into the more
stringent condition Ric(M;) > K ga,.

The next two corollaries give some consequences of Corollary 7.45 for
the metric structure of smooth limit spaces, i.e. for the aspects of the limit
metric-measure spaces that are independent of the measure. In general, one
cannot change the conclusion of Corollary 7.45(i) to obtain a lower bound on
Ric instead of Ricy. However, one does obtain such a lower bound in the
noncollapsing case.

COROLLARY 7.47. a. Suppose that (X,d) is a Gromov-Hausdorff limit
of n-dimensional Riemannian manifolds with nonnegative Ricci curvature. If
(X,d) has Hausdorff dimension n, and vy is its normalized n-dimensional
Hausdorff measure, then (X,d,vyg) has nonnegative n-Ricci curvature.

b. If in addition (X, d) happens to be a smooth n-dimensional Riemannian
manifold (B, gg) then Ric(B) > 0.

Proof. a. If {M;}°, is a sequence of n-dimensional Riemannian manifolds
with nonnegative Ricci curvature and { f; }52, is a sequence of ¢;-approximations
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fi : M — X, with lim;_, o &; = 0, then lim; o (f;)« dvoly;, = vy in the weak-x*
topology [16, Ths. 3.1 and 5.9]. (This also shows that the n-dimensional Haus-
dorff measure on X can be normalized to be a probability measure.) Then
part a. follows from Theorems 5.19 and 7.3.

b. If (X,d) = (B,gp) then vy = 3(:’1??) and the claim follows from Theo-

rem 7.3, along with the definition of Ric,. O

Remark 7.48. A special case of Corollary 7.47.a occurs when (X, d) is an
n-dimensional Gromov-Hausdorff limit of a sequence of n-dimensional Rieman-
nian manifolds with nonnegative sectional curvature. In this case, (X, d) has
nonnegative Alexandrov curvature and (X, d, vg) has nonnegative n-Ricci cur-
vature. More generally, we expect that for an n-dimensional compact length
space (X,d) with Alexandrov curvature bounded below, equipped with the
normalized n-dimensional Hausdorff measure vy,

1. If (X, d) has nonnegative Alexandrov curvature then (X, d,vy) has non-
negative n-Ricci curvature, and

2. For n > 1, if (X,d) has Alexandrov curvature bounded below by %
then (X, d, vg) has oo-Ricci curvature bounded below by K.

It is possible that the proof of Theorem 7.3 can be adapted to show this.

As mentioned above, in the collapsing case the lower bound in the con-
clusion of Corollary 7.45(i) (or Corollary 7.45(i")) would generally fail if we
replaced Ricy (or Rics) by Ric. However, one does obtain a lower bound on
the average scalar curvature of B.

COROLLARY 7.49. If (B,gB, eV dvolB) 18 a smooth n-dimensional mea-
sured Gromov-Hausdorff limit of Riemannian manifolds (of arbitrary dimen-
sion), each with Ricci curvature bounded below by K € R, then the scalar
curvature S of (B, gg) satisfies

fBdeolB

(7.50) B 2"

Proof.  From Corollary 7.45(iii), Ric(B)+Hess (V) > Kgp. Tracing gives
S+ AV > nK. Integrating gives [ .S dvolp > nK vol(B). O

Next, we show that for Riemannian manifolds, lower N-Ricci curvature
bounds are preserved upon taking quotients by compact Lie group actions.

COROLLARY 7.51. Let M be a compact connected Riemannian manifold.
Let G be a compact Lie group that acts isometrically on M, preserving a func-
tion ¥ € C°(M) that satisfies [,, eV dvolyy = 1. Let p : M — M/G be the
quotient map.
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a. For N € [1,00), if (M,e™" dvoly;) has Ricy > 0 then

(M/Gv dM/G7p*(€_\II dVOlM))

has nonnegative N-Ricci curvature.

b. If (M, e ¥ dvolM) has Ricoe > Kgps then (M/G,dM/G,p*(e*‘l’ dvolyy))
has o0o-Ricci curvature bounded below by K.

Proof. This follows from Theorem 5.35. O

Corollary 7.51 provides many examples of singular spaces with lower Ricci
curvature bounds. Of course, the main case is when V¥ is constant.

We conclude this section by giving a “synthetic” proof of a part of the
Ricci-O’Neill theorem of [30, Th. 2].

COROLLARY 7.52. Let p: M — B be a Riemannian submersion of com-
pact connected manifolds, with fibers Z,. Choose N > dim(M) and ¥y, €
Co°(M) with [, e dvoly = 1; if N = dim(M) then we assume that Uy
is constant. Define Vg € C*(B) by p« (e_q’M dvolM) = e Y5 dvolg. Suppose
that the fiber parallel transport of the Riemannian submersion preserves the
fiberwise measures e*‘I’M‘ 5 dvolz up to multiplicative constants. (That is, if
v : [0,1] — B is a smooth path in B, let Py : Zy ) — Zy1) denote the fiber
transport diffeomorphism.) Then we assume that there is a constant C, > 0
so that

(7.53) Py (7%, dvoly,,)) = Coe™"], dvoly

Zy( ¥(1) Zy( v(0) *

With these assumptions,
a. If Ricy (M) > 0 then Ricy(B) > 0.
b. For any K € R, if Ricoo (M) > Kgpr then Ricoo(B) > Kgp.

Proof. Put vy = e~¥» dvoly; and vg = e~ Y2 dvolg. We can decompose
vy with respect to p as o(b)vg(b), with o(b) € P3°(Z,). From the assump-
tions, the family {o(b) }sep of vertical densities is invariant under fiber parallel
transport.

To prove part (a), let {1t }1e(0,1] be a Wasserstein geodesic in P3¢(B). De-
fine {4} }ejo) in P5(M) by py = o(b)pe(b). By construction, the correspond-
ing densities satisfy p; = p*ps. Thus Hy,,, (1}) = Hn oy, (pe). Furthermore,
{1t }eepo,1) is a Wasserstein geodesic; if (F})scpo,1) is an optimal Monge trans-
port from pg to p1 then its horizontal lift is an optimal Monge transport from
Ho to pf, with generating function ¢pr = p*¢p. From Theorem 7.3(a) and
Remark 7.43, Hy ,,, is a.c. displacement convex on P§°(M). In particular,
(3.16) is satisfied along {y}}scio,1) With U, = Hy,,, and A = 0. Then the
same equation is satisfied along {jt},c(0,1) with U, = Hy ,,, and A = 0. Thus
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Hy,, is a.c. displacement convex on P§°(B). Theorem 7.3(a) now implies
that Ricy(B) > 0.
The proof of part (b) is similar. O

Remark 7.54. In fact, for any N € [1,00] and any K € R, if Ricy (M) >
K gy then Ricy (B) > Kgp. This was proven in [30, Th. 2] in the cases N = oo
and N = dim(M) by explicit tensor calculations. (The paper [30] writes Ric,
for what we write as Ricy, where ¢ = N — n.) The same method of proof
works for all N.

Remark 7.55. Suppose that M is a compact connected Riemannian man-
ifold on which a compact Lie group G acts isometrically, with all orbits of the
same orbit type. Put B = M/G. If U5y € C*°(M) is a G-invariant function
that satisfies [,, ¥ dvoly =1, and (M, gar, e Y™ dvolys) has Ricy (M) >0,
then Corollaries 7.51 and 7.52 overlap in saying that (B, gp, e Vs dvolB) has
Ricy(B) > 0. There is a similar statement when Rico, (M) > Kgpy.

Remark 7.56. There is an obvious analogy between the Ricci-O’Neill the-
orem and O’Neill’s theorem that sectional curvature is nondecreasing under
pushforward by a Riemannian submersion. There is also a “synthetic” proof
of O’Neill’s theorem, obtained by horizontally lifting a geodesic hinge from B
and using triangle comparison results, along with the fact that p is distance
nonincreasing.

Appendix A. The Wasserstein space as an Alexandrov space

This section is concerned with the geometry of the Wasserstein space
Py(M) of a Riemannian manifold M. Otto introduced a formal infinite-
dimensional Riemannian metric on Py(M) and showed that P»(R"™) formally
has nonnegative sectional curvature [35]. We make such results rigorous by
looking at P>(M) as an Alexandrov space.

We first give a general lower bound on Wasserstein distances in terms of
Lipschitz functions. We show that if M is a compact Riemannian manifold
with nonnegative sectional curvature then P,(M) has nonnegative Alexandrov
curvature. Using the above-mentioned lower bound on Wasserstein distances,
we compute the tangent cones of Po(M) at the absolutely continuous measures.

A.1. Lipschitz functions and optimal transport. In general, one can es-
timate Wasserstein distances from above by choosing particular transference
plans. The next lemma provides a way to estimate these distances from below
by using Lipschitz functions.

LEMMA A.1. If X is a compact length space and {jit}iejo,1) i @ Wasser-
stein geodesic then for all f € Lip(X),

2 1
(A.2) ‘ [t = [ ol < Wt [ ( /. |Vf\2dut> dt.
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Proof. By Proposition 2.10, the Wasserstein geodesic arises as the dis-
placement interpolation associated to some optimal dynamical transference
plan II. We have

/fdm /fduo_/ fd(er)« /fd €0)x /(( D F — (eo)* f)dIT
= /F(f(v(l)) — F(7(0)))dI(7).

As f o~ € Lip([0,1]),
(Ad)  [f((1) = f(1(0)| =

Hdf () '
<[22 < [ wnanzer
Then

(A.5) \ [ st [ s < [ / IV 714 (6) L)t ().

From the Cauchy-Schwarz inequality,

A.6)
‘/dem—/xfduozg//1|vf|2( VdtdTI(y // 2dtdTI()
/ / VPG @)mnG) [ D)

Now, Wa(po, f11)? fr 7)2dII(y). To conclude the proof, we note that

an [ 1veee / 1 £ (er(7))dI()
= [ IVsPde).a = [ 19 fPd. O

A.2. The case of nonnegatively curved manifolds.

/01 LLIOM

THEOREM A.8. A smooth compact connected manifold M has nonneg-
ative sectional curvature if and only if Po(M) has nonnegative Alexandrov
curvature.

Proof. Suppose that M has nonnegative sectional curvature. We first show
that P3°(M) has nonnegative Alexandrov curvature. Let pg, p1, 2 and ps be
points in P2¢(M) with p; # po for 1 <i < 3. For 1 <i# j <3, let Z,ui,uo,uj
denote the comparison angle at pg of the triangle formed by p;, po and p;
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[11, Def. 3.6.25]. For 1 < i < 3, let ¢; : [0,1] — P;C( ) be a Wasserstein
geodesic from pig to p;. Let ¢; be the corresponding < ——concave function on M
that generates c2 That is, ¢;(t) = (Fit)«po, w1th th( ) = exp,, (—tVpi(m)).

Then Wa(po, pi)? = [y, d(m, Fp(m))?dpo(m) = [y, [Véil*dpo.
Let us define a particular transference plan from p; to p; as a Monge
transport Fj 1o Fz_l1 It gives an upper bound on Wa(u;, ,uj)2 by

(A.9) Wa s, 13)% < /M A(Fi.1(m), Fj(m)2dpio(m).

For almost all m, the nonnegative curvature of M, applied to the hinge at m
formed by the geodesic segments t — F; ;(m) and t — F};(m), implies
(A.10) d(Fii(m), Fja(m))? < [Voy(m)|* + [Vo;(m) [ — 2(Ve;(m), V;(m)).

Integrating (A.10) with respect to uo yields
(A.11)

Wa (i, 115)* < Wapo, i) + Wa(po, 1) — 2 /M<Vd>i(m), Voj(m))dpo(m).

Thus Zui,uo,uj < 6,5, where 6;; € [0, 7] is defined by
fM v¢z= v¢]>d,u/0
Lt IV6:Pdua [y 190,

It follows from the geometry of an inner product space that

(A.12) cos 0;;

(A.13) 012 + 023 + 031 < 2.
Thus
(A.14) ZM1M0M2 + ZM2M0M3 + Zu3uou1 < 2m,

which implies that P3°(M) has nonnegative Alexandrov curvature [11, Prop.
10.1.1].

As Py(M) is the completion of P3¢(M), the fact that (A.14) can be written
solely in terms of distances implies that it also holds for P»(M). Thus Py(M)
has nonnegative Alexandrov curvature, and as the embedding M — P,(M) by
delta functions defines a totally geodesic subspace of Pa(M), it follows that
M has nonnegative Alexandrov curvature. Thus M has nonnegative sectional
curvature. O

Remark A.15. The fact that P»(M) has nonnegative Alexandrov curva-
ture ensures the existence and uniqueness of the gradient flow of a Lipschitz
A-concave function on P>(M) [38, Appendix|. (The conventions of [38] are such
that the function increases along the flowlines of its gradient flow; some other
authors have the convention that a function decreases along the flowlines of
its gradient flow, and hence consider A-convex functions.) Other approaches
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to geometrizing Po(M ), with a view toward defining gradient flows, appear in
(2], [3], [14].

Now suppose that M has nonnegative sectional curvature. Let cg,c; :
[0,1] — P»(M) be nontrivial Wasserstein geodesics, with ¢o(0) = ¢1(0) = p.
Theorem A.8 implies that the comparison angle Zco(so)ucy(s1) is monotoni-
cally nonincreasing as sg and s increase, separately in sg and s; [11, Def. 4.3.1,
Ths. 4.3.5 and 10.1.1]. Then there is a well-defined angle Z(c, ¢1) that ¢p and
c1 form at p, in the sense of [11, Def. 3.6.26], given by
(A.16) L(co, 1) = . lllmo 460(30)u01(81)

PROPOSITION A.17. Let co,c1 : [0,1] — P3(M) be nontrivial Wasser-
stein geodesics, with cy(0) = ¢1(0) = p. If ¢o and ¢1 are the d;—conccwe
functions that generate cg and cq, respectively, then

Ja Vo, Vor)du
Ve IV60Pdu [, Ve Pdu

Proof. Applying (A.12) (and the sentence preceding it) to the triangle
Aco(so)per(s1) gives

(A.18) cos Z(cg,c1) =

Ju(Véo, Vér)du

(A.19) cos Zco(so) et (s1) > 7
Vi IV 60l2dpe [, [Vor P

and so

(A.20) cos Z(cg, 1) > Sy (Vo, Vor)du

VIor IV eol2du [, 1961 Py

From the monotonicity of Zco(so)pci(s1), it suffices to show that

(A.21) lim cos Zco(s) ey (s) < Ju{V90, Vé1)dp :
0 s [9602dp [ (V1 2dp
This amounts to showing a lower bound on Wa(cy(s), ¢1(s)).
Let {pus}icio1) be a Wasserstein geodesic from co(s) to ci(s). From
Lemma A.1, for any f € C1(M),
(A.22)

(/M fder(s) = /M fdco(s)>2 < Wa(co(s / / |V f12dpu sdt.

In terms of the Monge transport maps Fp; and Fi g,

(A.23) /Mfdcl(s>— / Fdeols / Fd(Fy2)up — / Fd(Fos)

- / (Fuo)*f — (Fos)* F)d.
M
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Thus
(A.24)

* * 2
<IM((F173) f— (Fos) f)d,u> < WQ(CO(SS)Q,CI(S))2 /01 /M|Vf‘2dﬂt,sdt.

S

Since {fit,s }+e[o,1) is minimizing between its endpoints, we must have

(A.25) Wa(p, pre,s) < Wa(p, co(s)) + Walp, ci(s))

for all £ € [0,1]. (Otherwise the length of {1 s}sc(0,1) would have to be greater
than Wa(u, co(s)) + Wa(u, ci(s)). Then there would be a path from co(s) to
c1(s) that is shorter than {fi s }e[o,1], obtained by going from co(s) to u along
co and then from p to ¢i(s) along ¢i.) If 7 is an optimal transference plan
between p and p s then fol ¢ sdt is a transference plan between ;1 and fol ft, sdt,
showing that

(A.26)

1 2 1
W, <u, / ut,sdt) < [ )P < (W ca(s) + W ca(6)

Thus limg_,g fol pesdt = p in the weak-* topology. As |[Vf|> € C(M),
taking s — 0 in (A.24) gives

(A.27) ( /M<Vf, Voo —V¢1>du>2 < (13% Weleols) cl(s))2> /MIVf|2du-

We claim that in fact (A.27) holds for any f € Lip(M). To see this, let e~
be the heat operator on M. Given f € Lip(M), for any v > 0, e~ f € C1(M).
It follows from spectral theory that lim, .o Ve'” f = Vf in the Hilbert space
of square-integrable vector fields on M. Then lim,_q !Ve”A f’Q = |Vf |2 in
LY(M, dvolyy). There is a uniform bound on the L®-norm of Ve'® f = A1 df
for v € [0,1]. Writing s = pdvoly, with p € LY(M,dvoly,), for any N € Z*
we have

(A.28)

2
’/ ‘Ve”Af} pdvolM—/ \Vf|2pdvolM'
M M

2
/ <’V6vAf‘ - ny\2> pdvolys
o= (0.V)

2
+/ <‘V6“Af’ - ny\2> pdvolM‘
p1((N,00))

2
<N ||Vert g =192 I+ (1 Ve I+ 9 f Hgo)/ pdvoly .

P~ ((N,00))

For any € > 0, by taking N large we can make

(Iveer i+ Vs ) [ pdvoly

p~H((N,00))
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less than €. Then by taking v small, we can make N || ’Ve”Aff — V£ |1
less than e. It follows that

2
(A.29) lim/ ‘Ve”Af‘ pdvoly = / |V £|2pdvolyy .
v—0 M M
By a similar argument,
(A.30)
ti [ (Ve 1,900~ Vor) pavolys = [ (VF.V60 = Vo) pevoly.
v—=0 S M

Thus (A.27) holds for f.
In particular, taking f = ¢g — ¢1 in (A.30) gives

(A.31) lim WQ(CO(‘?; a) /M Vo — Vo |2dp,
or
(A32) lim Wz(CO(Z)Qv c1(s))? > WZ(M;ZO(S))Q N W2(M;21(5))2
o Walp cols)) Walp, e1(s)) JulVoo, Vorydu
; I
Equation (A.18) follows. 0

A.3. Application to the geometric description of Po(M). Let us recall some
facts about a finite-dimensional Alexandrov space Y with curvature bounded
below [11], [12]. Let n be the dimension of Y. A point y € Y is a reqular
point if its tangent cone is isometric to R™. The complement of the regular
points is the set S of singular points. The regular points Y — S form a dense
totally convex subset of Y, but need not be open or closed in Y; see [34,
pp. 632—633] for simple but relevant examples. The existence of a Riemannian
metric on Y was studied in [33], [34], [37]. We recall the results of [37]: There
is a dense open totally convex subset Y9 of Y, containing Y — S, which is a
topological manifold with DC (=difference of concave) transition maps; there
is a Riemannian metric g on Y which in local charts is bounded, measurable
and of bounded variation, with the restriction of g to Y — S being continuous;
the Christoffel symbols exist as measures in local charts on Y?; the lengths of
curves in Y — S can be computed using g.

There is an evident analogy between Y — S C Y and P§¢(M) C Pa(M).
The arguments of the above papers do not directly extend to infinite-dimensio-
nal Alexandrov spaces. Nevertheless, in order to make a zeroth order approx-
imation to a Riemannian geometry on Py(M), it makes sense to look at the
tangent cones. We recall that for a finite-dimensional Riemannian manifold,



964 JOHN LOTT AND CEDRIC VILLANI

the tangent cone at a point p is isometric to 7T, M equipped with the inner
product coming from the Riemannian metric at p.

PROPOSITION A.33. Let M be a smooth compact connected Riemannian
manifold. If M has nonnegative sectional curvature then for each absolutely
continuous measure p € P3°(M), the tangent cone of Po(M) at p is an inner
product space.

Proof. Given p € P3¢(M), we consider the space ¥, of equivalence classes
of geodesic segments emanating from u, with the equivalence relation identify-
ing two segments if they form a zero angle at p[11, §9.1.8] (which in the case of
curvature bounded below means that one segment is contained in the other).
The metric on EL is the angle. By definition, the space of directions 3, is the
metric completion of ), The tangent cone K, is the union of ¥, x R™ and a
“vertex” point, with the metric described in [11, §10.9].

We first note that any Wasserstein geodesic {Nt}te[o,l] emanating from
w is of the form p; = (F;)«p, with F; as in Subsection 2.4 [44, Th. 2.47].
It follows that we can apply the angle calculation in Proposition A.17 to all
Wasserstein geodesics emanating from p. (One can also use the fact that any
such Wasserstein geodesic {iu}yep,1) has ue € P3°(M) for t € [0,1) [7, Lemma
22]; see [44, Prop. 5.9(iii)] for the R"-case.)

Now to identify E;M consider the space § of Lipschitz functions on M that
are rd?-concave for some r > 0. In terms of the function ¢, we can identify
the geodesic segments from p with 8’ = S/R, where R acts additively on S.
There is an action of R on &’ by multiplication. As the angle between geodesic
segments is given by (A.18), we can identify EL with the corresponding quotient
of the space of Lipschitz functions on M that are rd?-concave for some r > 0.

We can approximate a Lipschitz function on M with respect to the quadratic
form Q(¢) = [, |Vo|*du by functions that are rd?-concave for various r > 0,
for example by flowing the Lipschitz function for a short time under the heat
equation on M. Hence when considering the metric completion of E;L, it doesn’t
matter whether we start with Lipschitz functions on M that are rd?-concave
for some r > 0 or arbitrary Lipschitz functions on M. It follows that K, is
the inner product space constructed by starting with Lip(M), quotienting by
the kernel of () and taking the metric completion with respect to Q. O

The tangent cone constructed in Proposition A.33 agrees with the formal
infinite-dimensional Riemannian metric on Py(M) considered by Otto [35].
Proposition A.33 can be considered as a way of making this formal Rieman-
nian metric rigorous, and Theorem A.8 as a rigorous version of Otto’s formal
argument that his Riemannian metric on P»(R™) has nonnegative sectional
curvature.
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Appendix B. Some properties of the functionals U,

The goal of this section is to gather several results about functionals of
the form U,, as defined in Definition 3.2. (We will generalize slightly to allow
X to be a compact Hausdorff space, but the same definition makes sense.)

We show that U, () is lower semicontinuous in g and v. Such a lower
semicontinuity in g is well known in the setting of the weak topology on LP
functions, but we need to prove it in the weak-* topology on Borel measures.
To do so, we derive a Legendre-type formula for U, (u); this Legendre formula
is also well-known in certain cases, e.g. U(r) = rlogr, but it is not so easy to
find a precise reference for general nonlinearities.

We will also show that U, (u) is nonincreasing under “pushforward”. For
notation, if U is a convex function then U* is its Legendre transform and U’
is its right-derivative.

B.1. The functional U, via Legendre transform. We start by recalling,
without proof, a consequence of Lusin’s theorem.

THEOREM B.1. Let X be a compact Hausdorff space. Let u be a Borel
probability measure on X. Then for all f € L>°(X) there is a sequence { fr}32,
of continuous functions on X such that

(i) inf f <inf fi < sup fr < sup f and

(i) limg oo fx(x) = f(x) for p-almost all x € X.
We now prove a useful Legendre-type representation formula.

THEOREM B.2. Let X be a compact Hausdorff space. Let U : [0,00) — R
be a continuous convex function with U(0) = 0. Given u,v € P(X), we have

(B.3)

Uy(u)zsup{/xwdu—/XU*(so)dVi <P€L°°(X),¢<U’(OO)}

= sup sup{/ @dp/ U(p)dv: peC(X), ¢ < U'(M)}.
Mez+ X X
Remark B.4. The reason to add the condition ¢ < U’(M) is to ensure
that U*(¢) is continuous on X. This will be used in the proof of Theorem
B.33(i).

Proof of Theorem B.2. As an initial reduction, if U’(0) = U’(co) then U is
linear and the result of the theorem is easy to check. If U’(0) < U’(o0), choose
c € (U'(0),U'(0)). Replacing U(r) by U(r) — cr, we can reduce to the case
when U’(0) < 0 and U’(c0) > 0.

Let p = pv + ps be the Lebesgue decomposition of p with respect to v.
Let S be a measurable set such that us(S) = ps(X) and v(S) = 0. Without
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loss of generality, we may assume that p < oo everywhere on X — S, and we
set p=o0on S.
We will prove that

©5) U0 2w [ pdu- [ Ui per=0n, ¢ <)

and

BQIMMSmpmﬂéww—AWWMw

MeZ+
pectn, v'(5) v svan}.

As the right-hand side of (B.6) is clearly less than or equal to the right-hand-
side of (B.5), this will imply that

(B.7) Uu(u)=sup{/x<pdu—/XU*(w)dvrtpeL“’(X), wSU’(OO)}

:£E§+sup{/xgpdu—/XU*(<p)dl/:
peC(X), U (M) << U’(M)},

which in turn implies the theorem.
The proof of (B.5) is obtained by a direct argument: for any ¢ € L (X)
with ¢ < U’(c0), we will show that

(B.5) wwzﬂpwiéwww-

We may assume that U(p) € L'(X,v), as otherwise there is nothing to prove.
For all z € X, we have

(B.9) U(p(z)) — e(@)p(z) = —U*(p()).
Also, pp € LY(X,v). Integrating (B.9) with respect to v gives

(B.10) /XU(p)dV— X(ppdVZ—/XU*(go)dl/.

On the other hand, since ¢ < U’(00), we also have

(B.11) U)X = [ g
X
Adding (B.10) and (B.11) gives (B.8).
To prove (B.6), it suffices to show the existence of a sequence {¢a}37_4
in C(X) such that
{U’ (47) < om <U'(M) and

B.
(B-12) Uy(p) <liminfps o (fX opmdp — fX U*(pnm) du) .
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For M > 1, we define
.
(B.13) pM = max (M,mln(p, M)> .

It is clear that
(i) M~' < py < M;
(ii) for all x € X, limps—00 par(z) = p(x);
(iii) if 0 < p(z) < oo then ppr(z) = p(z) for M large enough.

Choose € > 0 so that U is nonincreasing on [0,¢) and nondecreasing on
[e,00). Monotone convergence implies that

(B.14) / U(p)dv = lim / U(pa) dv
p=1[e,00) M=0c0 Jp-1]e,00)
and
(B.15) / U(p)dv = lim / Ulpm) dv.
p—1[0,) M=00 Jp-100¢)
Hence
(B.16) / U(p)dv = lim Ulpu) dv.
X M—oo Jx
Define now a function p,; : X — R by
(B.17) Bar = Ulpnr):
Since U’ is nondecreasing, we have
1
(B.18) U’ <M> <ou < U'(M).

We also have the pointwise equality

(B.19) Ulprm) = @apm — U (@)

All of the functions appearing in this identity are integrable with respect to v,
so that

(B.20) | v = [ supidr— [ Ui

Our first goal is to prove that

M—o0

(B.21) U,(p) < liminf (/XSDM dp — /X U*(goM)dV> .
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If this is true then we have shown that the sequence {@,,}37_, satisfies all of
the properties required in (B.12), except maybe continuity. We split (B.21)
into two parts:

(B.22) U'(c0)ps(X) = lim Doy dies
M—oo [x
and
(B.23) / U(p)dv < liminf [/ goMpdy—/ U*(@M)du] :
X M—oo | JXx X

To prove (B.22), we write
(B.24)

— — M —o0
/X P dps = /SS"M dps = U'(M)ps(S) = U'(M)ps(X) "—" U’(00) 1s(X).
To prove (B.23), we note that for large M,

(B.25) U'(pa)(par — p) < 0.

Indeed, if 1/M < p < M then pys = p; if p > M then p > pps and U’ (ppr) > 0;
while if p < 1/M then p < pps and U'(ppr) < 0. Thus

(B.26) / Py pmdy < / P pdv.
X X
Combining this with (B.16) and (B.20), we find
(B.27) / U(p)dv = lim U(pr) dv
X M—oo Jx

= lim [/ ‘PMPMdV_/ U*(QOM)dV]
M—oo X X

< liminf [/ gpMpdu—/ U* (@) dI/:| .
M—o0 X X

This proves (B.21). To conclude the proof of the theorem, it suffices
to show that for any M € ZT there is a continuous function ¢y, such that
U1/M) <oy <U'(M) and
(B.28)

<.

'(/XSDMd/l_/XU*(@M)dV>_</X90Md/‘_/XU*(90M)dV> i

Fix M. By Theorem B.1, there is a sequence {t}32; of continuous
functions such that U'(1/M) < inf gy, < infey < supipp < suppy, < U'(M)
(in particular {1} is uniformly bounded) and limy_..c ¥r(z) = @p(x)
(1 + v)-almost everywhere.

At this point we note that

(B.29) U*(p) = f};g[w = U(r)]

1
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is bounded below by —U(0) = 0 and is a nondecreasing function of p. Also,
(B.30) 0<UU' (1/M)) <U*U'"(M)) = MU' (M) —U(M) < .

Thus U* is bounded on [U’(1/M),U’(M)]. Since it is also lower semicontin-
uous and convex, it is actually continuous on that interval. So {U*(vy)}32,
converges v-almost everywhere to U*(%,,). By dominated convergence,

(B.31) lim U™ (¢y) dv :/ U* (@) dv.
k—oo Jx X
Also by dominated convergence,
(B.32) lim / Y dp = / D A
k—oo Jx X
We can conclude by choosing ¢ns = ¢ for some large k. O

B.2. Lower semicontinuity and contraction. The following theorem is an
easy consequence of the duality formulas established above.

THEOREM B.33. Let X and U satisfy the assumptions of Theorem B.2.
Then

(i) Uy(p) is a lower semicontinuous function of (u,v) € P(X) x P(X).
That is, if {pur}se, and {vp}32, are sequences in P(X) with imy oo i, = p
and limy_.o, vy, = v in the weak-x topology then

(B.34) Uy (1) < lin inf Uy, (p1r)-

(ii) U, (p) is nonincreasing under pushforward. That is, if Y is a compact
Hausdorff space and f : X — Y is a Borel map then

(B.35) Upo(fer) < Up(p).

Proof. Using the second representation formula in Theorem B.2, we can
write

(B.36) U(p) = sup  [Ly() + La(v)],
(L1,L2)eL

where L is a certain subset of C(X) @ C(X), and L; and Ly define continuous
linear functionals on the space of measures C'(X)*. As the supremum of a
set of lower semicontinuous functions (in particular linear functions) is lower
semicontinuous, it follows that U, is lower semicontinuous in (u,v).

To prove part (ii), we use the first representation formula in Theorem B.2
to obtain

(B.37)
Ufw(f*m:sup{ [ e~ [ s pe <) gogU’(oo>}

=supq [ (pof)du— [ U(pofldv; v € L*(Y), ¢ <U'(c0) ¢ -
{toonan= [, |
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If o € L®(Y) and ¢ < U’(00) then po f € L®(X) and po f < U’(c0). So the
above supremum is bounded above by

(B.33) Uu<u>=sup{/xwdu—/XU*<¢>du; e L®(X), MU’(oo)}.
[l

Appendix C. Approximation in P»(X)

In this section we show how to effectively approximate a measure pu €
P>(X,v) by measures {ju}7°, whose densities, with respect to v, are con-
tinuous. The approximation will be such that limy_ .., ur = @ in the weak-*
topology and limy .o Uy, (pux) = U, ().

We first construct a mollification operator on measures, in terms of a
partition of unity for X. We then use finer and finer partitions of unity to
construct the sequence {p}52 .

C.1. Mollifiers. Let (X,d,v) be a compact metric space equipped with a
reference Borel probability measure v. Let K : X x X — [0, 00) be a symmetric
continuous kernel satisfying

(C.1) Va € supp(v), / K(z,y)dv(y) = 1.
X
For p € LY(X,v), define Kp € C(X) by

(C.2) (Kp)(x) = /X K(z,y) p(y) dv(y).

Note that [y Kpdv = [y pdv and the map p — lgppu)Kp is a bounded
operator on L(X,v) with norm 1. For u € P»(X,v), define Kuu € Py(X,v) by
saying that for f € C(supp(v)),

X

(C.3) [ gatn = [ @
supp(v)
More explicitly,

(C.4) K= ([ KCaut) v

In particular, Kp € P3°(X,v) is the product of a continuous function on X
with v. The notation is consistent, in the sense that if p € L'(X,v) then
K(pdv) = K(p)dv. Moreover, taking f = 1 in (C.3), it follows that if p is a
probability measure then K u is a probability measure.
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THEOREM C.5. Let (X,d) be a compact metric space equipped with a ref-
erence Borel probability measure v. Then there is a sequence {K1}72, of con-
tinuous nonnegative kernels with the following properties:

(i) Vo,y € X, Kr(z,y) = Kr(y, ).

(ii) Yz € supp(v), fX Ki(z,y)dv(y) = 1.

(iii) There is a sequence {er}92, converging to zero so that Ki(xz,y) = 0
whenever d(z,y) > ;.

(iv) For all p € Py(X,v), imy_oo Krpt = p in the weak-* topology.

Proof. Let C = {U,} be a finite open cover of X. Let {¢;} be a subordinate
partition of unity. Put

0i(x)$;(y)
(C.6) Ke(z,y) = .
: j:f,%:dwo Jx 01 dv

Then K¢(xz,y) = Ke(y,x). If x € supp(v) and ¢;(x) > 0 then [ ¢;dv > 0, so
that [, Kc¢(x,y)dv(y) = 1. Properties (i) and (ii) are ensured if our sequence
is made of such kernels. Moreover, (iii) will be satisfied if each ¢; has support
in a small ball of radius e;/2.

Given 6 > 0, let Cs denote a finite cover of X by d-balls. Given f €
C(supp(v)) and € > 0, suppose that § > 0 is such that |f(z') — f(x)| < ¢
whenever o/, z € supp(v) satisfy d(z/,2) < 2§. With such a cover Cy, if z €
supp(v) has ¢;j(x) > 0 then

(1) o >) <.
As
Jx féjdv _ fxf¢jdv

(C.8)  (Kef)(x) = pi(x) X = e

) j:fx%:dl/>0 T s j: ¢>z(:v:>0 T I gsdv
and
(C.9) f@) =) ¢i@)fl@)= >

J J:¢;(2)>0

it follows that

(C.10) (K, [)(x) — f(x)] <e.

Thus lim; . K¢, ,, f = f in C(supp(v)).
Now put K; = Ke¢,,,. For any f € C(supp(v)),

I—o00

(C.11) lim/deI,u— hm/ (K f)dp = /fd,u,

This proves (iv). O
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C.2. Approximation by continuous densities.

THEOREM C.12. Let U be a continuous convex function on [0,00) with
U(0) = 0. Let (X,d) be a compact metric space equipped with a Borel prob-
ability measure v. Let u € Py(X,v) satisfy U,(n) < oo. Then there is a
sequence { fr}32, i C(X) such that limy_,o frv = p in the weak-x topology
and limy_,oo Uy (frv) = Uy (p).

Proof. We introduce a sequence of mollifying kernels K as above. We
will prove that {K;u}32, does the job. Each Kjpu is the product of a con-
tinuous function on X with v. Theorem C.5(iv) gives lim; oo Krpu = p. By
Theorem B.33(i), U, (p) < liminf;_,o U, (Kp). Hence it suffices to show that
Uy(Krp) < U,(p) for all 1.

Before giving the general proof, it might be enlightening first to consider
two “extreme” cases.

First particular case: p is absolutely continuous. Assume that pu =
pv. We write Kru(x) for the density of Kru with respect to v. By Jensen’s
inequality, for z € supp(v),

(C.13)

U(Kru(x (/ Ki(xz,y)p > /K[:Uy (y)) dv(y).
Then
(C.14) U,,(K[,M)Z/XU(K[M(JJ))CZV(.%‘) S/XU(p) dv.

Second particular case: p is completely singular. With the notation used
before, 1 = pus. We write Krug(x) for the density of Kjus with respect to v.
Then

(©15) [ U(Kin)(a)) dv(@) < U'(o0) [ (i) dvlz) = U (oe)n(X).

General case. Now we introduce the Lebesgue decomposition y = pr+ps.
In view of the first particular case above, we may assume that ps(X) > 0. If
U’(00) = oo then U, (u) = 0o, so we can restrict to the case U’(00) < oo.

We write Krpu(x) for the density of Kju with respect to v, and similarly
for Krpus(z). For all 8 € (0,1), there is a pointwise inequality

(C.16)  U(Kp) =U(Kip+ Kjps) < 9U< 9”)> +1-0U (ﬁ%) ‘
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As Krp € C(X),

(C.18) Jim <9/XU<K9”’) dv :/XU(Km)dy.

As in the proof of the first particular case,

(C.19) /XU(K]p)dVS/ Ul(p) dv.

X
Combining (C.17), (C.18) and (C.19) gives U, (Ku) < U, (u). O

Appendix D. Hessian calculations

How can one check, in practice, the displacement convexity of a given
functional on P5(X), say in the case when X is a smooth compact connected
Riemannian manifold M? We provide below some explicit computations to
that effect, following [36]. The computations are purely formal and we do
not rigorously justify them, ignoring all regularity issues. Although formal,
these computations motivate the definition of nonnegative IN-Ricci curvature
in terms of displacement convexity.

Denote by dvols the Riemannian density on M, and introduce a reference
measure

(D.1) dv = e~ ¥ dvolyy,

with ¥ € C*°(M) satisfying [,, e~ dvoly = 1.

The direction vector along a curve {u;} in the space of probability mea-
sures P(M) can be “represented” as
o
B =
where ® = ®(t) is a function on M that is defined up to constants. The
meaning of (D.2) is that

d
(D.3) - /M ¢dp = /M Ve Vodu

for all £ € C°°(M). Thus we can parametrize the tangent space T, P(M)
by the function ®. Otto’s formal inner product on 7,,P(M) is given by the
quadratic form [ 1 (V®, V®)du. The function ® here is related to the function
¢ of Section 2.4 by & = —¢.

(D.2) =V (uVe),
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With this Riemannian metric, the geodesic equation in P(M) becomes

(D.4) 0P + %yv<1>|2 = 0.
It has the solution

. d(z,y)?
(D.5) #(0)() = it |00 + 57

The corresponding length metric on P(M) is formally the Wasserstein metric.
Let U be a continuous convex function on [0,00) that is C2-regular on
(0,00). Put

dp
D. E(p) = — | dv.
(0.6) w=[ (%) w
Recall that
(D.7) p(r) =rU'(r) = U(r),  pa(r) =rp/(r) —p(r).
Then along a curve {u;} in P(M), the derivative of F(u) is given by
dE du du
D.8 — = U Or—— dv
(D-8) dt /M (dy) Ydv

/ vU' (d > -Vodu
M dl/

dp oy (dp dfﬂ
/VCD (d U <dy>vdy) dv
/ Vo - Vp < >dl/

= / (—A®+ V¥ -VO)p (du) dv.
M dv

Parametrizing T,,P(M) by {®}, equation (D.8) shows in particular that grad £

is represented by the function U’ (7

To compute the Hessian of E, we assume that {1} is a geodesic curve in
Py(M). Then

(D.9) Cf;f = /M (A (;ywm?) —-VV¥.V (;ch\?)) p <Zzl5) dv

d
+V <(—A<I> + VT VD) p <d’:>) Vody.
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Now
(D.10)

/M Y ((—A@ + V- V) (j‘:)) - Vddy

:/ V((-A0+VE-VO) )y NN g g
M dv dv

:/ (—AD + VT -VD)p <d“) (v- <vq>d“> +v\11-vq>d“> dv
M d dv

v dv

dp\ d
- _ AR 2, 0GR 2K
_/( AD + VU V@)p(dy>dydy

— / (AP + VY- -VO)VD-Vp <d,u> dv
M dv

dp\ dp
= —AD+VU-VO) P (=) -=d
/M( +VVU . -V®)“p (du) o W

+/ [V(=A® + VT -VD) - VO + (—AD 4+ VU .VD) - AD
M

dp
— VU (-A®+ VU -VO)VP|p (dV) dv

dp\ d
o o . 2 7 1 1
_/ (—AD 4+ VI - VD)% p <dy> -

d
+ / [v (—AD+ VT - VD) - VE — (—AD + VU - ch)ﬂ p <d‘:> dv.
M

Combining (D.9) and (D.10) gives

d’E 1 5 1 2
(D.11)  —5 = M{A <2|V<I>| > - V¥V <2|v<1> >

+V(-AD +VT-VD) VO
— (—AD+ V. v<1>)2]p <Z’V"> dv

du)dud

—A® VN V2 SR i
-l-/M( +V V)p(dy o

= / U Hess <I>‘2 + V& - (Ric+ Hess \II)VQJ] P <du> dv
M dv

_ of _ (N, () dun
+/M( AD + VT - VD) ( p(dl/)—i-p o) o) dv

= / [| Hess (I)‘? + V& - (Ric+ Hess \IJ)V<I>] D (CZM) dv
M dv

d
+/ (—AD + VT - VD) py <“> dv.
M dV
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In particular, if U € DCy with n < N then from Lemma 5.7(b),

(D.12)
d2E

dt2 2 “ Hess ®| 4 V® - (Ric + Hess ¥)V®

1 2 d/J,
- % (204 VY- VO) ]p <dy> dv

> / [1(A¢)2 +V® - (Ric + Hess W)V
M Ln
1 21 (du
- & (CA0+ V- Vo) [p (dy> dv
- 1
> / V& - (Ric+Hess ¥)VO® — ——— (V¥ - Vq))z}p () dv
L N

:/ Vo <Ric+Hess ) V‘I)}p (j“) dv
MLt —nNn 1%
- . d,LL
e (b . @ —_ .
/M _V Ricy (V )}p (dy) dv

The same conclusion applies if N = n and V¥ = 0, in which case Ricy =

Ric.
If Ricy > Kgps then

2E (ﬁ”)
(D.13) _K/ vopi A
dat? d
If K = 0 then (D.13) gives ‘iltf > 0. That is, E is formally convex on

P>(M), no matter what the value of N is.
If N = oo then (D.13) gives

(D.14) ‘5? > ( uf K2 )>/M\vq>|2dM:A(U) /Myvq>|2dﬂ.

r>0 r

As [ M |V®|2du is the square of the speed of the geodesic, it follows that E is
formally A(U)-convex on Py(M).

Appendix E. The noncompact case

In the preceding part of the paper we worked with compact spaces X. We
now discuss how to adapt our arguments to (possibly noncompact) pointed
metric spaces. To avoid expanding the size of this section too much, we some-
times simplify the proofs by slightly restricting the generality of the discussion,
and we give details mainly for the case of nonnegative N-Ricci curvature with
N < o0.

E.1. Pointed spaces. In this section we will always assume our metric
spaces have distinguished basepoints. In other words, the objects under study
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will be complete pointed metric spaces, which are pairs (X, *) where X is a
complete metric space and x € X. A map f between pointed spaces (X1, *1)
and (X2, *2) is said to be a pointed map if f(x1) = f(*2). In this setting, the
analog of Gromov-Hausdorff convergence is the following;:

Definition E.1. Let {(X;,*;)}32; be a sequence of complete pointed met-
ric spaces. It converges to a complete pointed metric space (X, x) in the pointed
Gromov-Hausdorff topology, by means of pointed approximations f; : X; — X,
if for every R > 0 there is a sequence {ep;}:°, of positive numbers converging
to zero so that

1. For all T, Yi € BR(*i)a we have ’dx(fl(.%'z), fz(yl)) — dXi (xi,yi)] < ER,i-
2. For all x € Bp(x), there is some x; € Br(*;) so that dx (fi(x;),x) < eR.

A more usual definition would involve approximations defined just on balls
in X;, instead of all of X;. It is convenient for us to assume that f; is defined
on all of X;, as will be seen when defining maps between Wasserstein spaces.
The notions of convergence are equivalent.

Next, a pointed metric-measure space is a complete pointed metric space
(X, *) equipped with a nonnegative nonzero Radon measure v. We do not
assume that v has finite mass. In this context, a pointed map f : X7 — X5 will
be assumed to be Borel, with the preimage of a compact set being precompact.
(This ensures that the pushforward of a Radon measure is a Radon measure.)

Definition E.2. Let {(X;,%;,14)}5°, be a sequence of complete pointed
locally compact metric-measure spaces. It is said to converge to a com-
plete pointed locally compact metric-measure space (X,*,v) in the pointed
measured Gromov-Hausdorff topology if {(X;,*;)};2, converges to (X,*) in
the pointed Gromov-Hausdorff topology by means of pointed approximations
fi + X; — X which additionally satisfy lim; o (f;)« = v in the weak-* topol-
ogy on Ce(X)*.

The pointed measured Gromov-Hausdorff topology was used, for example,
in [18]. In what follows we will examine its compatibility with the Wasserstein
space.

E.2. Wasserstein space. If X is a complete pointed metric space, possibly
noncompact, let Po(X) be the space of probability measures p on X with a
finite second moment, namely

(E.3) Py(X) = {u € P(X): /X d(x, z)%dp(z) < oo} .

One can still introduce the Wasserstein distance Wy by the same formula as
in (1.14). Then W5 is a well-defined metric on Py(X) [44, Th. 7.3]. The metric
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space (P2(X), W) will be called the 2-Wasserstein space associated to X. It
does not depend on the choice of basepoint * € X.

We will assume that X is a complete separable metric space, in which case
P5(X) is also a complete separable metric space. Put

(E.4) (1+d(x,)?)Cy(X) = {f e C(X): igg 1-%];((3:;),’33)2 < oo} .

Then (1 + d(*,-)?)Cp(X) is a Banach space with norm

_ |f ()]
(E.5) | fll= 222 W?

and the underlying topological vector space is independent of the choice of
basepoint . The dual space ((1+ d(x,)?)Cy(X))" contains P»(X) as a subset.
As such, P5(X) inherits a subspace topology from the weak-* topology on
(1 + d(, -)2)Cb(X))*, which turns out to coincide with the topology on P (X)
arising from the metric Wy [44, Th. 7.12]. (If X is noncompact then Ps(X) is
not a closed subset of ((1 + d(x, -)Q)Cb(X))*.) A subset S C P5(X) is relatively
compact if and only if it satisfies the “tightness” condition that for every € > 0,
there is some R > 0 so that for all p € S, fX—BR(*) d(x,7)2dp(z) < e [44,
Th. 7.12(ii)]. Applying this to a ball in P5(X) around d,, it follows that if X
is noncompact then P5(X) is not locally compact, while if X is compact then
P>(X) is compact.

If X is a complete locally compact length space then for all & > 0,
Lip4 ([0, 1], X) is locally compact, with the set of geodesic paths between any
two given points in X forming a compact subset. Then the proof of Proposi-
tion 2.6 carries through to show that P»(X) is a length space. Finally, if X
is pointed then there is a distinguished basepoint in P»(X ), namely the Dirac
mass 0,.

The next proposition is an extension of Proposition 2.10.

PROPOSITION E.6. Let (X, ) be a complete pointed locally compact length
space and let {ji}ep0,1) be a geodesic path in Pa(X). Then there exists some
optimal dynamical transference plan 11 such that {,Ut}te[o,l] 1s the displacement
interpolation associated to II.

Proof. We can go through the proof of Proposition 2.10, constructing
the probability measures R with support on the locally compact space I
For each i, we have (eg)«R® = pg and (e1)sR® = p1. In order to construct
a weak-* accumulation point R(°°), as a probability measure on I', it suffices
to show that for each € > 0 there is a compact set K C I' so that for all i,
RO - K) <e.
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Let £ : I' — X x X be the endpoints map. Given r > 0, put K =

E~Y(B,(%) x B.(x)), a compact subset of I'. As

(E.7) F—K:E‘l(((X—BT(*)) x X)U (X x (X—T(*)))),

we have
(E.8)
RO — K) < (B,RD)((X — By(*)) x X) + (E.RY)(X x (X — B,(%)))

= po(X = Br(»)) + m(X = Br(%)).

Taking r sufficiently large, we can ensure that po(X—B; (x))+u1 (X—B,(x)) <e.
U

Using Proposition E.6, we show that geodesics with endpoints in a given
compact subset of P»(X) will all lie in a compact subset of P(X).

ProposITION E.9. For any compact set K C Py(X), there is a compact
set K' C Po(X) with the property that for any po, 1 € K, if {pi}ieoq) is a
Wasserstein geodesic from pg to py then py € K' for all t € [0, 1].

Proof. Given pg, 1 € K, let {1t },e)0,1] be a Wasserstein geodesic from g
to p1. Then

(E.10)
/ Ak, 2 odp(r) = / A0 (0)L ¢y d11(7)
X—Br(%) r

:/r d(x, 7 (1))* L (1) B () Lmax(d(x (0)) dxoy(1)))= 24LL(Y),

where II comes from Proposition E.6. We break up the integral in the last
term of (E.10) into two pieces according to whether d(x,~v(0)) < d(%,7v(1)) or
d(x,7(1)) < d(,7(0)). If d(x,~(0)) < d(x,7(1)) then
(E.11)  d(k (1) < d(x,7(0) + d(v(0), (t) < d(,7(0)) + d(7(0),7(1))

< 2d(x,7(0)) + d(*,7(1)) < 3d(x,~(1)).
Then the contribution to the last term of (3.11), when d(x,v(0)) < d(x,v(1)),
is bounded above by

(E.12) 9/d(*v7(1))21d(*,'y(1))25dn(7) = 9/ d(x, 2)dp ().
r X—Br/2(*)
Adding the contribution when d(x,y(1)) < d(x,v(0)) gives
(E.13) / d(x, z)?dp(z) < 9/ d(x, z)?dpg ()
X—Bgr(¥) X—Bgry2(*)

—1—9/ d(x, z)2dpy ().
X_BR/2(*)
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For any € > 0 we can choose R > 0 so that the right-hand-side of (E.13) is
bounded above by e, uniformly in ug, 41 € K. This proves the proposition. O

Remark E.14. Although we will consider optimal transport between el-
ements of P»(X), there are also interesting issues concerning “optimal trans-
port” in a generalized sense, with possibly infinite cost, on the whole of P(X).
For example, one has McCann’s theorem about existence of “generalized opti-
mal transport” between arbitrary probability measures on R™ [44, Th. 2.32].

E.3. Functionals. In the nonpointed part of the paper we dealt with
a compact measured length space (X,d,v), with the background measure v
lying in P>(X). When generalizing to the case when X is pointed and possibly
noncompact, one’s first inclination might be to again have v lie in Pa(X).
This is indeed the appropriate choice for some purposes, such as to extend
the functional analytic results of Sections 3.3 and 6. However, requiring v to
lie in P2(X) would rule out such basic cases as X = RY with the Lebesgue
measure. Additionally, it would preclude the tangent cone construction for a
compact space with N-Ricci curvature bounded below. Because of this, in what
follows we will allow v to have infinite mass, at the price of some additional
complications

Let v be a nonnegative nonzero Radon measure on X. Let U be a contin-
uous convex function on [0,00) with U(0) = 0. One would like to define the
functional U, as in Definition 3.2, but this requires some care. Even if we use
(3.3) to define U, (u) for p = pr and p € C.(X), in general there is no way to
extend U, to a lower semicontinuous function on P(X). A way to circumvent
this difficulty is to impose a growth assumption on v.

Definition E.15. For k > 0, we define M_j(X) to be the space of non-
negative Radon measures v on X such that

(E.16) /X(1 +d(x,2)%) "2 du(z) < oco.

Equivalently, v is a nonnegative Radon measure on X that lies in the dual
k

space of (1 + d(x,-)?)"2Cy(X). We further define M_,,(X) by the condition

Ix e~d®*)* du(z) < 0o, where ¢ is a fixed positive constant.

ProPOSITION E.17. Let X be an arbitrary metric space. Given N €
[1,00], suppose that U € DCy and v € M_yy_1)(X). Then U, is a well-
defined functional on Pa(X), with values in R U {oco}.

Proof. Suppose first that N < oo. From the definition of DCy, there is a
constant A > 0 so that

(E.18) MWUNN) > —AN— 4,
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and so
(E.19) Ulp) = —A (p+p1‘§)-

Of course, p lies in L' (X, v). To prove that U, (u) is well-defined, it suffices
to show that p'~'/N also lies in L'(X,v). For that we use Hélder’s inequality:

(E.20)

/ plz)' ¥ dv(x) = / (14 d(x, 2))p() ' (1+ d(x,2)%) 7% du(a)
X X

1
-5

< (fardeapipe i)

(s ttopr-aia)’

Now suppose that N = co. From Lemma 5.10, if U is nonlinear then there
are constants a,b > 0 so that

(E.21) U(p) > aplog p — bp.

Thus it is sufficient to show that (plogp)_ € L'(X,v). Applying Jensen’s
. . . s —ed? gy
inequality with the probability measure

m giVeS
(E.22)
| pta)los(o@) avta)
= / p(2)e0)" Jog (p(w)eCd(*’x)Z) e~ gy (z) — c/ d(x,z)2p(z) dv(x)
X X

= </X e—cd(x,x)? dy(x)> </X p(CL‘)GCd(*"r)Q log (p(w)eCd(*’z)2> i:ﬁ;i?ig’;ﬁl))
—¢ /X d(*,z)*p(x) dv(z)

> ([t ) (i ) e (e o)
e /X d(x, 2)2p(x) d ().

This concludes the argument. O

E.4. Approximation arguments. Now we check that the technical results
in Appendices B and C go through to the pointed locally compact case.

There is an obvious way to generalize the conclusion of Theorem B.2 by
introducing the quantity

(E.23) sup (/ god,u—/ U™ () dy>.
PE(I+d(x,)?) L= (X), p<U’(00) \JX X
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We claim that this quantity is not —oc as long as v lies in M_yy_1)(X). To
prove this, it suffices to exhibit a ¢ such that [¢odp > —oo and [ U*(p) dv
< co. It turns out that ¢(z) = —cd(x,z)? will do the job, taking into account
the following lemma:

LEMMA E.24. IfU € DCy with N < oo then as p — —o00,
(E.25) U*(p) =0 ((—p)l_N) :
If U € DCy then as p — —o0,
(E.26) U*(p) = O ().

Proof. Suppose first that U € DCy with N < co. Then for p sufficiently
negative, using (E.19) we have

(E.27) 0 <U*(p) =suplpr —U(r)] <sup [pr + 2Ar1_%} = CODSt.(—p)l_N.
r>0 r>0

The case N = oo is similar. O

The analog of Theorem B.2 becomes

(E28) ()= sup ([oan- [ vtorar)
pe(Id(x,)2) L= (X), p<U"(00) \JX x

= sup sup (/ god,u—/ U*((p)dl/).
MEeZ* pe(1+d(x,)?)Ch (X), p<U’" (M) \J/X X

The proof is similar to the proof of Theorem B.2, with the following modifica-
tions. Given R > 0 and M € Z* large numbers, we construct 51{7 v on Br(x)
as in the proof of Theorem B.2. We extend $R7 u to X by setting it equal to
—d(%,-)? on X — Bg(%). Then after passing to an appropriate subsequence
of {¢p s}, the analog of (B.21) holds. As in the proof of Lusin’s theorem,
we can find a sequence {1} of uniformly bounded continuous functions that

converges pointwise to g f [Z*ﬁ)z. Considering the function (1 + d(x,-)?)ty, for
large k proves the theorem.

Then Theorem B.33(i) extends, where y lies in P»(X) and v is a measure
on X that lies in the dual space of (1 +d(x,-)?)~V=DC,(X), which we endow
with the weak-* topology.

Theorem B.33(ii) is a bit more subtle because we have to be careful about

how the pushforward map f, acts on the measures at spatial infinity. The
discussion is easier when N < oo, so from now on we restrict to this case.
Then the statement in Theorem B.33(ii) goes through as soon as we require
that the map f be a pointed Borel map satisfying

(E.29) A_ldx(*x,x) —A< dy(*y, f(I)) < AdX(*X,fL‘) + A
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for some constant A > 0. This condition ensures that f, maps P»(X) to Pa(Y),
and maps measures on X that lie in the dual space of (14+d(%x, -)2) =N =D Cy(X)
to measures on Y that lie in the dual space of (1 + d(xy,-)?)~ V=D (Y).

Finally, we wish to extend Theorem C.12 to the pointed locally com-
pact setting, replacing C'(X) by C.(X). Given § > 0, let {z;} be a maximal
%—Separated net in X. Then C = {Bj(z;)} is an open cover of X. It is locally
finite, as X is locally compact. If {¢;} is a subordinate partition of unity then
we define the operator K¢ as in Appendix C. Given pu € Py(X,v), we claim
that Kep € Po(X,v). To see this, we write

(E.30)
x, )2 T) = x,1)? fX¢]dM v(x
[ dap)arent) = [ 1+ s >>j.fX§dV>0¢< T oy do V)
_A 3 &“ﬁ@w%“@@ww.

Jif b5 dv>0

From the choice of {z;} and {¢;}, there is a constant C' < oo so that

Jx (1 +d(*, 2)p; dv

E.31 < C(1+d(xx;)?
for all j with [ « ¢jdv > 0. There is another constant C’ < oo so that
(E.32) (L+d(x2))*)di(y) < C'(1+d(x,9)*)¢5(y)

for all j and all y € X, from which the claim follows.

Next, we claim that U, (Kcp) < U,(p). We use the fact that Kep is the
product of a continuous function on X with v. As in (C.16)—(C.18), for each
R > 0 we have
(E.33)

UKen(a)) dviz) < [ U(Kep)dv+U'(00) [ Kep(a) du(a).
Br(*) Br(*) Br(x)
Taking R — oo and applying the arguments of the particular cases in the proof
of Theorem C.12 gives the claim.

For R > 0 and € > 0, let ¢p. : X — [0,1] be a continuous function which

is one on Bg(x) and vanishes outside of Bric(x). We can find sequences {0y},

{Ck}, {Rk} and {ex} so that limy_, . % = p in Py(X,v) and

E.34 lim sup U, ’ <limsup U, (K¢, ).

From the previously-shown lower semicontinuity of U,, we know that

¢Rk,5kKCklu’ >
fX ¢Rk7€k d(KCk M)

(E.35) U,(1) <liminf U, <

k—oo
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We have already show that U, (K¢, i) < U,(u). Hence

e K
U,(p) = lim U, (f PRt > .
X

k—o0 ¢Rk,8k d(KCk/'L)

This proves the desired extension of Theorem C.12.

E.5. Stability of N-Ricci curvature bounds. We now define the notion of
a complete, pointed, measured, locally compact, length space (X,*,v) hav-
ing nonnegative N-Ricci curvature as in Definition 5.12; provided that v €
M_y(n—1)(X). Note that this notion is independent of the choice of basepoint.

Most of the geometric inequalities discussed in Sections 3.3, 5 and 6 have
evident extensions to the pointed case. When discussing HWI, log Sobolev, Ta-
lagrand and Poincaré inequalities we assume that v € P»(X). If X is a smooth
Riemannian manifold such that the reference measure v lies in M_y(y_1)(X)
then there is an analog of Theorem 7.3, expressing the condition of having
nonnegative N-Ricci curvature in terms of classical tensors.

Remark E.36. For n > 2, if X = R" is endowed with the Lebesgue mea-
sure v then v € M_y(,_1)(R") and (X, ) will have nonnegative n-Ricci curva-
ture. In case of X = R?, endowed with the Lebesgue measure v, it is not true
that v € M_y(,,—1)(R"). The borderline case n = 2 merits further study; see
also Corollary E.44.

The issue of showing that Ricci bounds are preserved by pointed measured
Gromov-Hausdorff convergence is more involved than in the nonpointed case.
The following definition seems to be useful.

Definition E.37. A sequence {(Xj,*;)}2; of pointed metric spaces con-
verges to the pointed metric space (X,*) in the proper pointed Gromov-
Hausdorff topology if

1. It converges in the pointed Gromov-Hausdorff topology, by means of
pointed approximations f; : X; — X,
2. There is a function R : (0,00) — (0, 00) with R(R) > R for all R,

3. There are nondecreasing functions G; : (0,00) — (0, 00), each increasing
linearly at infinity, and

4. There is a constant A > 0 such that
1. For all R > 0, we have R < liminf; ., G;(R(R)), and

2. For all z; € X;,
(E.38) Gi(di (i, 1)) < d(*, fi(xi)) < Adi(xi, 25) + A.

Here are the main motivations for the definition. The condition that
d(*, fi(zi)) < Ad;i(*i,x;) + A ensures that (f;). maps Pa(X;) to Py(X). Con-
dition 3. and (E.38) ensure that (f;)« maps a measure on X; lying in the dual
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space of (1+d;(x;,)%)~N=DCy(X;) to a measure on X lying in the dual space
of (14+d(x,)?)~N=1DCy(X). The condition G;(d;(%;, ;) < d(x, fi(x;)) implies
that f; is metrically proper; for example, it cannot map an unbounded sequence
in X; to a bounded sequence in X. The conditions R < liminf; s G;(R(R))
and G;(d;(%;,21)) < d(*, f;(x;)) imply that for any R > 0, we have f; ' (Bg(x))
C Bgp (%;) for sufficiently large i. Tt then follows that in fact, f; ' (Bg(%))
C BRyey, (x;) for large i.

Definition E.39. A sequence of pointed metric-measure spaces
{(Xi,%i,v3)}52, converges to (X,*,v) in the proper pointed M_j-measured
Gromov-Hausdorff topology if lim; ,~ (X;,*;) = (X, ) in the proper pointed
Gromov-Hausdorff topology, by means of pointed Borel approximations f; :
X; — X as above, and in addition lim;_,~(fi)«; = v in the weak-* topology
on the dual space of (1 + d(*, -)2)_§Cb(X).

Now we can prove the stability of Ricci curvature bounds with respect to
the proper pointed measured Gromov-Hausdorff topology. Again, for simplicity
we restrict to the case of nonnegative N-Ricci curvature with NV < oo.

THEOREM E.40. Let {(X;,%;,v3)}52, be a sequence of complete pointed
measured, locally compact length spaces with 1im; oo (X5, x5, 1) = (X, *, Voo)
in the proper pointed M_o(n_1)-measured Gromov-Hausdorff topology. If each
(Xi,vi) has nonnegative N-Ricci curvature then (X,vs) has nonnegative
N-Ricci curvature.

Proof. Given pg, p1 € Po(X, V), we wish to show that there is a geodesic
joining them along which (3.16) holds for U,_, with A = 0.

We first show that the claim is true if pg = poveo and 1 = p1veo, With pg
and p; being compactly-supported continuous functions on X. We will follow
the proof of Theorem 4.15. This involved constructing a limiting geodesic using
the Arzela-Ascoli theorem, which in turn used the compactness of Pp(X). If X
is noncompact then Py(X) is not locally compact. Nevertheless, we will show
that the needed arguments can be carried out in a compact subset of Pa(X).

By assumption, there is some R > 0 so that pg and p; have support in
Bpr(*). Put ;o= (fpo)vi and ;1 = (f} p1)vi. From the definition of proper
pointed Gromov-Hausdorff convergence, for large i we know that f pg and
fip1 have support in Bry., ,(%;). Choose Wasserstein geodesics ¢; as in the
proof of Theorem 4.15. If v is a geodesic joining two points of Bryc,, ,(*;) then
7([0,1]) C Bag42ey,,(*i), and so Proposition E.6 implies that each ¢;(t) has
support in Bapioe, , (%i). Then (f;)«(c;i(t)) has support in Bariae, (%)

Hence for large i, each measure (f;).«(c;(t)) has support in Bagyi(x). As
the elements of Py(X) with support in Bopyi(x) form a relatively compact
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subset of P(X), we can now carry out the arguments of the proof of Theo-
rem 4.15.

This proves the theorem when pg, 11 € P2(X,vs) have compactly sup-
ported continuous densities. To handle the general case, we will use the argu-
ments of Proposition 3.21. Again, the main issue is to show that one can carry
out the arguments in a compact subset of Py(X).

Let ro > 0 be such that po(By, (%)) > 0 and p1(By,(x)) > 0. For r > r,
put po, = Hol(%"jgi))uo and pi1, = %m- Let {uso,} and {ps1-} be
mollifications of jp, and p; ., respectively, using a maximal J-separated net

as discussed in Section E.4. Then

(E.41) / d(%, x)?dps 0. ()
X—Br(*)

1 o )
=TT g AR 00
! 2
: po(Br(x)) /)(BRlos(*) (d(x, @) +100)" 1 g, (x) (@) dpo(x)
! 2
S BT g ) 109" )

For small §, we obtain

*, T 2 xT # *, L 2 xZ).
(E.42) /XBR(*) Al @) duso (@) < po(Br, (%)) /XBR/Q(*) dx @) dpo()

Similarly,

*, L 2 xT # *, L 2 xZ).
(E.43) /XBR(*) d(, z)*dps 1 (z) < PRENE) /;<BR/2(*) d(*,x)*duy (z)

As the right-hand-sides of (E.42) and (E.43) can be made arbitrarily small
by taking R sufficiently large, it follows that |J,,, Ui i {tti-1,0,05 ti-1,1,0} 18
relatively compact in P»(X). With an appropriate choice of i; for j large, we
have lim; . i1 05 = Ho and lim; . izt = H- Using Proposition E.9,
the argument in the proof of Proposition 3.21 can now be applied to show that
there is a geodesic from pg to p1 along which (3.16) holds for U,,_, with A = 0.

U

E.6. Tangent Cones. We now give an application of Theorem E.40 that
just involves the pointed measured Gromov-Hausdorff topology introduced in
Definition E.2.

COROLLARY E.44. Let {(X;,*;,vi)}2, be a sequence of complete, pointed,
measured, locally compact length spaces. Suppose that lim; oo (X;, *i,v;) =
(X, *,v) in the pointed, measured Gromov-Hausdorff topology of Definition E.2.
If N € (2,00) and each (X;,v;) has nonnegative N -Ricci curvature then (X, v)
has nonnegative N-Ricci curvature.
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Proof of Corollary E.44. If X is compact then the result follows from
Theorem 5.19, so we will assume that X is noncompact. Let {f;}5°, be a
sequence of approximations as in Definition E.1. Given R; > 0, let ﬁ X, — X
be an arbitrary Borel map such that ﬁ(ml) = fi(z;) if dj(x;,2;) < R; and
d(*,ﬁ(xi)) = d(x;, ;) if di(*i, ;) > R;. (For example, if v : [0,00) — X is
a normalized ray with v(0) = x then we can put f;(z;) = v(d(%;,x;)) when
di(xi,z;) > R;.) After passing to a subsequence of { f;}2°; (which we relabel as
{fi}32,) and replacing f; by ﬁ for an appropriate choice of R;, we can assume
that lim; oo (X5, %, v3) = (X, *,v) in the proper pointed measured Gromov-
Hausdorff topology, with R(R) = 3R and G;(r) = 5.

As each (X;,v;) has nonnegative N-Ricci curvature, and limiﬂoo(fi)*yi
= v in C.(X)*, the Bishop-Gromov inequality of Theorem 5.31 (as extended
to the noncompact case) implies that there are constants C,rg > 0 so that for
all i, whenever r > rg we have v;(B,(x;)) < Cr"V. As N > 2, it follows from
dominated convergence that limiqoo(ﬁ)*yi = v in the weak-* topology on the
dual space of (1+d(*,-)?)~ V=D, (X). The claim now follows from Theorem
E.40. O

Ezample E.45. We apply Corollary E.44 to tangent cones. Suppose that
(X,d,v) is a complete measured locally compact length space with nonnega-
tive N-Ricci curvature for some N € (2,00). Suppose that supp(rv) = X. For
i > 1, put (X;,d;) = (X,7-d). Given » € X, let x; be the same point in
X;. Using Theorem 5.31 (as extended to the noncompact case), after passing
to a subsequence we may assume that {(X;,*;)}>°; converges in the pointed
Gromov-Hausdorff topology to a tangent cone (T, X,0); see Corollary 5.33.
Let v; be the pushforward from X to X;, via the identity map, of the mea-
sure m After passing to a further subsequence, we can assume that
{(Xi, %i,14)}72, converges in the pointed measured Gromov-Hausdorff topology
to a pointed measured length space (T,.X, 0,V ), where vy is a nonnegative
Radon measure on T, X that is normalized so that v (B1(0)) = 1; see [16, §1].
From Corollary E.44, (T, X, v ) has nonnegative N-Ricci curvature.

Appendix F. Bibliographic notes on optimal transport

The following notes are by no means exhaustive, but may provide some
entry points to the literature.

Wasserstein was one of many authors who discovered, rediscovered or
studied optimal transportation metrics [45]. He was interested in the case
when the cost coincides with the distance. Tanaka [43] may have been the
first to take advantage of geometric properties of Ws, in his study of the
Boltzmann equation. Accordingly, other names could be used for W5, such as
Monge-Kantorovich distance or Tanaka distance. The terminology “Wasser-
stein distance” was used by Otto and coworkers, and naturally gave rise to the
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term “Wasserstein space”. Otto studied this metric space from a geometric
point of view and showed that P»(R™) can be equipped with a formal infinite-
dimensional Riemannian metric, thereby allowing insightful computations [35].
He also showed that his Riemannian metric formally has nonnegative sectional
curvature. Otto’s motivation came from partial differential equations, and in
particular from earlier work by Brenier in fluid mechanics [10]. The formal
gradient flow of a “free energy” functional on the Wasserstein space was con-
sidered by Jordan, Kinderlehrer and Otto [25] and Otto [35].

The notion of displacement convexity was introduced by McCann [31],
and later refined to the notion of A-uniform displacement convexity. A formal
differential calculus on P>(M), when M is a smooth Riemannian manifold, was
described by Otto and Villani [36]. It was “shown” that the entropy functional
I} v plog pdvolyy is displacement convex on a manifold with nonnegative Ricci
curvature. Appendix D of the present paper follows up on the calculations
in [36].

Simultaneously, a rigorous theory of optimal transport on manifolds was
initiated by McCann [32] and further developed by Cordero-Erausquin, Mc-
Cann and Schmuckenschlager [19]. In particular, these authors prove the im-
plication (1) = (4) of Theorem 7.3(a) of the present paper when V¥ is constant
and N = n. The paper [19] was extended by von Renesse and Sturm [40],
whose paper contains a proof of the implications (1) < (5) of Theorem 7.3(b)
of the present paper when W is constant, and also indicates that the condition
(5) may make sense for some metric-measure spaces. In a more recent contribu-
tion, which was done independently of the present paper, Cordero-Erausquin,
McCann and Schmuckenschléger [20] prove the implication (1) = (5) of The-
orem 7.3(b) for general V.

Connections between optimal transport and the theory of log Sobolev
inequalities and Poincaré inequalities were established by Otto and Villani [36]
and developed by many authors. This was the starting point for Section 6 of
the present paper. More information can be found in [44].

A proof of a weak Bonnet-Myers theorem, based only on Riemannian
growth control and concentration estimates, was given by Ledoux [26] as a
special case of a more general result about the control of the diameter of
manifolds satisfying a log Sobolev inequality. The simplified proof used in the
present paper, based on a Talagrand inequality, is taken from [36].
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