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Part I

Background



Part I of this book sets the stage for our exploration of quantum algorithms for scientific compu-
tation by asking two questions: why should we expect quantum computers to offer a computational
advantage, and what are the basic mathematical and physical principles that govern them?

Chapter 1 tackles the first question. We begin by tracing the conceptual origins of quantum
computing and formalizes the notion of quantum speedup. We then introduce a quantum advantage
hierarchy, which classifies applications based on the strength of evidence for quantum speedup.

Chapter 2 addresses the second question by providing a concise overview of elements of quantum
computation. We introduce the postulates of quantum mechanics, the circuit model, and the density
operator formalism. We also cover concepts such as the no-cloning theorem and the principles of
deferred and implicit measurement. The chapter concludes by introducing the operator formalisms
for spin, fermionic, and bosonic systems, which are essential for describing the physical problems
encountered in scientific applications, and presents several example Hamiltonians that will serve as
recurring illustrations throughout the book.



CHAPTER 1

Quantum advantage in scientific computation

In this chapter, we trace the conceptual origins of quantum computing and explain how the
physical nature of information suggests that quantum mechanics may offer computational power
beyond classical Turing machines. We then formalize the notion of quantum speedup. Any claim
of quantum advantage requires accounting for all relevant computational costs, including data
input and output. To structure this assessment, we introduce a quantum advantage hierarchy that
categorizes problems based on the existing evidence for significant speedups. The chapter concludes
with a brief discussion of quantum error correction, and why exponentially large state spaces do
not force exponential error accumulation: in fault-tolerant computation, it suffices to implement
each gate to an accuracy that scales inversely with the gate count.

1.1. Origin and Justification for Quantum Computing

Our aim in this textbook is to provide a concrete understanding of not only how quantum algo-
rithms work, but more importantly why they work and what impact scalable quantum computers
are expected to yield in both the scientific and industrial worlds. Underlying this inquiry, however,
is a deeper philosophical question about what it means to compute and why probing this question
inevitably led to the idea of quantum computing.

Modern computer science traces its roots back to the early 20th century, with luminaries such
as Alan Turing, John von Neumann, and Claude Shannon struggling to mathematically describe
how information is stored and processed. Turing’s great realization was that all such computers
could be mathematically modeled by an abstract device called a “Turing Machine”. The Turing
machine was inspired strongly by the human “computers” (clerks) of the day: it possesses a tape
for storing information and a read head that moves along the tape, updating the data on the tape
in accordance with a stored program [Tur36].

John von Neumann is often credited with providing the first modern computer architecture
that resembles modern computers, featuring dedicated memory, arithmetic and logic units, and
input/output capabilities [VN93]. This architecture provided a far more realistic model of the
postwar computers that were emerging, but conceptually these devices were no more powerful than
the original Turing machine. Specifically, a machine is said to be “Turing Complete” if any function
that a Turing machine can compute can be computed on the device. The von Neumann machine
(given sufficient memory) can be shown to be Turing Complete, and in fact, a Turing machine can
also simulate a machine implementing the von Neumann architecture. In this sense, the device
is more than just Turing Complete: it is actually Turing Equivalent. Indeed, all known classical
computational systems are Turing equivalent in this sense. This observation means that, effectively,
every computational system in the universe could be understood as a Turing machine.

The formal study of algorithms revealed that not all tasks are fundamentally as easy for a Turing
Machine. Some tasks, such as deciding whether a program halts, are strictly uncomputable [Tur36].
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10 1. QUANTUM ADVANTAGE IN SCIENTIFIC COMPUTATION

On the other hand, problems such as multiplying two n-bit numbers can be performed using a
number of steps that scales polynomially in n. Still other problems, such as factoring an n-bit
integer into a product of primes, can have their solution verified in polynomial time, but to date,
no efficient algorithm has been found on a Turing machine that can find these factors in time that
is polynomial in n (despite centuries of study). This suggested that a more fine-grained notion of
computability needed to be considered than simply “computable” or “uncomputable”. Instead, it
was seen to be useful to categorize computational tasks that can be computed on a Turing Machine
using a polynomial number of operations as “efficiently computable” and all others as inefficient.

This categorization led to a bold hypothesis, which we will later criticize, known as the Ex-
tended Church-Turing Thesis. This statement says that any reasonable model of computing
can be simulated using a polynomial number of computational steps by a probabilistic Turing ma-
chine. The example of von Neumann’s model of computing being simulatable in polynomial time
by a Turing machine has indeed been reinforced by other models of computing based on physical
phenomena, including billiard balls and the Game of Life. However, a challenge would emerge from
an unlikely source: fundamental physics.

At the same time as computer science was being developed, a revolution was happening in
physics. It had long been observed by physicists such as Planck and Einstein that classical physics
could not be used to explain why heated objects (blackbodies) glowed red or how solar panels
worked. Indeed, realistic models of these effects based on Newtonian principles failed to predict
experimental observations. In the case of the stove elements, this failure was so radical that it
predicted that infinite energy would be emitted by a stove burner (the “ultraviolet catastrophe”). A
new type of model, formalized by von Neumann and others, was proposed to describe these systems
that we now know as quantum mechanics (so named for its prediction that light should be emitted
or absorbed in discrete quanta of energy). This language ultimately became the foundation of all
fundamental physical law (gravitation being a notable exception).

Subsequent questions from Einstein, Podolsky, Rosen, and developments by Bell showed that
quantum mechanics could not reasonably be described by classical local realism. Specifically, a
phenomenon known as entanglement, which describes the correlations between measurement out-
comes of coupled quantum systems, could not be described by classical mechanics without incor-
porating a non-local mechanism for updating measurement results. This work began to seriously
question whether quantum systems could be plausibly described as mechanical systems. This,
in turn, would much later be seen to question the Extended Church-Turing Thesis, as a Turing
Machine is at its core a classical mechanical object that relies on local interactions.

A surprising feature of quantum mechanics is that its connection to computing seems to have
taken several decades to be appreciated, despite us owing John von Neumann a great debt for
formalizing both theories. With the benefit of hindsight, it is clear that with the appreciation of
the fact that information is physical, quantum computing could have been developed as early as
the 1940s.

The physical nature of information was elucidated most clearly by Shannon and Landauer.
Shannon showed that the information content of a signal takes the same form as entropy, or disorder,
in thermodynamics. Inspired by this connection, Shannon proposed that the two concepts were the
same, establishing a link between his mathematical theory of information and thermal physics.
Indeed, according to a widely circulated anecdote attributed to Shannon in an article by Tribus,
von Neumann may have been agonizingly close to realizing the connection between physics and
information processing [TM71]:
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“What’s in a name? In the case of Shannon’s measure the naming was not
accidental. In 1961 one of us (Tribus) asked Shannon what he had thought about
when he had finally confirmed his famous measure. Shannon replied: ‘My greatest
concern was what to call it. I thought of calling it ‘information’, but the word
was overly used, so I decided to call it ‘uncertainty’. When I discussed it with
John von Neumann, he had a better idea. Von Neumann told me, ‘You should
call it entropy, for two reasons. In the first place your uncertainty function has
been used in statistical mechanics under that name. In the second place, and
more importantly, no one knows what entropy really is, so in a debate you will
always have the advantage.”

Indeed, Shannon’s work provided strong evidence that the two concepts are in fact the same
and that thermodynamics had been telling us a secret lesson about information all along.

Landauer took this insight one step further by showing that thermodynamics places limitations
on computers. Specifically, he showed that any computer that performs a calculation at finite
temperature must pay an energy price for every bit of information erased to avoid violating the laws
of thermodynamics [Lan61]. Similar work studying Maxwell’s Demon, a hypothetical agent that
can raise and lower a gate that allows fast gas molecules through while blocking slow molecules,
revealed that if the thermodynamic cost of measuring and computing were ignored, the laws of
thermodynamics could be violated by such an agent [Ben87]. These works showed a strong link
between information and physics and laid the foundation for the link to quantum computing that
would soon follow.

It took the insight that information is physical to begin to motivate incorporating the formalism
of quantum mechanics into the language of computer science. Quantum computing was born of
this synthesis and was articulated independently by Manin [Man80] and Feynman [Fey82]. The
justification that they had was the fact that the description of the state space of even small quantum
systems scales exponentially with the number of quantum bits. This means that a naïve simulation
of the laws of quantum mechanics would require exponentially more time on a classical computer
than the physical system itself requires to evolve. This work opened the possibility that a computer
that exploited the full capabilities of quantum mechanics may be, for certain problems, exponentially
more powerful than the Turing machine. This in turn caused the scientific community to begin to
doubt that the Extended Church-Turing Thesis holds, and now the belief that any realistic model
of computing is polynomially equivalent to a quantum computer has become widespread after the
discovery of the fast factoring algorithm of Shor [Sho99], the quantum simulation algorithms of Lloyd
and others [Llo96], as well as the quantum advantage proposals of Aaronson and Arkhipov [AA11].

At a high level though, quantum computing suggests something potentially even stronger. If
the Extended Church-Turing Thesis is replaced by a quantum version, then all of nature could
be described or simulated in polynomial time by a massive quantum computer. In this sense, the
strong link between information and physics reaches a crescendo with quantum computing, which
suggests that all of physical law could be thought of as an algorithm that is run on a quantum
computer, and the set of tasks that a quantum computer cannot perform efficiently are precisely
those that nature also cannot solve at scale. For this reason, the search for exponential algorithmic
advantage plays a central role in quantum computing, not only because it provides us with new
opportunities for our computers, but also because it reveals the limitations that physical systems
impose on information processing, and in turn, the limitations that information processing places
on physical systems. Indeed, the main purpose of this text is to shed light on the origin and utility
of quantum speedups for scientific applications.
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1.2. Quantum speedup

The primary aim of exploring quantum computation is to attain a quantum speedup or
quantum advantage, thereby enhancing problem-solving capabilities in scientific computation.
At first glance, it seems that n qubits can be used to represent a superposition over 2n classical basis
states, and significant quantum speedups should be expected everywhere. However, the situation
is much more ambiguous: does the quantum algorithm require an exponential amount of classical
information to be passed into the quantum computer? Does the quantum algorithm generate an
exponential amount of information that needs to be extracted out of the quantum computer? If the
size of the classical state space is 2n, is it mandatory for the classical algorithm to go through all
states in order to find an approximate solution to a desired precision? If the size of the classical state
space is only n but the computational cost of an existing algorithm is 2n, is it possible for a future
classical algorithm to reduce this cost to poly(n)? Readers may be curious about how to evaluate
and answer these questions before dedicating substantial time to learning quantum computation.
Indeed, these discussions can occur at a relatively broad level, largely circumventing the need for
intricate quantum jargon.

One way to formulate the quantum speedup (as a function of the system size n) is

(1.1) Quantum speedup =
log(minCost(classical))

logCost(quantum)
.

The presence of the logarithm can be intuitively understood as follows. For a task with a “system
size” n, assume that the classical and quantum costs are (asymptotically) proportional to nαc and
nαq , respectively. Then as n → ∞, the quantum speedup defined according to Eq. (1.1) is αc/αq.
For instance, a quadratic quantum speedup means αc/αq = 2, a cubic quantum speedup means
αc/αq = 3, and so on. If αc → ∞ as n → ∞ but αq remains bounded, the quantum speedup is
superpolynomial. There is also a concept called “exponential quantum advantage” (EQA), which
suggests that the classical cost increases at least exponentially in n but the quantum cost increases
only polynomially.

Rigorous proof of EQA can be extraordinarily difficult for practical problems. For example,
given two prime numbers p, q, the product m = p·q can be easily carried out on a classical computer.
However, if we are only given the integer m, finding the prime factors p, q can be very challenging.
This is called the prime factorization problem and has wide applications in cryptography. The
difficulty of the prime factorization problem can be measured in terms of the number of bits in
m. An integer m can always be expressed in binary format. For instance, 12 = 23 + 22 can be
represented as 1100 in binary format, where the number of bits n is 4. The most efficient classical
algorithm, judged by asymptotic scaling in n, is the General Number Field Sieve method [Bri98].
The computational scaling is proportional to exp[cn

1
3 (log n)

2
3 ], which increases superpolynomially

with n. Shor’s celebrated algorithm [Sho94, Sho99] addresses the same problem on a quantum
computer, with its cost being proportional to n2 log n log log n, i.e., only polynomial in n. On
one hand, this provides a very clean (and so far the cleanest) quantum solution with a significant
quantum speedup that is superpolynomial in n. On the other hand, even for this problem, the
speedup is not yet exponential in the strict sense above. For practical purposes, we will be (more
than) content with a superpolynomial quantum speedup.

In principle, the classical cost should be minimized with respect to all classical algorithms,
including algorithms that exist today, and those that will ever be developed in the future. A useful
lower bound of the cost of classical algorithms may be obtained for some simple problems. However,
this undertaking is exceedingly challenging for the majority of scientific computing problems. For
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instance, we do not know whether the problem of prime factorization can or cannot be performed in
polynomial time. Therefore, for practical purposes, we will further be satisfied with an estimate of
minCost(classical) by weighing both theoretical and empirical evidence, based on existing classical
algorithms.

Although quantum mechanics is frequently described as a probabilistic theory, a key component
is actually the quantum wavefunction (or quantum amplitude). This can be roughly equated to
the square root of a probability density, along with phase information. This difference between
probability density and quantum amplitude often forms the basis of the quadratic speedup, i.e.,
αc/αq = 2. The most prominent example of this is Grover’s algorithm for unstructured search
(see Chapter 11). Although a quadratic speedup is valuable, it is unlikely that this speedup alone
will be the most groundbreaking application of early fault-tolerant quantum computers. Hence, we
use the loose term significant quantum speedup to refer to speedups greater than quadratic (such
as cubic or quartic), or better, to superpolynomial speedups.

The quantum cost can be roughly calculated as the total gate complexity multiplied by the
number of repetitions due to the measurement process. It is also conceptually useful to divide it
into the following three components:

(1) Input cost, or the cost for preparing the input quantum state. Without loss of generality,
the quantum algorithm starts from a clean quantum state such as |0n⟩, and the input
state to the quantum algorithm, denoted by |ψI⟩, can be prepared using a unitary matrix
UI as |ψI⟩ = UI |0n⟩. Then the input cost is the gate complexity for implementing
UI . Sometimes a quantum algorithm requires multiple accesses to the input oracle UI
in a coherent fashion. In this case, the input cost is given by the gate complexity for
implementing UI multiplied by the number of coherent initial state preparations.

(2) Output cost, or the cost of quantum measurement. Without loss of generality, after an
appropriate basis change the measurement can be taken to be performed on one or multiple
qubits in the computational basis at the end of an algorithm. Then the output cost is the
number of repetitions M needed to run the quantum algorithm.

(3) Running cost, or the cost of coherently running the quantum algorithm once. This is given
by the gate complexity for implementing the algorithm (excluding the cost for implement-
ing UI).

One reason for separating the total gate complexity into the input cost and the running cost
is that it allows us to distinguish the case when the overall cost is dominated by preparing the
input, rather than by coherently executing the rest of the algorithm. In many settings, the input
information is classical, and the nature of its complexity can be very different from that in the
quantum algorithm. There is also an important scenario in which the input state |ψI⟩ is not
generated by a known circuit UI , but is produced by a quantum experiment. In this case, the
relevant input cost is often the number of times the experiment must be repeated to prepare |ψI⟩ (a
sample complexity), rather than the gate complexity of a circuit. For instance, quantum learning
theory studies how efficiently one can infer properties of an unknown quantum state from state
preparations and measurements. Throughout this book, we focus on computational tasks in which
quantum and classical algorithms have access to the same amount of classical input information
and are required to output classical information, and we will not discuss quantum learning theory
in detail (except basic concepts such as parameter estimation in Chapter 8).

Ultimately, all quantum algorithms must output information that can be processed through
classical means via quantum measurements. If the quantum state itself is the end product, the
procedure to recover the quantum state on a classical computer is called quantum state tomography.
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The cost of the state tomography procedure usually grows exponentially relative to the size of the
quantum system. Therefore, it is unlikely that significant quantum speedup can be achieved for
problems involving a tomography procedure on a large number of qubits. Instead, we should focus
on problems whose end result can be obtained by measuring a small number of observables related
to the quantum state to a desired accuracy, for which the measurement overhead can sometimes be
reduced substantially.

In summary, a quantum computer should not be viewed as an all-purpose computational device
destined to replace classical computers. Rather, it should be seen as an accelerator, capable of
providing significant speedups for specific computational tasks. As emphasized in [Aar14], one must
“read the fine print” when evaluating claims of quantum advantage. Several criteria must be met:
the problem under consideration should be computationally intensive on classical hardware; the
task must be solvable efficiently on a quantum device; and the overhead associated with data input
and output (i.e., loading and extracting data) should not dominate the overall cost. Furthermore,
several proposed quantum speedups for linear algebra and machine learning on classical data rely on
strong data-access assumptions, and in some cases comparable scaling can be achieved by quantum-
inspired classical algorithms under similar assumptions. Meeting all of these conditions is far from
trivial. It represents a significant theoretical, experimental, and algorithmic challenge for the entire
scientific community.

1.3. Quantum advantage hierarchy

Figure 1.1. Quantum advantage hierarchy. The vertical level is determined by
the most compelling application in each category, as demonstrated by the available
evidence of quantum advantage.
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Based on the aforementioned definition of quantum speedups, Fig. 1.1 organizes various quan-
tum applications related to this book using a pyramid structure of 4 levels: Level I (Highly struc-
tured problems), Level II (Unitary dynamics, sampling, and learning problems), Level III (Quan-
tum properties and effective dynamics problems), and Level IV (Strong classical baselines and I/O
limited problems). Significant quantum speedups may exist across all levels. The vertical axis
represents the existing amount of evidence supporting significant quantum speedups, while the hor-
izontal axis represents the potential range of scientific applications. Besides gate complexity, for
learning and sensing tasks the dominant cost can be the sample complexity (the number of experi-
mental repetitions), which we treat as part of the running and output costs in this hierarchy. Now
we give some examples at each level of the hierarchy, and the results are summarized in Table 1.1.

Level Input Output Running Classical Examples

Cost Cost Cost Cost

I
Highly

structured
✓ ✓ ✓

Provably
expensive

Shor’s algorithm for prime fac-
torization and discrete loga-
rithm, decoded quantum inter-
ferometry for structured opti-
mization

II
Unitary dynamics

sampling and learning
✓ ✓ ✓

Empirically
expensive

Hamiltonian simulation, random
circuit sampling, learning with
quantum memory

III
Quantum properties

and effective dynamics
? ? ✓

Empirically
expensive

Ground state energy estima-
tion, thermal state preparation,
Green’s function, open quantum
system dynamics

IV
Strong classical
baselines and
I/O limited

? ? ?

Efficient
(except
very large
systems)

Classical partial differential
equations, stochastic differen-
tial equations, unstructured
optimization, classical machine
learning

Table 1.1. Examples of problems in the quantum advantage hierarchy and exist-
ing amount of evidence justifying significant quantum speedups.

While prime factorization (and cryptography problems in general) are not typically classified
as scientific computing problems, they occupy a unique position (Level I) at the peak of this hier-
archy, and serves as a reference point for the ideal demonstration of quantum advantage in highly
structured settings. These problems possess specific mathematical structures that allow quantum
algorithms to bypass the exhaustive search often required by classical approaches. By describing
the classical cost as “provably expensive,” we mean that the problem is hard under reasonable
complexity-theoretic conjectures or relative to the best-known classical algorithms. For example,
Shor’s algorithm exploits the periodicity of the modular exponentiation function, a property related
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to the hidden subgroup problem. Another reason for placing Shor’s algorithm at the top of the hier-
archy is that these problems are “verifiable,” meaning a candidate solution can be efficiently checked
by classical means (e.g., by multiplying the returned factors). The recently developed decoded quan-
tum interferometry (DQI) algorithm [JSW+25] also solves highly structured optimization problems
with superpolynomial speedups and has the potential to be classified in Level I. Unfortunately,
such structures are rare in general scientific computing settings, as most problems in physics and
engineering lack these clean, exploitable properties. To date, only a small number of applications
have presented a comparable level of evidence supporting significant quantum speedups, and the
list of credible candidates continues to evolve.

The most prominent example in Level II is the time evolution of a quantum state under a
Hamiltonian, known as the Hamiltonian simulation problem. Many tasks in quantum physics and
chemistry can be cast in this form. This category also includes sampling from unitary evolutions not
explicitly defined by a Hamiltonian, such as random circuit sampling used in quantum supremacy
experiments. For a physical Hamiltonian acting on n qubits, the description size is typically poly-
nomial in n. We assume simple initial states, such as product states, which can be prepared with
polynomial cost. The cost to simulate the dynamics for time t with precision ϵ then scales as
poly(n, t, 1/ϵ). Under these assumptions, no known classical algorithm is expected to reliably sim-
ulate generic many-body dynamics for long times. However, compared to Level I, the theoretical
justification for speedup is often less rigorous, and verifying quantum advantage can be more diffi-
cult. For instance, verifying the output distribution of random circuit sampling typically demands
exponential classical resources. Consequently, evidence for advantage relies heavily on the empiri-
cal hardness of classical simulation. Certain quantum learning tasks can demonstrate exponential
advantage in sample complexity [HBC+22]. These advantages primarily stem from the quantum
nature of the input data and the availability of quantum memory [CCHL22]. This differs from
the computational tasks addressed in this book, which focus on problems with classical inputs and
outputs. Furthermore, the exponential advantage assumes that we have zero knowledge about the
quantum system being learned, which is often not the case in physical applications.

Level III of the hierarchy includes a large class of problems in quantum physics, quantum
chemistry, and materials science. By “quantum properties,” we refer to static characteristics of the
system, such as ground state energy, excited state energy, stationary states, and spectral properties.
By “effective dynamics,” we refer to processes that are not natively unitary, such as open system
dynamics involving dissipation or imaginary time evolution used for cooling. Compared to Level II
problems, the mapping from these non-unitary objects to the unitary logic of quantum hardware
is indirect. This mapping often introduces overheads, such as the need for linear combinations
of unitaries, post-selection, or many ancillary qubits. The amount of information that needs to
be extracted from the quantum computer can be comparable to that in the quantum dynamics
simulation and is at most polynomial in n. In the case of the ground-state energy estimation, the
situation is even clearer since we only need to estimate a single number as the output. Compared
to unitary dynamics, there exist a much larger number of powerful classical algorithms for these
tasks. These are approximate methods and often cannot be used to converge to the true solution to
arbitrary precision. However, for many practical problems, they have been shown to be sufficiently
accurate. Input cost is also a major factor placing these problems at Level III. For example,
ground state estimation often requires a good initial guess (an ansatz) to succeed; generating
this ansatz can be computationally expensive or physically difficult, sometimes leading to QMA-
hard bottlenecks. Finally, we may design quantum algorithms to solve problems that are entirely
classical. For instance, we can consider quantum solvers for classical partial differential equations
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(PDEs), stochastic differential equations, unstructured optimization problems, and sampling tasks.
These cover a large variety of problems in scientific computing. However, many such classical
problems fall into Level IV because they have strong classical baselines and/or are I/O limited.
For example, many PDEs on a grid of size N can be solved classically in time polynomial in N
(often approximately linear in N using fast algorithms). Even if a quantum algorithm offers a
speedup in the processing stage, it faces the “I/O limit”: merely loading an arbitrary input vector
of size N into the quantum state takes time linear in N , which negates any potential exponential
speedup. One exception arises when the classical data possesses significant structure that allows
for efficient loading; a potential advantage in this regime was recently demonstrated for a quantum
solver of a large number of classical oscillators [BBK+23]. Regarding unstructured search problems,
while Grover’s algorithm provides a quadratic speedup, this is often insufficient to overcome the
significant constant-factor overheads of fault-tolerant quantum error correction compared to highly
optimized classical heuristics. Thus, while the range of applications is vast, securing an end-to-
end advantage is difficult. That being said, many cryptography problems can be formulated as
classical optimization problems, and the next breakthrough in quantum algorithms may emerge
from classical problems again.

The ongoing evaluation and pursuit of quantum advantage is a rapidly developing field. When
discussing applications, we will only scratch the surface of the potential indications of quantum
advantage by examining aspects such as quantum input cost, output cost, running cost, and the
cost of classical algorithms, wherever possible. This approach is intended to encourage readers to
seek out these elements in their own research. However, it is important to understand that the
findings presented, while based on existing literature, are far from exhaustive or conclusive. The
rapid pace of advancements means that future developments could significantly alter the current
understanding and conclusions.

1.4. Quantum error correction and fault tolerant computation

All previous discussions assume that quantum operations can be perfectly performed. To this
end, quantum error correction is necessary. The threshold theorem [ABO97] is a central result
in the field of quantum error correction. The theorem essentially states that if the error rate of
quantum operations (including gates and measurements) is below a certain threshold value (around
0.001, though the precise value depends on the detailed assumptions), then it is possible to perform
quantum computation for an arbitrary length of time with arbitrarily high accuracy (see [NC00,
Section 10.6]).

Theorem 1.1 (Threshold theorem). There exists an error threshold pt > 0. If the physical
error rate p per gate operation satisfies p < pt, there exists a quantum error correction scheme such
that the logical error rate q can be made as small as desired. In other words, q = O((p/pt)ℓ) for
any positive integer ℓ.

We will not study the details of quantum error correction in this book. In classical computing,
modern algorithm design generally does not take error correction into account. Similarly, in the long
term, quantum error correction is expected to be largely a separate issue from the design of quantum
algorithms. We always assume quantum error correction protocols have been implemented, physical
noise has been eliminated, and the resulting quantum computer is fault-tolerant. For the purpose
of this book, all errors come from either approximation errors at the mathematical level, or Monte
Carlo errors in the readout process due to the probabilistic nature of the measurement process.
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Quantum error correction is a dynamic and rapidly progressing field, and will significantly
impact the development and potential of quantum algorithms, and the landscape of quantum com-
puting. On a very coarse scale, we can categorize quantum algorithms based on the type of quantum
computer architecture they are designed for.

(1) Noisy intermediate-scale quantum (NISQ) computers: These devices represent the current
state of quantum computing technology. Characterized by a relatively small number (tens
to a few hundreds) of physical qubits, these systems are prone to errors and lack full
error correction capabilities. Quantum algorithms designed for NISQ devices, such as the
Variational Quantum Eigensolver (VQE), need to be error resilient and must be capable
of delivering meaningful results despite the presence of noise. Most of this book will not
discuss NISQ algorithms.

(2) Fully fault-tolerant quantum computers: These are the ideal, long-term goal of quan-
tum computing research. In these systems, quantum error correction protocols are fully
implemented, allowing quantum algorithms to run for long durations without being over-
whelmed by errors. This architecture will enable the execution of complex algorithms
that require a large number of qubits and gate operations. Many of the algorithms dis-
cussed in this book are designed for this type of architecture. At the current stage, the
goal of many fully fault-tolerant quantum algorithms is to minimize the total cost (in an
asymptotic sense with respect to certain parameters, such as precision, system size etc.)
for solving a given task.

(3) Early fault-tolerant quantum computers: This category represents a transitional phase
between NISQ devices and fully fault-tolerant quantum computers. These systems would
implement some form of quantum error correction, but they may have constraints such
as a very limited number of logical ancilla qubits. This means that they can only run
quantum algorithms within a certain complexity limit. Despite these constraints, early
fault-tolerant quantum computers provide an opportunity to test and refine fault-tolerant
designs and protocols, and to run quantum algorithms that are beyond the reach of NISQ
devices but do not require the full capabilities of fault-tolerant quantum computers. Some
of the algorithms in this book take such constraints into account and can be suitable on
early fault-tolerant quantum computers.

1.5. Error accumulation mechanisms in classical and quantum computation

Quantum computation aims at processing objects whose natural dimension is exponential, such
as vectors in C2n and matrices of size 2n × 2n. No computation can be carried out exactly, so will
the error also accumulate exponentially with the system size? If that were the case, then quantum
algorithms would become useless precisely in the regime where they are designed to operate. In
this section we give a bird’s-eye view of the relevant error accumulation mechanisms.

At first glance, deterministic numerical computation can look discouraging in this respect.
Even a basic task such as forming an inner product involves many elementary operations, and
Example 1.2 shows a worst-case bound for the accumulated rounding effects that is proportional to
N = 2n.

However, scientific computation has long dealt with exponentially large state spaces without
requiring errors to grow linearly in the dimension. Randomized algorithms on n bits evolve a prob-
ability distribution on a space of size N = 2n, yet the accuracy of the computation is governed by
how many transition steps are composed, not by N itself: if each step is implemented to accuracy
ϵ, then the overall error is at most Kϵ, where K is the number of steps (see Proposition 3.29).
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Quantum computation behaves in the same way at the level of circuit synthesis: a quantum algo-
rithm is a product of elementary unitaries, and the accumulated implementation error is controlled
by the number of gates. In particular, if the gate count is K and each gate can be implemented to
precision ϵ/K, then the final error is O(ϵ). In the fault-tolerant setting assumed above, achieving
such per-gate accuracy is a realistic requirement, and the overhead of approximating elementary
unitaries to a desired precision is discussed later (see Chapter 4). The distance notions used to
make these comparisons precise are developed in Chapter 3, and the Monte Carlo errors arising at
readout are discussed further in Chapter 8.

1.5.1. Deterministic classical computation. Modern scientific computation on classical
computers is based on floating point arithmetic operations, which express a number in scientific
notation. For instance, the number −.271828 × 105 involves a sign (−), fraction (271828), base
(10), and exponent (5). In binary floating point, one stores a sign bit together with a fixed-length
exponent and fraction. For instance, the IEEE single precision uses 1 bit for the sign, 8 bits for the
exponent, and 23 bits for the fraction (32 bits long). The IEEE double precision uses 1 bit for the
sign, 11 bits for the exponent, and 52 bits for the fraction (64 bits long). For instance, a double
precision ranges from 2−1022 to 21023, or about 10−308 to 10308. Numbers outside this range yield
underflow or overflow error and need to be handled separately. This is much more efficient than
the fixed point number representation (see Section 5.3), which would require more than 2046 bits
(i.e., more than 2046 logical qubits for a single number) to cover the same range of numbers.

The basic assumption is that any real number a should be represented by fl(a) using a given
number of bits. Similarly, any binary operation a ⊙ b should be represented by fl(a ⊙ b), where ⊙
is one of the four elementary binary operations +,−, ∗, /. The difference a⊙ b− fl(a⊙ b) is called
the roundoff error. When the number is rounded correctly, i.e., fl(a⊙ b) is a nearest floating point
number to a⊙ b, we have

(1.2) fl(a⊙ b) = (a⊙ b)(1 + δ),

where |δ| is upper bounded by ϵmach (called the machine precision).

Example 1.2. Given u, v ∈ RN , consider the error accumulation of computing an inner product∑N
i=1 uivi. The error from each operation in the floating-point arithmetic needs to be counted

separately. The floating-point representation of a product uivi is given by uivi(1 + ϵi), where
|ϵi| ≤ ϵmach, and ϵmach is the machine epsilon.

However, when summing these products, there is an additional error introduced at each addition
step. Let us denote by δ′j the relative rounding error incurred when adding the j-th term (so∣∣δ′j∣∣ ≤ ϵmach). Then the partial sums satisfy

(1.3) fl
(
sj−1 + ujvj(1 + ϵj)

)
=
(
sj−1 + ujvj(1 + ϵj)

)
(1 + δ′j),

where sj−1 denotes the computed partial sum from the previous step. After summing over all N
terms, we may write

(1.4) 1 + δi := (1 + ϵi)

N∏
j=i+1

(1 + δ′j).

Therefore if overflow or underflow does not occur, then

(1.5) fl

(
N∑
i=1

uivi

)
=

N∑
i=1

uivi(1 + δi), |δi| ≤ (1 + ϵmach)
N − 1 ≤ eNϵmach − 1.



20 1. QUANTUM ADVANTAGE IN SCIENTIFIC COMPUTATION

⋄

When Nϵmach < 1, we have |δi| ≤ 2Nϵmach. So the error grows linearly in N . This is due to
the step of adding N numbers following a linear order. For computing the inner product, the error
accumulation in the summation step can be significantly reduced using a technique called the pair
summation (or cascade summation) to O((logN)ϵmach). However, such a more accurate summation
method is more difficult to implement in broader scenarios such as matrix-matrix multiplication.
For most of the tasks, the poly(N) factor in the error accumulation is unavoidable. For instance, for
solving a triangular linear system, the error accumulation is O(Nϵmach) [GVL13, Chapter 3.1]. For
Gaussian elimination (or LU factorization), standard backward-error bounds involve the growth
factor ρ and scale polynomially in N , typically of order O(Nρϵmach) [GVL13, Chapter 3.4].

That being said, not all deterministic computations involving vectors in CN necessarily exhibit
a poly(N) accumulation of numerical error. Error accumulation is governed not by the ambient
dimension N itself, but by the number of elementary operations performed. For instance, tensor
network methods provide settings in which certain computations on structured vectors in CN can
be carried out using only poly(n) operations, where N = 2n. We will not discuss tensor network
methods in this book, and classical probabilistic computation provides a more direct analogy to
quantum computation for tackling high dimensional problems, as discussed next.

1.5.2. Probabilistic classical computation. A probabilistic computation on n bits evolves
a probability distribution on a space of size N = 2n, and hence it can be described by a vector in RN
acted on by stochastic matrices. The ambient dimension is exponential in n, but the computation
is specified by a sequence of local update rules. As a result, neither the cost nor the accumulated
implementation error needs to scale exponentially in N . This viewpoint also extends to the com-
parison between quantum and classical algorithms: a probability distribution can be viewed as a
special quantum state, and a transition matrix can be associated with a special quantum channel
(see Section 3.2).

If we can implement each transition matrix to precision ϵ, the global error of the overall tran-
sition matrix grows at most linearly with respect to the number of transition matrices and is at
most 1,Kϵ (see Proposition 3.29). Equivalently, if the gate complexity is K and we can implement
each transition matrix to precision ϵ/K, then the final error is upper bounded by ϵ, independent of
N . Compared to deterministic classical algorithms, randomized algorithms introduce another error
mechanism: even when the transition rule is specified, one often estimates quantities of interest by
sampling, and the output is therefore subject to Monte Carlo fluctuations. For example, estimating
an expectation value by Ns independent samples typically incurs an error of order O(N−1/2

s ), in-
dependent of the size of the underlying sample space. The statistical side of this issue is discussed
further in Chapter 8.

1.5.3. Quantum computation. Quantum algorithms are designed to handle objects of size
N = 2n without explicitly storing N numbers. As in probabilistic computation, error accumula-
tion depends on how many steps are composed and on the metric used to compare channels (see
Chapter 3), and they do not introduce an explicit dependence on N .

Every quantum circuit can be represented by a unitary U , decomposed into a series of simpler
unitaries as U = UK · · ·U1. Each Ui can only be implemented approximately by some Ũi to precision
ϵ. The implementation cost of each simple unitary is independent of the Hilbert space dimension
N (see Chapter 4). This implies that for any vector |ψ⟩ of size N , the error between Ui |ψ⟩ and
Ũi |ψ⟩ is less than ϵ with no explicit dependence on N .
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If we can implement each local unitary to precision ϵ, the global error grows at most linearly
with respect to the number of gates and is at most Kϵ (see Proposition 3.21). In other words, if
the gate complexity is K and we can implement each gate to precision ϵ/K, then the final error
is upper bounded by ϵ and is independent of N . The same statement holds for quantum channels
(see Section 3.6).





CHAPTER 2

Elements of quantum computation

This chapter lays the groundwork for our journey into quantum algorithms for scientific compu-
tation. We will review the mathematical and physical principles that underpin quantum computing.
While we assume a basic familiarity with quantum mechanics, our focus will be on establishing the
specific concepts and notational conventions used throughout this book. This chapter is not in-
tended as a comprehensive introduction to quantum computing, but rather as a targeted primer on
the tools we will need to build and analyze sophisticated quantum algorithms. For a more compre-
hensive introduction to quantum computation, we refer the reader to standard textbooks such as
[NC00, Wat18].

We start with the postulates of quantum mechanics, introducing the Dirac notation and the
core principles governing quantum states and their evolution. We then move to the language of
quantum circuits, which greatly simplifies the tensor manipulations inherent in multi-qubit systems.
To handle scenarios involving noise and subsystems, we introduce the density operator formalism.
We will also discuss the no-cloning theorem, which forbids the copying of arbitrary quantum states,
and the principles of deferred and implicit measurement, which offer flexibility in circuit design.
The latter part of the chapter introduces the representation of structured matrices, including sparse
matrices and operators from fermionic and bosonic systems. We conclude with a selected list of
Hamiltonians from physics, chemistry, and optimization that will serve as motivating examples in
our exploration of quantum simulation and other applications.

2.1. Basic notation

The sets of real and complex numbers are denoted by R and C, respectively. For a complex
number c ∈ C, the notation c or c∗ denotes its complex conjugate.

A complex vector v of size N is an N -tuple of complex numbers, written as v ∈ CN , with its j-th
component denoted by vj . By default, we use 0-based indexing, that is, j ∈ [N ] := {0, . . . , N − 1}.
When 1-based indexing is used, we will explicitly write j = 1, . . . , N .

The vector 2-norm of v is denoted by ∥v∥ =
√∑

i∈[N ] |vi|
2. Unless otherwise specified, a

vector v ∈ CN is considered unnormalized. A nonzero, normalized vector (viewed as a pure quantum
state) is written as |v⟩ = v/ ∥v∥. To emphasize that a vector is unnormalized, we sometimes use
the notation |v ≻.

A matrix A of size M ×N is denoted by A ∈ CM×N , and its (i, j)-th entry is Aij or aij . For
A ∈ CM×N , the complex conjugate of A, denoted by A or A∗, is obtained by replacing each entry
of A with its complex conjugate. The inverse of A (if A is invertible) is denoted by A−1. The
transpose of A is denoted by A⊤. The Hermitian conjugate (or adjoint) of A, denoted by A†, is
the complex conjugate of the transpose of A, which can be expressed as A† = (A⊤)∗. A matrix A
is Hermitian if it is equal to its Hermitian conjugate, i.e., A = A†. A matrix A is normal if it
commutes with its Hermitian conjugate, i.e., AA† = A†A. A matrix U is unitary if its Hermitian

23
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conjugate is its inverse, i.e., U† = U−1. The set of all N × N unitary matrices forms the unitary
group, denoted by U(N). The set of all N × N unitary matrices with determinant 1 forms the
special unitary group, denoted by SU(N).

If all eigenvalues of a Hermitian matrix A ∈ CN×N are nonnegative, A is called a positive
semidefinite matrix, or positive operator, denoted by A ⪰ 0. The notation A ⪰ B means
A−B ⪰ 0, and A ⪯ B means B ⪰ A. Similarly, if all eigenvalues of A are positive, then A is called
a positive definite matrix, denoted by A ≻ 0. The notation A ≻ B means A−B ≻ 0.

The operator norm (also called induced vector 2-norm)1 of a matrix A is

(2.1) ∥A∥ := sup
∥v∥=1

∥Av∥ .

In quantum information theory, it is useful to consider the Schatten p-norm of A:

(2.2) ∥A∥p :=
(
Tr(A†A)

p
2

) 1
p

, p ≥ 1.

The particularly useful one is the Schatten 1-norm (also called the trace norm)

(2.3) ∥A∥1 := Tr
√
A†A.

For instance, any quantum state (density operator) ρ is normalized with respect to the trace norm,
i.e., ∥ρ∥1 = 1. Furthermore, the Schatten∞-norm ∥A∥∞ can be shown to coincide with the operator
norm ∥A∥. Many readers may not be familiar with the Schatten norms. We will discuss these norms
in detail in Chapter 3.

We adopt the following asymptotic notations: Let R+ be the set of positive real numbers.
Consider two functions f : R→ C and g : R→ R+. For any a ∈ R∪{±∞}, if lim supx→a

|f(x)|
g(x) <∞,

then we write f(x) = O(g(x)) as x→ a, or simply f = O(g)2 when x→ a is clear from the context.
We write f = Ω(g) if g = O(f); f = Θ(g) if f = O(g) and g = O(f). Note that O(g) can also be
interpreted as a set, so it is also valid to write f ∈ O(g). Similarly we may write f ∈ Ω(g), f ∈ Θ(g)
etc.

The notation Õ, Ω̃, Θ̃ are used to suppress subdominant polylogarithmic factors. Specifically,
f = Õ(g) if f = O(g polylog(g)); f = Ω̃(g) if f = Ω(g polylog(g)); f = Θ̃(g) if f = Θ(g polylog(g)).
Note that these tilde notations usually do not suppress dominant polylogarithmic factors. For
instance, if f = O(log g log log g), then we write f = Õ(log g) instead of f = Õ(1). However,
for simplicity of presentation, we may sometimes use the notation Õ more casually to suppress
dominant polylogarithmic factors. When we do so, we will make an explicit mention of this usage.

Throughout the book, the natural logarithm is denoted by ln, and is sometimes written as log
without an explicit base when the context is clear. The logarithm to base 2 is denoted by log2.
When N denotes the dimension of CN , and the notations N and n appear together, it is usually
assumed that N = 2n for some positive integer n, referred to as the number of quantum bits (or
qubits). Additional notations will be introduced in the book as needed.

1In matrix analysis, the operator norm is sometimes denoted by ∥A∥2 to indicate that this is the induced vector
2-norm. More generally, the induced vector p-norm is ∥A∥p = sup∥x∥p=1 ∥Ax∥p where ∥x∥p =

(∑
i |xi|p

)1/p. For
example, the induced vector 1-norm is ∥A∥1 = sup∥x∥1=1 ∥Ax∥1 = maxj

∑
i |aij |. This book does not adopt such

a notation.
2Sometimes O(g) is treated as a set of functions, and by this interpretation we can equivalently write f ∈ O(g).
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2.2. Postulates of quantum mechanics

This section encapsulates some of the most important postulates of quantum mechanics. All
postulates concern finite dimensional, closed quantum systems (i.e., systems isolated from environ-
ments). For more details, we refer readers to [NC00, Section 2.2].

2.2.1. State space postulate.

Definition 2.1 (Hilbert space). A (complex) Hilbert space denoted by H is a complex vector space
equipped with an inner product ⟨·|·⟩ : H × H → C that satisfies the following properties for all
x, y, z ∈ H and all α, β ∈ C:

(1) (Conjugate Symmetry) ⟨x|y⟩ = ⟨y|x⟩.
(2) (Linearity in the second argument) ⟨z|αx+ βy⟩ = α⟨z|x⟩+ β⟨z|y⟩.
(3) (Positive-definiteness) ⟨x|x⟩ ≥ 0 with equality if and only if x = 0.

Furthermore, H is complete with respect to the norm induced by the inner product, where the norm
of a vector x ∈ H is given by ∥x∥ =

√
⟨x|x⟩.

The state space postulate assumes that the set of all quantum states of a quantum system,
called the state space, is a Hilbert space. If the state space H is finite dimensional, it is isomorphic
(i.e., there is a one-to-one mapping) to some CN , written as H ∼= CN . Throughout the book, unless
otherwise specified, we only consider finite dimensional Hilbert spaces. A state vector (also called
ket vector, wavefunction, or pure quantum state) |ψ⟩ ∈ H can be identified with a column vector
in CN

(2.4) ψ =


ψ0

ψ1

...
ψN−1

 .

Let {ei} be the standard basis of CN . The i-th entry of ψ can be written as an inner product
ψi = ⟨ei|ψ⟩. We also use the Dirac notation, which uses |ψ⟩ to denote a quantum state. We further
postulate that two state vectors |ψ⟩ and c |ψ⟩ for some 0 ̸= c ∈ C always refer to the same physical
state. Hence without loss of generality we always assume |ψ⟩ is normalized to be a unit vector, i.e.,
⟨ψ|ψ⟩ = 1. Restricting to normalized state vectors, the complex number c = eiθ for some θ ∈ [0, 2π)
is called the global phase factor.

Throughout the book, unless otherwise specified, an unnormalized state vector is often denoted
by ψ without the ket notation |·⟩, and |ψ⟩ := ψ/ ∥ψ∥ denotes the normalized counterpart.

The bra vector ⟨ψ| can be interpreted as a linear functional on H, which maps any |φ⟩ ∈ H to
a complex number ⟨ψ|φ⟩. When H = CN , we have ⟨ψ|φ⟩ =

∑
i∈[N ] ψiφi. It can be identified with

a row vector, which is the Hermitian conjugate of the column vector ψ:

(2.5) ψ† =
(
ψ0 ψ1 · · · ψN−1

)
.

The set of all bra vectors, or linear functionals on H, is denoted by H⋆3.
Given a state space H, let L(H) denote the set of all linear operators on H. When H = CN ,

L(CN ) can be identified with the set of N ×N matrices, denoted by CN×N . The ketbra notation
|ψ⟩⟨φ| is an element in L(H), which maps any vector |ξ⟩ ∈ H to another state vector in H as

3The star ⋆ acting on a vector space does not mean the complex conjugation of H. This notation is only used
occasionally in the book. A Hilbert space satisfies H ∼= H⋆ by the Riesz representation theorem.
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|ψ⟩ ⟨φ|ξ⟩. The matrix representation of |ψ⟩⟨φ| is the product of the column vector ψ and the row
vector φ†, i.e., ψφ† ∈ CN×N .

Example 2.2 (Single qubit system and Bloch sphere). A (single) qubit corresponds to a state
space C2. We also define

(2.6) |0⟩ =
(
1
0

)
, |1⟩ =

(
0
1

)
.

Since the state space of the spin- 12 system is also isomorphic to C2, this is also called the single spin
system, where |0⟩ , |1⟩ are referred to as the spin-up and spin-down state, respectively. A general
state vector in C2 takes the form

(2.7) |ψ⟩ = a |0⟩+ b |1⟩ =
(
a
b

)
, a, b ∈ C,

and the normalization condition implies |a|2 + |b|2 = 1. So we may rewrite |ψ⟩ as

(2.8) |ψ⟩ = eiγ
(
cos

θ

2
|0⟩+ eiφ sin

θ

2
|1⟩
)
, θ, φ, γ ∈ R.

If we ignore the irrelevant global phase eiγ (which also absorbs a minus sign in the coefficient of
|0⟩), then it holds

(2.9) |ψ⟩ = cos
θ

2
|0⟩+ eiφ sin

θ

2
|1⟩ , 0 ≤ θ ≤ π, 0 ≤ φ < 2π.

So we may identify each single qubit quantum state with a unique point on the unit three-
dimensional sphere (called the Bloch sphere) as

(2.10) a = (sin θ cosφ, sin θ sinφ, cos θ)⊤.

⋄

2.2.2. Quantum operator postulate. The quantum operator postulate states that the evo-
lution of a quantum state from |ψ⟩ → |ψ′⟩ ∈ H is always achieved via a unitary operator U ,
i.e.,

(2.11) |ψ′⟩ = U |ψ⟩ , U†U = I.

Here U† is the Hermitian conjugate of U , and I is the identity map that can be identified with a
N -dimensional identity matrix. The set of all N×N unitary matrices is the unitary group, denoted
by U(N). The set of all N×N unitary matrices with determinant 1 forms the special unitary group,
denoted by SU(N).

This unitary evolution is derived from the system’s Hamiltonian H ∈ L(H), which is a
Hermitian matrix that encapsulates the total energy of the system and thus governs its dynamics.
For a time-independent Hamiltonian H, the state |ψ(t)⟩ satisfies the Schrödinger equation

(2.12) i∂t |ψ(t)⟩ = H |ψ(t)⟩ .

The corresponding time evolution operator is

(2.13) U(t2, t1) = e−iH(t2−t1), ∀t2 ≥ t1.

In particular, U(t2, t1) = U(t2 − t1, 0).
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More generally, starting from an initial quantum state |ψ(0)⟩, the quantum state can evolve in
time, which gives a single parameter family of quantum states denoted by {|ψ(t)⟩}. These quantum
states are related to each other via a quantum evolution operator U :

(2.14) |ψ(t2)⟩ = U(t2, t1) |ψ(t1)⟩ ,

where U(t2, t1) is unitary for any given t1, t2. Here t2 > t1 refers to quantum evolution forward in
time, t2 < t1 refers to quantum evolution backward in time, and U(t1, t1) = I for any t1.

In quantum computation, a unitary matrix is often referred to as a quantum gate.

Example 2.3. For a single qubit, the Pauli matrices are

(2.15) σx = X =

(
0 1
1 0

)
, σy = Y =

(
0 −i
i 0

)
, σz = Z =

(
1 0
0 −1

)
.

Together with the two-dimensional identity matrix, they form a basis of all linear operators on
C2. ⋄

Some other commonly used single qubit operators include, to name a few:
• Hadamard gate

(2.16) H =
1√
2

(
1 1
1 −1

)
• Phase gate

(2.17) S =

(
1 0
0 i

)
• T gate:

(2.18) T =

(
1 0
0 eiπ/4

)
=
√
S.

When there are notational conflicts, we will use the roman font such as H,X for these single-qubit
gates (for example, to distinguish the Hadamard gate H from a Hamiltonian H). An operator
acting on an n-qubit quantum state space is called an n-qubit operator.

Example 2.4. For P ∈ {X,Y, Z}, the unitary evolution generated by the Hamiltonian H = P is
a rotation about the corresponding Bloch-sphere axis. Concretely,

Rx(2t) :=e
−itX =

(
cos(t) −i sin(t)
−i sin(t) cos(t)

)
,

Ry(2t) :=e
−itY =

(
cos(t) − sin(t)
sin(t) cos(t)

)
,

Rz(2t) :=e
−itZ =

(
e−it 0
0 eit

)
.

(2.19)

For instance, starting from an initial state |ψ(0)⟩ = |0⟩, under Rx(2t) at time t = π/2 the state
evolves into |ψ(π/2)⟩ = −i |1⟩, i.e., the |1⟩ state up to a global phase. ⋄

Theorem 2.5 (Spectral theorem of normal matrices). Given a matrix A ∈ CN×N , the matrix
A is normal (i.e., A†A = AA†), if and only if

(2.20) A = V DV †.
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Here, D ∈ CN×N is a diagonal matrix containing the eigenvalues of A, and V ∈ U(N) is a unitary
matrix whose columns are the eigenvectors of A.

A more general decomposition, which plays a key role throughout the book, is the singular
value decomposition (SVD).

Theorem 2.6 (Singular value decomposition). Given any matrix A ∈ CM×N , there exist uni-
tary matrices U ∈ U(M) and V ∈ U(N), and a diagonal matrix Σ ∈ CM×N with non-negative real
numbers on the diagonal, such that

(2.21) A = UΣV †.

The diagonal entries of Σ are called the singular values of A, the columns of U are called the left
singular vectors of A, and the columns of V are called the right singular vectors of A.

Operator exponentials, also called matrix exponentials, gives us a way to express gates as
operator exponentials and because the algebra of exponentials makes this representation far easier
to work with than explicitly writing the unitary in a matrix representation.

Definition 2.7 (Matrix function). For A ∈ CN×N , and a complex valued function f : C 7→ C, the
matrix function f(A) is defined as follows:

(1) If f is an analytic function such that f(x) =
∑∞
j=0 ajx

j then f(A) :=
∑∞
j=0 ajA

j.
(2) If f is a complex valued function and A is a normal matrix such that A = V DV † where V

is unitary and D := diag(λ0, . . . , λN−1) where f(λj) ∈ C. Then f(A) := V f(D)V † where
f(D) = diag(f(λ0), . . . , f(λN−1)).

The definition of a matrix exponential can be seen as a direct consequence of either of the above
definitions, and both definitions find extensive use in quantum computing. Specifically, using the
former definition we have that for any matrix A

(2.22) eA :=

∞∑
j=0

Aj

j!
.

Matrix function can also be defined for non-normal matrices using contour integrals (see [Hig08,
Chapter 1]).

Lemma 2.8. Let A ∈ CN×N and let U ∈ U(N) be a unitary matrix, then UeAU† = eUAU
†
.

The following result can be viewed as the simplest realization of the Baker–Campbell–
Hausdorff formula (BCH).

Lemma 2.9. For any A,B ∈ CN×N , we have
(1) if [A,B] = 0, then eAeB = eA+B.
(2) if [A, [A,B]] = [B, [A,B]] = 0, then eAeB = eA+B+ 1

2 [A,B].
(3) if [A,B] ̸= 0, then eAeB = eA+B+ 1

2 [A,B] +O(max(∥A∥ , ∥B∥)3).

In general, we can express any unitary operator as an exponential of a Hermitian operator.
This result is a direct consequence of the definition of the operator exponential.

Lemma 2.10. For any unitary matrix U ∈ U(N), there exists a Hermitian matrix H ∈ CN×N

such that U = e−iH .
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Proof. A unitary matrix U is a normal matrix. According to Theorem 2.5, the unitary matrix
U can be diagonalized as

(2.23) U = V DV †,

where V ∈ CN×N is a unitary matrix and D is a diagonal matrix. The diagonal entries satisfy
|Dii| = 1. Without loss of generality we can write Dii = e−iθi where θi ∈ [0, 2π). Then define a
diagonal matrix Θii = θi, and H = VΘV †, we obtain U = e−iH . Note that the matrix H is not
unique since each θi can be chosen modulo 2π. □

In many scenarios such as the analysis of quantum simulation using Trotter-Suzuki formulas,
we need to find Taylor series expansions of conjugated operators.

Lemma 2.11. Let A,B be normal matrices in CN×N and let t ∈ R. We then have that

(2.24) eAtBe−At = B +
[A,B]t

1!
+

[A, [A,B]]t2

2!
+

[A, [A, [A,B]]]t3

3!
+ · · ·

Proof. We note that the above result is a power series in t, which must coincide with the
Taylor series expansion of the function f(t) = eAtBe−At because the function is analytic. Thus
the expression is true if the k-th derivative of f(t) at t = 0 is given by the k-fold commutator. We
prove by induction that

(2.25) ∂kt (e
AtBe−At) = eAt[A, [A, [· · · , [A,B] · · · ]]]e−At,

where the commutator is applied k times. The base case k = 0 holds trivially. Assume the
hypothesis holds for some k ≥ 0. Then

∂k+1
t (eAtBe−At) = ∂t

(
eAt[A, [A, [· · · , [A,B] · · · ]]]e−At

)
= eAt (A[A, [· · · , [A,B] · · · ]]− [A, [· · · , [A,B] · · · ]]A) e−At

= eAt[A, [A, [· · · , [A,B] · · · ]]]e−At,
(2.26)

where the final expression contains k+1 commutators. This confirms the inductive step. Evaluating
at t = 0 yields the coefficients of the Taylor series, completing the proof. □

2.2.3. Quantum measurement postulate. In quantum mechanics, a quantum observ-
able is always represented by a Hermitian matrix acting on the state space. The reason for using
Hermitian matrices is that they have real eigenvalues, which correspond to the outcome of quan-
tum measurements.

A quantum observable O ∈ L(H) has the spectral decomposition

(2.27) O =
∑
m

λmPm.

Here λm ∈ R are the eigenvalues of O, and Pm ∈ L(H) is the projection operator onto the eigenspace
associated with λm. The quantum measurement postulate states that when conducting a measure-
ment on a quantum state |ψ⟩ with respect to a quantum observable O, the eigenvalues λm represent
all the possible results of the measurement. Furthermore, the probability of obtaining a particular
outcome λm is

(2.28) pm = ⟨ψ|Pm|ψ⟩ .
Following the measurement, the quantum state collapses to the corresponding eigenspace

(2.29) |ψ⟩ → Pm |ψ⟩√
pm

.
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The set of projection operators satisfies the resolution of identity:

(2.30)
∑
m

Pm = I.

This implies the normalization condition

(2.31)
∑
m

pm =
∑
m

⟨ψ|Pm|ψ⟩ = ⟨ψ|ψ⟩ = 1, ∀ |ψ⟩ ∈ H.

Together with pm ≥ 0, we find that {pm} is indeed a probability distribution.
The expectation value of the measurement outcome can be expressed as

(2.32) Eψ(O) =
∑
m

λmpm =
∑
m

λm ⟨ψ|Pm|ψ⟩ =

〈
ψ

∣∣∣∣∣
(∑

m

λmPm

)∣∣∣∣∣ψ
〉

= ⟨ψ|O|ψ⟩ .

Example 2.12. Let O = X be the Pauli X operator. From the spectral decomposition of X:

(2.33) X |±⟩ = λ± |±⟩ ,
where |±⟩ := 1√

2
(|0⟩ ± |1⟩), λ± = ±1, we obtain the eigendecomposition

(2.34) O = X = |+⟩ ⟨+| − |−⟩ ⟨−| .
Consider a quantum state |ψ⟩ = |0⟩ = 1√

2
(|+⟩+ |−⟩), then

(2.35) ⟨ψ|P+|ψ⟩ = ⟨ψ|P−|ψ⟩ =
1

2
.

Therefore the expectation value of the measurement is ⟨ψ|X|ψ⟩ = 0. ⋄

Exercise 2.1. Prove Eq. (2.34).

2.2.4. Tensor product postulate.

Definition 2.13 (Tensor product). The tensor product of two finite dimensional Hilbert spaces
H1 and H2 is a complex vector space, denoted by H1 ⊗H2, spanned by vectors of the form v ⊗ w
with v ∈ H1 and w ∈ H2. The bilinear map ⊗ : H1 × H2 → H1 ⊗ H2 satisfies for all v, v′ ∈ H1,
w,w′ ∈ H2, and scalars α, β ∈ C:

(1) (αv + βv′)⊗ w = α(v ⊗ w) + β(v′ ⊗ w) and v ⊗ (αw + βw′) = α(v ⊗ w) + β(v ⊗ w′).
(2) (αv)⊗ w = α(v ⊗ w) and v ⊗ (βw) = β(v ⊗ w).

The tensor product is associative in the sense that the two vector spaces (H1 ⊗H2)⊗H3 and
H1 ⊗ (H2 ⊗ H3) are isomorphic. Let H1, . . . ,Hk be finite-dimensional Hilbert spaces with inner
products ⟨·|·⟩i for i = 1, 2, . . . , k. The tensor product of these k spaces can be recursively defined
as H1 ⊗ H2 ⊗ · · · ⊗ Hk := H1 ⊗ (H2 ⊗ · · · ⊗ Hk), which is spanned by all elements of the form
v1 ⊗ v2 ⊗ · · · ⊗ vk called product states, where vi ∈ Hi for i = 1, 2, . . . , k. The inner product
of two vectors v = v1 ⊗ v2 ⊗ · · · ⊗ vk and w = w1 ⊗ w2 ⊗ · · · ⊗ wk in the tensor product space
H1 ⊗H2 ⊗ · · · ⊗ Hk is defined as

⟨v|w⟩ = ⟨v1|w1⟩1 · ⟨v2|w2⟩2 · · · ⟨vk|wk⟩k.
This inner product is extended linearly to the entire tensor product space as〈∑

i

aivi

∣∣∣∣∣∣
∑
j

bjwj

〉
=
∑
i,j

aibj⟨vi|wj⟩, ai, bj ∈ C.



2.2. POSTULATES OF QUANTUM MECHANICS 31

The tensor product postulate states that the state space with k componentsH1
∼= CN1 , . . . ,Hk ∼=

CNk is the tensor product of these spaces H = H1 ⊗H2 ⊗ · · · ⊗ Hk. Let {|ji⟩}ji∈[Ni] be the basis
of CNi , then a general state vector in H takes the form

(2.36) |ψ⟩ =
∑

j1∈[N1],...,jk∈[Nk]

ψj1···jk |j1⟩ ⊗ · · · ⊗ |jk⟩ .

Here ψj1···jk ∈ C is an entry of a k-way tensor. Given another state vector

(2.37) |φ⟩ =
∑

j1∈[N1],...,jk∈[Nk]

φj1···jk |j1⟩ ⊗ · · · ⊗ |jk⟩ ,

the inner product takes the form

(2.38) ⟨ψ|φ⟩ =
∑

j1∈[N1],...,jk∈[Nk]

ψj1···jkφj1···jk .

The state space of n-qubits is H = (C2)⊗n ∼= C2n . We also use a shorthand notation: the
tensor product ⊗ may be omitted when the context is clear.

(2.39) |01⟩ ≡ |0, 1⟩ ≡ |0⟩ |1⟩ ≡ |0⟩ ⊗ |1⟩ , |0⊗n⟩ ≡ |0n⟩ ≡ |0⟩⊗n .

The tensor product operation provides us with a powerful way to describe two independent
copies of different vector spaces as a single larger vector space. Further, the tensor product when
viewed through this lens does not care about the nature of the form of the Hilbert spaces that
are being combined. In fact a particularly important case that we need to consider is the tensor
product between two operators.

Definition 2.14 (Tensor products of linear operators). Given two finite dimensional Hilbert spaces
H1 and H2, the tensor product of L(H1) and L(H2), denoted by L(H1)⊗L(H2), is a complex vector
space spanned by linear operators of the form A⊗B with A ∈ L(H1) and B ∈ L(H2). The bilinear
map ⊗ : L(H1) × L(H2) → L(H1) ⊗ L(H2) satisfies for all A,B ∈ L(H1) and C,D ∈ L(H2),
v ∈ H1, w ∈ H2 and scalars α, β ∈ C:

(1) (αA+ βB)⊗ C = αA⊗ C + βB ⊗ C and A⊗ (αC + βD) = αA⊗ C + βA⊗D.
(2) (αA)⊗B = αA⊗B = A⊗ (αB).

The space L(H1)⊗L(H2) is isomorphic to L(H1⊗H2). The tensor product is also associative in
the sense that L(H1)⊗ (L(H2)⊗L(H3)) is isomorphic to (L(H1)⊗L(H2))⊗L(H3). A consequence
of this definition is further that the application of multiple tensor products of linear operators on
matching tensor products of vectors distributes across the tensor product via

(2.40) (A1 ⊗A2 ⊗ · · · ⊗Ak)(v1 ⊗ v2 ⊗ · · · ⊗ vk) = (A1v1)⊗ (A2v2)⊗ · · · ⊗ (Akvk).

Example 2.15 (Two qubit system). The state space is H = (C2)⊗2 ∼= C4. The standard basis is
(row-major order, i.e., last index is the fastest changing one)

(2.41) |00⟩ =


1
0
0
0

 , |01⟩ =


0
1
0
0

 , |10⟩ =


0
0
1
0

 , |11⟩ =


0
0
0
1

 .
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There are many important quantum operators on the two-qubit quantum system. One of them
is the CNOT gate, with matrix representation

(2.42) CNOT =


1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

 .

In other words, when acting on the standard basis, we have

(2.43) CNOT


|00⟩ = |00⟩
|01⟩ = |01⟩
|10⟩ = |11⟩
|11⟩ = |10⟩

.

This can be compactly written as

(2.44) CNOT |a⟩ |b⟩ = |a⟩ |a⊕ b⟩ .

Here a⊕ b = (a+ b) mod 2 is the “exclusive or” (XOR) operation. ⋄

Definition 2.16 (Controlled unitaries). A controlled unitary operation is a quantum gate that
applies a specified unitary operation U to a set of target qubits only when the control qubits are in
a particular state, typically the |1⟩ state for each control qubit. The single qubit controlled unitary
operation can be represented as:

CU = |0⟩⟨0| ⊗ I + |1⟩⟨1| ⊗ U.

An n-qubit controlled unitary can be written as:

CnU = (I − |1n⟩⟨1n|)⊗ I + |1n⟩⟨1n| ⊗ U.

The CNOT gate is the same as CX. Controlled unitaries are ubiquitous in quantum algorithms.
In particular, it enables conditional logic within quantum circuits.

Example 2.17 (Multi-qubit Pauli operators). For a n-qubit quantum system, the Pauli operator
acting on the i-th qubit is denoted by Pi (P = X,Y, Z), i.e.,

Xi := I⊗(i−1) ⊗X ⊗ I⊗(n−i),

Yi := I⊗(i−1) ⊗ Y ⊗ I⊗(n−i),

Zi := I⊗(i−1) ⊗ Z ⊗ I⊗(n−i).

(2.45)

For example, in a 2-qubit system, following the row-major convention, the matrix representation of
X1, X2 are

(2.46) X1 = X ⊗ I =


0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0

 , X2 = I ⊗X =


0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0

 .

⋄
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Definition 2.18 (Pauli group). The n-qubit Pauli group, denoted as Pn, is a group that consists
of all possible tensor products of n-qubit Pauli matrices along with multiplicative factors of ±1 and
±i. Each element of the n-qubit Pauli group can be represented as

ik(P1 ⊗ P2 ⊗ · · · ⊗ Pn),

where k ∈ {0, 1, 2, 3}, each Pi is one of the Pauli matrices X, Y , Z, or the identity matrix I, and
⊗ denotes the tensor product.

The n-qubit Pauli group contains 4n+1 elements due to the 4n possible tensor products of Pauli
matrices and identity matrices, each multiplied by one of the four possible phase factors ±1,±i. It
plays a key role in quantum simulation and quantum error correction. Note that the product of
any two elements is another element of the group (up to a phase factor), and every element is its
own inverse (up to a phase factor).

Definition 2.19 (Clifford group). The n-qubit Clifford group, denoted as Cn, is a group of unitary
operators that normalizes the n-qubit Pauli group Pn. This means that for every Clifford operator
C ∈ Cn and every Pauli operator P ∈ Pn, there exists a Pauli operator P ′ ∈ Pn such that

CPC† = P ′.

The Clifford group includes all elements of the Pauli group, the Hadamard gate H, the phase
gate S, and the CNOT gate. It can be generated by {H, S,CNOT}.

Example 2.20. The single-qubit Pauli group P1 is defined as the group generated by the Pauli
matrices X,Y, Z together with the phase factor i:

P1 = {ikP | k ∈ {0, 1, 2, 3}, P ∈ {I,X, Y, Z}}.

We show that P1 can be generated by the set {H, S}. First, we obtain the Pauli Z operator by
squaring the phase gate:

S2 =

(
1 0
0 i

)2

=

(
1 0
0 −1

)
= Z.

Next, we utilize the property that the Hadamard gate transforms Z into X under conjugation.
Since H is Hermitian and unitary, we have:

X = HZ H = HS2 H .

The Pauli Y operator can be generated by conjugating X by S. We compute the conjugate
transpose S† = diag(1,−i) and verify the relation:

SXS† =

(
1 0
0 i

)(
0 1
1 0

)(
1 0
0 −i

)
=

(
0 1
i 0

)(
1 0
0 −i

)
=

(
0 −i
i 0

)
= Y.

Since S is unitary and S4 = I, we have S† = S−1 = S3. Thus, Y = SXS3.
Finally, since XY Z = iI, we conclude that {H, S} generates the entire Pauli group P1.
Since

T 2 =

(
1 0
0 eiπ/4

)2

=

(
1 0
0 eiπ/2

)
= S,

it immediately follows that {H, T} also generates P1. ⋄
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The Clifford group plays an important role in many areas. In quantum error correction, Clifford
operations can transform certain errors into forms that are more easily correctable. This makes
it desirable to choose Clifford gates to be part of a universal gate set (the most common one is
Clifford + T ). Additionally, the Gottesman–Knill theorem states that any quantum circuit using
only Clifford gates on computational basis states and measurements in the computational basis can
be efficiently simulated classically.

Example 2.21. We can concisely describe block matrices stored within a larger matrix. The
matrix representation of T ∈ L(CNM ⊗ CNM ), when writing in the block form,

(2.47) T =

 T0,0 · · · T0,N−1

...
. . .

...
TN−1,0 · · · TN−1,N−1

 , Tij ∈ CM×M .

can be rewritten as

(2.48) T =
∑

i,j∈[N ]

|ei⟩⟨ej | ⊗ Tij .

⋄

The notation for partial inner products and partial applications of operators is used throughout
this book, particularly in the context of block-encoding.

Definition 2.22 (Partial inner product). Consider two finite dimensional Hilbert spaces HA ∼= CN
with an orthonormal basis {|ei⟩}i∈[N ], and HB ∼= CM with an orthonormal basis {|fi⟩}i∈[M ]. The
partial inner product ⟨·|·⟩ is a map HA × (HA ⊗HB) → HB defined as follows. For any v ∈ HA,
w ∈ HA ⊗HB

(2.49) ⟨v|w⟩ =
∑
ij

(⟨v|ei⟩ ⟨ei, fj |w⟩) |fj⟩ ∈ HB .

With some abuse of notation, the partial inner product ⟨·|·⟩ also denotes a map: (HA⊗HB)×HA →
H⋆B according to

(2.50) ⟨w|v⟩ =
∑
ij

(⟨ei|v⟩ ⟨w|ei, fj⟩) ⟨fj | ∈ H⋆B .

This definition of a partial inner product has been used in the literature in several works such
as [LC17]. A problem with the notation though is that it requires that the reader pay close attention
to the dimensions of the objects in question in order to infer the dimension of the output with a
partial inner product. This runs counter to the advantages of Dirac notation which can be confusing
when used in the context of conventional Dirac notation where the inner product is always a scalar.
While its brevity is an advantage, great care must be taken when using the above notation to avoid
making mistakes about the shape of the output.

Example 2.23. Let |v⟩ = 1√
2
|0⟩ + 1√

2
|1⟩ be a one-qubit state, |w⟩ = |0⟩ ⊗ (|00⟩ + |11⟩) + |1⟩ ⊗

(|01⟩+ |10⟩) be a three-qubit state, then the partial inner product

(2.51) ⟨v|w⟩ = 1√
2
(|00⟩+ |11⟩) + 1√

2
(|01⟩+ |10⟩)

is a two-qubit state. ⋄
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Example 2.24. Let w =
∑
i∈[N ] |ei⟩ ⊗ |wi⟩ be reshaped into a matrix

(2.52) W =
(
w0 · · · wN−1

)
∈ CN×M .

Then the partial inner product ⟨ei|w⟩ for i ∈ [N ] picks out the i-th column wi. Similarly, the partial
inner product ⟨w|ei⟩ picks out the ith row of W †, which is w†

i . ⋄

The partial inner product between pure states provides a natural way to focus our attention
on one of the subspaces involved. Sometimes however, we will wish to apply a transformation on
the system in question. This generalizes the concept of the partial inner product, and will be vital
in our later discussion on block-encoding in Chapter 9.

Definition 2.25 (Partial application of operators). Consider two finite dimensional Hilbert spaces
HA ∼= CN with an orthonormal basis {|ei⟩}i∈[N ], and HB ∼= CM with an orthonormal basis
{|fi⟩}i∈[M ]. A partial application is a map (H⋆A⊗L(HB))×(HA⊗HB)→ HB so that for |v⟩ ∈ HA,
C ∈ L(HB), |u⟩ ∈ HA ⊗HB,

(2.53) (⟨v| ⊗ C) |u⟩ =
∑
jk

(⟨v|ej⟩ ⟨ej , fk|u⟩) (C |fk⟩) ∈ HB .

Similarly we define

(2.54) ⟨u| (|v⟩ ⊗ C) =
∑
jk

(⟨ej |v⟩ ⟨u|ej , fk⟩) (⟨fk|C) ∈ H⋆B .

Example 2.26. The partial inner product can also be viewed as a partial application of the identity
gate, i.e., for |v⟩ ∈ HA, I ∈ L(HB), |u⟩ ∈ HA ⊗HB
(2.55) ⟨v|u⟩ = (⟨v| ⊗ I) |u⟩ , ⟨u|v⟩ = ⟨u| (|v⟩ ⊗ I).

For T =
∑
jk |ej⟩⟨ek| ⊗Tjk, the quantity (⟨ei| ⊗ I)T can be represented as a rectangular matrix

that consists of the i-th block row of T :

(⟨ei| ⊗ I)T = (⟨ei| ⊗ I)
∑
jk

|ej⟩⟨ek| ⊗ Tjk

=
∑
k

⟨ek| ⊗ Tik ≡
(
Ti,0 · · · Ti,N−1

)
,

(2.56)

Similarly, T (|ej⟩ ⊗ I) picks out the j-th block column of the matrix T .

T (|ej⟩ ⊗ I) =
∑
ik

δjk |ei⟩ ⊗ Tik

=
∑
i

|ei⟩ ⊗ Tij ≡

 T0,j
...

TN−1,j

 ,

(2.57)

and (⟨ei| ⊗ I)T (|ej⟩ ⊗ I) returns the (i, j)-th block Tij as can be seen via

(2.58) (⟨ei| ⊗ I)T (|ej⟩ ⊗ I) = (⟨ei| ⊗ I)
∑
k

|ek⟩ ⊗ Tkj = Tij .

With some abuse of notation, we may omit the ⊗I notation, so (⟨ei| ⊗ I)T (|ej⟩ ⊗ I) may be
written simply as ⟨ei|T |ej⟩. ⋄
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2.3. Density operator

So far all quantum states encountered have been described by a single state vector |ψ⟩. How to
describe a classical mixture of state vectors, such as the state after a measurement process? How
can the state of a subsystem within a larger quantum system be defined? The answer to these
questions requires the formulation of the density operator (also called density matrix).

Definition 2.27 (Density operator). A linear operator ρ ∈ L(CN ) is called a density operator, if
ρ ⪰ 0, and Tr ρ = 1. The set of all density operators is denoted by D(CN ).

The density operator corresponding to a state vector |ψ⟩ is a rank-1 matrix

(2.59) ρ = |ψ⟩⟨ψ|.
Recall that quantum mechanics postulates that |ψ⟩ and |ψ′⟩ = eiθ |ψ⟩ represent the same physical
state. This statement is more natural from the perspective of the density operator, since

(2.60) ρ′ = |ψ′⟩⟨ψ′| = eiθ |ψ⟩ e−iθ ⟨ψ| = ρ.

In physics, such an irrelevant phase factor is referred to as a gauge degree of freedom. The density
operator ρ encapsulates the same physical information as is present in |ψ⟩, but with the added
benefit of being invariant to the gauge choice.

With some abuse of terminology, throughout this book, both the density operator ρ and the
state vector |ψ⟩ are called quantum states. A rank-1 density operator is called a pure state.

Exercise 2.2. Prove that all eigenvalues of a density operator ρ belong to [0, 1]. Furthermore,
ρ2 ⪯ ρ, and the equality holds if and only if ρ is a pure state.

If ρ is not a pure state, then it is called a mixed state. We can diagonalize the density matrix
as

(2.61) ρ =
∑
i

pi |ψi⟩ ⟨ψi| =:
∑
i

piρi,

where all state vectors |ψi⟩ are orthogonal to each other, and each ρi is a pure state. On the other
hand, if we have the ability to prepare each pure state ρi, then to create the mixed state ρ, all we
need to do is prepare a state ρi randomly, with the probability of preparing each state given by
pi. In essence, a mixed state can be seen as a classical ensemble of pure quantum states. In
particular, an n-qubit state ρ = I

2n is called the maximally mixed state.
Let {ρj} be a set of density operators. With any discrete probability distribution {pj}, define

ρ′ =
∑
j pjρj . Then ρ′ ⪰ 0 and Tr[ρ′] =

∑
j pj Tr[ρj ] =

∑
j pj = 1. Therefore ρ′ is a density

operator. In other words, a classical ensemble of (pure or mixed) density operators is also a density
operator.

Example 2.28 (Expectation value of a quantum observable). Let us consider the expectation value
of an observable O with respect to a mixed state ρ. Since the expectation value with respect to a
pure state is

(2.62) ⟨O⟩ρi = ⟨ψi|O|ψi⟩ = Tr[Oρi],

if we obtain the expectation value for a mixed state that obtains a pure state ρi with probability
pi, the expectation value is concisely written as

(2.63) ⟨O⟩ρ =
∑
i

piTr[Oρi] = Tr[Oρ].

⋄
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The measurement process can be described without referring to a quantum observable. A
quantum measurement can be described by a set of measurement operators {Mm}, where m labels
the different possible outcomes of the measurement. The operators Mm act on the state space H of
the system and satisfy the completeness relation:

∑
mM

†
mMm = I. After a measurement described

by Mm is made on a quantum system in a state ρ, the probability of getting result m is given by

(2.64) pm = Tr[MmρM
†
m].

If outcome m occurs, then the state of the quantum system collapses to a new state

(2.65) ρ′m =
MmρM

†
m

Tr[MmρM
†
m]
.

The density operator of the resulting ensemble is

(2.66) ρ′ =
∑
m

pmρ
′
m =

∑
m

MmρM
†
m.

If each Mm is a projection operator denoted by Pm, then {Pm} is called a projective mea-
surement. When a quantum observable is measured, the action that is performed on the quantum
system is a projective measurement. That is, the state of the system is projected onto an eigenstate
of the observable, corresponding to the obtained result of the measurement.

Example 2.29 (Projective measurement). Let the initial state ρ = |ψ⟩ ⟨ψ| be a pure state subject
to a projective measurement {Pm}m. After measurement, the system collapses into a state |ψm⟩ =
Pm |ψ⟩ /

√
pm with probability pm = ⟨ψ|Pm|ψ⟩. If we attempt to represent it by a pure state, one

natural choice seems to be |ψ′⟩ =
∑
m

√
pm |ψm⟩. However, using the normalization condition of

the projective measurement in Eq. (2.30)

(2.67)
∑
m

√
pm |ψm⟩ =

∑
m

√
pmPm |ψ⟩ /

√
pm =

∑
m

Pm |ψ⟩ = |ψ⟩ .

In other words, state before and after the measurement is exactly the same! This clearly does not
make sense.

Instead, the resulting state should be be represented by a mixed state

(2.68) ρ′ =
∑
m

pm |ψm⟩ ⟨ψm| =
∑
m

Pm |ψ⟩ ⟨ψ|Pm =
∑
m

PmρPm.

⋄

The partial trace is an operation on a joint quantum state (often representing a composite
system), which effectively “traces out” one or more subsystems to leave a reduced density operator
for the remaining subsystem(s). The operation is widely used in quantum mechanics, especially in
the study of open quantum systems, quantum information, and quantum computation.

Definition 2.30 (Partial trace). Consider two finite dimensional Hilbert spaces HA ∼= CN with an
orthonormal basis {|ei⟩}i∈[N ], and HB ∼= CM , and T ∈ L(HA ⊗HB). The partial trace over HA,
denoted by TrA(T ) is an element in L(HB) defined as:

(2.69) TrA(T ) =
∑
i∈[N ]

(⟨ei| ⊗ I)T (|ei⟩ ⊗ I).

The partial trace TrB(T ) is defined similarly.



38 2. ELEMENTS OF QUANTUM COMPUTATION

Example 2.31. The matrix representation of T ∈ L(CN ⊗ CM ) takes the form of a block matrix

(2.70) T =

 T0,0 · · · T0,N−1

...
. . .

...
TN−1,0 · · · TN−1,N−1

 , Tij ∈ CM×M .

Then

(2.71) TrA(T ) =
∑
i∈[N ]

Tii

is the sum of all diagonal blocks. ⋄

Given a density operator ρ ∈ D(HA ⊗HB), the partial trace

(2.72) ρA = TrB [ρ] ∈ D(HA), ρB = TrA[ρ] ∈ D(HB)

are called reduced density operators. In particular, if ρ = ρ1 ⊗ ρ2, then

(2.73) TrB [ρ] = ρ1, TrA[ρ] = ρ2.

Note that even if ρ is a pure state, in general, the reduced density operators ρA, ρB are mixed states.
If a quantum observable is defined only on the subsystem A, i.e., O = OA ⊗ IB and OA =∑

m λmPm, then when measuring a quantum state ρ with respect to O, the probability of obtaining
λm, and the expectation value only depend on the reduced density matrix ρA:

(2.74) pm = Tr[(Pm ⊗ I)ρ] = Tr[Pm TrB [ρ]] = Tr[PmρA], Eρ[O] = Tr[(OA ⊗ I)ρ] = Tr[OAρA].

Exercise 2.3. The Bell state (also called the EPR pair) is defined to be

(2.75) |ψ⟩ = 1√
2
(|00⟩+ |11⟩) = 1√

2


1
0
0
1

 .

Use the partial trace over the second qubit to prove that the Bell state cannot be written as any
product state |a⟩ ⊗ |b⟩.

Example 2.32 (Purification of mixed state). Any mixed state can always be dilated to a pure state
using ancilla qubits. In particular, any n-qubit mixed state ρ can be expressed as

∑
j pj |λj⟩⟨λj |

where |λj⟩ are the eigenvectors of ρ, and pj is the corresponding eigenvalue. Given this we can
construct a 2n-qubit pure state

(2.76) |ρ⟩ :=
∑
j

√
pj |λj⟩A |λj⟩B .

Then TrB(|ρ⟩⟨ρ|) = ρ. ⋄

A more general concept than projective measurement is called generalized measurement,
also called positive operator-valued measure (POVM).

Definition 2.33. A positive operator-valued measure (POVM) is a set of positive semidefinite
operators {Em} that sum to the identity:

(2.77)
∑
m

Em = I, Em ⪰ 0.
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If a quantum system is in state ρ, the probability of obtaining outcome m is given by

(2.78) pm = Tr[Emρ].

Unlike projective measurements, the elements Em of a POVM are not necessarily orthogonal,
nor are they required to be projection operators (i.e., E2

m need not equal Em). However, POVMs
provide the most general description of quantum measurements. On the other hand, the Naimark’s
dilation theorem (see e.g. [Wat18, Chapter 2.3]) tells us that any generalized measurement can be
implemented by coupling the system of interest to an ancilla system and performing a standard
projective measurement on the composite system.

Theorem 2.34 (Naimark’s dilation theorem). Every POVM can be realized as a projective
measurement on a larger Hilbert space. Specifically, given a POVM {Em} on HA, there exists
an auxiliary Hilbert space HB, a pure state |0⟩B ∈ HB, and a projective measurement {Pm} on
HA ⊗HB such that for any state ρ on HA:

(2.79) Tr[Emρ] = Tr[Pm(ρ⊗ |0⟩⟨0|B)].

Proof. Since each Em is positive semidefinite, we can define Mm =
√
Em such that M†

mMm =
Em. Let HB be a Hilbert space with an orthonormal basis {|m⟩} corresponding to the indices of
the POVM elements. We define a linear operator V : HA → HA⊗HB by its action on an arbitrary
state |ψ⟩ ∈ HA:

(2.80) V |ψ⟩ =
∑
m

Mm |ψ⟩ ⊗ |m⟩B .

This operator is an isometry because

(2.81) ⟨V ψ|V ψ⟩ =
∑
m,n

⟨ψ|M†
mMn |ψ⟩ ⟨m|n⟩ =

∑
m

⟨ψ|M†
mMm |ψ⟩ = ⟨ψ|

(∑
m

Em

)
|ψ⟩ = ⟨ψ|ψ⟩ .

We can extend this isometry to a unitary operator U acting on HA ⊗ HB such that U(|ψ⟩ ⊗
|0⟩B) = V |ψ⟩. Now, define the projective measurement on the composite system by the projectors
Πm = IA ⊗ |m⟩⟨m|B . Let Pm = U†ΠmU . Since U is unitary and {Πm} are orthogonal projectors
summing to identity, {Pm} is a valid projective measurement. Finally, we verify the probability
condition:

Tr[Pm(ρ⊗ |0⟩⟨0|B)] = Tr[U†ΠmU(ρ⊗ |0⟩⟨0|B)]

= Tr[ΠmU(ρ⊗ |0⟩⟨0|B)U†]

= Tr[(IA ⊗ |m⟩⟨m|B)V ρV †].

(2.82)

Using the definition of V , we have V ρV † =
∑
k,lMkρM

†
l ⊗ |k⟩⟨l|B . Substituting this back,

Tr[Pm(ρ⊗ |0⟩⟨0|B)] = Tr

(IA ⊗ |m⟩⟨m|B)∑
k,l

MkρM
†
l ⊗ |k⟩⟨l|B


= Tr[MmρM

†
m] = Tr[M†

mMmρ] = Tr[Emρ].

(2.83)

□
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2.4. Quantum circuit

Nearly all quantum algorithms operate on multi-qubit quantum systems. When quantum op-
erators operate on two or more qubits, writing down quantum states in terms of its components as
in Eq. (2.36) quickly becomes cumbersome. The language of quantum circuit offers a graphical
and compact manner for writing down the procedure of applying a sequence of quantum operators
to a quantum state. For more details see [NC00, Section 4.2, 4.3].

In the quantum circuit language, time flows from the left to right, i.e., the input quantum state
appears on the left, and the quantum operator appears on the right, and each “wire” represents a
qubit i.e.,

|ψ⟩ U U |ψ⟩

Here are a few examples:

|0⟩ X |1⟩ |1⟩ Z − |1⟩ |0⟩ H |+⟩

which is a graphical way of writing

(2.84) X |0⟩ = |1⟩ , Z |1⟩ = − |1⟩ , H |0⟩ = |+⟩ .

The relation between these states can be expressed in terms of the following diagram

(2.85)

|0⟩ |1⟩

|+⟩ |−⟩

X

H H

Z

Also verify that

|0⟩ X |1⟩

|0⟩ |0⟩

which is a graphical way of writing

(2.86) (X ⊗ I) |00⟩ = |10⟩ .

Note that the input state can be general, and in particular does not need to be a product state. For
example, if the input is a Bell state (2.75), we just apply the quantum operator to |00⟩ and |11⟩,
respectively and multiply the results by 1/

√
2 and add together. To distinguish with other symbols,

these single qubit gates may be either written as X,Y, Z,H or (using the roman font) X,Y,Z,H.
The quantum circuit for the CNOT gate is

|a⟩ |a⟩

|b⟩ |a⊕ b⟩

Here the “dot” means that the quantum gate connected to the dot only becomes active if the state of
the qubit 0 (called the control qubit) is a = 1. This justifies the name of the CNOT gate (controlled
NOT).

Similarly,
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|a⟩ |a⟩

|b⟩ U Ua |b⟩

is the controlled U gate for some unitary U . Here Ua = I if a = 0. The CNOT gate can be obtained
by setting U = X. Sometimes we want to control a unitary only if the control qubit is zero rather
than 1. In this case, we represent the control using a hollow circle as shown below.

|a⟩ |a⟩

|b⟩ U U1−a |b⟩
=
|a⟩ X X |a⟩

|b⟩ U U1−a |b⟩

Another commonly used two-qubit gate is the SWAP gate, which swaps the state in the 0-th
and the 1-st qubits.

|a⟩ |b⟩

|b⟩ |a⟩

Exercise 2.4. Write down the matrix representation of the SWAP gate.
Quantum operators applied to multiple qubits can be written in a similar manner:

qubit 0: |0⟩

U
qubit 1: |0⟩
qubit 2: |0⟩

qubit 3: |0⟩

For a multi-qubit quantum circuit, unless stated otherwise, the first qubit will be referred to as the
qubit 0, and the second qubit as the qubit 1, etc.

When the context is clear, we may also use a more compact notation for the multi-qubit
quantum operators:

|0⟩⊗4 U ⇔ |0⟩⊗4 U ⇔ |0⟩⊗4 U

One useful multiple qubit gate is the Toffoli gate (or controlled-controlled-NOT, CCNOT gate).

|a⟩ |a⟩

|b⟩ |b⟩

|c⟩ |(ab)⊕ c⟩
We may also want to apply a n-qubit unitary U only when certain conditions are met

|1⟩ |1⟩

|1⟩ |1⟩

|0⟩ |0⟩

|x⟩ U U |x⟩
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where the empty circle means that the gate being controlled only becomes active when the value of
the control qubit is 0. This can be used to write down the quantum “if” statements, i.e., when the
qubits 0, 1 are at the |1⟩ state and the qubit 2 is at the |0⟩ state, then apply U to |x⟩.

A set of qubits is often called a quantum register (or register for short). For example, in
the picture above, the main quantum state of interest (an n qubit quantum state |x⟩) is called the
system register. The first 3 qubits can be called the control register. When multiple registers are
present, we can distinguish them by writing |x⟩A |y⟩B , so that we can refer to the quantum state
associated with the qubits in registers A and B, respectively.

In quantum computation, a classical bit-string is denoted as x ∈ {0, 1}n, and the corresponding
|x⟩ is called a classical state. The set of all classical states form the computational basis of an
n-qubit system. It is worth noting that {|x⟩ ⟨x| |x ∈ {0, 1}n} forms a set of projective measurement
operators, which can be identified with the simultaneous measurement with respect to Pauli-Z
operators Z1, . . . , Zn. Consequently, when a measurement is performed with respect to the Pauli-Z
operator, it is called a measurement in the computational basis.

The circuit symbol for the quantum measurement with respect to a single Pauli-Z is

Example 2.35 (Measure Pauli-Z operators). For a quantum state |ψ⟩, the measurement of a
multi-qubit Pauli-Z operator of the form (Z1)

a1 · · · (Zn)an , where a1, . . . , an ∈ {0, 1} can be directly
implemented at the circuit level. For example, for a 3-qubit system, the following circuit

(2.87)

|0⟩

U|0⟩ ρ

|0⟩

measures the outcome of Z1 and Z3, yielding 4 possible outcomes {00, 01, 10, 11} with respective
probabilities {p(00), p(01), p(10), p(11)}. Now consider an observable O = Z1Z3 whose eigenvalues
are 1 and −1. The probability of obtaining each eigenvalue is

(2.88) p(O = 1) = p(00) + p(11), p(O = −1) = p(01) + p(10).

⋄

Example 2.36 (Hadamard test circuit). The Hadamard test is a useful tool for computing the
expectation value of an unitary operator with respect to a state, i.e., ⟨ψ|U |ψ⟩. It can be used to
solve the phase estimation problem. The Hadamard test uses two circuits to estimate the real and
imaginary part of the expectation value separately.

The (real) Hadamard test is the quantum circuit in Fig. 2.1 for estimating Re ⟨ψ|U |ψ⟩.

|0⟩ H H

|ψ⟩ U

Figure 2.1. Hadamard test for Re ⟨ψ|U |ψ⟩.
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To verify this, we find that the circuit transforms |0⟩ |ψ⟩ as

|0⟩ |ψ⟩ H⊗I−−−→ 1√
2
(|0⟩+ |1⟩) |ψ⟩

c-U−−→ 1√
2
(|0⟩ |ψ⟩+ |1⟩U |ψ⟩)

H⊗I−−−→1

2
|0⟩ (|ψ⟩+ U |ψ⟩) + 1

2
|1⟩ (|ψ⟩ − U |ψ⟩).

The probability of measuring the qubit 0 to be in state |0⟩ is

(2.89) p(0) =
1

2
(1 + Re ⟨ψ|U |ψ⟩).

This is well defined since −1 ≤ Re ⟨ψ|U |ψ⟩ ≤ 1.
To obtain the imaginary part, we can use the circuit in Fig. 2.2 called the (imaginary) Hadamard

test, where

(2.90) S =

(
1 0
0 i

)
is called the phase gate.

|0⟩ H S† H

|ψ⟩ U

Figure 2.2. Hadamard test for Im ⟨ψ|U |ψ⟩.

Similar calculation shows the circuit transforms |0⟩ |ψ⟩ to the state

(2.91)
1

2
|0⟩ (|ψ⟩ − iU |ψ⟩) + 1

2
|1⟩ (|ψ⟩+ iU |ψ⟩).

Therefore the probability of measuring the qubit 0 to be in state |0⟩ is

(2.92) p(0) =
1

2
(1 + Im ⟨ψ|U |ψ⟩).

Combining the results from the two circuits, we obtain the estimate to ⟨ψ|U |ψ⟩.
⋄

Example 2.37 (Overlap estimate using the SWAP test). A special case of the Hadamard test is
called the SWAP test, which can be used to estimate the overlap of two quantum states |⟨φ|ψ⟩|.
The quantum circuit for the swap test is
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|0⟩ H H

|φ⟩

|ψ⟩

Figure 2.3. Circuit for the SWAP test.

Note that this is exactly the Hadamard test with U being the swap gate. Direct calculation
shows that the probability of measuring the first qubit and obtaining outcome 0 is

(2.93) p(0) =
1

2
(1 + Re ⟨φ,ψ|ψ,φ⟩) = 1

2
(1 + |⟨φ|ψ⟩|2).

⋄

2.5. Copy operation and no-cloning theorem

Most computer programs on classical computers have an assignment of the form y = x, or
y = copy(x), which stores the value in the variable x in a new location in memory as a variable
y. In scientific computation, this is the foundation of iterative methods, which solve a problem by
making progress gradually. For example, classical iterative algorithms for solving linear systems
require storing intermediate variables. It is therefore striking that such a basic step is explicitly
ruled out by quantum mechanics.

The no-cloning theorem is an early result in quantum computation: it forbids a universal
quantum copy operation (see also [NC00, Section 12.1]).

Theorem 2.38 (No cloning). Given a fixed state |s⟩ (e.g. |s⟩ = |0n⟩), there is no unitary
operator U that acts as a copy operation, in the sense that for every state |x⟩,

(2.94) U |x⟩ ⊗ |s⟩ = |x⟩ ⊗ |x⟩ .

Proof. Assume such a U exists. Take two states |x1⟩ , |x2⟩ such that 0 < |⟨x1|x2⟩| < 1. Then

(2.95) U
(
|x1⟩ ⊗ |s⟩

)
= |x1⟩ ⊗ |x1⟩ , U

(
|x2⟩ ⊗ |s⟩

)
= |x2⟩ ⊗ |x2⟩ .

Taking the inner product of the two equations and using unitarity,

(2.96) ⟨x1|x2⟩ = ⟨x1, s|x2, s⟩ = ⟨x1, s|U†U |x2, s⟩ = ⟨x1, x1|x2, x2⟩ = ⟨x1|x2⟩2 .

Hence ⟨x1|x2⟩ ∈ {0, 1}, contradicting 0 < |⟨x1|x2⟩| < 1. □

There are two important special cases in which copying is possible without contradicting Theo-
rem 2.38. The first is that |x⟩ is not arbitrary: it is a specific state for which we know a preparation
procedure, i.e., |x⟩ = Ux |s⟩ for a known unitary Ux and some fixed state |s⟩. Then we can prepare
a second copy of |x⟩ via

(2.97) (I ⊗ Ux) |x⟩ ⊗ |s⟩ = |x⟩ ⊗ |x⟩ .

The second is copying classical information in the computational basis, using the CNOT gate.
i.e.,

(2.98) CNOT |x, 0⟩ = |x, x⟩ , x ∈ {0, 1}.
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The same principle applies to copying classical information from multiple qubits. Fig. 2.4 gives an
example of copying the classical information stored in 3 bits.

|x1⟩ |x1⟩

|x2⟩ |x2⟩

|x3⟩ |x3⟩

|0⟩ |x1⟩

|0⟩ |x2⟩

|0⟩ |x3⟩

Figure 2.4. Copying classical information using multi-qubit CNOT gates.

In general, multi-qubit CNOT operations can be used to perform classical copying in the com-
putational basis. Note that in the circuit model, this can be implemented with a depth-1 circuit,
since these CNOT gates act on disjoint sets of qubits.

The copying of classical information is compatible with Theorem 2.38 in the following sense.
The proof of Theorem 2.38 uses two non-orthogonal states |x1⟩ , |x2⟩ to obtain a contradiction.
However, all states in the computational basis are orthogonal to each other. Therefore, there exist
unitaries that copy a specified orthonormal set of states, but a universal quantum copy operation
is impossible.

Example 2.39. Let us verify that the CNOT gate does not violate the no-cloning theorem, i.e., it
cannot be used to copy a general superposition |x⟩ = a |0⟩+ b |1⟩. Direct calculation shows

(2.99) CNOT |x⟩ ⊗ |0⟩ = a |00⟩+ b |11⟩ ≠ |x⟩ ⊗ |x⟩
unless ab = 0. In particular, if |x⟩ = |+⟩, then CNOT creates a Bell state. ⋄

Similar to the quantum no-cloning theorem, there does not exist a unitary U that performs a
“deleting” operation which resets an unknown state |x⟩ to |0n⟩:
(2.100) U |0n⟩ ⊗ |x⟩ = |0n⟩ ⊗ |0n⟩
for all |x⟩. Indeed, if |x1⟩ , |x2⟩ are orthogonal, then unitarity implies

(2.101) 0 = ⟨0n, x1|0n, x2⟩ = ⟨0n, x1|U†U |0n, x2⟩ = ⟨0n, 0n|0n, 0n⟩ = 1,

a contradiction.
A more general version of the no-deleting theorem is as follows: given two copies of an arbitrary

quantum state, it is impossible to delete one of the copies. Specifically, there is no unitary U
performing the following operation using fixed known states |s⟩ , |s′⟩,
(2.102) U |x⟩ |x⟩ |s⟩ = |x⟩ |0n⟩ |s′⟩
for an arbitrary unknown state |x⟩.

Exercise 2.5. Prove the version of the no-deleting theorem in Eq. (2.102).
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2.6. Deferred and implicit measurements

There are two important principles related to quantum measurements: the principle of deferred
measurement, and the principle of implicit measurement. At first glance, both principles may seem
counterintuitive.

Example 2.40 (Deferring quantum measurements). Consider the circuit

|0⟩ H

|0⟩ X

Here the double line denotes a classical control operation. The outcome is that qubit 0 has prob-
ability 1/2 of outputting 0, and qubit 1 is in the state |0⟩. Qubit 0 also has probability 1/2 of
outputting 1, and qubit 1 is in the state |1⟩.

However, we may replace the classical control operation after the measurement by a quantum
controlled X (i.e. CNOT), and measure qubit 0 afterwards:

|0⟩ H

|0⟩

It can be verified that the result is the same. In this sense, CNOT copies the measurement outcome
of qubit 0 to qubit 1 in the computational basis. ⋄

Example 2.41 (Deferring measurement requires extra qubits). The procedure of deferring quantum
measurements using CNOTs is general, and important. Consider the following circuit:

|0⟩ H H

The probability of obtaining 0 or 1 is 1/2. However, if we simply “defer” the measurement to the
end by removing the intermediate measurement, we obtain

|0⟩ H H

The result of the measurement is deterministically 0! The correct way of deferring the intermediate
quantum measurement is to introduce another qubit

|0⟩ H H

|0⟩

Measuring the qubit 0, we obtain 0 or 1 w.p. 1/2, respectively. Hence when deferring quantum
measurements, it is necessary to store the intermediate information in extra (ancilla) qubits, even
if such information is not used afterwards. ⋄

Exercise 2.6. Consider a quantum circuit with three qubits, initially all in state |0⟩. The
circuit is as follows:



2.6. DEFERRED AND IMPLICIT MEASUREMENTS 47

|0⟩ H

|0⟩ H

|0⟩ H

Design a quantum circuit that defers the measurements of the first two qubits to the end, using
two additional ancilla qubits to store the intermediate measurement information. After the deferred
measurements, describe the final states of all qubits. Ensure the overall effect on the ancilla qubits
is the same as if the measurements were performed immediately.

The principle of deferred measurement states that in a quantum circuit, measurement
operations can be postponed from an intermediate stage to the end of the circuit. This remains true
even when a measurement at an intermediate step determines the conditional control of subsequent
gates: such classical controls can be replaced by quantum controls. One use of this principle is to
simplify quantum circuits and their analysis, by expressing the computation as a unitary circuit
(possibly using ancilla qubits) followed by measurements at the end.

The principle of implicit measurements states that, for predicting the statistics of the
qubits that are measured at the end of a circuit, it is irrelevant whether other qubits are explicitly
measured at the end or simply left unmeasured.

Example 2.42. Consider the circuit:

|0⟩ H H

|0⟩

Before the measurement, the final state is 1
2 (|00⟩+ |01⟩) +

1
2 (|10⟩ − |11⟩). So measuring qubit 1

yields 0 and 1 with equal probability.
If we measure qubit 0 first, verify that qubit 1 will be in the mixed state

(2.103) ρ =
1

2
|0⟩⟨0|+ 1

2
|1⟩⟨1|,

so if we measure qubit 1 afterwards, we again obtain 0 and 1 with equal probability. ⋄

Why does the principle of implicit measurement hold? Assume the quantum system consists of
two subsystems A and B. Recall from Eq. (2.74) that a measurement on subsystem A only depends
on the reduced density matrix ρA. Thus it suffices to show that ρA does not depend on whether B
is measured. Let {Pi} be the projectors onto the computational basis of B, and let the joint state
be ρ. If we measure subsystem B and discard the outcome, the joint state becomes

(2.104) ρ′ =
∑
i

(I ⊗ Pi)ρ(I ⊗ Pi).

Then
(2.105)

ρ′A = TrB [ρ
′] =

∑
i

TrB [(I ⊗ Pi)ρ(I ⊗ Pi)] =
∑
i

TrB [ρ(I ⊗ Pi)] = TrB

[
ρ
(
I ⊗

∑
i

Pi
)]

= TrB [ρ] = ρA.
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Therefore, if the qubits in A are to be measured at the end of the circuit, the measurement statistics
do not depend on whether the qubits in B are measured or not.

2.7. Sparse matrix, Majorana, fermionic, and bosonic operators

Sparse matrices are among the most important examples of very large matrices that can be
efficiently encoded on quantum computers. They are also closely related to many physical Hamil-
tonians in practical applications.

Definition 2.43 (s-sparse matrix). A matrix A ∈ CM×N is called s-sparse if each row and column
of the matrix contains at most s non-zero entries.

Example 2.44. A diagonal matrix is 1-sparse. Any diagonal matrix A ∈ C2n×2n can be written
as a linear combination of Pauli Z-operators

(2.106) A =
∑

i1,...,in∈{0,1}

Ji1,...,inσi1,1 · · ·σin,n,

where σs,k is equal to Zk if s = 1 and I if s = 0. Any permutation matrix Π is 1-sparse. A row and
column permutation of a 1-sparse matrix is 1-sparse. Any 1-sparse matrix A can be written as ΠD
or DΠ′, where D is a diagonal matrix and Π,Π′ are permutation matrices. A tridiagonal matrix is
3-sparse. The following matrix

(2.107) A =


1 0 · · · 0
1 0 · · · 0
...

...
1 0 · · · 0

 =

(
N∑
i=1

ei

)
e⊤1 ∈ RN×N

has only one nonzero entry per row, but it is not 1-sparse since the first column has N nonzero
entries. ⋄

Definition 2.45. The maximal absolute value of the entries of A ∈ CM×N , also called the max
norm, is defined as:

(2.108) ∥A∥max := max
i,j
|Aij | .

Lemma 2.46. Let A ∈ CN×N be s-sparse. Then

(2.109) ∥A∥ ≤ s ∥A∥max .

Proof. For any row i of A, the set of nonzero column indices is denoted by Ci. By Cauchy-
Schwarz,

(2.110) |(Ax)i|2 =

∣∣∣∣∣∣
∑
j∈Ci

Aijxj

∣∣∣∣∣∣
2

≤
∑
j∈Ci

|Aij |2
∑
j∈Ci

|xj |2 ≤ s ∥A∥2max

∑
j∈Ci

|xj |2 .

Then

(2.111) ∥Ax∥2 ≤ s ∥A∥2max

∑
i

∑
j∈Ci

|xj |2 .
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The condition that A is s-sparse implies that for each j, there are at most s indices i such that
Aij ̸= 0, i.e., j belongs to at most s sets among {Ci}i. Therefore each j can appear at most s times
in the double sum. This means

(2.112) ∥Ax∥2 ≤ s2 ∥A∥2max

∑
j

|xj |2 = s2 ∥A∥2max ∥x∥
2
.

Taking the supremum over x ̸= 0 yields ∥A∥ ≤ s ∥A∥max. □

The equality in Lemma 2.46 can be reached by considering a matrix B whose upper left s× s
block is ∥A∥max ee

⊤, where e is an all 1 vector of length s. Direct computation shows that ∥B∥ =
s ∥A∥max.

A useful lemma is that the product of any 1-sparse matrices is 1-sparse.

Lemma 2.47. Let A and B be N ×N 1-sparse matrices. Then C = AB is also 1-sparse.

Proof. Since A,B are 1-sparse, there exists permutation matrices Π,Π′ and diagonal matrices
D,D′ so that A = ΠD,B = D′Π′. Therefore

(2.113) C = Π(DD′)Π′

is a permutation of a diagonal matrix, and is therefore 1-sparse. □

Example 2.48. All Pauli gates in Pn are 1-sparse. This can be proved by induction. First, all
Pauli matrices I,X, Y, Z are 1-sparse matrices. Assume all Pauli gates in Pn−1 are 1-sparse, then
an element in Pn can always be constructed (up to a reordering of qubits) as

(2.114) P ⊗ P1, P ∈ Pn−1, P1 ∈ P1.

This replaces a nonzero entry in P by a 2× 2 matrix that is 1-sparse, so the overall matrix is still
1-sparse. ⋄

Example 2.49 (Majorana operator). For a fermionic system defined on n modes, the state space
F = ⊗ni=1C2 ∼= C2n is called the Fock space. The Majorana fermion operators (or Majorana
operators for short) denoted by {γi}2ni=1, are Hermitian operators in L(C2n) satisfying the anticom-
mutation relations:

(2.115) {γi, γj} := γiγj + γjγi = 2δij , i, j = 1, . . . , 2n.

The canonical realization of Majorana operators is through Pauli operators. When n = 1, we simply
have

(2.116) γ1 = X, γ2 = Y.

For the n mode system, the Majorana operators can be defined using the Jordan–Wigner trans-
formation,

(2.117) γ2j−1 =

(
j−1∏
k=1

Zk

)
Xj , γ2j =

(
j−1∏
k=1

Zk

)
Yj , j = 1, . . . , n.

So Majorana operators are also 1-sparse matrices. Furthermore, any product of Majorana operators
γi1 · · · γik , i1, · · · , ik ∈ {1, . . . , 2n} is 1-sparse. ⋄
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Example 2.50 (Fermionic operator). For a fermionic system defined on n modes with the Fock
space F = ⊗ni=1C2 ∼= C2n , the fermionic creation and annihilation operators, denoted by a†i and
ai respectively, are operators in L(C2n) that satisfy the canonical anticommutation relations
(CAR):

(2.118) {ai, a†j} := aia
†
j + a†jai = δij , {ai, aj} = {a†i , a

†
j} = 0, i, j = 1, . . . , n.

The creation operator a†i adds a fermion to the mode i, while the annihilation operator ai removes
a fermion from the mode i.

For a single mode system,

(2.119) a = X+ =
1

2
(X + iY ) =

(
0 1
0 0

)
, a† = X− =

1

2
(X − iY ) =

(
0 0
1 0

)
.

In this convention a† |0⟩ = |1⟩ , a† |1⟩ = 0, a |1⟩ = |0⟩ , a |0⟩ = 0. Here |s⟩ denotes the state with s
fermions (s = 0, 1). The number operator n̂ = a†a = 1

2 (1− Z) satisfies n̂ |s⟩ = s |s⟩.
For an n-mode system, the fermionic operators are related to the Majorana operators according

to the relation:

(2.120) ai =
1

2
(γ2i−1 + iγ2i), a†i =

1

2
(γ2i−1 − iγ2i), i = 1, . . . , n,

where γ2i−1 and γ2i are the Majorana operators associated with the i-th fermionic mode. Therefore
any operator defined using a linear combination of fermionic creation and annihilation operators
can be expressed as a linear combination of Majorana operators, and vice versa.

From the Jordan–Wigner transformation,

(2.121) aj =

(
j−1∏
k=1

Zk

)
X+
j , a†j =

(
j−1∏
k=1

Zk

)
X−
j ,

with

(2.122) X+
j =

1

2
(Xj + iYj), X−

j =
1

2
(Xj − iYj).

Since X± are 1-sparse matrices, a†j , aj , a
†
jaj , aja

†
j are also 1-sparse. Furthermore, any product of

fermionic operators a†i1 · · · a
†
ik
aj1 · · · ajl is 1-sparse. ⋄

Example 2.51 (Bosonic operator). For an n-mode bosonic systems, the bosonic creation and
annihilation operators, denoted by b†i and bi respectively, are operators that satisfy the canonical
commutation relations (CCR):

(2.123) [bi, b
†
j ] := bib

†
j − b

†
jbi = δij , [bi, bj ] = [b†i , b

†
j ] = 0, i, j = 1, . . . , n.

The creation operator b†i adds a boson to the mode i, while the annihilation operator bi removes a
boson from the mode i.

When n = 1, these operators satisfy

(2.124) b |0⟩ = 0, b |s⟩ =
√
s |s− 1⟩ , s = 1, 2, . . . ,

and

(2.125) b† |s⟩ =
√
s+ 1 |s+ 1⟩ , s = 0, 1, 2, . . . .

Here |s⟩ denotes a state with s bosons. We also have

(2.126) b†b |s⟩ = s |s⟩ .
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In the matrix form, we can write

(2.127) b =


0
√
1 0 0 · · ·

0 0
√
2 0 · · ·

0 0 0
√
3 · · ·

...
...

...
...

. . .

 , b† =


0 0 0 0 · · ·√
1 0 0 0 · · ·
0
√
2 0 0 · · ·

0 0
√
3 0 · · ·

...
...

...
...

. . .

 .

These operators are infinite dimensional operators, i.e., operators defined in an infinite dimensional
space. They are also 1-sparse. Furthermore, ∥b∥ ,

∥∥b†∥∥ = ∞, so unlike any finite dimensional
matrices, these operators are unbounded. The physical reason is that a single bosonic mode can
accommodate an infinite number of bosons, and the energy of a system with an infinite number of
bosons in a single mode is infinity.

Due to the commutation relation, multi-mode bosonic operators can be defined using tensor
products:

(2.128) bi = I⊗(i−1) ⊗ b⊗ I⊗(n−i), b†i = I⊗(i−1) ⊗ b† ⊗ I⊗(n−i), i = 1, . . . , n,

where the identity operator I |s⟩ = |s⟩ also acts on an infinite dimensional space.
The precise characterization of the Hilbert space for unbounded operators is beyond the scope

of this book. However, if we truncate the state space of each bosonic mode to a finite dimensional
space with d levels, i.e., Cd, the state space of a bosonic system defined on n modes with d levels
per mode is F = ⊗ni=1Cd ∼= Cdn and is finite dimensional.

In a single-mode truncated bosonic system, b, b† are finite dimensional matrices:

(2.129) b =



0
√
1 0 0 · · · 0

0 0
√
2 0 · · · 0

0 0 0
√
3 · · · 0

...
...

...
...

. . .
...

0 0 0 0 · · ·
√
d− 1

0 0 0 0 · · · 0


, b† =



0 0 0 · · · 0 0√
1 0 0 · · · 0 0

0
√
2 0 · · · 0 0

0 0
√
3 · · · 0 0

...
...

...
. . .

...
...

0 0 0 · · ·
√
d− 1 0


.

These are 1-sparse matrices of size d × d. Then the multi-mode operators defined in Eq. (2.128)
are 1-sparse matrices. Using Lemma 2.47, the product of any multi-mode bosonic operators
b†i1 · · · b

†
ik
bj1 · · · bjl , where b, b† are truncated bosonic creation and annihilation operators defined

in Eq. (2.129) are 1-sparse matrices. ⋄

Exercise 2.7. Prove that the truncated bosonic creation and annihilation operators defined
in Eq. (2.129) satisfy the modified commutation relation

(2.130) [b, b†] = 1− d

(d− 1)!

(
b†
)d−1

(b)
d−1

.

2.8. Selected Examples of Hamiltonians in Physics, Chemistry, and Optimization

With the introduction of spin, Majorana, fermionic, and bosonic operators, we can provide
several examples of Hamiltonians encountered in applications. Although we will not use all of these
examples to illustrate the performance of quantum algorithms, the algorithms in this book can be
applied to any of them.
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2.8.1. Condensed matter physics.

Example 2.52 (Transverse field Ising model). The Hamiltonian for the one dimensional transverse
field Ising model (TFIM) with nearest neighbor interaction of length n is

(2.131) H = −
n−1∑
i=1

ZiZi+1 − g
n∑
i=1

Xi,

where g is the coupling constant. ⋄

Example 2.53 (1D Heisenberg model). The Hamiltonian for the 1D Heisenberg model with nearest
neighbor interaction is given by

(2.132) H = −J
n−1∑
i=1

Si · Si+1

where J is the interaction strength and Si represents the spin operator at site i, defined as

(2.133) Si =
1

2

Xi

Yi
Zi

 .

We can decompose this Hamiltonian into three terms, each associated with the x, y, and z compo-
nents of the spins:

(2.134) Hx = −J
4

n−1∑
i=1

XiXi+1, Hy = −J
4

n−1∑
i=1

YiYi+1, Hz = −
J

4

n−1∑
i=1

ZiZi+1.

When J > 0 the problem is called ferromagnetic, and when J < 0 it is called anti-ferromagnetic. ⋄

Example 2.54 (2D Heisenberg model). The Hamiltonian for the 2D Heisenberg model on a square
lattice is given by:

(2.135) H = −J
n−1∑
i=1

n−1∑
j=1

(Si,j · Si+1,j + Si,j · Si,j+1)

We decompose this Hamiltonian into three terms associated with the x, y, and z components of the
spins:

(2.136)

Hx = −J
4

n−1∑
i=1

n−1∑
j=1

(Xi,jXi+1,j +Xi,jXi,j+1),

Hy = −J
4

n−1∑
i=1

n−1∑
j=1

(Yi,jYi+1,j + Yi,jYi,j+1),

Hz = −
J

4

n−1∑
i=1

n−1∑
j=1

(Zi,jZi+1,j + Zi,jZi,j+1).

⋄
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Example 2.55 (k-Local Hamiltonian). A k-local Hamiltonian is a quantum Hamiltonian where
each term acts nontrivially on at most k qubits. One convenient way to write such a Hamiltonian
on n qubits is as a linear combination of Pauli strings of weight at most k. For example, one may
write

(2.137) H =
∑

S⊆[n], |S|≤k

∑
α∈{0,1,2,3}S

JS,α
∏
i∈S

σα(i),i,

where σ0,i = I, σ1,i = Xi, σ2,i = Yi, and σ3,i = Zi.
For example, consider a 2-local Hamiltonian for an n-qubit system:

(2.138) H =
∑
i<j

Jijσiσj ,

where σi, σj are Pauli operators acting on qubits i and j, respectively. Transverse Ising models and
Heisenberg models are 2-local Hamiltonians. ⋄

Example 2.56 (Quadratic fermionic Hamiltonians). Consider the following n-mode fermionic
Hamiltonian

(2.139) H =

n∑
k=1

λkc
†
kck =

n∑
k=1

λk
2
(1− Zk),

where c†k and ck are new fermionic creation and annihilation operators, and λk are real eigenvalues
representing the energy levels of the system. The Hamiltonian H is a linear combination of Pauli
Z operators and is thus a diagonal matrix.

Now, consider a general quadratic fermionic Hamiltonian of the form:

(2.140) H =

n∑
i,j=1

Aija
†
iaj ,

where A is a Hermitian matrix. Since A is Hermitian, we can diagonalize it using a unitary
transformation U such that:

(2.141) U†AU = Λ,

where Λ is a diagonal matrix containing the eigenvalues λk. Then define

(2.142) ck =

n∑
i=1

(U†)kiai, c†k =

n∑
i=1

a†iUik, k = 1, . . . , n.

Direct calculation shows that the new set of creation and annihilation operators {c†k, ck} satisfy the
canonical anticommutation relation. Substituting these transformations into the Hamiltonian,

(2.143) H =
∑
i,j,k

Uikλk(U
†)kja

†
iaj =

n∑
k=1

λkc
†
kck,

we have transformed H into a diagonal Hamiltonian. ⋄

Example 2.57 (1D spinless Hubbard model). The Hamiltonian for the 1D spinless Hubbard model
with nearest-neighbor interaction is given by:

(2.144) H = −t
n−1∑
i=1

(a†iai+1 + a†i+1ai) + U

n−1∑
i=1

nini+1,
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where t is the hopping parameter, representing the kinetic energy term, and U is the nearest-
neighbor interaction strength. The operators a†i and ai are the fermionic creation and annihilation
operators at site i, respectively, and ni = a†iai is the number operator at site i. When U = 0, the
Hamiltonian is a quadratic in the fermionic operators and can be turned into a diagonalized form.
When U ̸= 0, the Hamiltonian is no longer quadratic and cannot be turned into a diagonalized
Hamiltonian using the same strategy. ⋄

Example 2.58 (Uniform electron gas in a plane wave basis). In a plane wave basis, the Hamiltonian
for a box of uniform electron gas can be expressed in second quantization as follows:

(2.145) H =
∑
k

ϵkc
†
kck +

1

2

∑
k1,k2,q

V (q)c†k1+qc
†
k2−qck2

ck1
,

where c†k and ck are fermionic creation and annihilation operators for an electron with wave vector
k ∈ R3, ϵk = |k|2 /2 is the kinetic energy. The interaction potential V (q) = 4π/q2 in a plane wave
basis is the Fourier transform of the Coulomb potential. ⋄

Example 2.59 (Harmonic oscillator). The Hamiltonian for a quantum harmonic oscillator in the
first quantization (i.e., real space representation) is given by

(2.146) H =
p2 + x2

2
,

where p = −i∂x is the momentum operator and x is the position operator. Define

(2.147) b =
1√
2
(x+ ip), b† =

1√
2
(x− ip),

then b, b† satisfy the canonical commutation relation [b, b†] = 1. Furthermore, the Hamiltonian
takes the form

(2.148) H = b†b+
1

2
.

If we truncate the bosonic mode to include d levels, the state space is F = Cd, and H is a diagonal
matrix of size d× d. ⋄

2.8.2. Quantum chemistry.

Example 2.60 (Quantum chemistry in first quantization). In first quantization, the Hamiltonian
for a many-electron system is given in terms of the coordinates and momenta of the electrons. The
non-relativistic electronic Hamiltonian for a molecule in atomic units can be expressed as:

(2.149) H = −
N∑
i=1

∇2
i

2
−

N∑
i=1

M∑
A=1

ZA
|ri −RA|

+
∑
i<j

1

|ri − rj |
+
∑
A<B

ZAZB
|RA −RB |

,

where N is the number of electrons, M is the number of nuclei, ri and RA are the positions of the
i-th electron and the A-th nucleus, respectively, ZA is the atomic number of the A-th nucleus. This
is an unbounded operator. ⋄

Example 2.61 (Quantum chemistry in second quantization). In quantum chemistry, the electronic
structure of molecules can be described using the formalism of second quantization with n molecular
orbitals. The state space F = ⊗ni=1C2 is finite dimensional. The use of second quantization allows
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for a compact and efficient representation of the Hamiltonian and facilitates the expression of the
Hamiltonian on quantum computers via the Jordan–Wigner transformation. The Hamiltonian of a
many-electron system in second quantization is given by

(2.150) H =

n∑
p,q=1

hpqa
†
paq +

1

2

n∑
p,q,r,s=1

Vpqrsa
†
pa

†
qaras,

where a†p and aq are fermionic creation and annihilation operators, respectively. The creation
operator a†p adds an electron to the molecular orbital p, and the annihilation operator aq removes
an electron from the molecular orbital q. For simplicity we only consider the spatial part of the
orbital and omit the spin part. The indices p, q, r, and s label the molecular orbitals, hpq are the
one-electron integrals, and Vpqrs are the two-electron integrals.

The one-electron integrals hpq are given by

(2.151) hpq =

∫
ψ∗
p(r)

(
−∇

2

2
+ Vext(r)

)
ψq(r) dr,

where ψp(r) is the spatial part of the molecular orbital and Vext(r) = −
∑M
A=1

ZA

|r−RA| is the external
potential due to the nuclei. The two-electron integrals Vpqrs are given by

(2.152) Vpqrs =

∫ ∫
ψ∗
p(r1)ψ

∗
q (r2)

1

|r1 − r2|
ψr(r2)ψs(r1) dr1dr2.

The nuclei-nuclei interaction is a constant and is dropped for simplicity. ⋄

Example 2.62 (PPP Model). The Pariser-Parr-Pople (PPP) model is used in quantum chemistry
to describe the π-electron systems in conjugated organic molecules. The Hamiltonian for the PPP
model can be written as

(2.153) H =

n∑
p,q=1

hpqa
†
paq +

1

2

n∑
p,q=1

Vpqnpnq,

where hpq are hopping integral elements, Vpq are Coulomb interaction elements, a†p and ap are the
fermionic creation and annihilation operators at site p, and np = a†pap is the number operator.
The Hubbard model is a special case of the PPP model with short ranged hopping and Coulomb
interaction elements. Compared to the full chemistry Hamiltonian in second quantization, the
two-body interaction coefficients Vpq have only O(n2) entries but can still represent long range
interactions. ⋄

2.8.3. Quantum field theory.

Example 2.63 (Schwinger Model in 1D). The Schwinger model describes quantum electrodynamics
in 1 + 1 dimensions. The state space for the Schwinger model is the tensor product of two spaces:
a tensor product of n + 1 fermionic spaces and a product of n gauge field spaces. The total Fock
space is given by

(2.154) F =

(
n+1⊗
i=1

C2

)
⊗

 n⊗
j=1

Cd
 ,

where d = 2L+1 is the number of levels the gauge field can take. There are two operators that we
need to define that act on the gauge field space. The first is E2

j , which is a diagonal operator that
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counts the energy stored in the gauge field with index j ∈ {1, . . . , n}. The second is Uj , which adds
one to the value stored in the gauge field register and is analogous to a bosonic creation operator.
The action of these operators is given formally below:

(2.155) E2
j =

L∑
ε=−L

ε2 |ε⟩j ⟨ε|j , Uj =

L∑
ε=−L

|ε+ 1⟩j ⟨ε|j , U†
j =

L∑
ε=−L

|ε− 1⟩j ⟨ε|j .

Here we assume for Uj and its adjoint that the gauge field satisfies periodic boundary conditions
at the cutoff located at ε = ±L.

The Hamiltonian for the Schwinger model is given by:

(2.156) H =

n∑
j=1

E2
j ⊗ I

⊗(n+1)
2 + ν

n∑
j=1

[
Uj ⊗ a†jaj+1 − U†

j ⊗ aja
†
j+1

]
+ µ

n∑
j=1

(−1)jI⊗nd ⊗ a†jaj ,

where ai and a†i are the fermionic annihilation and creation operators at site i, and Im denotes the
identity operator of dimension m. The parameters µ, ν are related to parameters such as the lattice
spacing. ⋄

Example 2.64 (Quadratic Majorana operators). From the Jordan–Wigner transformation in
Eq. (2.117), and use the fact that XY = iZ, we find that

(2.157) H = −i
n∑
k=1

λkγ2k−1γ2k =

n∑
k=1

λkZk, λk ∈ R

is a diagonal Hamiltonian.
Consider a quadratic Hamiltonian of the form:

(2.158) H = −i
∑

1≤p<q≤2n

Apqζpζq = −
i

2

2n∑
p,q=1

Apqζpζq,

where A is a real antisymmetric matrix, and {ζp}2np=1 is a set of Majorana operators. There exists
an orthogonal matrix O such that:

(2.159) O⊤AO =

n⊕
k=1

(
0 λk
−λk 0

)
=: Λ

where λk are the singular values of A. Now define a set of transformed Majorana operators

(2.160) γj =
∑
p

ζpOpj =
∑
p

(O⊤)jpζp, j = 1, . . . , 2n,

then we still have

(2.161) {γj , γj′} = 2δj,j′ .

The transformed Hamiltonian takes a diagonal form

(2.162) H = − i
2

∑
1≤j,j′≤2n

γj(Λ)jj′γj′ = −i
n∑
k=1

λkγ2k−1γ2k.

The quadratic fermionic Hamiltonian in Example 2.56 is a special case of this example. ⋄
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Example 2.65 (SYK Model). The Sachdev-Ye-Kitaev (SYK) model is a quantum mechanical
model of n Majorana fermions with random all-to-all interactions. The Hamiltonian for the SYK
model is given by

(2.163) H =
∑

1≤i<j<k<l≤2n

Jijklγiγjγkγl,

where γi are the Majorana fermion operators, and Jijkl are random coupling constants, typically
drawn from a Gaussian distribution. The SYK model is of particular interest due to its connections
to quantum chaos, holography, and black hole physics. ⋄

2.8.4. Optimization.

Example 2.66 (k-SAT problem). Classical optimization problems, such as the k-SAT problem,
can be represented using a Hamiltonian. The k-SAT problem is a type of Boolean satisfiability
problem where each clause contains exactly k literals. The goal is to find an assignment to the
Boolean variables that satisfies all the clauses. The most famous examples are 2-SAT (classically
easy), and 3-SAT (NP-complete).

Consider a k-SAT problem with n Boolean variables x1, x2, . . . , xn andm clauses C1, C2, . . . , Cm.
Each clause Ci is a disjunction of exactly k literals.

We can construct a Hamiltonian H such that its ground state corresponds to the solution of
the k-SAT problem. The Hamiltonian for the k-SAT problem can be written as:

(2.164) H =

m∑
i=1

HCi
,

where HCi is the Hamiltonian for the i-th clause. Each clause Hamiltonian HCi is designed to be
zero if the clause is satisfied and positive otherwise. For clauses involving single literals, such as
Ck = (xp) or Cl = (x̄q), the Hamiltonians HCk

and HCl
are:

(2.165) HCk
=

1

2
(1 + Zp) , HCl

=
1

2
(1− Zq) .

For a clause Ci = (xp ∨ x̄q), the corresponding Hamiltonian HCi
can be written using the product

(2.166) HCi
=

1

4
(1 + Zp) (1− Zq) .

For a general clause Ci = (l1 ∨ l2 ∨ · · · ∨ lk), where lj represents either xpj or x̄pj , the corresponding
Hamiltonian HCi

can be written using the Pauli-Z operator Z:

(2.167) HCi
=

k∏
j=1

1 + zjZpj
2

,

where zj = +1 if lj = xpj and zj = −1 if lj = x̄pj . The Hamiltonian H is diagonal and positive
semidefinite. If the smallest eigenvalue (called the ground state energy) ofH is 0, then the associated
eigenvector (called the ground state, which may not be unique) corresponds to the Boolean variable
assignment that satisfies all the clauses of the k-SAT problem. ⋄

Example 2.67 (MAX-CUT problem). The MAX-CUT problem is a well-known combinatorial
optimization problem. Given a graph G = (V,E) with a set of vertices V and a set of edges E, the
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goal is to partition the vertices into two subsets such that the number of edges between the subsets
is maximized. Assume the graph has n vertices, and the Hamiltonian for the MAX-CUT problem
can be written as:

(2.168) H = −
∑

(i,j)∈E

1

2
(1− ZiZj) .

Each term − 1
2 (1 − ZiZj) equals −1 if vertices i and j are in different subsets and 0 if they are in

the same subset. Therefore, minimizing H is equivalent to maximizing the number of edges that
are cut by the partition. ⋄
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CHAPTER 3

Probability, quantum channel, and distances

We begin by reviewing basic concepts in classical probability theory, which provides intuition
for how errors propagate in randomized processes. We then introduce quantum channels as the
general framework for quantum dynamics. Unlike ideal quantum circuits which are unitary, real-
world quantum processes often involve noise and decoherence. Quantum channels allow us to
model these effects, as well as measurements and interactions with the environment. We explain
the requirements (specifically, the concept of complete positivity) for a map to be a valid quantum
channel and describe standard representations such as the Kraus and Stinespring forms.

With this framework in place, we introduce distance measures for quantum states. For pure
states, we use norms that account for the global phase. For mixed states, we introduce the trace
distance and fidelity. These two measures are complementary: trace distance relates to the distin-
guishability of states via measurement, while fidelity captures their overlap and behaves well under
quantum operations.

Finally, we discuss how to compare quantum channels. This requires norms that are stable
even when the channels act on part of an entangled system. This leads us to the diamond norm,
which is the standard metric for quantifying the error of quantum operations.

3.1. Basic notions in probability theory

Probability theory is a subject that carries nearly as many profound surprises as quantum
theory itself. In this section, we introduce some basic concepts in probability theory, focusing on
finite-dimensional spaces. In quantum computing, the probability distributions associated with an
n-qubit system reside in 2n-dimensional spaces.

Definition 3.1. Let Σ be a finite set called a sample space, where each element of Σ is called an
event. A probability distribution is a function P : Σ → [0, 1], which can be represented as a
vector in a Euclidean space, and satisfies

∑
s∈Σ P(s) = 1.

Let ΣA and ΣB be sample spaces and let PA and PB be probability distributions on the two
sample spaces. These distributions are said to be independent if the joint distribution, PAB on the
set ΣA×ΣB obeys PAB = PA⊗PB . The expectation value (or average value) of a function mapping
f : Σ 7→ C is defined to be E(f) :=

∑
s∈Σ f(s)P(s) = ⟨f,P⟩.

Example 3.2. As an example, let us consider rolling a four-sided die. Here the random variable
is the outcome of the experiment; the sample space is {1, 2, 3, 4} and the probability distribution
(for a fair die) is 1/4 for each of these outcomes. The random variable, x, in this case corresponds
to the result of the die.

61
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In the event that we wanted to find the probability that the sample is a prime number, we
could redefine the sample space and the underlying distribution but it is easier to use the indicator-
function property of the distribution to see that

(3.1) P(x ∈ {2, 3}) = E(1{2,3}) =
1

4
+

1

4
=

1

2
.

In general, this approach is often the easiest way to compute a probability because it constructs an
indicator function which projects onto the fraction of the sample space that we want to measure.
Note this is also true in quantum theory wherein the probability of measuring a mixed state, ρ, to
be a pure state |ψ⟩ is

(3.2) P(|ψ⟩) = Tr(|ψ⟩⟨ψ|ρ) = ⟨ψ| ρ |ψ⟩ .
Here the projector |ψ⟩⟨ψ| plays the same role as the indicator function used above, and further
illustrates the close ties between probability theory and quantum theory. ⋄

Similar to the amplitude of the wave function in quantum theory, there is not a single unifying
interpretation of probability. For this reason we recommend that the reader be well versed in both
interpretations as each can convey useful intuitions.

The following bound, known as the union bound, is very useful for estimating probabilities of
events. We provide it as well as its proof as an elementary example of probability theory.

Theorem 3.3 (Union Bound). Let Σ be a sample space and let A,B ⊆ Σ and let P be a
probability distribution on Σ. We then have

(3.3) P(A ∪B) = E(1A + 1B − 1A1B) ≤ P(A) + P(B).

Proof. Intuitively, by looking at a Venn diagram for events A and B it is clear that the
region A ∪ B contains region A and region B but also may include region A ∩ B. Thus the upper
bound given above overcounts the probability in the intersection and therefore it is an upper bound.
Formally, we use linearity of expectation:

(3.4) E(1A + 1B − 1A1B) = E(1A) + E(1B)− E(1A1B).

Next, E(1A1B) =
∑
s∈Σ P(s)(1A(s)1B(s)) ≥ 0, and E(1A) = P(A), E(1B) = P(B). Combining

these gives the claim. □

Example 3.4 (Failure Propagation Bound). Consider the following problem: you have a quantum
algorithm that succeeds with probability 1 − δ and fails with probability δ. Suppose we run the
algorithm independently N times; determine a value of δ that guarantees the probability of at least
one failure is at most 1/3. This problem appears ubiquitously in quantum computing in problems
such as phase estimation or quantum error correction where the probability of failure needs to be
considered and extra computational resources are needed to suppress them.

The N events each have a probability of δ assigned to them and so we expect that the total
probability of at least one error happening will be from the union bound Nδ. We can validate this
inductively. For the base case we see trivially that the claim holds for N = 1. For the induction
step, let us assume that the probability of at least one error occuring in the first N − 1 steps is at
most (N−1)δ. From the union bound the probability of failing in the next sample is δ and thus the
total failure probability is at most (N − 1)δ + δ = Nδ. Thus if we want to see a failure probability
of 1/3 it suffices to take

(3.5) δ ≤ 1

3N
.



3.1. BASIC NOTIONS IN PROBABILITY THEORY 63

This example shows that worst case scenario that the failure probability for our algorithm
grows linearly. This actually might seem strange to the reader since the error probability com-
pounds exponentially in practice; however, linear growth of error is actually in this context worse
than exponential because for large enough N the union bound will be greater than 1 whereas the
exponential upper bound is always less than 1. In this context, surprisingly, linear growth is worse
than exponential but nonetheless the simplicity and generality of union bounds often provide good
enough bounds that are easy to manipulate. ⋄

The natural operations on probability distributions are stochastic transformations, which can
be represented as transition matrices. We define these transformations below.

Definition 3.5. Let Σ be a sample space of size N and let p ∈ RN be the column vector represen-
tation of a probability distribution. A valid transformation on the state space of the register X to
itself has a matrix representation P : RN → RN , which maps p to Pp. The matrix P is called a
transition matrix and satisfies

(1) Pij ≥ 0, ∀i, j ∈ [N ],
(2)

∑
i∈[N ] Pij = 1, ∀j ∈ [N ].

Remark 3.6. In classical probability theory, the probability distribution is often written as a row
vector. Then the transition matrix is applied from the right as pP , and the transition matrix needs
to be right stochastic or row stochastic, i.e.,

∑
j∈[N ] Pij = 1 for all i ∈ [N ]. Given a probability

distribution p ∈ RN , a natural quantum state encoding the distribution p (also called a coherent
version of p) is

(3.6) |√p⟩ =
∑
i

√
pi |i⟩ .

This is a normalized state. It is thus more natural to view p as a column vector so that the usual rule
of applying an operator to a state vector applies. A matrix satisfying the properties in Definition 3.5
is also called left stochastic or column stochastic. Any j-th column of P , denoted by P:,j , is a
probability distribution. If P is both left and right stochastic, then it is called a doubly stochastic
matrix. ⋄

Example 3.7. Let us consider how we would represent an AND gate in this language. The AND
gate has the property that for any x, y ∈ {0, 1}, AND(x, y) = xy. This operation is an example of
an irreversible operation, meaning that it cannot be inverted from the outputs to find the inputs.
In this case the natural vector space for probability distributions for two bits can be represented as
a probability vector in R2⊗R2. As we are using square matrices to represent these transformations
we will take AND(ex ⊗ ey) = e0 ⊗ exy for computational basis vectors e0, e1 and x, y ∈ {0, 1}.
Specifically then we have that the gate can be represented as a stochastic matrix PAND

(3.7) PAND =


1 1 1 0
0 0 0 1
0 0 0 0
0 0 0 0

 .

We see that the matrix representation is stochastic, but not doubly stochastic.
If we consider taking two distributions for our bits px = [a, 1 − a]⊤ and py = [b, 1 − b]⊤ for

a, b ∈ [0, 1] then we can see that the distribution that we get from applying the AND operation to
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the distribution on the bits is

(3.8) PAND(px ⊗ py) =


1 1 1 0
0 0 0 1
0 0 0 0
0 0 0 0




ab
a(1− b)
b(1− a)

(1− a)(1− b)

 =


(a+ b)− ab

1− (a+ b) + ab
0
0

 .
This output distribution makes intuitive sense. The AND output is 1 only if both inputs are 1,
which occurs with probability (1−a)(1−b), corresponding to the second entry above. Equivalently,
the probability that the AND output is 0 is the probability that at least one input is 0, namely
a+ b− ab, corresponding to the first entry. ⋄

3.2. Quantum Channels

The concept of a quantum channel generalizes both the unitary evolution of isolated quantum
systems, as governed by the Schrödinger equation, and the stochastic evolution of classical prob-
ability distributions. It provides a unified framework for describing the most general physically
permissible evolution of quantum states, encompassing coherent dynamics (e.g., unitary transfor-
mations) and incoherent processes such as measurement, decoherence, and interactions with an
environment.

We begin by defining the mathematical objects under consideration. A superoperator is a
linear map Q : L(CN ) → L(CM ). We denote the action of Q on an operator A ∈ L(CN ) by Q[A]
or Q(A).

Given two superoperators Q1 : L(CN1) → L(CM1) and Q2 : L(CN2) → L(CM2), their tensor
product Q1 ⊗Q2 is the unique linear map L(CN1 ⊗ CN2)→ L(CM1 ⊗ CM2) satisfying

(3.9) (Q1 ⊗Q2)[A1 ⊗A2] = Q1[A1]⊗Q2[A2]

for all A1 ∈ L(CN1) and A2 ∈ L(CN2). This definition extends to all operators by linearity.
Just as a unitary transformation maps a state vector to another state vector while preserving

its norm, a quantum channel is a superoperator intended to map a density operator to another
density operator. A fundamental example is the identity channel I : L(CN ) → L(CN ), defined
by I[A] = A for any A ∈ L(CN ).

Example 3.8. The action of the tensor product of superoperators is particularly important when
analyzing local operations on composite systems. Let IK : L(CK) → L(CK) be the identity map
and Q : L(CN ) → L(CM ) be a linear map. Consider an operator A ∈ L(CK ⊗ CN ). We can
represent A in block form with respect to an orthonormal basis {|i⟩} of CK :

(3.10) A =
∑

i,j∈[K]

|i⟩⟨j| ⊗Aij , Aij ∈ L(CN ).

The action of IK ⊗Q is given by applying Q to each block:

(3.11) (IK ⊗Q)[A] =
∑

i,j∈[K]

|i⟩⟨j| ⊗ Q[Aij ].

For instance, if K = 2, the matrix representation is

(3.12) (I2 ⊗Q)
[(
A00 A01

A10 A11

)]
=

(
Q[A00] Q[A01]
Q[A10] Q[A11]

)
∈ L(C2 ⊗ CM ).

⋄
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To ensure that a superoperator maps density operators (which are positive semidefinite and
have unit trace) to density operators, it must satisfy certain constraints.

Definition 3.9. A linear map Q : L(CN ) → L(CM ) is called: positive if Q[A] is positive
semidefinite for every positive semidefinite A ∈ L(CN ). Q is called trace preserving (TP) if
Tr(Q[A]) = Tr(A) for every A ∈ L(CN ).

While it might seem sufficient to define a quantum channel simply as a positive, trace-preserving
map, the structure of quantum mechanics demands a stronger condition. Quantum systems often
exist as subsystems of larger, composite systems. If Q describes the evolution of a system S, and S
is potentially entangled with an ancillary system A, the evolution of the joint system is described
by IA⊗Q. For this joint evolution to be physically valid, IA⊗Q must also map density operators
to density operators, meaning it must be a positive map, regardless of the dimension of the ancilla
A. This requirement leads to the concept of complete positivity.

Definition 3.10. A linear map Q : L(CN ) → L(CM ) is completely positive (CP) if for all
integers K ≥ 1, the map IK ⊗Q : L(CK ⊗ CN )→ L(CK ⊗ CM ) is positive.

It is worth noting that the ordering of the tensor product in the definition is immaterial. One
could equivalently require that Q⊗ IK be positive for all K. Physically, this reflects the fact that
the labeling of the ancillary system is arbitrary. Mathematically, the maps I ⊗ Q and Q ⊗ I are
related via the SWAP operator (the isomorphism that exchanges the tensor factors). Specifically,
they are unitarily equivalent:

(3.13) Q⊗ I = USWAP ◦ (I ⊗ Q) ◦ U−1
SWAP,

where the superoperator USWAP acts as USWAP[X] = SWAP ·X · SWAP†. Since X ⪰ 0 if and only
if UXU† ⪰ 0 for any unitary U , it follows that I ⊗ Q is positive if and only if Q⊗ I is positive.

While positivity ensures that the channel acts correctly on the system itself, complete positivity
is strictly stronger, ensuring correct action even when the system is entangled with an ancilla.

Example 3.11 (Positive map that is not completely positive). Consider the transpose map T :
L(C2) → L(C2), defined by T [A] = A⊤ with respect to the computational basis. If A is positive,
its eigenvalues are non-negative. Since A and A⊤ share the same spectrum, A⊤ is also positive.
Thus, T is a positive map.

However, T is not completely positive. To illustrate this, consider a two-qubit system in the
maximally entangled Bell state |ψ⟩ = 1√

2
(|00⟩+ |11⟩). The corresponding density operator is:

(3.14) ρ = |ψ⟩⟨ψ| = 1

2
(|00⟩ ⟨00|+ |00⟩ ⟨11|+ |11⟩ ⟨00|+ |11⟩ ⟨11|).

We apply the map I ⊗T (the partial transpose with respect to the second subsystem) to this state:

(3.15) (I ⊗ T )[ρ] = 1

2
(|00⟩ ⟨00|+ |01⟩ ⟨10|+ |10⟩ ⟨01|+ |11⟩ ⟨11|).

In the standard basis {|00⟩ , |01⟩ , |10⟩ , |11⟩}, the matrix representation is

(3.16)
1

2


1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1

 .

This matrix has eigenvalues { 12 ,
1
2 ,

1
2 ,−

1
2}. Since one eigenvalue is negative, the resulting operator

is not positive. Thus, T is not completely positive. ⋄
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We now arrive at the formal definition of a quantum channel.

Definition 3.12 (Quantum channel, or CPTP map). A quantum channel Q is a linear map
L(CN )→ L(CM ) that is completely positive (CP) and trace preserving (TP).

If Q is a quantum channel, it maps any density operator ρ ∈ D(CN ) to a density operator
Q[ρ] ∈ D(CM ). The complete positivity condition ensures that if Q acts locally on a subsystem of
a larger entangled state ρ̃ ∈ D(CK ⊗ CN ), the resulting state (IK ⊗Q)[ρ̃] remains a valid density
operator in D(CK ⊗CM ). This property is fundamental to the consistency of quantum mechanics.

Example 3.13. A fundamental class of quantum channels is the unitary channel. This requires
the input and output dimensions to be equal, N = M . Given a unitary matrix U ∈ U(N), the
corresponding channel U : L(CN )→ L(CN ) acts by conjugation:

(3.17) U [ρ] = UρU†.

This map is trace-preserving, as Tr[UρU†] = Tr[ρU†U ] = Tr[ρ]. It is also completely positive, as
we will see shortly. The identity channel I is a unitary channel with U = I. ⋄

A powerful way to characterize and construct quantum channels is through the Kraus repre-
sentation.

Proposition 3.14. Let {Kj}j∈[R] be a set of matrices in CM×N satisfying the completeness relation

(3.18)
∑
j∈[R]

K†
jKj = IN .

Then the linear map Q : L(CN )→ L(CM ) defined by

(3.19) Q[ρ] =
∑
j∈[R]

KjρK
†
j

is a quantum channel (CPTP).

Proof. We first verify complete positivity. Let L be an arbitrary integer and consider any
positive operator X ∈ L(CL ⊗ CN ). The action of the extended map is

(3.20) (IL ⊗Q)[X] =
∑
j∈[R]

(IL ⊗Kj)X(IL ⊗Kj)
†.

For any operator A, if X is positive, then AXA† is also positive. Thus, each term in the summation
is a positive operator. Since the sum of positive operators is positive, IL ⊗Q is a positive map for
all L. Thus, Q is completely positive.

Next, we verify the trace-preserving property. For any ρ ∈ L(CN ), using the linearity and the
cyclic property of the trace, we have

(3.21) Tr[Q[ρ]] =
∑
j∈[R]

Tr[KjρK
†
j ] = Tr

ρ
∑
j∈[R]

K†
jKj

 .
Substituting the completeness relation

∑
j∈[R]K

†
jKj = IN , we obtain Tr[ρIN ] = Tr[ρ]. Therefore,

Q is trace-preserving. □
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The representation in Eq. (3.19) is called the Kraus form or the operator sum representa-
tion of the channel. The operators {Kj} are known as Kraus operators. For example, the unitary
channel in Example 3.13 is in Kraus form with a single Kraus operator K0 = U .

We can now explore the connection between classical stochastic evolution and quantum chan-
nels. This correspondence highlights that quantum mechanics is a generalization of classical prob-
ability theory.

For any probability distribution p ∈ RN , we can embed it into a quantum state

(3.22) ρ =
∑
i∈[N ]

pi|i⟩⟨i|.

This diagonal density matrix is called a classical state or probabilistic state.
Given a (column) stochastic matrix P ∈ RM×N (i.e., Pij ≥ 0 and

∑
i∈[M ] Pij = 1 for all

j ∈ [N ]), which defines a classical Markov process mapping distribution p to p′ = Pp, we can
construct a corresponding classical channel Q : L(CN )→ L(CM ) defined by

(3.23) Q[ρ] =
∑

i∈[M ],j∈[N ]

Pij |i⟩⟨j|ρ|j⟩⟨i|.

If ρ is a classical state, Q[ρ] is also a classical state corresponding to the evolved probability
distribution p′.

Exercise 3.1. Prove that the classical channel Q defined in Eq. (3.23) is indeed a quantum
channel (CPTP).

The fact that classical channels are a subset of quantum channels suggests that any advantage
offered by quantum computation must stem from the utilization of the off-diagonal entries of the
density matrix (coherence) and the structure of non-classical channels.

We now present several examples of important quantum channels, typically modeling different
types of noise processes in qubits (N =M = 2).

Example 3.15 (Bit flip and phase flip channels). The bit flip channel Qbf describes a process where
the qubit state is flipped (i.e., X gate applied) with probability 1− p, and remains unchanged with
probability p:

(3.24) Qbf [ρ] = pρ+ (1− p)XρX, 0 ≤ p ≤ 1.

This is in Kraus form with K0 =
√
pI and K1 =

√
1− pX.

Similarly, the phase flip channel Qpf flips the relative phase (i.e., Z gate applied) with proba-
bility 1− p:

(3.25) Qpf [ρ] = pρ+ (1− p)ZρZ, 0 ≤ p ≤ 1.

This channel is also known as the dephasing channel, as it suppresses coherences while leaving
populations unchanged. ⋄

Example 3.16 (Depolarizing channel). The depolarizing channel Qdp : L(CN )→ L(CN ) models a
process where the state remains intact with probability p, and is replaced by the maximally mixed
state I/N with probability 1− p:

(3.26) Qdp[ρ] = pρ+
1− p
N

I, 0 ≤ p ≤ 1.

⋄
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Example 3.17 (Amplitude damping channel). The amplitude damping channel Qad : L(C2) →
L(C2) models energy dissipation, such as spontaneous emission, where an excited state |1⟩ decays
to the ground state |0⟩ with probability γ. It is described by the Kraus operators

(3.27) K0 =

(
1 0
0
√
1− γ

)
, K1 =

(
0
√
γ

0 0

)
, 0 ≤ γ ≤ 1.

⋄

Perhaps surprisingly, the converse of Proposition 3.14 is also true: every quantum channel can
be written in the Kraus form. This fundamental result demonstrates that the abstract definition of a
CPTP map is equivalent to the constructive definition provided by the operator sum representation.

Theorem 3.18 (Choi–Kraus Representation). A linear map Q : L(CN )→ L(CM ) is a quantum
channel if and only if there exists a set of matrices {Kj}j∈[R] in CM×N , with R ≤ NM , satisfying
the completeness relation

∑
j∈[R]K

†
jKj = IN , such that Q takes the form

(3.28) Q(ρ) =
∑
j∈[R]

KjρK
†
j .

Proof. The “if” part is established by Proposition 3.14. We now prove the “only if” part using
a technique known as the Choi-Jamiołkowski isomorphism.

Let Q be a quantum channel. Define an unnormalized maximally entangled state on CN ⊗CN :

(3.29) |γ⟩ =
∑
i∈[N ]

|i⟩ ⊗ |i⟩ .

Let IN denote the identity map on the first N -dimensional register (the ancilla). By the complete
positivity of Q, the map IN ⊗Q is positive. Therefore, the Choi matrix defined as

(3.30) σ = (IN ⊗Q)[|γ⟩⟨γ|] ∈ L(CN ⊗ CM )

is a positive operator.
The Choi matrix completely characterizes the channel Q. To see this, we use a key property

of the maximally entangled state. For any vector |ψ⟩ =
∑
i ψi |i⟩ ∈ CN , let |ψ̃⟩ =

∑
i ψi |i⟩ be its

element-wise conjugate in the computational basis. We can verify the identity:

(3.31) (⟨ψ̃| ⊗ IN ) |γ⟩ =
∑
i,j

ψj(⟨j|i⟩ ⊗ |i⟩) =
∑
i

ψi |i⟩ = |ψ⟩ .

We can recover the action of the channel on |ψ⟩⟨ψ| by taking the partial inner product of σ
with |ψ̃⟩ on the first register. By the definition of the tensor product map and the identity above,
we have:

(⟨ψ̃| ⊗ IM )σ(|ψ̃⟩ ⊗ IM ) = (⟨ψ̃| ⊗ IM )(IN ⊗Q)[|γ⟩⟨γ|](|ψ̃⟩ ⊗ IM )

= Q
[
(⟨ψ̃| ⊗ IN )|γ⟩⟨γ|(|ψ̃⟩ ⊗ IN )

]
= Q(|ψ⟩⟨ψ|).

(3.32)

Since σ is positive, we can perform its eigendecomposition. Let R = rank(σ) ≤ NM . We write

(3.33) σ =
∑
j∈[R]

|sj⟩⟨sj |,
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where |sj⟩ ∈ CN ⊗CM are (potentially unnormalized) eigenvectors scaled by the square root of the
eigenvalues.

For each j ∈ [R], we define a linear operator Kj : CN → CM via the relation (sometimes called
vectorization or flattening):

(3.34) Kj |ψ⟩ := (⟨ψ̃| ⊗ IM ) |sj⟩ .
Substituting the decomposition of σ back into the recovery formula:

Q(|ψ⟩⟨ψ|) = (⟨ψ̃| ⊗ IM )

∑
j∈[R]

|sj⟩⟨sj |

 (|ψ̃⟩ ⊗ IM )

=
∑
j∈[R]

[
(⟨ψ̃| ⊗ IM ) |sj⟩

] [
⟨sj | (|ψ̃⟩ ⊗ IM )

]
=
∑
j∈[R]

(Kj |ψ⟩)(Kj |ψ⟩)† =
∑
j∈[R]

Kj |ψ⟩⟨ψ|K†
j .

(3.35)

Since this holds for arbitrary |ψ⟩, by linearity it holds for all operators ρ ∈ L(CN ).
Finally, we must verify the completeness relation. The trace-preserving property Tr[Q(ρ)] =

Tr[ρ] implies

(3.36) Tr

∑
j∈[R]

KjρK
†
j

 = Tr

∑
j∈[R]

K†
jKj

 ρ

 = Tr[INρ].

Since this equality holds for all ρ, we must have
∑
j∈[R]K

†
jKj = IN . □

The definition of complete positivity in Definition 3.10 requires verifying positivity for all di-
mensions K, which is operationally cumbersome. However, the proof of the Choi–Kraus theorem
reveals that a much simpler criterion suffices. Let IN denote the identity channel on L(CN ). If
we assume only that the map IN ⊗Q is positive, then the Choi matrix σ (defined in the proof of
Theorem 3.18) must be positive, as it is the image of the positive operator |γ⟩⟨γ| under this map.
As shown in the proof, the positivity of σ guarantees the existence of a Kraus representation for
Q. Finally, by Proposition 3.14, any map with a Kraus representation is completely positive (i.e.,
IK ⊗Q is positive for all K). This establishes the equivalence between the original definition and
a condition involving only an ancilla of the input dimension:

Proposition 3.19 (Choi’s Theorem). A linear map Q : L(CN )→ L(CM ) is completely positive if
and only if its Choi matrix σ is positive semidefinite. Equivalently, Q is CP if and only if the map
IN ⊗Q is positive.

The Kraus representation provides deep insight into the structure of quantum channels. An-
other fundamental structural result is the Stinespring dilation theorem, which connects general
quantum channels (which may involve decoherence or dissipation) to coherent evolution on a larger
Hilbert space.

Theorem 3.20 (Stinespring dilation). Given any quantum channel Q : L(CN )→ L(CM ), there
exists an ancilla system A of dimension R ≤ NM , and an isometry V : CN → CM ⊗ CR (i.e.,
V †V = IN ) such that

(3.37) Q(ρ) = TrA
[
V ρV †] .
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Furthermore, this isometry can always be realized by a unitary evolution U on a sufficiently large
joint system initialized with the ancilla in a fixed state |0⟩:

(3.38) Q(ρ) = TrA
[
U(ρ⊗ |0⟩⟨0|)U†] .

Proof. By the Choi–Kraus theorem (Theorem 3.18), Q has a Kraus representation Q(ρ) =∑
j∈[R]KjρK

†
j , where R ≤ NM .

We construct the isometry V : CN → CM ⊗ CR. Let {|j⟩} be an orthonormal basis for the
ancilla space CR. Define V by

(3.39) V |ψ⟩ =
∑
j∈[R]

(Kj |ψ⟩)⊗ |j⟩ .

We verify that V is an isometry. For any |ψ⟩ ∈ CN :

⟨ψ|V †V |ψ⟩ = ∥V |ψ⟩∥2 =
∑
j∈[R]

∥Kj |ψ⟩∥2

=
∑
j∈[R]

⟨ψ|K†
jKj |ψ⟩ = ⟨ψ|

∑
j

K†
jKj

 |ψ⟩ .(3.40)

By the completeness relation, this equals ⟨ψ|ψ⟩. Thus V †V = IN .
Now we verify the representation in Eq. (3.37). We compute V ρV †. It is helpful to view V

formally as V =
∑
j Kj ⊗ |j⟩. Then

(3.41) V ρV † =

(∑
i

Ki ⊗ |i⟩

)
ρ

∑
j

K†
j ⊗ ⟨j|

 =
∑
i,j

(KiρK
†
j )⊗ |i⟩⟨j|.

Tracing over the ancilla (the second register) yields

(3.42) TrA[V ρV
†] =

∑
i,j

(KiρK
†
j ) Tr[|i⟩⟨j|] =

∑
j

KjρK
†
j = Q(ρ).

To realize this via a unitary evolution, we define U such that its action on the subspace corre-
sponding to the initial state ρ⊗ |0⟩⟨0| matches the isometry V . Let the joint space be large enough
(e.g., dimension D = max(N,M)R). We define U such that

(3.43) U(|ψ⟩ ⊗ |0⟩) = V |ψ⟩ , ∀ |ψ⟩ ∈ CN .

(We might need to embed CN and CM ⊗ CR into the larger space CD). Since V is an isometry,
this definition is norm-preserving. We can always extend this definition to a full unitary U on the
joint space.

Finally, we verify the representation in Eq. (3.38). Let ρ =
∑
k pk|ψk⟩⟨ψk| be the spectral

decomposition.

U(ρ⊗ |0⟩⟨0|)U† =
∑
k

pkU(|ψk⟩ ⊗ |0⟩)(⟨ψk| ⊗ ⟨0|)U†

=
∑
k

pk(V |ψk⟩)(V |ψk⟩)† = V ρV †.
(3.44)

Therefore, Q(ρ) = TrA[V ρV
†] = TrA

[
U(ρ⊗ |0⟩⟨0|)U†]. □
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Theorem 3.20 states that any quantum channel, no matter how noisy or irreversible it appears,
can always be modeled as a unitary interaction between the system and an environment (ancilla),
followed by discarding the environment. This provides a powerful conceptual tool, showing that all
quantum evolution is fundamentally unitary if we consider a large enough closed system.

3.3. Distance between state vectors and unitaries

A distance (also called a metric) on a set X is a function d : X ×X → R that assigns a real
number d(x, y) to each pair of points x, y ∈ X. This function satisfies the following properties for
all x, y, z ∈ X:

(1) (Non-negativity) d(x, y) ≥ 0.
(2) (Identity of indiscernibles) d(x, y) = 0 if and only if x = y.
(3) (Symmetry) d(x, y) = d(y, x).
(4) (Triangle inequality) d(x, y) ≤ d(x, z) + d(z, y).

For example, the vector 2-norm defines a metric on CN : (x, y) → ∥x− y∥, and the operator
norm defines a metric on U(N): (U, V )→ ∥U − V ∥.

The difference for the product of K unitaries can be bounded using a simple technique some-
times referred to as a “hybrid argument”. This technique is used to bound the distance between
two states by considering a sequence of “hybrid” unitaries, each of which differs from the next in
the sequence by a small amount.

Proposition 3.21 (Linear error growth for products of unitaries). Given unitaries U1, Ũ1, . . . , UK , ŨK ∈
U(N) satisfying

(3.45)
∥∥∥Ui − Ũi∥∥∥ ≤ ϵ, ∀i = 1, . . . ,K,

we have

(3.46)
∥∥∥UK · · ·U1 − ŨK · · · Ũ1

∥∥∥ ≤ Kϵ.
Proof. Use a telescoping series

UK · · ·U1 − ŨK · · · Ũ1

=(UK · · ·U2U1 − UK · · ·U2Ũ1) + (UK · · ·U3U2Ũ1 − UK · · ·U3Ũ2Ũ1) + · · ·

+ (UKUK−1 · · · Ũ1 − ŨKŨK−1 · · · Ũ1)

=UK · · ·U2(U1 − Ũ1) + UK · · ·U3(U2 − Ũ2)Ũ1 + · · ·+ (UK − ŨK)ŨK−1 · · · Ũ1.

(3.47)

Since all Ui, Ũi are unitary matrices, we readily have

(3.48)
∥∥∥UK · · ·U1 − ŨK · · · Ũ1

∥∥∥ ≤ K∑
i=1

∥∥∥Ui − Ũi∥∥∥ ≤ Kϵ.
□

For most of this book, the vector 2-norm and the operator norm distances are both convenient
and sufficient. However, they are only applicable to pure states. For measuring the distance between
mixed states, new tools will be needed. Even for pure states, unitaries may differ by a phase which
should be inconsequential for measuring physical observables. These require the introduction of
new metrics.



72 3. PROBABILITY, QUANTUM CHANNEL, AND DISTANCES

Two state vectors |ψ⟩ , |φ⟩ ∈ CN are physically indistinguishable if they only differ by a global
phase. Similarly, two unitary matrices U, V ∈ U(N) induce the same evolution on density operators
if they only differ by a global phase. Consider the matrices

(3.49) I+ :=

(
1 0
0 1

)
, I− :=

(
−1 0
0 −1

)
.

We have in this case that ∥I+ − I−∥ = 2. However, for an arbitrary density matrix ρ, the induced
evolution of the density operator under these two operators is

(3.50) ∥I+ρI+ − I−ρI−∥ =
∥∥ρ− (−1)2ρ

∥∥ = 0.

This motivates the definition of the global phase invariant distance for vectors and unitary matrices.
The subscript p in Dp stands for phase.

Definition 3.22. Let |ψ⟩ , |φ⟩ ∈ CN be two state vectors, their global phase invariant distance
is

(3.51) Dp(|ψ⟩ , |φ⟩) := min
ϕ∈R

∥∥|ψ⟩ − eiϕ |φ⟩∥∥ .
Definition 3.23. For two unitaries U, V ∈ U(N), their global phase invariant distance is

(3.52) Dp(U, V ) = min
ϕ∈R

∥∥U − eiϕV ∥∥ .
An equivalence relation on a set X is a binary relation ∼ that satisfies the following three

properties for all a, b, c ∈ X:
(1) (Reflexivity) a ∼ a.
(2) (Symmetry) If a ∼ b, then b ∼ a.
(3) (Transitivity) If a ∼ b and b ∼ c, then a ∼ c.

A relation that satisfies these properties is called an equivalence relation, and it partitions the
set X into disjoint equivalence classes.

Definition 3.24. Let X be a set and ∼ be an equivalence relation on X. The quotient space (or
quotient set) X/ ∼ is defined as the set of equivalence classes of X under the relation ∼. An
equivalence class [x] of an element x ∈ X is the set of all elements in X that are equivalent to x,
i.e.,

(3.53) [x] = {y ∈ X | y ∼ x}.
The quotient space X/ ∼ is the set of all such equivalence classes:

(3.54) X/ ∼= {[x] | x ∈ X}.

Example 3.25. Define an equivalence relation on CN :

(3.55) x ∼ y ⇐⇒ x = λy for some λ ∈ C \ {0}, x, y ∈ CN \ {0}.
Then PCN := CN \ {0}/ ∼ is called the complex projective space, which is isomorphic to the
set of all nonzero physical states. The real dimension of a manifold M is the number of real
coordinates needed to locally describe the manifold. For example, the real dimension of CN is 2N ,
and the real dimension of PCN is 2N − 2.

We may identify each single qubit quantum state with a unique point on the Bloch sphere as

(3.56) a = (sin θ cosφ, sin θ sinφ, cos θ)⊤, θ, φ ∈ R.
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This agrees with the previous statement that the real dimension of PC2 is 2. ⋄

Exercise 3.2. Prove that the global phase invariant distance is a distance on the complex
projective space PCN .

Example 3.26. Define an equivalence relation on U(N):

(3.57) U ∼ V ⇐⇒ U = eiθV for some θ ∈ R, U, V ∈ U(N).

Then PU(N) := U(N)/ ∼ is called the projective unitary group. The real dimension of U(N)
is N2, and the real dimension of PU(N) is N2 − 1.

Recall that the special unitary group SU(N) consists of all unitary matrices with determinant
1. So the real dimension of SU(N) is N2 − 1. However, the equivalence relation on SU(N) is

(3.58) U ∼ V ⇐⇒ U = ei2πk/NV for some k ∈ [N ], U, V ∈ SU(N).

So each equivalence class only consists of N discrete elements and does not reduce the dimension.
Therefore the real dimension of the projective special unitary group denoted by PSU(N) is still
N2 − 1. ⋄

Exercise 3.3. Prove that the global phase invariant distance is a distance on the projective
unitary group PU(N).

Exercise 3.4. Given unitaries U1, Ũ1, . . . , UK , ŨK ∈ U(N) satisfying

(3.59) Dp(Ui, Ũi) ≤ ϵ, ∀i = 1, . . . ,K,

prove that

(3.60) Dp(UK · · ·U1, ŨK · · · Ũ1) ≤ Kϵ.

Let |φ⟩ = eiα cos θ |ψ⟩ + sin θ |⊥⟩, where ⟨ψ| ⊥⟩ = 0 and 0 ≤ θ ≤ π/2. Then cos θ = |⟨φ|ψ⟩| is
the overlap between the two vectors. We can perform a unitary operation that rotates eiα |ψ⟩ to
|0⟩ and |⊥⟩ to |1⟩. Direct calculation shows

(3.61) Dp(|ψ⟩ , |φ⟩) = min
ϕ∈R

∥∥|0⟩ − eiϕ(eiα cos θ |0⟩+ sin θ |1⟩)
∥∥ =

√
2(1− cos θ) =

√
2(1− |⟨φ|ψ⟩|).

Therefore the global phase invariant distance between two vectors can be directly computed from
the overlap.

Exercise 3.5. For U, V ∈ U(N), prove that

(3.62) Dp(U, V ) = 2min
ϕ

max
j

∣∣∣∣sin λj − ϕ2

∣∣∣∣ ,
where {eiλj} are eigenvalues of V †U .

Exercise 3.6. For U, V ∈ U(N), another distance that is invariant to the global phase is

(3.63) Dp,F (U, V ) =
1√
2N

min
ϕ

∥∥U − eiϕV ∥∥
F
.

Prove that

(3.64) Dp,F (U, V ) =

√
1− |Tr[U

†V |
N

.
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3.4. Distance between classical states and classical channels

In this section, we provide a connection between concepts in classical probabilistic computa-
tion and density operators and quantum channels in quantum computation. For two probability
distributions p, q ∈ RN , the total variation distance is

(3.65) D(p, q) :=
1

2

∑
i∈[N ]

|pi − qi| .

The name total variation distance comes from that it measures the largest difference between p and
q for some subset (also called event) S. The total variation distance is the default metric we will
use between probability distributions and will be denoted by D without subscripts.

Proposition 3.27. For any two classical probability distributions p, q ∈ RN ,

(3.66) D(p, q) = max
S

(p(S)− q(S)) := max
S

(∑
i∈S

pi −
∑
i∈S

qi

)
,

where the maximization is over all subsets S.

Proof. For any subset S, let S be its complement. Then

(3.67) 0 =
∑
i

pi −
∑
i

qi =
∑
i∈S

(pi − qi) +
∑
i∈S

(pi − qi).

Hence

(3.68)
∑
i∈S

pi −
∑
i∈S

qi =
1

2

∑
i∈S

(pi − qi)−
∑
i∈S

(pi − qi)

 ≤ D(p, q).

Now let S = {i|pi ≥ qi}. Then

(3.69)
1

2

∑
i∈S

(pi − qi)−
∑
i∈S

(pi − qi)

 =
1

2

∑
i

|pi − qi| = D(p, q),

and the equality is achieved. □

We now prove that the application of a transition matrix does not increase the total variation
distance.

Proposition 3.28. Given a transition matrix P ∈ RN×N , and any two classical probability distri-
butions p, q ∈ RN ,

(3.70) D(Pp, Pq) ≤ D(p, q).

If the equality holds for any p, q ∈ RN , then P is a permutation matrix.

Proof. Use the left stochasticity of the transition matrix, we have

(3.71) D(Pp, Pq) =
1

2

∑
i

∣∣∣∣∣∣
∑
j

Pij(pj − qj)

∣∣∣∣∣∣ ≤ 1

2

∑
i

∑
j

Pij |pj − qj | =
1

2

∑
j

|pj − qj | = D(p, q).
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If the equality holds for any p, q ∈ RN , we prove that each row of P has only one nonzero entry. If
this is not the case, assume that there exists a row index i and two distinct column indices j1 ̸= j2
such that Pij1 > 0 and Pij2 > 0. Choose p = ej1 and q = ej2 . Then for this row i,

(3.72)

∣∣∣∣∣∣
∑
j

Pij(pj − qj)

∣∣∣∣∣∣ = |Pi,j1 − Pi,j2 | < Pi,j1 + Pi,j2 =
∑
j

Pij |pj − qj | ,

which contradicts equality in the triangle inequality step above. Hence each row has exactly one
nonzero entry. By left stochasticity, each column must also have exactly one nonzero entry, which
must equal 1. This proves that P is a permutation matrix. □

The induced total variation distance between two transition matrices P,Q ∈ RN×N is
defined as

(3.73) D(P,Q) = max
j∈[N ]

D(P:,j , Q:,j).

Exercise 3.7. Prove that D(·, ·) is a distance on the set of N ×N transition matrices.
Finally, we prove that the difference for the composition of K classical channels grows linearly.

Proposition 3.29 (Linear error growth for product of transition matrices). Given the transition
matrices P1, P̃1, . . . , PK , P̃K ∈ RN×N , the induced total variation distance satisfies

(3.74) D(PK · · ·P1, P̃K · · · P̃1) ≤
K∑
i=1

D(Pi, P̃i).

Proof. Using the telescope series Proposition 3.21, it is sufficient to consider the case for
K = 2. Then

D(P2P1, P̃2P̃1) ≤D(P2P1, P2P̃1) +D(P2P̃1, P̃2P̃1)

= max
j∈[N ]

D((P2P1):,j , (P2P̃1):,j) + max
j∈[N ]

D((P2P̃1):,j , (P̃2P̃1):,j)

≤ max
j∈[N ]

D((P1):,j , (P̃1):,j) + max
j∈[N ]

(
max
l∈[N ]

D((P2):,l, (P̃2):,l)

)∑
k

(P̃1)kj

≤ max
j∈[N ]

D((P1):,j , (P̃1):,j) + max
l∈[N ]

D((P2):,l, (P̃2):,l)

=D(P1, P̃1) +D(P2, P̃2).

(3.75)

Here we have used Proposition 3.28 and the left stochasticity of P̃1. □

3.5. Distance between quantum states

Quantifying the similarity or difference between quantum states is fundamental to quantum
information theory. It allows us to analyze the performance of quantum algorithms, assess the
errors in quantum communication protocols, and understand the distinguishability of quantum
states through measurements. In this section, we introduce the two most widely used measures: the
trace distance and the fidelity. These generalize the corresponding concepts for classical probability
distributions, such as the total variation distance discussed in Section 3.4. For a comprehensive
treatment, we refer readers to [NC00, Chapter 9] and [Wat18, Chapter 3].
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3.5.1. Schatten norms and the trace norm. To define distances between density opera-
tors, which are matrices, we first need appropriate matrix norms. The Schatten norms provide a
family of norms generalizing the ℓp norms for vectors to the space of operators.

Let A ∈ CM×N . The singular values of A, denoted σi(A), are the square roots of the non-
negative eigenvalues of A†A. The matrix norm!Schatten p-norm of A for p ≥ 1 is defined as the ℓp
norm of its singular values:

(3.76) ∥A∥p :=

(∑
i

σi(A)
p

) 1
p

.

This can also be expressed using the trace function. Let |A| :=
√
A†A denote the positive semidef-

inite square root of A†A. Then

(3.77) ∥A∥p = (Tr[|A|p])
1
p .

The following choices of p are particularly important:
• The Schatten 1-norm, also known as the trace norm, is the sum of the singular values:

(3.78) ∥A∥1 = Tr[|A|] =
∑
i

σi(A).

If A is positive semidefinite, |A| = A, so ∥A∥1 = Tr[A].
• The Schatten 2-norm (also called the Hilbert-Schmidt norm or Frobenius norm) is the

Euclidean norm of the singular values:

(3.79) ∥A∥2 =
√

Tr[A†A] =

(∑
i

σi(A)
2

) 1
2

.

• The Schatten ∞-norm is the maximum singular value:

(3.80) ∥A∥∞ = lim
p→∞

∥A∥p = max
i
σi(A).

This is identical to the standard operator norm (the induced ℓ2 → ℓ2 norm), often denoted
∥A∥ (equivalently ∥A∥∞).

A basic but useful property relates the trace of a matrix to its trace norm.

Proposition 3.30. For any square matrix A ∈ L(CN ),

(3.81) |Tr[A]| ≤ ∥A∥1 .

Proof. Consider the singular value decomposition A = UΣV †, where U, V are unitary and
Σ = diag(σi) contains the singular values. Using the cyclic property of the trace:

(3.82) Tr[A] = Tr[UΣV †] = Tr[ΣV †U ].

Let W = V †U . Since W is unitary, its entries satisfy |Wii| ≤ 1 for all i. Therefore, by the triangle
inequality,

(3.83) |Tr[A]| =

∣∣∣∣∣∑
i

σiWii

∣∣∣∣∣ ≤∑
i

σi |Wii| ≤
∑
i

σi = ∥A∥1 .

□
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The Schatten norms share many properties with the ℓp norms for vectors, including the triangle
inequality and Hölder’s inequality. We state these fundamental results without proof, referring the
reader to texts on matrix analysis such as [Bha97].

Proposition 3.31 (Properties of Schatten p-norms). Let A,B be operators.
(1) (Triangle inequality) For 1 ≤ p ≤ ∞, ∥A+B∥p ≤ ∥A∥p + ∥B∥p.
(2) (Hölder’s inequality, [Bha97, Corollary IV.2.6]) For 1 ≤ p, q ≤ ∞ satisfying 1

p +
1
q = 1, if

the product AB is defined, then ∥AB∥1 ≤ ∥A∥p ∥B∥q.

We are primarily interested in the trace norm (p = 1) and the operator norm (p = ∞). An
important specialization of Hölder’s inequality is the case p =∞, q = 1:

(3.84) ∥AB∥1 ≤ ∥A∥∞ ∥B∥1 .

This inequality is frequently used to bound the trace norm of a product. Another useful variation
involves the trace of a product, which can be viewed as a generalization of the Cauchy-Schwarz
inequality. We provide a self-contained proof of this specific case.

Lemma 3.32 (Hölder’s inequality for trace). For any operators A,B ∈ L(CN ), the following
inequality holds:

(3.85)
∣∣Tr(A†B)

∣∣ ≤ ∥A∥∞ ∥B∥1 .
Proof. Let B = UΣV † be the SVD of B, with singular values si. By definition, ∥B∥1 =

∑
i si.

Using the cyclic property of the trace:

(3.86) Tr(A†B) = Tr(A†UΣV †) = Tr(V †A†UΣ).

Let W = V †A†U . Since U and V are unitary, the operator norm is invariant under unitary
multiplication: ∥W∥∞ =

∥∥A†
∥∥
∞. Furthermore,

∥∥A†
∥∥
∞ = ∥A∥∞ as they share the same singular

values. The trace is the sum of the diagonal elements of W weighted by the singular values:

(3.87) Tr(WΣ) =
∑
i

Wiisi.

We can now bound the magnitude of the trace using the triangle inequality:∣∣Tr(A†B)
∣∣ = ∣∣∣∣∣∑

i

Wiisi

∣∣∣∣∣ ≤∑
i

|Wii|si

≤
∑
i

∥W∥∞ si = ∥A∥∞
∑
i

si = ∥A∥∞ ∥B∥1 .
(3.88)

□

We now consider how the trace norm behaves under the partial trace operation, which often
arises when dealing with composite systems.

Exercise 3.8. Let |u⟩ , |v⟩ be normalized state vectors in HA ⊗HB . Show that

(3.89) ∥TrB |u⟩⟨v|∥1 ≤ 1.

(Hint: use Hölder’s inequality for the Schatten 2-norm.)
More generally, the partial trace is a contraction with respect to the trace norm.
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Proposition 3.33 (Partial trace does not increase the trace norm). For any operator O ∈ L(HA⊗
HB),

(3.90) ∥TrB O∥1 ≤ ∥O∥1 .

Proof. Consider the singular value decomposition of the operator O:

(3.91) O =
∑
k

σk|uk⟩⟨vk|,

where σk > 0 are the singular values, and {|uk⟩}, {|vk⟩} are sets of orthonormal vectors in HA⊗HB .
The trace norm is ∥O∥1 =

∑
k σk.

Applying the partial trace and using the triangle inequality (Proposition 3.31):

(3.92) ∥TrB O∥1 =

∥∥∥∥∥∑
k

σk TrB |uk⟩⟨vk|

∥∥∥∥∥
1

≤
∑
k

σk ∥TrB |uk⟩⟨vk|∥1 .

By Exercise 3.8, ∥TrB |uk⟩⟨vk|∥1 ≤ 1. Therefore,

(3.93) ∥TrB O∥1 ≤
∑
k

σk = ∥O∥1 .

□

The trace norm and the operator norm are dual to each other with respect to the trace in-
ner product, a property that is frequently exploited in optimization problems and for deriving
operational interpretations of these norms.

Lemma 3.34 (Duality of Trace and Operator Norms). For any operator Y ∈ L(CN ), the following
identities hold:

(3.94) ∥Y ∥1 = sup
∥Z∥∞≤1

|Tr(Z†Y )|,

and

(3.95) ∥Y ∥∞ = sup
∥X∥1≤1

|Tr(Y †X)|.

Proof. We first prove Eq. (3.94). Let S1 denote the right-hand side. Applying Hölder’s
inequality (Lemma 3.32), we have |Tr(Z†Y )| ≤ ∥Z∥∞ ∥Y ∥1. If we restrict the optimization to
∥Z∥∞ ≤ 1, then |Tr(Z†Y )| ≤ ∥Y ∥1. Taking the supremum yields S1 ≤ ∥Y ∥1.

To show S1 ≥ ∥Y ∥1, we construct an operator Z that achieves the bound. Let Y = UΣV † be
the SVD of Y . Define Z = UV †. Since Z is unitary, ∥Z∥∞ = 1. We compute the trace:

Tr(Z†Y ) = Tr((UV †)†(UΣV †)) = Tr(V U†UΣV †)

= Tr(V ΣV †) = Tr(Σ) = ∥Y ∥1 .
(3.96)

Thus, S1 ≥ ∥Y ∥1.
Next, we prove Eq. (3.95). Let S∞ denote the right-hand side. Applying Lemma 3.32, we have

|Tr(Y †X)| ≤ ∥Y ∥∞ ∥X∥1. Restricting to ∥X∥1 ≤ 1 and taking the supremum yields S∞ ≤ ∥Y ∥∞.
To show S∞ ≥ ∥Y ∥∞, we construct an optimal X. Let Y =

∑
i si|ui⟩⟨vi| be the SVD of

Y , ordered such that s1 = ∥Y ∥∞. Define the rank-1 operator X = |u1⟩⟨v1|. Since |u1⟩ , |v1⟩ are
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normalized, ∥X∥1 = 1. We compute the trace:

Tr(Y †X) = Tr

((∑
i

si|vi⟩⟨ui|

)
|u1⟩⟨v1|

)

= Tr

(∑
i

si|vi⟩⟨v1| ⟨ui|u1⟩

)
.

(3.97)

Due to the orthonormality of {|ui⟩}, only the i = 1 term survives:

(3.98) Tr(Y †X) = Tr(s1|v1⟩⟨v1|) = s1 = ∥Y ∥∞ .

Thus, S∞ ≥ ∥Y ∥∞. □

When the operator Y is Hermitian, the optimization domains in these duality relations can also
be restricted to Hermitian operators.

Lemma 3.35 (Duality for Hermitian Operators). Let H ∈ L(CN ) be a Hermitian operator.
(1) The trace norm is achieved by maximizing over Hermitian operators in the unit operator-

norm ball (i.e., −I ⪯ Z ⪯ I):

(3.99) ∥H∥1 = sup{|Tr(ZH)| : Z = Z†, ∥Z∥∞ ≤ 1}.

(2) The operator norm is achieved by maximizing over density operators:

(3.100) ∥H∥∞ = sup{|Tr(Hρ)| : ρ ∈ D(CN )}.

Proof. In both cases, the inequality ≤ (for the left-hand side) follows immediately from
Lemma 3.34, as the restricted optimization domains are subsets of the original domains. We only
need to show that the bounds can be achieved within these restricted domains.

1. Proof of Eq. (3.99). Let H =
∑
i λi|ψi⟩⟨ψi| be the spectral decomposition, where λi ∈ R. The

trace norm is ∥H∥1 =
∑
i |λi|. Define the sign operator Z =

∑
i sgn(λi)|ψi⟩⟨ψi|. Z is Hermitian,

and its eigenvalues are in {−1, 0, 1}, so ∥Z∥∞ ≤ 1.

(3.101) Tr(ZH) =
∑
i

sgn(λi)λi =
∑
i

|λi| = ∥H∥1 .

2. Proof of Eq. (3.100). The operator norm is ∥H∥∞ = maxi |λi|. Let k be an index achieving
the maximum. Define the pure state ρ = |ψk⟩⟨ψk|, which is a density operator.

(3.102) |Tr(Hρ)| = | ⟨ψk|H|ψk⟩ | = |λk| = ∥H∥∞ .

□

3.5.2. Trace distance. The trace norm provides a natural way to define a distance metric
on the space of quantum states, generalizing the classical total variation distance.

Definition 3.36 (Trace distance). The trace distance between two quantum states ρ, σ ∈ D(CN )
is defined as

(3.103) D(ρ, σ) :=
1

2
∥ρ− σ∥1 .

The factor of 1/2 ensures that the distance lies in the range [0, 1]. Since ∥ρ∥1 = 1 and ∥σ∥1 = 1,
the triangle inequality (Proposition 3.31) gives ∥ρ− σ∥1 ≤ ∥ρ∥1 + ∥σ∥1 = 2.
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Example 3.37 (Trace distance for classical states). Consider classical probability distributions
p, s ∈ RN embedded as classical states:

(3.104) ρ =
∑
i∈[N ]

pi|i⟩⟨i|, σ =
∑
i∈[N ]

si|i⟩⟨i|.

The difference ρ − σ is a diagonal matrix with entries pi − si. The trace norm is the sum of the
absolute values of the eigenvalues:

(3.105) D(ρ, σ) =
1

2
∥ρ− σ∥1 =

1

2

∑
i

|pi − si| .

This is exactly the total variation distance D(p, s) between the probability distributions p and s. ⋄

The trace distance has an operational interpretation related to the distinguishability of quantum
states through measurement. This is the quantum generalization of Proposition 3.27.

Proposition 3.38 (Operational interpretation of trace distance). For any quantum states ρ, σ ∈
D(CN ), the trace distance satisfies

(3.106) D(ρ, σ) = max
0⪯M⪯I

Tr[M(ρ− σ)].

The maximum is achieved when M is the projector onto the subspace where ρ− σ is positive.

Proof. Let ∆ = ρ − σ. ∆ is Hermitian and Tr[∆] = 0. We want to maximize Tr[M∆] over
0 ⪯M ⪯ I.

We utilize the duality results established earlier. Consider an operator M such that 0 ⪯M ⪯ I.
Define Z = 2M − I. Then Z is Hermitian, and −I ⪯ Z ⪯ I, which means ∥Z∥∞ ≤ 1. We have

(3.107) Tr[Z∆] = Tr[(2M − I)∆] = 2Tr[M∆].

By the Hermitian duality relation (Lemma 3.35, Eq. (3.99)), ∥∆∥1 = sup{|Tr(Z ′∆)| : Z ′ =
Z ′†, ∥Z ′∥∞ ≤ 1}. Since Z is admissible for this optimization, we have

(3.108) 2Tr[M∆] = Tr[Z∆] ≤ ∥∆∥1 .

Thus, Tr[M∆] ≤ 1
2 ∥∆∥1 = D(ρ, σ).

To show equality, we construct an optimal M . Let ∆ = ∆+ −∆−, where ∆+,∆− are positive
semidefinite operators with orthogonal support. Since Tr[∆] = 0, we have Tr[∆+] = Tr[∆−]. The
trace norm is

(3.109) ∥∆∥1 = Tr[∆+] + Tr[∆−] = 2Tr[∆+].

So D(ρ, σ) = Tr[∆+].
Let P be the projector onto the support of ∆+ with P∆+ = ∆+. We evaluate the trace:

(3.110) Tr[P∆] = Tr[P (∆+ −∆−)] = Tr[∆+] = D(ρ, σ).

Therefore, the maximum is achieved. □

Proposition 3.38 implies that D(ρ, σ) is the maximum difference in the probability of obtaining
a specific measurement outcome when measuring ρ versus σ.

A fundamental property of the trace distance is that it cannot increase under the action of a
quantum channel. This reflects the physical intuition that noise or information loss (modeled by
the channel) makes states harder to distinguish. This result parallels Proposition 3.28 for classical
channels.
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Theorem 3.39 (Quantum channels are contractive). Let Q : L(CN ) → L(CM ) be a quantum
channel. For any ρ, σ ∈ D(CN ),

(3.111) D(Q[ρ],Q[σ]) ≤ D(ρ, σ).

Proof. Let ρ′ = Q[ρ] and σ′ = Q[σ]. By Proposition 3.38, there exists a projector P (specifi-
cally, onto the positive subspace of ρ′ − σ′) such that

(3.112) D(ρ′, σ′) = Tr[P (ρ′ − σ′)] = Tr[PQ[ρ− σ]].

Consider the decomposition ρ−σ = ∆+−∆−, where ∆+,∆− ⪰ 0 are the positive and negative
parts, respectively. As shown in the proof of Proposition 3.38, D(ρ, σ) = Tr[∆+] = Tr[∆−].

Substituting the decomposition and using linearity:

(3.113) D(ρ′, σ′) = Tr[PQ[∆+ −∆−]] = Tr[PQ[∆+]]− Tr[PQ[∆−]].

We analyze the two terms. Since Q is a positive map, and ∆− ⪰ 0, the output Q[∆−] is positive
semidefinite. Since P ⪰ 0, the trace of the product of two positive operators is non-negative:
Tr[PQ[∆−]] ≥ 0. Therefore,

(3.114) D(ρ′, σ′) ≤ Tr[PQ[∆+]].

Next, since Q[∆+] ⪰ 0 and P ⪯ I, we have I − P ⪰ 0. Thus Tr[(I − P )Q[∆+]] ≥ 0, which implies
Tr[PQ[∆+]] ≤ Tr[Q[∆+]]. Therefore,

(3.115) D(ρ′, σ′) ≤ Tr[Q[∆+]].

Finally, since Q is trace-preserving, Tr[Q[∆+]] = Tr[∆+]. Combining the inequalities, we obtain

(3.116) D(Q[ρ],Q[σ]) ≤ Tr[∆+] = D(ρ, σ).

□

3.5.3. Fidelity. While the trace distance is an operationally useful metric for the distance be-
tween quantum states, another widely used measure is the fidelity. Fidelity quantifies the “overlap”
between two quantum states, and generalizes the inner product between pure state vectors.

Definition 3.40 (Fidelity). The fidelity between two quantum states ρ, σ ∈ D(CN ) is defined as

(3.117) F (ρ, σ) := Tr

[√
ρ

1
2σρ

1
2

]
.

This definition can be rewritten using the trace norm. A more symmetric expression involves
the operator A = ρ1/2σ1/2. Recall that the trace norm of A is ∥A∥1 = Tr[|A|] = Tr[

√
A†A]. Here

A†A = σ1/2ρσ1/2. The singular values of A are the square roots of the eigenvalues of A†A (and
also AA† = ρ1/2σρ1/2). Thus,

(3.118) F (ρ, σ) =
∥∥∥ρ1/2σ1/2

∥∥∥
1
.

This immediately establishes that fidelity is symmetric: F (ρ, σ) = F (σ, ρ), since ∥A∥1 =
∥∥A†

∥∥
1
.

Remark 3.41. Nomenclature can be confusing. Sometimes the quantity defined above is called the
square root fidelity, and F (ρ, σ)2 is called the fidelity. The infidelity is then defined as 1−F (ρ, σ)2.
We will adhere to Definition 3.40. ⋄
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Fidelity satisfies 0 ≤ F (ρ, σ) ≤ 1. The upper bound follows from Hölder’s inequality (Proposi-
tion 3.31, p = q = 2):

(3.119) F (ρ, σ) =
∥∥∥ρ1/2σ1/2

∥∥∥
1
≤
∥∥∥ρ1/2∥∥∥

2

∥∥∥σ1/2
∥∥∥
2
.

Since
∥∥ρ1/2∥∥2

2
= Tr[ρ1/2ρ1/2] = Tr[ρ] = 1, we have F (ρ, σ) ≤ 1. Furthermore, F (ρ, σ) = 1 if and

only if ρ = σ.
Fidelity itself is not a distance metric (it does not satisfy the triangle inequality). However, it

can be converted into a metric known as the angle or Bures angle.

Definition 3.42 (Angle between quantum states). The angle between two quantum states ρ, σ ∈
D(CN ) is

(3.120) θ(ρ, σ) := arccos(F (ρ, σ)) ∈ [0, π/2].

Example 3.43 (Pure states). If ρ = |ψ⟩⟨ψ| and σ = |φ⟩⟨φ| are two pure states.

(3.121) ρ1/2σρ1/2 = |ψ⟩⟨ψ||φ⟩⟨φ||ψ⟩⟨ψ| = | ⟨ψ|φ⟩ |2|ψ⟩⟨ψ|.

This is a rank-1 operator. Its only non-zero eigenvalue is | ⟨ψ|φ⟩ |2. The square root of this eigenvalue
is | ⟨ψ|φ⟩ |. Thus,

(3.122) F (ρ, σ) = | ⟨ψ|φ⟩ |.

The fidelity is the absolute value of the overlap between the state vectors.
More generally, if only one state is pure, say ρ = |ψ⟩⟨ψ|, then

(3.123) F (ρ, σ) =
√
⟨ψ|σ|ψ⟩.

It is the square root of the overlap between the pure state |ψ⟩ and the mixed state σ.
Let us relate the trace distance and fidelity for pure states ρ, σ. Let the angle be θ = θ(ρ, σ),

so F (ρ, σ) = cos θ. We can choose a basis such that |ψ⟩ = |0⟩ and |φ⟩ = cos θ |0⟩ + sin θ |1⟩ (by
adjusting global phase). In this 2D subspace, the difference ρ− σ is represented by the matrix:

(3.124) ∆ =

(
1 0
0 0

)
−
(

cos2 θ cos θ sin θ
cos θ sin θ sin2 θ

)
=

(
sin2 θ − cos θ sin θ

− cos θ sin θ − sin2 θ

)
.

The eigenvalues of ∆ are ± sin θ. The trace norm is ∥∆∥1 = | sin θ| + | − sin θ| = 2 sin θ (since
0 ≤ θ ≤ π/2).

(3.125) D(ρ, σ) =
1

2
∥ρ− σ∥1 = sin θ.

We can express this in terms of fidelity F = cos θ:

(3.126) D(ρ, σ) =
√
1− F (ρ, σ)2.

⋄

Example 3.44 (Classical states). Let ρ, σ be classical states corresponding to probability distri-
butions p, q (see Example 3.37). Since the operators are diagonal, the definition simplifies:

(3.127) F (ρ, σ) =
∑
j

√
pjqj .
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This is the classical Bhattacharyya coefficient. The relationship between trace distance and fidelity
for classical states is characterized by the inequality:

D(ρ, σ) =
1

2

∑
j

|pj − qj | ≥
1

2

∑
j

(
√
pj −

√
qj)

2

=
1

2

∑
j

(pj + qj − 2
√
pjqj) = 1−

∑
j

√
pjqj = 1− F (ρ, σ).

(3.128)

The inequality step uses |a2 − b2| ≥ (a− b)2 for a, b ≥ 0. ⋄

We have seen two extremes: for pure states D =
√
1− F 2, while for classical states D ≥ 1−F .

These relationships are generalized by the Fuchs–van de Graaf inequalities (see [NC00, Section 9.2]),
which provide tight bounds relating the two measures for arbitrary quantum states.

Theorem 3.45 (Fuchs–van de Graaf inequalities). For any ρ, σ ∈ D(CN ),

(3.129) 1− F (ρ, σ) ≤ D(ρ, σ) ≤
√
1− F (ρ, σ)2.

We state a few important properties of fidelity without proof. Their proofs typically rely on a
powerful result known as Uhlmann’s theorem, which relates the fidelity between two mixed states
to the maximum overlap between their purifications (see [NC00, Chapter 9], [Wat18, Chapter 3]).

Proposition 3.46 (Properties of Fidelity and Angle). Let ρ, σ ∈ D(CN ).
(1) (Metric property) The angle θ(ρ, σ) is a distance metric on D(CN ).
(2) (Contractivity) For any quantum channel Q, the angle is contractive:

(3.130) θ(Q[ρ],Q[σ]) ≤ θ(ρ, σ).
Equivalently, fidelity increases (or stays the same) under quantum channels:

(3.131) F (Q[ρ],Q[σ]) ≥ F (ρ, σ).

The Fuchs–van de Graaf inequalities (Theorem 3.45) can be rewritten in terms of the angle
θ = θ(ρ, σ):

(3.132) 2 sin2
θ

2
≤ D(ρ, σ) ≤ sin θ.

When the states are close (θ1), we can use the approximations sin θ ≈ θ and 2 sin2(θ/2) ≈ θ2/2.
This gives

(3.133)
1

2
θ2 ≲ D(ρ, σ) ≲ θ.

This quadratic difference in scaling suggests that while the different distance metrics are related,
they can behave very differently.

Example 3.47. Consider a target state ρ = |0⟩⟨0|. Let θ ∈ [0, π/2] and define two pure states:

(3.134) |θ+⟩ = cos θ |0⟩+ sin θ |1⟩ , |θ−⟩ = cos θ |0⟩ − sin θ |1⟩ .
Let σ+ and σ− be the corresponding density operators. We also consider the mixed state σM =
1
2 (σ+ + σ−).

(3.135) σM = cos2 θ|0⟩⟨0|+ sin2 θ|1⟩⟨1|.
We compare the fidelities and trace distances to the target state ρ. The fidelities are identical:

(3.136) F (ρ, σ+) = F (ρ, σ−) = F (ρ, σM ) = cos θ.
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However, the trace distances differ significantly. For the pure states (using Example 3.43):

(3.137) D(ρ, σ±) = sin θ.

For the mixed state σM (using Example 3.37):

(3.138) D(ρ, σM ) = sin2 θ.

If θ is small, D(ρ, σ±) ≈ θ while D(ρ, σM ) ≈ θ2. The mixed state is quadratically closer
to the target state in trace distance than its pure components, even though they all share the
same fidelity. The coherent superpositions in σ+ and σ− (the off-diagonal terms) cancel out in the
incoherent mixture σM , leading to a state that is statistically closer to ρ. ⋄

Which measure, fidelity or trace distance, is more physically relevant? The answer depends
on the context. Fidelity can often be estimated experimentally (e.g., via the SWAP test), while
estimating the trace distance generally requires full quantum state tomography.

On the other hand, the trace distance directly bounds the difference in measurement statistics.
According to Proposition 3.38, the maximum difference in the probability of any measurement
outcome M is bounded by the trace distance:

(3.139) |Tr[Mρ]− Tr[Mσ]| ≤ D(ρ, σ).

If the trace distance is small, the states are statistically indistinguishable by any measurement.

3.6. Distance between quantum channels

Quantifying the distance between quantum channels is important for analyzing the precision
of quantum gates, the robustness of quantum algorithms, and the distinguishability of physical
processes. This section introduces the primary tools used for this purpose: the induced trace norm
and the diamond norm.

3.6.1. Induced trace norm. We begin by considering norms induced on the space of linear
maps (superoperators) by the Schatten norms on the input and output spaces.

Definition 3.48. For a linear map Q : L(CN ) → L(CM ), the induced trace norm (or the
induced 1→ 1 norm) is defined as

(3.140) ∥Q∥1→1 := sup
X∈L(CN ),∥X∥1≤1

∥Q[X]∥1 .

This norm quantifies the maximum amplification of the trace norm under the action of Q.
Analogously, the induced operator norm (or the induced ∞→∞ norm) is defined using the

operator norm ∥·∥∞:

(3.141) ∥Q∥∞→∞ := sup
X∈L(CN ),∥X∥∞≤1

∥Q[X]∥∞ .

Induced norms are inherently submultiplicative, a property useful when analyzing compositions
of maps.

Proposition 3.49 (Submultiplicativity). Let R : L(CN )→ L(CN ′
) and Q : L(CN ′

)→ L(CM ) be
linear maps. Then

(3.142) ∥Q ◦ R∥1→1 ≤ ∥Q∥1→1 ∥R∥1→1 .



3.6. DISTANCE BETWEEN QUANTUM CHANNELS 85

Proof. For any X ∈ L(CN ), by the definition of the induced norm:

(3.143) ∥(Q ◦R)(X)∥1 = ∥Q[R[X]]∥1 ≤ ∥Q∥1→1 ∥R[X]∥1 ≤ ∥Q∥1→1 ∥R∥1→1 ∥X∥1 .

Taking the supremum over X with ∥X∥1 ≤ 1 yields the result. □

To analyze these norms, we introduce the concept of the adjoint map. The space of linear
operators L(CN ) forms a Hilbert space under the Hilbert-Schmidt inner product ⟨A,B⟩ = Tr(A†B).
The adjoint map Q† : L(CM )→ L(CN ) is uniquely defined by the relation

(3.144) ⟨Y,Q(X)⟩ = ⟨Q†(Y ), X⟩,

for all X ∈ L(CN ) and Y ∈ L(CM ).
The induced trace norm and the induced operator norm exhibit a duality relationship analogous

to the duality between the trace norm and operator norm for matrices (Lemma 3.34).

Proposition 3.50 (Duality of Induced Norms). For any linear map Q : L(CN ) → L(CM ), the
following duality relation holds:

(3.145) ∥Q∥1→1 =
∥∥Q†∥∥

∞→∞ .

Proof. We begin with the definition of the induced trace norm and apply the variational
characterization of the trace norm (Lemma 3.34, Eq. (3.94)):

∥Q∥1→1 = sup
∥X∥1≤1

∥Q(X)∥1

= sup
∥X∥1≤1

(
sup

∥Y ∥∞≤1

|Tr(Y †Q[X])|

)
.

(3.146)

We exchange the order of the suprema and employ the definition of the adjoint map (Eq. (3.144)):

∥Q∥1→1 = sup
∥Y ∥∞≤1

(
sup

∥X∥1≤1

|Tr((Q†(Y ))†X)|

)
.(3.147)

The inner supremum is the characterization of the operator norm via duality (Lemma 3.34, Eq. (3.95)),
applied to the operator W = Q†(Y ). That is, sup∥X∥1≤1 |Tr(W †X)| = ∥W∥∞.

∥Q∥1→1 = sup
∥Y ∥∞≤1

∥∥Q†(Y )
∥∥
∞ =

∥∥Q†∥∥
∞→∞ .(3.148)

□

To compute the induced trace norm, it is helpful to characterize the inputs that achieve the
maximum. We first establish that for general linear maps, the maximum is attained on rank-1
operators.

Lemma 3.51. For any linear map Q, the induced 1→ 1 norm is achieved by a rank-1 operator:

(3.149) ∥Q∥1→1 = sup{∥Q(|u⟩⟨v|)∥1 : ∥u∥2 = 1, ∥v∥2 = 1}.

Proof. Let C1 = {X : ∥X∥1 ≤ 1} be the unit ball in the trace norm. The function f(X) =
∥Q(X)∥1 is convex. Since C1 is a compact, convex set, the maximum of f(X) over C1 must be
achieved at an extreme point of C1. The extreme points of C1 are precisely the rank-1 operators of
the form |u⟩⟨v| with normalized vectors |u⟩ , |v⟩.
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Explicitly, let X maximize the norm, with ∥X∥1 = 1. Its SVD X =
∑
i si|ui⟩⟨vi| is a convex

combination (since
∑
si = 1, si > 0) of the rank-1 operators Xi = |ui⟩⟨vi|. By the triangle

inequality:

(3.150) ∥Q(X)∥1 =

∥∥∥∥∥∑
i

siQ(Xi)

∥∥∥∥∥
1

≤
∑
i

si ∥Q(Xi)∥1 ≤ max
i
∥Q(Xi)∥1 .

Thus, the maximum is achieved by one of the rank-1 operators Xi. □

We now investigate how these norms behave for positive maps. We first state the following
result for positive maps without proof [Wat18, Eq. (3.329)].

Lemma 3.52. Let Q : L(CN )→ L(CM ) be a positive linear map. Then

(3.151) ∥Q∥1→1 =
∥∥Q†(IM )

∥∥
∞ .

A celebrated result known as the Russo–Dye theorem [Wat18, Theorem 3.39] simplifies the
calculation of the induced norm for such maps.

Theorem 3.53 (Russo–Dye). Let Q : L(CN )→ L(CM ) be a positive linear map. Then

(3.152) ∥Q∥1→1 = max
∥u∥2=1

Tr (Q (|u⟩⟨u|)) .

Proof. Since Q†(IM ) is Hermitian (in fact positive semidefinite), its operator norm is the
largest eigenvalue:

(3.153)
∥∥Q†(IM )

∥∥
∞ = sup

∥u∥2=1

⟨u| Q†(IM ) |u⟩ = sup
∥u∥2=1

Tr(Q(|u⟩⟨u|)).

The result follows from Lemma 3.52. □

As an immediate consequence, if Q is a quantum channel, it is positive and trace-preserving.
Thus,

(3.154) ∥Q∥1→1 = max
u

Tr (Q (|u⟩⟨u|)) = max
u

Tr (|u⟩⟨u|) = 1.

The fact that quantum channels have an induced trace norm of 1 leads to an important stability
property for compositions of channels.

Proposition 3.54. Let Q1, . . . ,QK and Q̃1, . . . , Q̃K be sequences of quantum channels. Then

(3.155)
∥∥∥QK ◦ · · · ◦ Q1 − Q̃K ◦ · · · ◦ Q̃1

∥∥∥
1→1
≤

K∑
i=1

∥∥∥Qi − Q̃i∥∥∥
1→1

.

Proof. We use a telescoping sum argument. For K = 2:

(3.156) Q2 ◦ Q1 − Q̃2 ◦ Q̃1 = (Q2 − Q̃2) ◦ Q1 + Q̃2 ◦ (Q1 − Q̃1).

By the triangle inequality and submultiplicativity (Proposition 3.49):∥∥∥Q2 ◦ Q1 − Q̃2 ◦ Q̃1

∥∥∥
1→1
≤
∥∥∥Q2 − Q̃2

∥∥∥
1→1
∥Q1∥1→1

+
∥∥∥Q̃2

∥∥∥
1→1

∥∥∥Q1 − Q̃1

∥∥∥
1→1

.
(3.157)

Since Q1 and Q̃2 are quantum channels, their induced trace norms are 1.

(3.158)
∥∥∥Q2 ◦ Q1 − Q̃2 ◦ Q̃1

∥∥∥
1→1
≤
∥∥∥Q2 − Q̃2

∥∥∥
1→1

+
∥∥∥Q1 − Q̃1

∥∥∥
1→1

.



3.6. DISTANCE BETWEEN QUANTUM CHANNELS 87

The general case follows by induction. □

3.6.2. The diamond norm. The induced trace norm quantifies how much a map Q acting
on a system S changes the state of S. However, this is insufficient in quantum mechanics due
to entanglement. If S is entangled with an auxiliary system A, the action of Q on S (described
by Q ⊗ IA) might alter the joint state of SA significantly more than predicted by ∥Q∥1→1. To
capture the true behavior of the map in the presence of arbitrary entanglement, we must consider
its stabilized action. This leads to the diamond norm, also known as the completely bounded
trace norm.

Definition 3.55 (Diamond Norm). Let Q : L(CN )→ L(CM ) be a linear map. The diamond norm
of Q is defined as

(3.159) ∥Q∥⋄ := sup
k≥1
∥Q ⊗ Ik∥1→1 = sup

k≥1
∥Ik ⊗Q∥1→1 ,

where Ik denotes the identity map on L(Ck).

If Q is a quantum channel, then for every k the map Q ⊗ Ik is also a quantum channel, and
hence has induced trace norm 1. Therefore,

(3.160) ∥Q∥⋄ = sup
k≥1
∥Q ⊗ Ik∥1→1 = 1.

While the definition involves a supremum over all dimensions k, a remarkable result shows that
the supremum is achieved when the auxiliary dimension matches the input dimension of the map.

Proposition 3.56 (Stabilization of the Diamond Norm). For any linear map Q : L(CN )→ L(CM ),
the supremum in Eq. (3.159) is achieved for k = N . That is,

(3.161) ∥Q∥⋄ = ∥Q ⊗ IN∥1→1 .

Proof. We aim to show that for any k ≥ 1, ∥Q ⊗ Ik∥1→1 ≤ ∥Q⊗ IN∥1→1.
Let k ≥ 1. By Lemma 3.51, the induced norm is achieved by a rank-1 input. There exist

normalized vectors |α⟩ , |β⟩ ∈ CN ⊗ Ck such that

(3.162) ∥Q ⊗ Ik∥1→1 = ∥(Q⊗ Ik)(|α⟩⟨β|)∥1 .

Consider the Schmidt decompositions of |α⟩ and |β⟩. The Schmidt ranks r, s are at most N .

(3.163) |α⟩ =
r∑
i=1

√
pi |ai⟩ ⊗ |xi⟩ , |β⟩ =

s∑
j=1

√
qj |bj⟩ ⊗ |yj⟩ .

Here, {|ai⟩}, {|bj⟩} ⊂ CN and {|xi⟩}, {|yj⟩} ⊂ Ck are orthonormal sets. Let Y = (Q⊗ Ik)(|α⟩⟨β|).

(3.164) Y =
∑
i,j

√
piqjQ(|ai⟩⟨bj |)⊗ |xi⟩⟨yj |.

We construct corresponding vectors in CN ⊗ CN . Let {|ei⟩}Ni=1 be a basis for CN . Define
normalized vectors |α′⟩ , |β′⟩ ∈ CN ⊗ CN by replacing |xi⟩ with |ei⟩ and |yj⟩ with |ej⟩. Let Y ′ =
(Q⊗ IN )(|α′⟩⟨β′|).

(3.165) Y ′ =
∑
i,j

√
piqjQ(|ai⟩⟨bj |)⊗ |ei⟩⟨ej |.
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We show that ∥Y ∥1 = ∥Y ′∥1. Define partial isometries V,W : CN → Ck. Let V map
span{|ei⟩}ri=1 isometrically onto span{|xi⟩}ri=1, and similarly for W and {|yj⟩}. We can relate
Y and Y ′:

(3.166) Y = (IM ⊗ V )Y ′(IM ⊗W †).

Extend V and W to unitaries Ṽ , W̃ on Ck (by choosing orthonormal complements). Since Y ′ only
has support on the subspaces where V and W act isometrically, we have

(3.167) Y = (IM ⊗ Ṽ )Y ′(IM ⊗ W̃ †).

By unitary invariance of the trace norm, ∥Y ∥1 = ∥Y ′∥1.
We have established ∥Q ⊗ Ik∥1→1 = ∥Y ′∥1. Since ∥|α′⟩⟨β′|∥1 = 1, we have ∥Y ′∥1 ≤ ∥Q⊗ IN∥1→1.

This completes the proof. □

The diamond norm inherits the submultiplicativity property from the induced trace norm.

Proposition 3.57 (Submultiplicativity of the Diamond Norm). Let R : L(CN ) → L(CN ′
) and

Q : L(CN ′
)→ L(CM ) be linear maps. Then

(3.168) ∥Q ◦ R∥⋄ ≤ ∥Q∥⋄ ∥R∥⋄ .

Proof. We use the definition of the diamond norm and the property that (Q ◦ R) ⊗ Ik =
(Q⊗ Ik) ◦ (R⊗ Ik).

∥Q ◦ R∥⋄ = sup
k
∥(Q⊗ Ik) ◦ (R⊗ Ik)∥1→1 .(3.169)

By the submultiplicativity of the induced trace norm (Proposition 3.49):

∥Q ◦ R∥⋄ ≤ sup
k

(∥Q ⊗ Ik∥1→1 ∥R ⊗ Ik∥1→1)

≤
(
sup
k
∥Q ⊗ Ik∥1→1

)(
sup
k
∥R ⊗ Ik∥1→1

)
= ∥Q∥⋄ ∥R∥⋄ .

(3.170)

□

We can derive useful bounds on the diamond norm for specific types of maps. We start with
maps defined by a single Kraus operator.

Lemma 3.58. Let QA(X) = AXA† and QB(X) = BXB†. Then the diamond norm of their
difference is bounded by

(3.171) ∥QA −QB∥⋄ ≤ (∥A∥∞ + ∥B∥∞) ∥A−B∥∞ .

Proof. Let Φ = QA − QB . By stabilization (Proposition 3.56), we evaluate ∥Φ⊗ IN∥1→1.
Let XSR be an input operator with ∥XSR∥1 = 1.

(3.172) (Φ⊗ IN )(XSR) = (A⊗ I)XSR(A
† ⊗ I)− (B ⊗ I)XSR(B

† ⊗ I).

We use the identity AA† −BB† = A(A† −B†) + (A−B)B†.

(Φ⊗ IN )(XSR) = (A⊗ I)XSR((A
† −B†)⊗ I)

+ ((A−B)⊗ I)XSR(B
† ⊗ I).

(3.173)
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We bound the trace norm using the triangle inequality and Hölder’s inequality (∥Y1XY2∥1 ≤
∥Y1∥∞ ∥X∥1 ∥Y2∥∞). Since ∥XSR∥1 = 1 and ∥Y ⊗ I∥∞ = ∥Y ∥∞:

∥(Φ⊗ IN )(XSR)∥1 ≤ ∥A∥∞
∥∥A† −B†∥∥

∞ + ∥A−B∥∞
∥∥B†∥∥

∞ .(3.174)

Using
∥∥A† −B†

∥∥
∞ = ∥A−B∥∞ and

∥∥B†
∥∥
∞ = ∥B∥∞, we obtain the bound. □

Example 3.59 (Distance between unitary channels). Consider unitary channels U(X) = UXU†

and V(X) = V XV †. Since ∥U∥∞ = ∥V ∥∞ = 1, Lemma 3.58 yields the bound:

(3.175) ∥U − V∥⋄ ≤ 2 ∥U − V ∥∞ .

⋄

While the bound in Eq. (3.175) is widely used, it is not always tight. Furthermore, one might
expect that stabilization is necessary for unitary channels. However, the difference between unitary
channels exhibits a special structure that renders stabilization unnecessary.

Proposition 3.60. Let U ,V be two unitary channels defined by unitaries U and V . Then the
diamond norm of their difference is equal to the induced trace norm:

(3.176) ∥U − V∥⋄ = ∥U − V∥1→1 .

This norm can be computed explicitly using the numerical range of W = U†V :

(3.177) ∥U − V∥⋄ = 2
√
1− d2min,

where dmin = inf{|z| : z ∈ W(W )} is the minimum distance from the origin to the numerical range
W(W ) = {⟨x|W |x⟩ : ∥x∥2 = 1}.

Proof. Let Φ = U − V. We first establish a lower bound for the induced trace norm ∥Φ∥1→1.
According to Lemma 3.51, the induced trace norm is defined by the supremum over rank-1 inputs.
Restricting the optimization to pure states ρ = |x⟩⟨x| yields a lower bound:

(3.178) ∥Φ∥1→1 ≥ sup
|x⟩
∥Φ(|x⟩⟨x|)∥1 .

The output is

(3.179) Φ(|x⟩⟨x|) = U |x⟩⟨x|U† − V |x⟩⟨x|V † = |ψU ⟩⟨ψU | − |ψV ⟩⟨ψV |,

where |ψU ⟩ = U |x⟩ and |ψV ⟩ = V |x⟩. The trace norm of the difference between two pure states is
determined by their overlap (see Example 3.43):

(3.180) ∥|ψU ⟩⟨ψU | − |ψV ⟩⟨ψV |∥1 = 2
√
1− | ⟨ψU |ψV ⟩ |2.

The overlap is ⟨ψU |ψV ⟩ = ⟨x|U†V |x⟩ = ⟨x|W |x⟩. To maximize the norm, we must minimize the
magnitude of the overlap. The set of values {⟨x|W |x⟩ : ∥x∥2 = 1} is the numerical range W(W ).
Thus, the supremum over pure states is

(3.181) 2
√
1− inf

z∈W(W )
|z|2 = 2

√
1− d2min.

Next, we consider the diamond norm ∥Φ∥⋄. By the stabilization property (Proposition 3.56),
∥Φ∥⋄ = ∥Φ⊗ IN∥1→1. Unlike the induced trace norm, the diamond norm is achieved on pure states
(see [Wat18, Theorem 3.51]). Let |Ψ⟩ ∈ CN⊗CN be a normalized pure state. The action of the map
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on ρ = |Ψ⟩⟨Ψ| yields the difference of two pure states |ΨU ⟩ = (U ⊗ I) |Ψ⟩ and |ΨV ⟩ = (V ⊗ I) |Ψ⟩.
The norm is again given by 2

√
1− | ⟨ΨU |ΨV ⟩ |2. The overlap is

(3.182) ⟨ΨU |ΨV ⟩ = ⟨Ψ| (U† ⊗ I)(V ⊗ I) |Ψ⟩ = ⟨Ψ| (W ⊗ I) |Ψ⟩ .
We express this overlap in terms of the reduced density operator ρA = TrB [|Ψ⟩⟨Ψ|]:
(3.183) ⟨Ψ| (W ⊗ I) |Ψ⟩ = Tr[(W ⊗ I)|Ψ⟩⟨Ψ|] = Tr[WρA].

As |Ψ⟩ varies over all pure states in the joint space, ρA varies over all density operators in D(CN ).
The set of achievable overlaps is therefore the set of expectation values {Tr[Wρ] : ρ ∈ D(CN )}.
This set is the convex hull of the numerical range W(W ). By the Toeplitz–Hausdorff theorem
(see [Bha97, Chapter 1]), the numerical range W(W ) is a convex set. Therefore, the convex hull
of W(W ) is W(W ) itself. This implies that allowing entanglement does not extend the range of
possible overlaps:

(3.184) inf
∥Ψ∥2=1

| ⟨Ψ| (W ⊗ I) |Ψ⟩ | = inf
z∈W(W )

|z| = dmin.

Consequently,

(3.185) ∥Φ∥⋄ = 2
√
1− d2min.

Combining this with Eq. (3.181) and the inequality ∥Φ∥1→1 ≤ ∥Φ∥⋄, we conclude ∥Φ∥⋄ = ∥Φ∥1→1.
□

Example 3.61. Consider the 2 × 2 unitaries U =

(
0 1
−1 0

)
and V = I =

(
1 0
0 1

)
. We calculate

the operator norm of their difference:

(3.186) U − V =

(
−1 1
−1 −1

)
.

The singular values are the square roots of the eigenvalues of (U − V )†(U − V ) = diag(2, 2). Thus,
∥U − V ∥∞ =

√
2. The general bound in Eq. (3.175) gives ∥U − V∥⋄ ≤ 2

√
2 ≈ 2.828.

However, as W = U† =

(
0 −1
1 0

)
, the eigenvalues of W are i and −i. Since W is normal,

W(W ) is the convex hull of the eigenvalues, i.e., the segment [−i, i] on the imaginary axis. The
minimum distance to the origin is dmin = 0. Thus, the exact diamond norm is 2

√
1− 02 = 2. ⋄

Example 3.62 (Qubit Phase Shift Channel). We illustrate the computation using a single-qubit
example. Consider the identity channel I (U = I) and the phase shift channel Pθ, defined by the
unitary V = Pθ = diag(1, eiθ). We wish to compute ∥I − Pθ∥⋄.

We apply Proposition 3.60. We compute W = U†V = Pθ. We need to determine the numerical
rangeW(Pθ). Since Pθ is a normal operator, its numerical range is the convex hull of its eigenvalues,
{1, eiθ}. This is the line segment (chord) connecting 1 and eiθ in the complex plane.

We seek the minimum distance dmin from the origin to this segment. Geometrically, this
distance is the altitude of the isosceles triangle formed by the origin and the two eigenvalues.

The length of the base of the triangle (the chord) is |1 − eiθ| =
√

(1− cos θ)2 + sin2 θ =
√
2− 2 cos θ = 2| sin(θ/2)|. The area of the triangle is 1

2 | sin θ|. Let h be the altitude, which
corresponds to dmin. The area is also 1

2 · base · h.

(3.187) dmin = h =
| sin θ|

2| sin(θ/2)|
=

2| sin(θ/2) cos(θ/2)|
2| sin(θ/2)|

= | cos(θ/2)|.
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Substituting this minimum value into Eq. (3.177):

(3.188) ∥I − Pθ∥⋄ = 2
√

1− cos2(θ/2) = 2

√
sin2(θ/2) = 2| sin(θ/2)|.

By Proposition 3.60, the induced trace norm is identical: ∥I − Pθ∥1→1 = 2| sin(θ/2)|.
For instance, if θ = π, the channel is the Pauli-Z channel Z. The diamond norm is 2| sin(π/2)| =

2. The minimum overlap is dmin = 0. This is achieved by the input state |+⟩ = 1√
2
(|0⟩+ |1⟩), since

⟨+|Z |+⟩ = 0. ⋄

The following example illustrates that the standard induced trace norm can drastically under-
estimate the “size” of a map that is not completely positive.

Example 3.63 (Transpose Map). Let T : CN×N → CN×N be the transpose map, T (X) = X⊤,
defined in a fixed basis. Since the transpose preserves the eigenvalues of Hermitian matrices and
maps density matrices to density matrices, it preserves the 1-norm for positive inputs. It can be
shown that ∥T ∥1→1 = 1.

However, consider the action of T ⊗ IN on the unnormalized maximally entangled state |Ω⟩ =∑N
i=1 |i⟩ ⊗ |i⟩. The corresponding density matrix is ω =

∑
i,j |i⟩⟨j| ⊗ |i⟩⟨j|. Applying the partial

transpose yields

(3.189) (T ⊗ IN )(ω) =
∑
i,j

|j⟩⟨i| ⊗ |i⟩⟨j|,

which is the SWAP operator. The eigenvalues of the SWAP operator on CN ⊗ CN are +1 (on the
symmetric subspace of dimension N(N+1)/2) and −1 (on the antisymmetric subspace of dimension
N(N − 1)/2). The trace norm is the sum of singular values (absolute values of eigenvalues):

(3.190) ∥(T ⊗ IN )(ω)∥1 =
N(N + 1)

2
+
N(N − 1)

2
= N2.

Since ∥ω∥1 = ∥|Ω⟩∥2 = N , we find that for this specific state, the ratio of output norm to input
norm is N . Thus ∥T ∥⋄ ≥ N . ⋄

3.6.3. Induced trace distance and diamond distance. The induced trace distance
between two linear maps Q,R is

(3.191) D(Q,R) := 1

2
∥Q −R∥1→1 .

Example 3.64 (Trace distance for classical channel). Given two transition matrices Q,R ∈ RN×N ,
the corresponding classical channels are

(3.192) Q[ρ] =
∑

i,j∈[N ]

Qij |i⟩⟨j|ρ|j⟩⟨i|, R[ρ] =
∑

i,j∈[N ]

Rij |i⟩⟨j|ρ|j⟩⟨i|.
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Then

D(Q,R) =1

2
sup

∥ρ∥1=1

∥Q[ρ]−R[ρ]∥1

=
1

2
sup

∥ρ∥1=1

∑
i

∣∣∣∣∣∣
∑
j

(Qij −Rij)ρjj

∣∣∣∣∣∣
≤1

2
sup

∥ρ∥1=1

(
max
j

∑
i

|Qij −Rij |

)
Tr |ρ|

≤1

2
sup

∥ρ∥1=1

(
max
j

∑
i

|Qij −Rij |

)
∥ρ∥1

=D(Q,R),

(3.193)

which is the induced total variation distance between the transition matrices Q,R. Here we have
used Proposition 3.30 in the last inequality. On the other hand, choosing ρ = |j′⟩⟨j′| with j′ =
argmaxj

∑
i |Qij −Rij |, we have D(Q,R) ≥ D(Q,R). This proves that the induced trace distance

is consistent with the induced total variation distance on classical channels:

(3.194) D(Q,R) = D(Q,R).

⋄

The metric induced by the diamond norm is known as the diamond distance. The factor of 1/2
normalizes the metric such that perfectly distinguishable channels have a distance of 1, analogous
to the trace distance for quantum states.

Definition 3.65 (Diamond Distance). Let Q,R : CN×N → CM×M be two linear maps. The
diamond distance between them is defined as

(3.195) D⋄(Q,R) :=
1

2
∥Q −R∥⋄ .

Quantum channels satisfy the linear error growth property with respect to the diamond distance.
The proof is also very similar to Proposition 3.54.

Proposition 3.66. Let {Ui}Ki=1 and {Ũi}Ki=1 be sequences of unitary channels generated by the
unitary operators {Ui}Ki=1 and {Ũi}Ki=1, respectively. The diamond distance between the composite
channels is bounded by

(3.196) D⋄(UK · · · U1, ŨK · · · Ũ1) ≤
K∑
i=1

∥∥∥Ui − Ũi∥∥∥
∞
.

Proof. First, we observe that quantum channels satisfy a linear error growth property with
respect to the diamond distance. The proof of this property relies on a telescoping sum argument,
which is strictly analogous to the proof of Proposition 3.54 and is therefore omitted. This yields
the bound

(3.197) D⋄(UK · · · U1, ŨK · · · Ũ1) ≤
1

2

K∑
i=1

∥∥∥Ũi − Ui∥∥∥
⋄
.
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It suffices to bound the diamond norm difference for a single step. Recalling Eq. (3.175), we have
the general bound

∥∥∥Ũi − Ui∥∥∥
⋄
≤ 2

∥∥∥Ui − Ũi∥∥∥. Substituting this estimate into the linear error growth
inequality completes the proof. □

Notes and further reading

The formalism of quantum channels rests on foundational results in operator theory. The
operator-sum representation (Theorem 3.18) is due to Kraus [KBDW83], while the dilation the-
orem (Theorem 3.20) was established by Stinespring [Sti55]. The isomorphism characterizing
completely positive maps via their action on entangled states is attributed to Choi [Cho75] and
Jamiołkowski [Jam72].

The induced trace distance provides a useful way to compare two channels via their action on
input states. It is worth noting that the contractivity properties of the trace distance used in this
context rely on positivity and trace preservation, and do not require complete positivity. By con-
trast, complete positivity is required to ensure that a channel remains positive when extended by
an identity map on an arbitrary ancillary register. This distinction becomes operationally visible in
the channel discrimination task: for some pairs of channels, optimal discrimination is only possible
when the input is entangled with an ancillary register. This motivates the use of stabilized distances
such as the diamond norm (the completely bounded trace norm), which explicitly accounts for an-
cillary extensions. For distance measures, Helstrom [Hel69] provided the operational interpretation
of the trace distance in terms of state discrimination. Fidelity was studied by Uhlmann [Uhl76]
as transition probability. The tight relationship between these two measures (Theorem 3.45) was
established by Fuchs and van de Graaf [FVDG02]. The diamond norm was introduced to quantum
computing by Kitaev [Kit97] to quantify the accuracy of quantum gates in a manner robust to
entanglement, and is closely related to the completely bounded norm in operator algebra. We refer
readers to [Wat18, Chapter 3.3] for further discussion.

Most of the discussions in this book will be restricted to unitary channels, and these unitary
channels are often applied to pure states. Nevertheless, the concept of a quantum channel is helpful
for understanding the probabilistic nature of quantum algorithms. For a systematic treatment
of density operators and quantum channels, we refer readers to [Wat18, Chapter 2] and [NC00,
Section 2.4, 8.2]. We refer readers to [Wat18, Chapter 3] for properties of the norms and distances
introduced here, and their applications in discrimination-type problems. For matrix analysis tools,
such as Schatten norms, we refer to [Bha97].





CHAPTER 4

Universality of quantum circuits
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CHAPTER 5

Quantum processing of classical information

Quantum algorithms often require classical data to be loaded, processed, and manipulated
within a quantum circuit. This chapter explores how classical information can be encoded and
operated on in a quantum computing framework. We begin with the reversible simulation of classical
logic gates, a prerequisite for embedding classical computation into quantum circuits. We then
discuss uncomputation, which is very useful for cleaning up intermediate states without disturbing
the computation’s outcome. The chapter proceeds to cover fixed-point number representation and
quantum random access memory (QRAM). Finally, we present methods for implementing certain
classical arithmetic operations within quantum circuits.

5.1. Reversible simulation of classical gates

How can we compare the computational power of quantum computers to that of classical com-
puters? While it remains extremely difficult to prove that quantum computers are fundamentally
more powerful than classical ones, it is well established that quantum computers are at least as pow-
erful. More precisely, any classical circuit can be simulated asymptotically efficiently by a quantum
circuit.

The key idea is that all classical gates can be simulated in a reversible way. Some classical logic
gates, such as the NOT gate, are already reversible and can be directly implemented by the Pauli
X gate. However, many commonly used gates, including AND, OR, and NAND, are not reversible
and cannot be directly translated into unitary transformations.

Reversible computation, which predates quantum computing, was originally studied in the
context of thermodynamics and the fundamental limits of energy dissipation [Lan61]. In this model
of computation, each operation can be reversed, and information is preserved throughout the pro-
cess. To simulate arbitrary classical circuits in a reversible form, it is sufficient to construct reversible
versions of universal gates such as the NAND gate. Once a reversible version of a universal gate is
available, the entire classical computation can be lifted into a reversible framework, which can then
be embedded into a quantum circuit using unitary operations.

Example 5.1 (Toffoli is universal for classical computation). All boolean logic can be implemented
using only NAND gates. NAND and FANOUT (i.e., making a copy of a classical bit x) are together
universal for classical computation. The Toffoli gate is a controlled-controlled-NOT gate, and with
an ancilla initialized to |0⟩ it computes xAND y into the target register. We can use the Toffoli gate
to simulate NAND and FANOUT. Therefore the Toffoli gate is universal for classical computation.
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|x⟩ |x⟩

|y⟩ |y⟩

|1⟩ |xNAND y⟩

|1⟩ |1⟩

|x⟩ |x⟩

|0⟩ |x⟩

Figure 5.1. Using the Toffoli gate to implement NAND and FANOUT

⋄

Exercise 5.1. Give explicit expressions for using Toffoli gates to implement AND, NOT, XOR,
and OR.

A classical computation procedure can be expressed as the evaluation of a boolean map f :
{0, 1}n → {0, 1}m, which may be irreversible. However, it can be made into a reversible classical
gate

(5.1) (z, x) 7→ (z ⊕ f(x), x).
In particular, (0m, x) 7→ (f(x), x) is a reversible map that can then be implemented using unitary
operations. Efficient implementation of x 7→ f(x) on a classical computer means that the number
of elementary classical gates (e.g., AND, NOT, NAND gates) is at most poly(n), and the classical
implementation of the map uses at most poly(n) additional bits for storage. By converting each of
the elementary classical gate into a reversible gate, we can implement

(5.2) Uf : |0⟩⊗w |0⟩⊗m |x⟩ 7→ |g(x)⟩ |f(x)⟩ |x⟩ .
Using w = poly(n) ancilla qubits, the depth of the quantum circuit is poly(n).

Theorem 5.2. Any irreversible classical computation using poly(n) classical gates can be sim-
ulated on a quantum computer using poly(n) simple quantum gates and poly(n) qubits.

Up to a polynomial slowdown, a quantum computer is at least as powerful as classical com-
puters. It should be noted that such a procedure is likely to be extremely inefficient. Thus the
construction used in Theorem 5.2 is not expected to be practically useful beyond the simplest
scenario.

5.2. Uncomputation

Unlike classical bits, qubits can exist in superpositions of computational basis states, which
enables interference effects in computation. However, qubits are also prone to interference and can
easily lose their coherence, causing computational errors. When a quantum computer performs a
computation, it can create a large number of ancilla qubits (also called working qubits, or garbage
register) that are entangled with the qubits carrying the actual result of the computation. If these
ancilla qubits are not properly reset back to their initial state (usually |0⟩⊗a), they can interfere
with subsequent computations and cause errors. This resetting process is called uncomputation.
Other than avoiding interference, uncomputation is also important for the purpose of resource
management. Quantum systems available today have a limited number of qubits. By uncomputing,
we can reuse qubits more efficiently.

Uncomputation needs to be done in a very specific way to maintain the integrity of the quantum
computation. Simply resetting qubits (for example, by measuring the ancilla qubits and resetting
them to |0⟩) is not sufficient, as it can destroy the superposition and entanglement of the other
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qubits in the system. Furthermore, due to the no-deleting theorem, there is no generic unitary
operator that can set a black-box state to |0⟩⊗w.

Let us now consider how to perform uncomputation when implementing a classical mapping.
In quantum computing, an oracle means a black box operation that for a given input provides
an output, usually the result of evaluating a function on that input. With the help of a working
register, we assume that the oracle implementing Eq. (5.2) is available.

In order to set the working register back to |0⟩⊗w while keeping the input and output state, we
must use the information stored in Uf explicitly. We introduce yet another m-qubit ancilla register
initialized at |0⟩⊗m. Then we can use an m-qubit CNOT controlled on the output register and
obtain

(5.3) |0⟩⊗m |g(x)⟩ |f(x)⟩ |x⟩ 7→ |f(x)⟩︸ ︷︷ ︸
ancilla

|g(x)⟩︸ ︷︷ ︸
working

|f(x)⟩︸ ︷︷ ︸
output

|x⟩︸︷︷︸
input

.

It is important to remember that in the operation above, the multi-qubit CNOT gate only performs
the classical copying operation in the computational basis, and does not violate the no-cloning
theorem.

Recall that U−1
f = U†

f , so

(5.4) (I⊗m ⊗ U†
f ) |f(x)⟩ |g(x)⟩ |f(x)⟩ |x⟩ = |f(x)⟩ |0⟩

⊗w |0⟩⊗m |x⟩ .

Finally we apply an m-qubit SWAP operator on the ancilla and output registers to obtain

(5.5) |f(x)⟩ |0⟩⊗w |0⟩⊗m |x⟩ 7→ |0⟩⊗m |0⟩⊗w |f(x)⟩ |x⟩ .

After this procedure, both the ancilla and the working register are set to the initial state. They
are no longer entangled to the input or output register, and can be reused for other purposes. The
circuit for this uncomputation step is shown in Fig. 5.2.

|0⟩⊗m |0⟩⊗m

|0⟩⊗w

Uf U†
f

|0⟩⊗w

|0⟩⊗m |f(x)⟩

|x⟩ |x⟩

Figure 5.2. Circuit for uncomputation. The CNOT and SWAP operators indicate
the multi-qubit copy and swap operations, respectively.

Remark 5.3 (Discarding working registers). After the uncomputation as shown in Fig. 5.2, the
first two registers are unchanged before and after the application of the circuit (though they are
changed during the intermediate steps). Therefore Fig. 5.2 effectively implements a unitary

(5.6) (I⊗(m+w) ⊗ Vf ) |0⟩⊗m |0⟩⊗w |0⟩⊗m |x⟩ = |0⟩⊗m |0⟩⊗w |f(x)⟩ |x⟩ ,
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or equivalently

(5.7) Vf |0⟩⊗m |x⟩ = |f(x)⟩ |x⟩ .

In the definition of Vf , all working registers have been discarded. This allows us to simplify the
notation and focus on the essence of the quantum algorithms under study. Using the technique of
uncomputation, if the map x 7→ f(x) can be efficiently implemented on a classical computer, then
we can implement this map efficiently on a quantum computer as well with a controllable amount
of quantum resources. ⋄

Example 5.4. Given f : {0, 1}n → {0, 1}n, in general, the transformation |x⟩ 7→ |f(x)⟩ is not
unitary. However, when f is a bijection, and we have access to both f, f−1 as follows:

(5.8) Uf : |z⟩ |x⟩ 7→ |z ⊕ f(x)⟩ |x⟩ , Uf−1 : |z⟩ |x⟩ 7→ |z ⊕ f−1(x)⟩ |x⟩ ,

we can use them to construct the unitary transformation U ′
f : |x⟩ 7→ |f(x)⟩.

To implement U ′
f , we will use an ancilla register initialized in the |0⟩⊗n state to hold the result

of applying f or f−1. Apply Uf to the state |0⟩⊗n |x⟩ to get |f(x)⟩ |x⟩. This setup now contains
the desired mapping in the first register, but it is entangled with the input in the second register.
Next apply SWAP to the two registers and the state becomes |x⟩ |f(x)⟩. Apply Uf−1 to the state
|x⟩ |f(x)⟩ to get |x⊕ f−1(f(x))⟩ |f(x)⟩ = |x⊕ x⟩ |f(x)⟩ = |0⟩⊗n |f(x)⟩. The ancilla register is
restored to |0⟩⊗n and can be discarded. This gives our desired U ′

f . The circuit is as follows.

|0⟩⊗n

Uf SWAP Uf−1

|0⟩⊗n

|x⟩ |f(x)⟩

⋄

Example 5.5. Another common usage of the uncomputation is to disentangle two registers. Con-
sider the following sequence of operations∑

j

cj |vj⟩ |0⟩⊗a |0⟩⊗b
Ua−→
∑
j

cj |vj⟩ |uj⟩ |0⟩⊗b

Ub−→
∑
j

cj |vj⟩ |uj⟩ (βj |0⟩⊗b +
√
1− |βj |2 |⊥j⟩).

(5.9)

Here Ua only acts on the first and second register, Ub only acts on the second and third register,
and |⊥j⟩ is a state that is orthogonal to |0⟩⊗b. Our goal is to obtain a state proportional to

(5.10)
∑
j

cjβj |vj⟩ |0⟩⊗a |0⟩⊗b .

This cannot be done by measuring the third register and check whether the outcome is 0b, since it
will lead to

∑
j cjβj |vj⟩ |uj⟩ |0⟩

⊗b, which entangles the first two registers. The correct procedure is
to perform uncomputation by applying U†

a to the first two registers, which gives a state

(5.11)
∑
j

cj |vj⟩ |0⟩⊗a (βj |0⟩⊗b +
√
1− |βj |2 |⊥j⟩).

Then measuring the third register produces the desired state. ⋄
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5.3. Fixed point number representation and quantum random access memory

When we want to perform arithmetic operations on a quantum computer, such as addition,
multiplication, or more complex functions, we need to encode the numbers we are working with
into qubit states. On classical computers, floating point number representations are an efficient way
to represent numbers with a wide numerical range. However, on quantum computers, it is often
convenient to encode numbers into amplitudes or phases (e.g., via phase kickback). Therefore it
is difficult in general to handle numbers that are too large or too small (e.g., 3.14 × 10±12). The
standard practice is to use a binary fixed point representation of real numbers.

Any integer k ∈ [N ] where N = 2n can be expressed as an n-bit string as k = (kn−1 · · · k0) with
ki ∈ {0, 1}. This is called the binary representation of the integer k. It should be interpreted as

(5.12) k =

n−1∑
i=0

ki2
i.

The number k divided by 2m (0 ≤ m ≤ n) can be written as (note that the binary point is shifted
to be after km):

(5.13) a =
k

2m
=

n−1∑
i=0

ki2
i−m =: (kn−1 · · · km.km−1 · · · k0).

The most common case is m = n, where

(5.14) a =
k

2n
=

n−1∑
i=0

ki2
i−n =: (0.kn−1 · · · k0) ≡ (.kn−1 · · · k0).

Sometimes we may also write a = 0.k1 · · · kn, which is simply a relabeling of the digits. For a
given real number 0 ≤ a < 1 written as

(5.15) a = (0.k1 · · · knkn+1 · · · ),

the number (0.k1 · · · kn) is called the n-bit fixed point representation (or n-bit binary represen-
tation) of a. Therefore to represent a to additive precision ϵ, we will need n = ⌈log2(1/ϵ)⌉ bits of
precision. If the sign of a is also important, we may reserve one extra bit s ∈ {0, 1} to indicate its
sign and interpret (s.k1 · · · kn) as (−1)s(0.k1 · · · kn). A complex number z can be represented using
two real numbers as z = a+ ib, where a, b ∈ R are given in the fixed point number representation.

Definition 5.6. For a length N = 2n classical data vector x, assume that each component xi has a
d-bit representation. Then the quantum random access memory (QRAM) is a unitary UQRAM

acting on n+ d qubits:

(5.16) UQRAM |i⟩ |y⟩ = |i⟩ |y ⊕ xi⟩ .

The implementation of UQRAM often uses working registers, and such a dependence is hidden in
Eq. (5.16) after the uncomputation step. Sometimes QRAM is called the quantum random access
classical memory (QRACM). Ideally, the cost for implementing QRAM is poly(n), but this may
not be possible if x represents an unstructured classical data set, and the cost for implementing
QRAM may be as high as poly(N).
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5.4. Classical arithmetic operations

Using the fixed point number representation and reversible computation, we can approximately
implement classical arithmetic operations on quantum computers. The map x 7→ f(x) can be
implemented as Uf |x̃⟩ |y⟩ = |x̃⟩ |y ⊕ f̃(x)⟩ using e.g., a QRAM. Here x̃ and f̃(x) are n-bit fixed point
representation of x, f(x) in the computational basis of the quantum register, respectively. However,
it may be much more efficient to implement certain classical arithmetic operations on-the-fly on
quantum computers without referring to a QRAM. For instance, x 7→ 2x can be implemented as a
shift operation in the binary format that can be implemented via a sequence of SWAP gates. Other
arithmetic mappings, such as x 7→ x2, as well as binary operations (x, y) 7→ x+ y, (x, y) 7→ xy are
harder to implement. Furthermore, these operations can be implemented on quantum computers
without going through the process of the reversible implementation of elementary classical gates.
Some other classical functions, such as x 7→ arccos(x) can be even more difficult to implement.
In general, implementation of classical arithmetic operations on quantum computers will incur a
significant overhead, both in terms of the number of ancilla qubits and the circuit depth.

Many arithmetic operations involve a procedure called the controlled rotation, which transforms
the information stored in a register from a fixed point representation to the amplitude of the
wavefunction.

Proposition 5.7 (Controlled rotation given rotation angles). Let 0 ≤ θ < 1 have exact d-bit fixed
point representation θ = (.θd−1 · · · θ0). Then there is a (d+ 1)-qubit unitary Uθ such that

(5.17) Uθ : |0⟩|θ⟩ 7→ (cos(πθ)|0⟩+ sin(πθ)|1⟩)|θ⟩.

Proof. First (by e.g. Taylor expansion)

(5.18) exp (−iτσy) =
(

cos(τ) − sin(τ)
sin(τ) cos(τ)

)
=: Ry(2τ).

Here Ry(·) performs a single-qubit rotation around the y-axis. For any j ∈ [2d] with its binary
representation j = jd−1 · · · j0, we have

(5.19) j/2d = (.jd−1 · · · j0).

So choose τ = π(.jd−1 · · · j0), and define

(5.20) Uθ =
∑
j∈[2d]

exp (−iπ(.jd−1 · · · j0)σy)⊗ |j⟩⟨j|.

Applying Uθ to |0⟩ |θ⟩ gives the desired results. This is a sequence of single-qubit rotations on the
signal qubit, each controlled by a single qubit. □
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· · ·|0⟩ Ry(π) Ry(π/2) Ry(π/2
d−1)

|θd−1⟩

|θd−2⟩
· · ·
|θ0⟩

Figure 5.3. Quantum circuit for the controlled rotation operation Uθ.

Example 5.8 (Diagonal matrix multiplication using controlled rotation). Let 0 ≤ a < 1 be given
by an d-bit fixed point representation using an d-qubit register, f : R→ R be a function satisfying
|f(a)| ≤ 1 for all 0 ≤ a < 1. For simplicity assume f(a) ≥ 0; the case of signed f(a) can be handled
by additionally computing the sign of f(a) and applying a controlled phase flip on the |1⟩ branch.
We would like to construct a circuit that approximately implements

(5.21) |a⟩ → f(a) |a⟩ .

More generally, the state |ψ⟩ =
∑
a ψa |a⟩ is mapped to

∑
a ψaf(a) |a⟩. This can be viewed as

multiplying a diagonal matrix D = diag{f(a)} to |ψ⟩.
To implement such a mapping, we first define

(5.22) θ(a) =
1

π
arccos f(a).

Note that even though a is exactly given by d-bits, θ(a) may not be. So we assume that it can be
rounded to an d′-bit number θ̃(a). For simplicity we assume d′ is large enough so that the error of
the fixed point representation is negligible in this step. To implement the mapping a 7→ θ̃(a), we
can construct a classical arithmetics circuit

(5.23) Uangle |0d
′
⟩ |a⟩ = |θ̃(a)⟩ |a⟩ ,

whose construction may require poly(max{d, d′}) gates and an additional working register of poly(max{d, d′})
qubits, which are not displayed here. Therefore, the entire controlled rotation operation needed is
given by the circuit in Fig. 5.4.
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|0⟩
Uθ

cos(πθ̃(a)) |0⟩+ sin(πθ̃(a)) |1⟩

|0d′⟩
Uangle U†

angle

|0d′⟩

|a⟩ |a⟩

Figure 5.4. Circuit for using controlled rotation to implement the multiplication
of a diagonal matrix (not including additional working register for classical arith-
metic operations).

Note that through the uncomputation U†
angle, the d′ ancilla qubits also become a working

register. After uncomputation, the ancillas are returned to |0d′⟩ (together with any additional
workspace used in Uangle), so they may be reused. We obtain a unitary UCR satisfying

(5.24) UCR |0⟩ |a⟩ =
(
cos(πθ̃(a)) |0⟩+ sin(πθ̃(a)) |1⟩

)
|a⟩ ≈

(
f(a) |0⟩+

√
1− f(a)2 |1⟩

)
|a⟩ .

Measure the single ancilla qubit. If the result is 0, the data register is projected onto a state
proportional to

∑
a ψaf(a) |a⟩, i.e., the mapping in Eq. (5.21) up to renormalization. If the input

state is |ψ⟩ =
∑
a ψa |a⟩, the probability of obtaining 0 after measuring the ancilla qubit is

(5.25) P(0) ≈
∑
a

|ψa|2 |f(a)|2 .

⋄

Example 5.9 (Use of arithmetic operations in the HHL algorithm). The last step of the Harrow–
Hassidim–Lloyd (HHL) algorithm for solving a linear system of equations Ax = b with a Hermitian
matrix A involves the following arithmetic operations. For simplicity assume λj (eigenvalues of A)
are given exactly in a d-bit fixed point number representation, and λj ∈ [δ, 1] for some δ > 0. Start
from a linear combination of states |ψ⟩ =

∑
j βj |0⟩ |λj⟩ |vj⟩, we would like to construct a state

(5.26) |ψ′⟩ =
∑
j

Cβj
λj
|1⟩ |λj⟩ |vj⟩+ |0⟩ |⊥⟩ .

Here C is a normalization constant chosen so that |C/λj | < 1 for all λj ∈ [δ, 1], and |⊥⟩ is
an irrelevant unnormalized state. Viewing this as a diagonal matrix multiplication problem, the
function of interest is

(5.27) f(a) =
C

a
, a ∈ [δ, 1].

The implementation involves the classical arithmetic circuit for computing

(5.28) θ(a) =
1

π
arcsin f(a) =

1

π
arcsin(C/a)

using d′ bits (d′ > d).
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Once |ψ′⟩ is prepared, we can uncompute |λj⟩ to obtain a state

(5.29)
∑
j

Cβj
λj
|1⟩ |0d⟩ |vj⟩+ |0⟩ |⊥′⟩

to disentangle the λj register from the vj register. If we measure the first ancilla register and obtain
1, we obtain the desired form of the solution in the HHL algorithm. ⋄

Notes and further reading

Reversible computation predates quantum computing and has both physical and algorithmic
motivations. For background on reversible embeddings of classical circuits into unitary dynamics,
see [NC00, Section 3.2.5]. For fixed-point encodings and reversible arithmetic (addition, multipli-
cation, and function evaluation), a detailed treatment is given in [RP11, Chapter 6]. For stan-
dard universal classical gate constructions and decompositions into elementary quantum gates, see
[BBC+95]. There is also opportunity to optimize the cost of the uncomputation stage. An exam-
ple is Gidney’s construction [Gid18] of the quantum adder circuit. The QRAM model [GLM08]
should be interpreted as an assumption about data access rather than an automatic feature of a
fault-tolerant architecture.
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CHAPTER 9

Block encoding

This chapter introduces block encoding as an input model for matrix problems on a quantum
computer. The basic difficulty is that many tasks in scientific computation are naturally phrased
in terms of non-unitary linear maps, whereas the native operations available to quantum hardware
are unitary. Block encoding addresses this mismatch by representing a target matrix A (up to a
subnormalization factor and a prescribed error tolerance) as a submatrix block of a larger unitary
UA, so that applying UA and post-selecting on ancilla qubits effectively applies A to a state.

The possibility of constructing an efficiently implementable UA depends strongly on the struc-
ture of A and on the assumed access model. For a dense matrix without additional structure,
any reasonable input model is typically prohibitive, since the input description may itself require
exponential resources. We therefore focus on a few concrete settings in which block encodings can
be constructed efficiently under suitable oracle access assumptions.

The true power of block encoding does not come directly from the ability to represent arbitrary
matrices within blocks of a larger unitary. Rather, it stems from the ability to compose block encod-
ings to block encode more complicated matrices and functions of matrices. We then describe how
block encodings can be combined to obtain encodings of matrix additions and multiplications, while
tracking the corresponding subnormalization factors and errors. Linear combinations of unitaries
provide a flexible mechanism for such constructions. In this way, block encoding serves as an inter-
face between matrix-oriented problem statements and unitary circuit realizations used throughout
subsequent chapters.

9.1. Block encoding

The simplest example of block encoding is the following: assume we can find a (n + 1)-qubit
unitary matrix UA ∈ U(2N) (where N = 2n) such that

UA =

(
A ∗
∗ ∗

)
where ∗ means that the corresponding matrix entries are irrelevant, then for any n-qubit quantum
state |b⟩, we can consider the state

(9.1) |0, b⟩ = |0⟩ |b⟩ =
(
b
0

)
,

and

(9.2) UA |0, b⟩ =
(
Ab
∗

)
=: |0⟩A |b⟩+ |⊥⟩ .

115



116 9. BLOCK ENCODING

Here the (unnormalized) state |⊥⟩ can be written as |1⟩ |ψ⟩ for some (unnormalized) state |ψ⟩ that
is irrelevant to the computation of A |b⟩. In particular, it satisfies the orthogonality relation.

(9.3) (|0⟩ ⟨0| ⊗ IN ) |⊥⟩ = 0.

In order to obtain A |b⟩, we measure the ancilla qubit and postselect on the outcome 0. This can
be summarized into the following quantum circuit:

keep 0
|0⟩

UA

|b⟩ ∝ A |b⟩

Figure 9.1. Circuit for block encoding of A using one ancilla qubit. By measuring
the ancilla qubit and postselecting on the outcome 0, the state in the system register
is a normalized state proportional to A |b⟩.

Note that the output state is normalized after the measurement takes place. The success
probability of obtaining 0 from the measurement can be computed as

(9.4) p(0) = ∥A |b⟩∥2 = ⟨b|A†A|b⟩ .

So the missing information of the norm ∥A |b⟩∥ can be recovered via the success probability p(0)
if needed. We find that the success probability is only determined by A, |b⟩, and is independent of
other irrelevant components of UA.

Example 9.1. Consider the 2× 2 matrix

(9.5) A =
3

4
I +

1

4
X =

(
0.75 0.25
0.25 0.75

)
.

Consider the following circuit (ϕ = 1
3π)

|0⟩ Ry(ϕ) Ry(−ϕ)

|ψ⟩

Here

(9.6) Ry(θ) :=

[
cos
(
θ
2

)
− sin

(
θ
2

)
sin
(
θ
2

)
cos
(
θ
2

)] = e−iθY/2

is the Y -rotation matrix. One may directly verify that UA is an exact block encoding of A using
one ancilla qubit. ⋄
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Note that we may not need to restrict the matrix UA to be an (n+ 1)-qubit matrix. If we can
find any (n+m)-qubit unitary matrix UA so that

(9.7) UA =


A ∗ · · · ∗
∗ ∗ · · · ∗
...

...
∗ ∗ · · · ∗


Here each ∗ stands for an n-qubit matrix, and there are 2m block rows / columns in UA. Using
the partial application of operators in Definition 2.25, the relation above can be written compactly
using the braket notation as

(9.8) A = ⟨0m|UA|0m⟩ .

Exercise 9.1. Given a unitary matrix U and any submatrix block A, prove that ∥A∥ ≤ 1.
In order to find such a block encoding UA, Exercise 9.1 shows that a necessary condition for

the existence of UA is that ∥A∥ ≤ 1. However, if we can find sufficiently large α and UA so that

(9.9) A/α = ⟨0m|UA|0m⟩ .
By measuring the m ancilla qubits and postselecting on the outcome 0m, we still obtain the nor-
malized state A|b⟩

∥A|b⟩∥ . The number α is hidden in the success probability:

(9.10) p(0m) =
1

α2
∥A |b⟩∥2 =

1

α2
⟨b|A†A|b⟩ .

So if α is chosen to be too large, the probability of obtaining all 0’s from the measurement can be
vanishingly small.

Finally, it can be difficult to find UA to block encode A exactly. This is not a problem, since it
is sufficient if we can find UA to block encode A up to some error ϵ. We are now ready to give the
definition of block encoding in Definition 9.2.

Definition 9.2 (Block encoding). Given an n-qubit matrix A, if we can find α, ϵ ∈ R+, and an
(m+ n)-qubit unitary matrix UA so that

(9.11) ∥A− α ⟨0m|UA|0m⟩∥ ≤ ϵ,
then UA is called an (α,m, ϵ)-block-encoding of A. When the block encoding is exact with ϵ = 0, UA
is called an (α,m)-block-encoding of A. The set of all (α,m, ϵ)-block-encodings of A is denoted by
BEα,m(A, ϵ). The parameter α is referred to as the block encoding factor, or the subnormalization
factor.

When discussing block encodings, we often ignore certain errors such as the error in the finite
precision number representation. We define a shorthand notation BEα,m(A) = BEα,m(A, 0). As-
sume we know each matrix element of the n-qubit matrix Aij , and we are given an (n+m)-qubit
unitary UA. In order to verify that UA ∈ BE1,m(A), we only need to verify that

(9.12) ⟨0m, i|UA|0m, j⟩ = Aij ,

and UA applied to any vector |0m, b⟩ can be obtained via the superposition principle.
Therefore we may first evaluate the state UA |0m, j⟩, perform an inner product with |0m, i⟩,

and verify the resulting inner product is Aij . We will also use the following technique frequently.
Assume UA = UBUC , and then

(9.13) ⟨0m, i|UA|0m, j⟩ = ⟨0m, i|UBUC |0m, j⟩ = (U†
B |0

m, i⟩)†(UC |0m, j⟩).
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So we can evaluate the states U†
B |0m, i⟩ , UC |0m, j⟩ independently, and then verify the inner product

is Aij . Such a calculation amounts to running the circuit Fig. 9.2, and if the ancilla qubits are
measured to be 0m, the system qubits return the normalized state

∑
iAij |i⟩ / ∥

∑
iAij |i⟩∥.

keep 0m

|0m⟩
UA

|j⟩ ∝
∑
iAij |i⟩

Figure 9.2. Circuit for general block encoding of A.

Example 9.3. For any n-qubit matrix A with ∥A∥ ≤ 1 with singular value decomposition A =
WΣV †, all singular values in the diagonal matrix Σ are in [0, 1]. Then we may construct an
(n+ 1)-qubit unitary matrix (N = 2n)

UA :=

(
W 0
0 IN

)(
Σ

√
IN − Σ2

√
IN − Σ2 −Σ

)(
V † 0
0 IN

)
=

(
A W

√
IN − Σ2

√
IN − Σ2V † −Σ

)(9.14)

which is a (1, 1)-block-encoding of A. ⋄

Example 9.3 shows that in principle, any matrix A with ∥A∥ ≤ 1 can be accessed via a (1, 1, 0)-
block-encoding. However, this construction does not state how to construct A using simple one and
two qubit gates.

Example 9.4 (Random circuit block encoded matrix). How can we construct a pseudo-random
non-unitary matrix on a quantum computer? A naive approach would be to generate a dense
pseudo-random matrix A classically and then encode it into a quantum circuit. However, this is
highly inefficient in practice, particularly for large matrices, due to the exponential overhead in
loading dense classical data into a quantum system.

Instead, we seek to work with matrices that are inherently easy to generate within a quantum
circuit model. This motivates the random circuit based block-encoded matrix (RACBEM)
model. Rather than first constructing a matrix A and then searching for a block-encoding unitary
UA, the RACBEM model reverses the thought process: we begin by constructing a unitary UA that
is easy to implement on a quantum computer, typically using random quantum circuits, and then
extract A as a subblock of UA. This provides a practical and scalable way to generate structured
pseudo-random non-unitary matrices compatible with quantum algorithm design. Similar to the
LINPACK benchmark, which is used to rank classical supercomputers in the TOP500 list by solving
Ax = b for pseudorandom matrices A, such block-encoded pseudorandom matrices can serve as a
useful tool for benchmarking scientific computing applications on quantum computers. ⋄

9.2. Linear combination of unitaries

The linear combination of unitaries (LCU) is an important quantum primitive, which al-
lows quantum algorithms to be implemented as a superposition of unitary matrices rather than
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attempting to find a single unitary that accomplishes a desired task. This often simplifies the
design and analysis of quantum algorithms. LCU can also be viewed as a special way for con-
structing block encoding. Combined with a technique called qubitization, which will be discussed
in detail in Chapter 10, LCU can be used to implement a large class of matrix functions (eigenvalue
transformations) and generalized matrix functions (singular value transformations).

Let T =
∑K−1
i=0 αiUi be a linear combination of unitary matrices Ui. For simplicity let K = 2a.

Then

(9.15) USEL :=
∑
i∈[K]

|i⟩⟨i| ⊗ Ui,

implements the selection of Ui conditioned on the value of the a-qubit ancilla register (also called
the control register). USEL is called a select oracle.

If all linear combination coefficients αi ≥ 0, we can let VPREP be a unitary operation satisfying

(9.16) VPREP |0a⟩ =
1√
∥α∥1

∑
i∈[K]

√
αi |i⟩ ,

which is called a prepare oracle. The 1-norm of the coefficients is given by

(9.17) ∥α∥1 =
∑
i

|αi| .

In matrix form,

(9.18) VPREP =
1√
∥α∥1


√
α0 ∗ · · · ∗
... ∗

. . .
...√

αK−1 ∗ · · · ∗

 .

where the first column is VPREP |0a⟩, and all other columns are orthogonal to it. Then

(9.19) V †
PREP =

1√
∥α∥1


√
α0 · · · √αK−1

∗ · · · ∗
...

. . .
...

∗ · · · ∗

 .

More generally, we can arbitrarily decompose αi = βiγi, so that

(9.20) VPREP =
1

∥β∥2

 β0 ∗ · · · ∗
... ∗

. . .
...

βK−1 ∗ · · · ∗

 , ṼPREP =
1

∥γ∥2


γ0 · · · γK−1

∗ · · · ∗
...

. . .
...

∗ · · · ∗


are unitaries and can be efficiently implemented. When αi ≥ 0, we can choose βi = γi =

√
αi which

gives ṼPREP = V †
PREP. Then T can be implemented using the unitary given in Lemma 9.5.

Lemma 9.5 (Linear combination of unitaries). For

(9.21) T =

K−1∑
i=0

αiUi, αi = βiγi, K = 2a, Ui ∈ U(2n),

let USEL, VPREP, ṼPREP be given in Eqs. (9.15) and (9.20), respectively. Define

(9.22) W = (ṼPREP ⊗ In)USEL(VPREP ⊗ In)
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as implemented in Fig. 9.3. Then W ∈ BE∥β∥2∥γ∥2,a
(T ). The smallest subnormalization factor is

obtained by setting

(9.23) |βi| = |γi| =
√
|αi|, i ∈ [K],

and W ∈ BE∥α∥1,a
(T ).

Proof. For any n-qubit state |ψ⟩,

(9.24) USEL(VPREP ⊗ In) |0a⟩ |ψ⟩ = USEL
1

∥β∥2

∑
i

βi |i⟩ |ψ⟩ =
1

∥β∥2

∑
i

βi |i⟩Ui |ψ⟩ .

Let the state |⊥̃≻ collect all the states marked by ∗ orthogonal to |0a⟩, and use βiγi = αi,
(9.25)

(ṼPREP⊗In)USEL(VPREP⊗In) |0a⟩ |ψ⟩ =
1

∥β∥2 ∥γ∥2
|0a⟩

∑
i

αiUi |ψ⟩+|⊥̃≻= 1

∥β∥2 ∥γ∥2
|0a⟩T |ψ⟩+|⊥̃≻ .

Use Cauchy-Schwarz

(9.26) ∥α∥1 =
∑
i

|αi| =
∑
i

|βiγi| ≤ ∥β∥2 ∥γ∥2 ,

we find that the optimal prepare oracle should satisfy |βi| = |γi| =
√
|αi|,∀i. □

The LCU Lemma states that the number of ancilla qubits needed only depends logarithmically
on K, the number of terms in the linear combination. Hence it is possible to implement the
linear combination of a very large number of terms efficiently. From a practical perspective, the
select and prepare oracles use multi-qubit controls, and may be difficult to implement themselves.
Furthermore, if the select and prepare oracles are implemented directly, the number of multi-qubit
controls again depends linearly on K and is not desirable. Therefore an efficient implementation
using LCU (in terms of the gate complexity) also requires additional structure in these oracles.

|0a⟩ VPREP

USEL

ṼPREP

|ψ⟩

Figure 9.3. Circuit for linear combination of unitaries. When all coefficients are
nonnegative, we may set ṼPREP = V †

PREP.

An important application of LCU is that if A,B can be accessed via their block encodings,
then we can construct a block encoding of the matrix addition A+B.

Example 9.6 (Linear combination of two block encoded matrices). Let UA, UB be two n-qubit
unitaries, and we would like to construct a block encoding of T = UA + UB .

There are two terms in total, so one ancilla qubit is needed. The prepare oracle needs to
implement

(9.27) VPREP |0⟩ =
1√
2
(|0⟩+ |1⟩),
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so this is the Hadamard gate. The circuit is given by Fig. 9.4, which constructs W ∈ BE2,1(T ).

|0⟩ H H

|ψ⟩ UA UB

Figure 9.4. Circuit for linear combination of two unitaries.

⋄

Exercise 9.2. Let A,B be two n-qubit matrices encoded by UA ∈ BE1,m(A), UB ∈ BE1,m(B).
Construct a circuit to block encode C = A+B. What about UA ∈ BEαA,m(A), UB ∈ BEαB ,m(B)?

Exercise 9.3. Consider a system described by the linear combination T = X+Y +2Z, where
X,Y, Z are the Pauli matrices. Construct a select oracle U for this system, and describe how to
use the LCU technique to construct a block encoding of T .

Example 9.7. Consider the following TFIM model with periodic boundary conditions (Zn = Z0),
and n = 2n,

(9.28) Ĥ = −
∑
i∈[n]

ZiZi+1 −
∑
i∈[n]

Xi.

In order to use LCU, we need (n+ 1) ancilla qubits. In this case, the prepare oracle can be simply
constructed from the Hadamard gate

(9.29) VPREP = H⊗(n+1),

and the select oracle implements

(9.30) USEL =
∑
i∈[n]

|i⟩ ⟨i| ⊗ (−ZiZi+1) +
∑
i∈[n]

|i+ n⟩ ⟨i+ n| ⊗ (−Xi).

The corresponding W ∈ BE2n,n+1(Ĥ). ⋄

Example 9.8 (Highly oscillatory integral). Consider evaluating the matrix integral
∫ 1

0
A(s) ds,

where A(s) ∈ C2n×2n , A(0) = A(1) and sups∈[0,1] ∥A(s)∥ ≤ 1. Given that the entries of A(s) exhibit
significant oscillations as a function of s, in general there is no known efficient method (classical or
quantum) to compute this integral without using a sufficiently fine grid and numerical quadrature.
For simplicity, we adopt a uniform grid defined by {sk = k

M }
M
k=0, where M is sufficiently large, to

implement the quadrature method.

(9.31)
∫ 1

0

A(s) ds =
1

M

M−1∑
k=0

A(k/M) + E, ∥E∥ ≤ ϵ.

For each s, assume that A(s) has a (1, a, 0)-block encoding denoted by UA(s), and the s-dependence
can be implemented coherently using e.g., classical arithmetic operations. In a discretized setting,
let M = 2m, this means that the following select oracle defined on a register with m+a+n qubits:

(9.32) USEL =

M−1∑
k=0

|k⟩⟨k| ⊗ UA(k/M),
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which we assume can be efficiently implemented with cost poly(mn). The prepare oracle is simply
the m-qubit Hadamard gate H⊗m. Then the circuit (H⊗m⊗Ia+n)USEL(H

⊗m⊗Ia+n) is a (1, a +

m, ϵ)-block encoding of the matrix-valued integral
∫ 1

0
A(s) ds. It uses m ancilla qubits, and the

gate complexity is dominated by that of the select oracle and is poly(mn). This is an exponential
improvement in the parameter M for constructing such a block encoding, compared to a direct
classical quadrature implementation whose cost is at least linear in M . ⋄

9.3. Block encodings of matrix additions and multiplications

We now record basic composition rules for block encodings that will be used throughout the
book.

The linear combination of unitaries (LCU) construction from Section 9.2 immediately yields a
block encoding of a sum of block-encoded matrices. For simplicity, we state the result for M = 2m

summands.

Proposition 9.9 (Sum of M block-encoded matrices). Let M = 2m and let A0, . . . , AM−1 be
matrices of the same dimension. Assume that for each j ∈ [M ] we are given a block encoding

(9.33) UAj
∈ BEαj ,a(Aj , ϵj), αj ≥ 0.

Set γ :=
∑M−1
j=0 αj > 0. Let USEL :=

∑
j∈[M ] |j⟩⟨j| ⊗ UAj

be the select oracle acting on an m-qubit
control register, the a-qubit ancilla register, and the system register. Let VPREP be any unitary on
the m-qubit control register satisfying

(9.34) VPREP |0m⟩ =
1
√
γ

M−1∑
j=0

√
αj |j⟩ .

Define

(9.35) W := (V †
PREP ⊗ I)USEL (VPREP ⊗ I).

Then

(9.36) W ∈ BEγ,a+m

M−1∑
j=0

Aj ,

M−1∑
j=0

ϵj

 .

Proof. Write Bj := ⟨0a|UAj
|0a⟩, so that ∥Aj − αjBj∥ ≤ ϵj and ∥Bj∥ ≤ 1. By direct compu-

tation of the (|0m, 0a⟩) block,

(9.37) ⟨0m, 0a|W |0m, 0a⟩ =
M−1∑
j=0

αj
γ
Bj .

Therefore

(9.38)

∥∥∥∥∥∥
M−1∑
j=0

Aj − γ ⟨0m, 0a|W |0m, 0a⟩

∥∥∥∥∥∥ ≤
M−1∑
j=0

∥Aj − αjBj∥ ≤
M−1∑
j=0

ϵj ,

which is the claimed block-encoding statement. □
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Example 9.10 (Multiplication of block encoded matrices). If A,B are given by their block encod-
ings UA ∈ BEα,a(A), UB ∈ BEβ,b(B), then the product AB can also be block encoded (see Fig. 9.5),
which uses a+b ancilla qubits. This is because AB/(αβ) = ⟨0a+b|(UA ⊗ Ib)(Ia ⊗ UB)|0a+b⟩. Hence
(UA ⊗ Ib)(Ia ⊗ UB) ∈ BEαβ,a+b(AB).

|0a⟩ UA

|0b⟩
UB

|ψ⟩ UA

Figure 9.5. Quantum circuit for block encoding the product of matrices using
a+ b ancilla qubits.

⋄

We next record a simple (though not always ancilla-optimal) rule for block encoding a product.

Proposition 9.11 (Product of M block-encoded matrices). Let A0, . . . , AM−1 be matrices with
compatible dimensions. Assume that for each j ∈ [M ] we are given

(9.39) UAj
∈ BEαj ,aj (Aj , ϵj).

Let U be the unitary obtained by applying UA0
, UA1

, . . . , UAM−1
sequentially on disjoint ancilla

registers (of sizes a0, . . . , aM−1) and a common system register. Then

(9.40) U ∈ BE∏M−1
j=0 αj ,

∑M−1
j=0 aj

(
AM−1 · · ·A0,

M−1∏
j=0

(αj + ϵj)−
M−1∏
j=0

αj

)
.

Proof. For each j, define Bj := ⟨0aj |UAj |0aj ⟩ so that ∥Aj − αjBj∥ ≤ ϵj and ∥Bj∥ ≤ 1. Since
the ancilla registers are disjoint, we have

(9.41) ⟨0a0+···+aM−1 |U |0a0+···+aM−1⟩ = BM−1 · · ·B0.

It remains to bound

(9.42)

∥∥∥∥∥∥AM−1 · · ·A0 −
(M−1∏
j=0

αj

)
BM−1 · · ·B0

∥∥∥∥∥∥ .
We prove by induction on M the inequality

(9.43)

∥∥∥∥∥∥
M−1∏
j=0

Aj −
M−1∏
j=0

(αjBj)

∥∥∥∥∥∥ ≤
M−1∏
j=0

(αj + ϵj)−
M−1∏
j=0

αj .
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The caseM = 1 is immediate. For the induction step, write P :=
∏M−2
j=0 Aj and P̃ :=

∏M−2
j=0 (αjBj).

Then ∥∥∥AM−1P − (αM−1BM−1)P̃
∥∥∥ ≤ ∥(AM−1 − αM−1BM−1)P∥+

∥∥∥αM−1BM−1(P − P̃ )
∥∥∥

≤ ϵM−1 ∥P∥+ αM−1

∥∥∥P − P̃∥∥∥ .(9.44)

Using ∥Aj∥ ≤ αj+ϵj (by ∥Aj∥ ≤ ∥Aj − αjBj∥+αj ∥Bj∥), we have ∥P∥ ≤
∏M−2
j=0 (αj+ϵj). Applying

the induction hypothesis to
∥∥∥P − P̃∥∥∥ yields

∥∥∥AM−1P − (αM−1BM−1)P̃
∥∥∥ ≤ ϵM−1

M−2∏
j=0

(αj + ϵj) + αM−1

(M−2∏
j=0

(αj + ϵj)−
M−2∏
j=0

αj

)

=

M−1∏
j=0

(αj + ϵj)−
M−1∏
j=0

αj ,

(9.45)

completing the induction. □

The procedure in Example 9.10 is not the most efficient way for block encoding the product
of matrices. In Example 11.5, we have demonstrated that using deferred measurement, we only
need one extra ancilla qubit to record whether the ancilla register is in the all 0 state. Specifically,
assume a = b for simplicity; Fig. 9.6 is a schematic circuit (the control denotes a check of the ancilla
register being in |0a⟩) that constructs a unitary in BEαβ,a+1(AB).

|0⟩ X

|0a⟩
UA UB

|ψ⟩

Figure 9.6. Quantum circuit for block encoding the product of matrices using
a+ 1 ancilla qubits (assuming a = b).

Following this strategy, when multiplying L matrices Ai each given by UAi ∈ BEαi,a(Ai), we
can introduce L − 1 ancilla qubits to obtain a unitary in BE∏L

i=1 αi,a+L−1(AL · · ·A1). Even more
efficiently, using the compression gadget in Example 11.6, the number of ancilla qubits can be
reduced to a+ ⌈log2(L+ 1)⌉.

Note that the matrix power AL is a special case of multiplying L matrices. However, the
method in Example 9.10 for encoding AL can be highly inefficient. To see this, consider a matrix
A with spectral radius

(9.46) ρ(A) = max { |λ| | λ ∈ Spec(A) } ,
where Spec(A) denotes the set of eigenvalues of A. Suppose that ρ(A) < 1. Then there exists a
constant C such that supL∈N

∥∥AL∥∥ ≤ C. However, it is still possible that ∥A∥ > 1, which means
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that the block encoding subnormalization factor of A must satisfy α ≥ ∥A∥ > 1. As a result, the
subnormalization factor for encoding AL using the method in Example 9.10 would scale as αL,
growing exponentially with L. This discrepancy in computing matrix powers is closely related to
the challenges of solving linear differential equations. This is a topic that will be discussed in ??.

9.4. Example: implementing generalized measurements

9.5. Example: Quantum error correction as block encoding

9.6. Query models for matrix entries

Throughout the discussion we assume A is an n-qubit, square matrix, and the max norm of A
(see Definition 2.45) satisfies ∥A∥max < 1.

To query the entries of a matrix, one of the most convenient form is to encode the information
of the matrix as the amplitude of a known vector, e.g.,

(9.47) OA |0⟩ |i⟩ |j⟩ =
(
Aij |0⟩+

√
1− |Aij |2 |1⟩

)
|i⟩ |j⟩ .

In other words, given i, j ∈ [N ], OA performs a controlled rotation (controlling on i, j) on the ancilla
qubit, which encodes the information in terms of amplitude of |0⟩. We refer to Eq. (9.47) as the
amplitude oracle or phase oracle.

Example 9.12 (Construction of amplitude oracle). Assume ∥A∥max < 1 and Aij ∈ R for all i, j,
and that we have access to a bit oracle

(9.48) ÕA |0d
′
⟩ |i⟩ |j⟩ = |Ãij⟩ |i⟩ |j⟩ .

Here Ãij is a d′-bit fixed point representation of Aij , and the value of Ãij is either computed on-
the-fly with a quantum computer, or obtained through an external database using e.g., QRAM in
Definition 5.6. Using the classical arithmetic operations (see Section 5.4), we can first convert this
oracle into an oracle

(9.49) O′
A |0d⟩ |i⟩ |j⟩ = |θ̃ij⟩ |i⟩ |j⟩ ,

where 0 ≤ θ̃ij < 1, and θ̃ij is a d-bit representation of θij = arccos(Aij)/π, and with some abuse
of notation we redefine Ãij = cos(πθ̃ij). This step may require some additional work registers not
shown here.

Now using the controlled rotation in Proposition 5.7 and Fig. 5.3, the information of θ̃ij can
now be transferred to the amplitude of the ancilla qubit. We should then perform uncomputation
and free the work register storing such intermediate information θ̃ij . The procedure is as follows

|0⟩ |0d⟩︸︷︷︸
work register

|i⟩ |j⟩ I1⊗O′
A−−−−→|0⟩ |θ̃ij⟩ |i⟩ |j⟩

CR−−→

(
Ãij |0⟩+

√
1−

∣∣∣Ãij∣∣∣2 |1⟩) |θ̃ij⟩ |i⟩ |j⟩
I1⊗(O′

A)−1

−−−−−−−→

(
Ãij |0⟩+

√
1−

∣∣∣Ãij∣∣∣2 |1⟩) |0d⟩ |i⟩ |j⟩
(9.50)

After the uncomputation, the d-bit working register can be discarded, and we obtain the desired
amplitude oracle of the input matrix A. ⋄
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Exercise 9.4. Construct a query oracle OA similar to that in Eq. (9.50), when Aij ∈ C with
∥A∥max < 1.

9.7. Block encoding of s-sparse matrices

Example 9.13 (Block encoding of a diagonal matrix). As a special case, let us consider the block
encoding of a diagonal matrix, which is also a 1-sparse matrix. Since the row and column indices
are the same, we may simplify the oracle Eq. (9.47) into

(9.51) OA |0⟩ |i⟩ =
(
Aii |0⟩+

√
1− |Aii|2 |1⟩

)
|i⟩ .

Let UA = OA. Direct calculation shows that for any i, j ∈ [N ],

(9.52) ⟨0| ⟨i|UA |0⟩ |j⟩ = Aiiδij .

This proves that UA ∈ BE1,1(A), i.e., UA is a (1, 1)-block-encoding of the diagonal matrix A. ⋄

Example 9.14 (General 1-sparse matrices). In a 1-sparse matrices, there is only one nonzero entry
in each row and each column of the matrix. This means that for each j ∈ [N ], there is a unique
c(j) ∈ [N ] such that Ac(j),j ̸= 0, and the mapping c is a permutation. Assume that there exists a
unitary Oc satisfying that

(9.53) Oc |j⟩ = |c(j)⟩ , O†
c |c(j)⟩ = |j⟩ .

The implementation of Oc may require the usage of some work registers that are omitted here.
We assume the matrix entry Ac(j),j can be queried via

(9.54) OA |0⟩ |j⟩ =
(
Ac(j),j |0⟩+

√
1−

∣∣Ac(j),j∣∣2 |1⟩) |j⟩ .
Now we construct UA = (I ⊗Oc)OA, and compute the matrix element

(9.55) ⟨0| ⟨i|UA |0⟩ |j⟩ = ⟨0| ⟨i|
(
Ac(j),j |0⟩+

√
1−

∣∣Ac(j),j∣∣2 |1⟩) |c(j)⟩ = Ac(j),jδi,c(j).

This proves that UA ∈ BE1,1(A). ⋄

For a general s-sparse matrix, we have ∥A∥ ≤ s ∥A∥max according to Lemma 2.46, and the
explicit construction of the block encoding matrix below requires us to choose the subnormalization
factor to be α = s ∥A∥max. Without loss of generality, we assume each row and each column
has exactly s nonzero entries (otherwise we can always treat some zero entries as nonzeros). For
simplicity, let s = 2s. For each column j, the row index for the ℓ-th nonzero entry is denoted by
c(j, ℓ).

Example 9.15 (Banded matrix). In a banded matrix, we have

(9.56) c(j, ℓ) = j + ℓ− ℓ0 (mod N),

for some ℓ0 ∈ Z. The bandwidth is s. Using an adder circuit to perform the addition of j, ℓ
coherently, we can construct a unitary Oc such that

(9.57) Oc |ℓ⟩ |j⟩ = |ℓ⟩ |c(j, ℓ)⟩ .
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Here the first register is an s-qubit register. It also holds that O†
c |ℓ⟩ |c(j, ℓ)⟩ = |ℓ⟩ |j⟩. This means

that for each row index i = c(j, ℓ), we can recover the column index j given the value of ℓ. From
Eq. (9.57), we assume that the matrix entries can be queried via

(9.58) OA |0⟩ |ℓ⟩ |j⟩ =
(
Ac(j,ℓ),j |0⟩+

√
1−

∣∣Ac(j,ℓ),j∣∣2 |1⟩) |ℓ⟩ |j⟩ .
We then define D = H⊗s (the s-qubit Hadamard transform) satisfying

(9.59) D |0s⟩ = 1√
s

∑
ℓ∈[s]

|ℓ⟩ .

We now claim that the circuit in Fig. 9.7 defines a unitary UA that is a (s, s+ 1, 0)-block encoding
of A.

|0⟩

OA|0s⟩ D

Oc

D

|b⟩

Figure 9.7. Quantum circuit for block encoding a banded matrix. The measure-
ment means that to obtain a state ∝ A |b⟩, the ancilla register should all return
the value 0.

⋄

Proposition 9.16. The circuit in Fig. 9.7 defines UA ∈ BEs,s+1(A).

Proof. We may write

(9.60) UA = (I ⊗D ⊗ I)(I ⊗Oc)OA(I ⊗D ⊗ I).
In order to compute the inner product ⟨0| ⟨0s| ⟨i|UA |0⟩ |0s⟩ |j⟩, we apply D,OA, Oc to |0⟩ |0s⟩ |j⟩
successively as

|0⟩ |0s⟩ |j⟩ D−→ 1√
s

∑
ℓ∈[s]

|0⟩ |ℓ⟩ |j⟩

OA−−→ 1√
s

∑
ℓ∈[s]

(
Ac(j,ℓ),j |0⟩+

√
1−

∣∣Ac(j,ℓ),j∣∣2 |1⟩) |ℓ⟩ |j⟩
Oc−−→ 1√

s

∑
ℓ∈[s]

(
Ac(j,ℓ),j |0⟩+

√
1−

∣∣Ac(j,ℓ),j∣∣2 |1⟩) |ℓ⟩ |c(j, ℓ)⟩ .
(9.61)

Instead of multiplying the leftmost factor I ⊗D ⊗ I to the last line, we apply it to |0⟩ |0s⟩ |i⟩ first
to obtain (note that D is Hermitian)

(9.62) |0⟩ |0s⟩ |i⟩ D−→ 1√
s

∑
ℓ′∈[s]

|0⟩ |ℓ′⟩ |i⟩ .



128 9. BLOCK ENCODING

Finally, taking the inner product yields

(9.63) ⟨0| ⟨0s| ⟨i|UA |0⟩ |0s⟩ |j⟩ =
1

s

∑
ℓ

Ac(j,ℓ),jδi,c(j,ℓ) =
1

s
Aij .

□

Example 9.17. Let us use the circuit in Fig. 9.7 to construct a block encoding of

(9.64) A =

[
α1 α2

α2 α1

]
, 0 ≤ αi ≤ 1, i = 1, 2.

This matrix satisfies ∥A∥max = 1, and can be viewed as a 2-sparse, banded matrix. We can simply
use CNOT as the Oc circuit by examining the truth table

ℓ j
0 0
0 1
1 0
1 1

→

ℓ c(j, ℓ)
0 0
0 1
1 1
1 0

Meanwhile OA can be implemented using controlled Ry(θi), θi = 2arccos(αi), i = 1, 2.

|0⟩ Ry(θ1) Ry(θ2)

|ℓ⟩
|j⟩

For example, when α1 = 1, α2 = 0.5, The resulting matrix is

(9.65) UA =



0.500 0.250 0.500 −0.250 0.0 −0.433 0.0 0.433
0.250 0.500 −0.250 0.500 −0.433 0.0 0.433 0.0
0.500 −0.250 0.500 0.250 0.0 0.433 0.0 −0.433
−0.250 0.500 0.250 0.500 0.433 0.0 −0.433 0.0
0.0 0.433 0.0 −0.433 0.500 0.250 0.500 −0.250
0.433 0.0 −0.433 0.0 0.250 0.500 −0.250 0.500
0.0 −0.433 0.0 0.433 0.500 −0.250 0.500 0.250
−0.433 0.0 0.433 0.0 −0.250 0.500 0.250 0.500


.

This is a (2, 2)-block-encoding of A. ⋄

Exercise 9.5. Construct an s-sparse matrix so that the oracle of the form Eq. (9.57) does not
exist.

For more general s-sparse matrices, we need to consider a more general input model to construct
its block encoding. We assume access to the following two (2n)-qubit oracles

(9.66)
Or |ℓ⟩ |i⟩ = |r(i, ℓ)⟩ |i⟩ ,
Oc |ℓ⟩ |j⟩ = |c(j, ℓ)⟩ |j⟩ .

Here r(i, ℓ), c(j, ℓ) gives the ℓ-th nonzero entry in the i-th row and j-th column, respectively. It
should be noted that although the index ℓ ∈ [s], we should expand it into an n-qubit state (e.g. let
ℓ take the last s qubits of the n-qubit register following the binary representation of integers).
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|0⟩

OA|0n⟩ D

Oc SWAP O†
r

D

|b⟩

Figure 9.8. Quantum circuit for block encoding of general sparse matrices. The
measurement means that to obtain a state ∝ A |b⟩, the ancilla register should all
return the value 0.

Similar to the discussion before, we need an operator D satisfying

(9.67) D |0n⟩ = 1√
s

∑
ℓ∈[s]

|ℓ⟩ .

This can be implemented using Hadamard gates as

(9.68) D = H⊗s⊗In−s.

We assume that the matrix entries are queried using the following oracle using controlled
rotations

(9.69) OA |0⟩ |i⟩ |j⟩ =
(
Aij |0⟩+

√
1− |Aij |2 |1⟩

)
|i⟩ |j⟩ ,

where the rotation is controlled by both row and column indices. However, if Aij = 0 for some i, j,
the rotation can be arbitrary, as there will be no contribution due to the usage of Or, Oc.

Proposition 9.18. Fig. 9.8 defines UA ∈ BEs,n+1(A).

Proof. We apply the first four gate sets to the source state

|0⟩ |0n⟩ |j⟩
D,Oc,OA−−−−−−→ 1√

s

∑
ℓ∈[s]

(
Ac(j,ℓ),j |0⟩+

√
1−

∣∣Ac(j,ℓ),j∣∣2 |1⟩) |c(j, ℓ)⟩ |j⟩
SWAP−−−−→ 1√

s

∑
ℓ∈[s]

(
Ac(j,ℓ),j |0⟩+

√
1−

∣∣Ac(j,ℓ),j∣∣2 |1⟩) |j⟩ |c(j, ℓ)⟩ .
(9.70)

We then apply D and Or to the target state

(9.71) |0⟩ |0n⟩ |i⟩ D,Or−−−→ 1√
s

∑
ℓ′∈[s]

|0⟩ |r(i, ℓ′)⟩ |i⟩ .
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Then the inner product gives

⟨0| ⟨0n| ⟨i|UA |0⟩ |0n⟩ |j⟩ =
1

s

∑
ℓ,ℓ′

Ac(j,ℓ),jδi,c(j,ℓ)δr(i,ℓ′),j

=
1

s

∑
ℓ

Ac(j,ℓ),jδi,c(j,ℓ) =
1

s
Aij .

(9.72)

If Aij ̸= 0, then there exists a unique ℓ such that i = c(j, ℓ) and a unique ℓ′ such that j = r(i, ℓ′);
if Aij = 0, then the same computation gives ⟨0| ⟨0n| ⟨i|UA |0⟩ |0n⟩ |j⟩ = 0. □

We remark that the quantum circuit in Fig. 9.8 is essentially the construction in [GSLW18,
Lemma 48], which gives a (s, n+ 3)-block-encoding. The construction above slightly simplifies the
procedure and saves two extra qubits (used to mark whether ℓ ≥ s).

9.8. Hermitian block encoding

So far we have considered general s-sparse matrices. Note that if A is a Hermitian matrix, its
(α,m, ϵ)-block-encoding UA does not need to be Hermitian. Even if ϵ = 0, we only have that the
upper-left n-qubit block of UA is Hermitian. For instance, even the block encoding of a Hermitian,
diagonal matrix in Example 9.13 may not be Hermitian. On the other hand, there are cases when
UA = U†

A is a Hermitian matrix, and hence the definition:

Definition 9.19 (Hermitian block encoding). Let UA be an (α,m, ϵ)-block-encoding of A. If UA
is also Hermitian, then it is called an (α,m, ϵ)-Hermitian-block-encoding of A. When ϵ = 0, it is
called an (α,m)-Hermitian-block-encoding. The set of all (α,m, ϵ)-Hermitian-block-encodings of A
is denoted by HBEα,m(A, ϵ), and we define HBEα,m(A) = HBEα,m(A, 0).

The Hermitian block encoding provides the simplest scenario of the qubitization process in
Section 10.2.1.

Next we consider the Hermitian block encoding of an s-sparse Hermitian matrix. Since A is
Hermitian, we only need one oracle to query the location of the nonzero entries

(9.73) Oc |ℓ⟩ |j⟩ = |c(j, ℓ)⟩ |j⟩ .
Here c(j, ℓ) gives the ℓ-th nonzero entry in the j-th column. It can also be interpreted as the ℓ-th
nonzero entry in the j-th row. Again the first register needs to be interpreted as an n-qubit register.
The operator D is the same as in Eq. (9.68).

Unlike all discussions before, we introduce two control qubits, and a quantum state in the
computational basis takes the form |a⟩ |i⟩ |b⟩ |j⟩, where a, b ∈ {0, 1}, i, j ∈ [N ]. In other words, we
may view |a⟩ |i⟩ as the first register, and |b⟩ |j⟩ as the second register. The (n + 1)-qubit SWAP
gate is defined as

(9.74) SWAP |a⟩ |i⟩ |b⟩ |j⟩ = |b⟩ |j⟩ |a⟩ |i⟩ .
To query matrix entries, we need access to the square root of Aij as (note that act on the second
single-qubit register)

(9.75) OA |i⟩ |0⟩ |j⟩ = |i⟩
(√

Aij |0⟩+
√
1− |Aij | |1⟩

)
|j⟩ .

Throughout we assume ∥A∥max ≤ 1, so that the right-hand side is normalized. The square root
operation is well defined if Aij ≥ 0 for all entries. If A has negative (or complex) entries, we first
write Aij = |Aij | eiθij , θij ∈ [0, 2π), and the square root is uniquely defined as

√
Aij =

√
|Aij |eiθij/2.
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2 2

|0⟩

SWAP

|0n⟩ D Oc

OA (OA)
†

O†
c D

|0⟩

|j⟩ Oc O†
c

Figure 9.9. Quantum circuit for Hermitian block encoding of a general Hermitian matrix

Proposition 9.20. Fig. 9.9 defines UA ∈ HBEs,n+2(A).

Proof. Apply the first four gate sets to the source state gives

|0⟩ |0n⟩ |0⟩ |j⟩ D−→ Oc−−→
OA−−→ 1√

s

∑
ℓ∈[s]

|0⟩ |c(j, ℓ)⟩
(√

Ac(j,ℓ),j |0⟩+
√
1−

∣∣Ac(j,ℓ),j∣∣ |1⟩) |j⟩
SWAP−−−−→ 1√

s

∑
ℓ∈[s]

(√
Ac(j,ℓ),j |0⟩+

√
1−

∣∣Ac(j,ℓ),j∣∣ |1⟩) |j⟩ |0⟩ |c(j, ℓ)⟩
(9.76)

Apply the last three gate sets to the target state

|0⟩ |0n⟩ |0⟩ |i⟩ D−→ Oc−−→
OA−−→ 1√

s

∑
ℓ′∈[s]

|0⟩ |c(i, ℓ′)⟩
(√

Ac(i,ℓ′),i |0⟩+
√
1−

∣∣Ac(i,ℓ′),i∣∣ |1⟩) |i⟩(9.77)

Finally, take the inner product as

⟨0| ⟨0n| ⟨0| ⟨i|UA |0⟩ |0n⟩ |0⟩ |j⟩

=
1

s

∑
ℓ,ℓ′

√
Ac(j,ℓ),j

√
A∗
c(i,ℓ′),iδi,c(j,ℓ)δc(i,ℓ′),j

=
1

s

√
Aij

√
A∗
ji =

1

s

(√
Aij
)2

=
1

s
Aij .

(9.78)

In this equality, we have used that A is Hermitian: Aij = A∗
ji, and there exists a unique ℓ such that

i = c(j, ℓ), as well as a unique ℓ′ such that j = c(i, ℓ′) when Aij is nonzero. □

Exercise 9.6. Let A ∈ CN×N (N = 2n) be a Hermitian matrix with entries on the complex
unit circle Aij = eiθij , θij ∈ [0, 2π), which can be accessed via a 2n qubit unitary V ∈ CN2×N2

such
that

V |0n⟩ |j⟩ = 1√
N

∑
i∈[N ]

eiθij/2 |i⟩ |j⟩ , j ∈ [N ].
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Use V to implement a block encoding U of A with n ancilla qubits. What is the subnormalization
factor α for this block encoding?

Notes and further reading

The mathematical idea underlying block encodings is a form of unitary dilation: linear maps
that are not themselves unitary can often be realized as a sub-block of a larger unitary acting on an
extended space. In quantum information, this viewpoint is closely related to dilation theorems for
completely positive maps. In quantum algorithms, the block-encoding terminology (together with
explicit bookkeeping of the subnormalization factor and approximation error) was systematized as
part of the modern polynomial-transformation framework; see [GSLW19].

The linear combination of unitaries (LCU) primitive used here originates in the Hamiltonian
simulation algorithm [CW12, BCC+14]. In particular, the sparse-matrix block-encoding construc-
tions in this chapter are closely aligned with the query models developed for sparse Hamiltonian
simulation (see, e.g., [BACS07]) and with the block-encoding-based linear-systems framework (see,
e.g., [CKS17], which can be directly connected to the quantum circuit for Hermitian block encoding
in Fig. 9.9). The connection between block encodings and quantum walks is mediated by the fact
that many walk operators are themselves natural block encodings; see Szegedy’s quantization of
Markov chains [Sze04] for an early and influential formulation, which will be discussed in detail
in Chapter 17. The RACBEM input model for pseudorandom nonunitary matrices was introduced
in [DL21].



CHAPTER 10

Qubitization

Block encodings provide a unified interface for accessing matrices within quantum circuits,
but simply iterating the encoding unitary is often insufficient to transform the underlying matrix.
For example, if a block encoding UA is Hermitian, its powers merely alternate between UA and
the identity. Qubitization addresses this limitation by constructing a unitary iterate whose action
preserves two-dimensional subspaces associated with the eigenstructure of the encoded matrix.
Within these subspaces, the iterate acts as a rotation, so that its powers implement Chebyshev
polynomial transformations of the spectrum.

This chapter develops the theory of qubitization for both Hermitian and general matrices. We
demonstrate that the qubitization iterate naturally implements the singular value transformation
using Chebyshev polynomials. We then show that the iterate can be interpreted using the cosine–
sine decomposition in linear algebra. Finally, we combine qubitization with linear combination of
unitaries to construct arbitrary polynomial transformations of definite parity.

10.1. Eigenvalue transformation and singular value transformation

Consider a Hermitian matrix A ∈ CN×N . Then A has the eigenvalue decomposition

(10.1) A = V ΛV †.

Here Λ = diag({λi}) is a diagonal matrix, and λ0 ≤ · · · ≤ λN−1. Let the scalar function f be well
defined on all λi’s. We first recall the definition of matrix function restricted to Hermitian matrices.

Definition 10.1 (Matrix function of Hermitian matrices, or eigenvalue transformation). Let A ∈
CN×N be a Hermitian matrix with eigenvalue decomposition Eq. (10.1). Let f : R → C be a
scalar function such that f (λi) is defined for all i ∈ [N ]. The matrix function, or eigenvalue
transformation of A is defined as

(10.2) f(A) := V f(Λ)V †,

where

(10.3) f (Λ) = diag (f (λ0) , f (λ1) , . . . , f (λN−1)) .

For any square matrix A ∈ CN×N , the singular value decomposition (SVD) of A reads

(10.4) A =WΣV †,

or equivalently

(10.5) A |vi⟩ = σi |wi⟩ , A† |wi⟩ = σi |vi⟩ , σi ≥ 0, i ∈ [N ].

The columns of W,V are called the left and right singular vectors of A, respectively. When A is
given by its block encoding UA ∈ BE1,m(A), the singular values of A are in [0, 1].

133
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We may apply a function f(·) on its singular values and define generalized matrix functions
below. Unlike matrix functions of Hermitian matrices, we can define three types of generalized
matrix functions depending on how we choose the left and right singular vectors.

Definition 10.2 (Generalized matrix functions). Given A ∈ CN×N with singular value decompo-
sition Eq. (10.4), and let f : R+ → C be a scalar function such that f (σi) is defined for all i ∈ [N ].
The balanced generalized matrix function is defined as

(10.6) f⋄(A) :=Wf(Σ)V †,

where

(10.7) f (Σ) = diag (f (σ0) , f (σ1) , . . . , f (σN−1)) .

The left generalized matrix function and right generalized matrix function are defined in
terms of the left and right singular vectors respectively as

(10.8) f◁(A) :=Wf(Σ)W †, f▷(A) := V f(Σ)V †.

Proposition 10.3. The following relations hold:

(10.9) f⋄(A†) = (f⋄(A))†, f▷(A) = f◁(A†),

and

(10.10) f▷(A) = f⋄(
√
A†A) = f(

√
A†A), f◁(A) = f⋄(

√
AA†) = f(

√
AA†).

Proof. Just note that A†A = V Σ2V †, we have
√
A†A = V ΣV †. So the eigenvalue and singular

value decomposition coincide for both
√
A†A and

√
AA†. □

For technical reasons that will become clear later, the definition of singular value transformation
in quantum algorithms depends on the parity of f .

Definition 10.4 (Singular value transformation for functions with definite parity). Given A ∈
CN×N with singular value decomposition Eq. (10.4), let f : R → C be a scalar function such that
f (±σi) is defined for all i ∈ [N ]. The singular value transformation of A is defined as

(10.11) fSV(A) =

{
f⋄(A), f is odd,
f▷(A), f is even.

We are often interested in a polynomial f . For a scalar x, the set of all real polynomials of
finite degree forms the real polynomial ring, denoted by R[x]. Similarly, the set of all complex
polynomials of finite degree forms the complex polynomial ring, denoted by C[x].

When A is a Hermitian matrix and A ⪰ 0, its eigenvalue decomposition and singular value
decomposition coincide, so are its eigenvalue and singular value transformations of A.

When A is an indefinite Hermitian matrix, its eigenvalue decomposition is A = V DV †, and its
singular value decomposition can be written as A =WΣV † with W = V sign(D),Σ = |D|.

(1) If f is an odd function, then

(10.12) fSV(A) = f⋄(A) =Wf(Σ)V † = V f(sign(D)Σ)V † = V f(D)V † = f(A).

(2) If f is an even function, then

(10.13) fSV(A) = f▷(A) = V f(Σ)V † = V f(D)V † = f(A).
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Therefore as long as f has definite parity, the eigenvalue and singular value transformation of a
Hermitian matrix A are the same.

For a general matrix A ∈ CN×N , we can define a dilated Hermitian matrix using one ancilla
qubit:

(10.14) Ã =

[
0 A†

A 0

]
.

When A is given by its block encoding UA ∈ BE1,m(A), the dilated Hermitian matrix Ã can be
obtained with one ancilla qubit through UÃ = |0⟩ ⟨1|⊗U†

A+ |1⟩ ⟨0|⊗UA, i.e., UÃ ∈ BE1,m(Ã). Note
that this requires the controlled version of UA, U

†
A.

From the SVD in Eq. (10.5), we can construct

(10.15) |z±i ⟩ =
1√
2
(|0⟩ |vi⟩ ± |1⟩ |wi⟩).

Direct calculation shows

(10.16) Ã |z±i ⟩ = ±σi |z
±
i ⟩ ,

i.e., {|z±i ⟩} are all the eigenvectors of Ã.
For an arbitrary polynomial f ∈ C[x], the matrix function f(Ã) takes the form

f(Ã) =
∑
i

|z+i ⟩ f(σi) ⟨z
+
i |+ |z

−
i ⟩ f(−σi) ⟨z

−
i |

=
∑
i

(
|vi⟩ feven(σi) ⟨vi| |vi⟩ fodd(σi) ⟨wi|
|wi⟩ fodd(σi) ⟨vi| |wi⟩ feven(σi) ⟨wi|

)
=

(
f▷even(A) f⋄odd(A

†)
f⋄odd(A) f◁even(A)

)
.

(10.17)

Here

(10.18) feven(x) =
1

2
(f(x) + f(−x)), fodd(x) =

1

2
(f(x)− f(−x)).

Therefore applying the eigenvalue transformation of a dilated matrix Ã automatically implements
singular value transformation of A using polynomials of even and odd parities.

In particular, if f is an even function, then

(10.19) f(Ã) |0⟩ |ψ⟩ = |0⟩ f▷(A) |ψ⟩ .
In other words, by measuring the ancilla qubit we obtain 0 with certainty, and the state in the
system register is f▷even(A) |ψ⟩. Similarly, if f is odd, then

(10.20) f(Ã) |0⟩ |ψ⟩ = |1⟩ f⋄(A) |ψ⟩ ,
i.e., by measuring the ancilla qubit we obtain the output 1 with certainty.

In summary, when the function of interest is of definite parity, the singular value transformation
and the eigenvalue transformation applied to a dilated Hermitian matrix are two sides of the same
coin.

On the other hand, not all eigenvalue transformations can be expressed as singular value trans-
formations. Consider the matrix power Ak as an example. Assume that A is a general non-
Hermitian matrix that can be diagonalized as A = V DV −1 and has the singular value decompo-
sition A = WΣV †. The matrix power is then given by Ak = V DkV −1. However, this expression
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cannot be directly written using the singular value decomposition. To see this, consider the case
where k = 2. The squared matrix is A2 = (WΣV †)(WΣV †) = WΣV †WΣV †. Here, the unitary
matrix product V †W does not generally have a simple expression, preventing a straightforward
formulation of Ak in terms of singular values.

Many other matrix functions, such as matrix exponential eA, matrix logarithm logA etc, cannot
be expressed using singular value transformations either for general matrices. One notable exception
is the matrix inverse: if A is invertible and A = WΣV †, then A−1 = V Σ−1W †. Since f(x) = x−1

is odd, we find that fSV(A†) = f⋄(A†) = A−1. Indeed, this will be the basis for using the quantum
singular value transformation for computing matrix inverses.

10.2. Qubitization of Hermitian matrices and Chebyshev eigenvalue transformation

Let A ∈ CN×N be a Hermitian matrix with eigenvalue decomposition Eq. (10.1) with ∥A∥ ≤ 1.
The matrix Chebyshev polynomial Tk(A) is a matrix function defined by the Chebyshev polynomial
of the first kind:

(10.21) Tk(x) = cos(k arccos(x)), x ∈ [−1, 1], k ∈ N.
Qubitization provides an explicit quantum circuit to implement eigenvalue transformation with
Chebyshev polynomials.

10.2.1. Qubitization of Hermitian matrices with Hermitian block encoding. We first
introduce some heuristic idea behind qubitization. For any −1 ≤ λ ≤ 1, we can consider a 2 × 2
rotation matrix,

(10.22) O(λ) =

(
λ −

√
1− λ2√

1− λ2 λ

)
=

(
cos θ − sin θ
sin θ cos θ

)
.

where we have performed the change of variable λ = cos θ with 0 ≤ θ < π.
Now direct computation shows

(10.23) Ok(λ) =

(
cos(kθ) − sin(kθ)
sin(kθ) cos(kθ)

)
.

Using the definition of Chebyshev polynomials (of first and second kinds, respectively)

(10.24) Tk(λ) = cos(kθ) = cos(k arccosλ), Uk−1(λ) =
sin(kθ)

sin θ
=

sin(k arccosλ)√
1− λ2

,

we have

(10.25) Ok(λ) =

(
Tk(λ) −

√
1− λ2Uk−1(λ)√

1− λ2Uk−1(λ) Tk(λ)

)
.

Note that if we can somehow replace λ by A, we immediately obtain a (1, 1)-block-encoding for the
Chebyshev polynomial Tk(A)! This is precisely what qubitization aims at achieving, though there
are some small twists.

In the simplest scenario, we assume that UA ∈ HBE1,m(A). Start from the spectral decompo-
sition

(10.26) A =
∑
i

λi|vi⟩⟨vi|,

we have that for each eigenstate |vi⟩,

(10.27) UA |0m⟩ |vi⟩ = |0m⟩A |vi⟩+ |⊥̃i ≻= λi |0m⟩ |vi⟩+ |⊥̃i ≻ .
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Here |⊥̃i ≻ is an unnormalized state that is orthogonal to all states of the form |0m⟩ |ψ⟩, i.e.,

(10.28) Π|⊥̃i ≻= 0.

where

(10.29) Π = |0m⟩⟨0m| ⊗ I
is a projection operator.

Since the right hand side of Eq. (10.27) is a normalized state, we may also write

(10.30) |⊥̃i ≻=
√

1− λ2i |⊥i⟩ ,

where |⊥i⟩ is a normalized state.
Now if λi = ±1, then Hi = span{|0m⟩ |vi⟩} is already an invariant subspace of UA, and |⊥i⟩

can be any state. Otherwise, use the fact that UA = U†
A, we can apply UA again to both sides of

Eq. (10.27) and obtain

(10.31) UA |⊥i⟩ =
√
1− λ2i |0

m⟩ |vi⟩ − λi |⊥i⟩ .

Therefore Hi = span{|0m⟩ |vi⟩ , |⊥i⟩} is an invariant subspace of UA. Furthermore, the matrix
representation of UA with respect to the basis Bi = {|0m⟩ |vi⟩ , |⊥i⟩} is

(10.32) [UA]Bi
=

(
λi

√
1− λ2i√

1− λ2i −λi

)
,

i.e., UA restricted to Hi is a reflection operator. This also leads to the name “qubitization”, which
means that each eigenvector |vi⟩ is “qubitized” into a two-dimensional space Hi.

In order to construct a block encoding for Tk(A), we need to turn UA into a rotation. For this
note that Hi is also an invariant subspace for the projection operator Π = |0m⟩⟨0m|:

(10.33) [Π]Bi
=

(
1 0
0 0

)
.

Similarly define ZΠ = 2Π− I, since

(10.34) [ZΠ]Bi
=

(
1 0
0 −1

)
,

ZΠ acts as a reflection operator restricted to each subspace Hi. Then Hi is an invariant subspace
for the following matrix called the iterate

(10.35) O = UAZΠ

and

(10.36) [O]Bi
=

(
λi −

√
1− λ2i√

1− λ2i λi

)
is the desired rotation matrix. Therefore

(10.37) [Ok]Bi
= [(UAZΠ)

k]Bi
=

(
Tk(λi) −

√
1− λ2iUk−1(λi)√

1− λ2iUk−1(λi) Tk(λi)

)
.

Since {|0m⟩ |vi⟩} spans the range of Π, we have

(10.38) Ok =

(
Tk(A) ∗
∗ ∗

)
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i.e., Ok = (UAZΠ)
k is a (1,m)-block-encoding of the Chebyshev polynomial Tk(A).

Example 10.5. Recall the 2× 2 Hermitian matrix in Example 9.1,

(10.39) A =
3

4
I +

1

4
X =

(
0.75 0.25
0.25 0.75

)
.

To illustrate the Hermitian-block-encoding setting of this subsection, we use the circuit from
Example 9.1 with ϕ = π

3 :

|0⟩ Ry(ϕ) Ry(−ϕ)

|ψ⟩

This circuit implements the unitary

(10.40) UA =

(
A −

√
I −A2

−
√
I −A2 1

4I +
3
4X

)
∈ HBE1,1(A).

In this example,

(10.41)
√
I −A2 =

√
3

4
(I −X), I − 2A2 = −1

4
I − 3

4
X.

Since m = 1, we have ZΠ = Z ⊗ I. The qubitization iterate is O = UAZΠ. Let us verify for
k = 2. First,

O = UAZΠ =

(
A −

√
I −A2

−
√
I −A2 1

4I +
3
4X

)(
I 0
0 −I

)
=

(
A

√
I −A2

−
√
I −A2 − 1

4I −
3
4X

)
.

This particular matrix satisfies a number of identities such as 2A
√
I −A2 =

√
I −A2. Direct

calculation shows

O2 =

(
2A2 − I 2A

√
I −A2

−2A
√
I −A2 2A2 − I

)
.

The top-left block of O2 is

T2(A) = 2A2 − I =
1

4
I +

3

4
X =

(
0.25 0.75
0.75 0.25

)
.

⋄

In order to implement ZΠ, note that if m = 1, then ZΠ is just the Pauli Z gate. When m > 1,
the circuit in Fig. 10.1 maps |1⟩ |b⟩ to |1⟩ |b⟩ if b = 0m, and to − |1⟩ |b⟩ if b ̸= 0m. So this precisely
implements ZΠ where the signal qubit |1⟩ is used as a work register. We may also discard the signal
qubit, and resulting unitary is denoted by ZΠ.

Therefore the circuit in Fig. 10.1 implements the operator O. Repeating the circuit k times
gives a (1,m)-block-encoding of Tk(A).
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|1⟩

|b⟩ ZΠ

=
|1⟩ Z

|b⟩

|1⟩ Z

|0m⟩
UA

|ψ⟩

=

|0m⟩ ZΠ

UA

|ψ⟩

Figure 10.1. Circuit implementing one step of qubitization with a Hermitian
block encoding of a Hermitian matrix. Here UA ∈ HBE1,m(A).

10.2.2. Qubitization of Hermitian matrices with general block encoding. In Sec-
tion 10.2.1 we assume that UA = U†

A to block encode a Hermitian matrix A. For instance, s-sparse
Hermitian matrices, such Hermitian block encodings can be constructed following the construction
in Fig. 9.9. However, this can come at the expense of requiring additional structures and oracles.
In general, the block encoding of a Hermitian matrix may not be Hermitian itself. In this section
we demonstrate that the strategy of qubitization can be modified to accommodate general block
encodings.

Again start from the eigendecomposition Eq. (10.26), we apply UA to |0m⟩ |vi⟩ and obtain

(10.42) UA |0m⟩ |vi⟩ = λi |0m⟩ |vi⟩+
√

1− λ2i |⊥
′
i⟩ ,

where |⊥′
i⟩ is a normalized state satisfying Π |⊥′

i⟩ = 0.
Since UA block-encodes a Hermitian matrix A, we have

(10.43) U†
A =

(
A ∗
∗ ∗

)
,

which implies that there exists another normalized state |⊥i⟩ satisfying Π |⊥i⟩ = 0 and

(10.44) U†
A |0

m⟩ |vi⟩ = λi |0m⟩ |vi⟩+
√

1− λ2i |⊥i⟩ .

Now apply UA to both sides of Eq. (10.44), we obtain

(10.45) |0m⟩ |vi⟩ = λ2i |0m⟩ |vi⟩+ λi

√
1− λ2i |⊥

′
i⟩+

√
1− λ2iUA |⊥i⟩ ,

which gives

(10.46) UA |⊥i⟩ =
√

1− λ2i |0
m⟩ |vi⟩ − λi |⊥′

i⟩ .

Define

(10.47) Bi = {|0m⟩ |vi⟩ , |⊥i⟩}, B′i = {|0m⟩ |vi⟩ , |⊥′
i⟩},

and the associated two-dimensional subspaces Hi = spanBi,H′
i = spanB′i, we find that UA maps

Hi to H′
i. Correspondingly U†

A maps H′
i to Hi.
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Then Eqs. (10.42) and (10.46) give the matrix representation

(10.48) [UA]
B′

i

Bi
=

(
λi

√
1− λ2i√

1− λ2i −λi

)
.

Similar calculation shows that

(10.49) [U†
A]

Bi

B′
i
=

(
λi

√
1− λ2i√

1− λ2i −λi

)
.

Meanwhile both Hi and H′
i are the invariant subspaces of the projector Π, with matrix representa-

tion

(10.50) [Π]Bi = [Π]B′
i
=

(
1 0
0 0

)
.

Therefore

(10.51) [ZΠ]Bi
= [ZΠ]B′

i
=

(
1 0
0 −1

)
.

Hence Hi is an invariant subspace of Õ = U†
AZΠUAZΠ, with matrix representation

(10.52) [Õ]Bi
=

(
λi −

√
1− λ2i√

1− λ2i λi

)2

.

Repeating k times, we have

[Õk]Bi
=(U†

AZΠUAZΠ)
k =

(
λi −

√
1− λ2i√

1− λ2i λi

)2k

=

(
T2k(λi) −

√
1− λ2iU2k−1(λi)√

1− λ2iU2k−1(λi) T2k(λi)

)
.

(10.53)

Since any vector |0m⟩ |ψ⟩ can be expanded in terms of the eigenvectors |0m⟩ |vi⟩, we have

(10.54) (U†
AZΠUAZΠ)

k =

(
T2k(A) ∗
∗ ∗

)
.

Therefore if we would like to construct an even order Chebyshev polynomial T2k(A), the circuit
(U†

AZΠUAZΠ)
k straightforwardly gives a (1,m)-block-encoding.

In order to construct the block-encoding of an odd polynomial T2k+1(A), we note that

(10.55) [UAZΠ(U
†
AZΠUAZΠ)

k]
B′

i

Bi
=

(
T2k+1(λi) −

√
1− λ2iU2k(λi)√

1− λ2iU2k(λi) T2k+1(λi)

)
.

Using the fact that Bi,B′i share the common basis |0m⟩ |vi⟩, we still have the block-encoding

(10.56) UAZΠ(U
†
AZΠUAZΠ)

k =

(
T2k+1(A) ∗
∗ ∗

)
.

Therefore UAZΠ(U
†
AZΠUAZΠ)

k is a (1,m)-block-encoding of T2k+1(A).
In summary, the block-encoding of Tl(A) is given by applying UAZΠ and U†

AZΠ alternately.
If l = 2k, then there are exactly k such pairs. Otherwise if l = 2k + 1, then there is an extra
UAZΠ. The effect is to map each eigenvector |0m⟩ |vi⟩ back and forth between the two-dimensional
subspaces Hi and H′

i. We summarize these results into the following theorem.
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Proposition 10.6 (Chebyshev eigenvalue transformation). Let A ∈ CN×N be an n-qubit Hermitian
matrix given by its block encoding UA ∈ BE1,m(A). Let ZΠ = (2|0m⟩⟨0m| − I)⊗ I. Then

(10.57) (U†
AZΠUAZΠ)

k ∈ BE1,m(T2k(A)), UAZΠ(U
†
AZΠUAZΠ)

k ∈ BE1,m(T2k+1(A)), k ∈ N.

10.3. Qubitization of general matrices and Chebyshev singular value transformation

In Section 10.2.2 we have observed that when A is a Hermitian matrix, the qubitization pro-
cedure introduces two different subspaces Hi and H′

i associated with each eigenvector |vi⟩. In
particular, UA maps Hi to H′

i, and U†
A maps H′

i to Hi. Furthermore, both Hi and H′
i are the in-

variant subspaces of the projection operator Π. Therefore Hi is an invariant subspace of U†
Af(Π)UA

for any function f .
For a general matrix A, the eigenvalues of A may not be on the real line. In fact, A may not be

diagonalizable. Here we illustrate that the correct generalization for a general matrix A is singular
value transformation defined as a generalized matrix function. The procedure below almost entirely
parallels that of Section 10.2.2.

Starting from the SVD in Eq. (10.5), we apply UA to |0m⟩ |vi⟩ and obtain

(10.58) UA |0m⟩ |vi⟩ = σi |0m⟩ |wi⟩+
√
1− σ2

i |⊥
′
i⟩ ,

where |⊥′
i⟩ is a normalized state satisfying Π |⊥′

i⟩ = 0.
Since UA block encodes a matrix A, we have

(10.59) U†
A =

(
A† ∗
∗ ∗

)
,

which implies that there exists another normalized state |⊥i⟩ satisfying Π |⊥i⟩ = 0 and

(10.60) U†
A |0

m⟩ |wi⟩ = σi |0m⟩ |vi⟩+
√
1− σ2

i |⊥i⟩ .

Applying UA to both sides of Eq. (10.60), we obtain

(10.61) |0m⟩ |wi⟩ = σ2
i |0m⟩ |wi⟩+ σi

√
1− σ2

i |⊥
′
i⟩+

√
1− σ2

iUA |⊥i⟩ ,

which gives

(10.62) UA |⊥i⟩ =
√

1− σ2
i |0

m⟩ |wi⟩ − σi |⊥′
i⟩ .

Define

(10.63) Bi = {|0m⟩ |vi⟩ , |⊥i⟩}, B′i = {|0m⟩ |wi⟩ , |⊥′
i⟩},

and the associated two-dimensional subspaces Hi = spanBi,H′
i = spanB′i, we find that UA maps

Hi to H′
i. Correspondingly U†

A maps H′
i to Hi.

Then Eqs. (10.58) and (10.62) give the matrix representation

(10.64) [UA]
B′

i

Bi
=

(
σi

√
1− σ2

i√
1− σ2

i −σi

)
.

Similar calculation shows that

(10.65) [U†
A]

Bi

B′
i
=

(
σi

√
1− σ2

i√
1− σ2

i −σi

)
.
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Meanwhile both Hi and H′
i are the invariant subspaces of the projector Π, with matrix representa-

tion

(10.66) [Π]Bi
= [Π]B′

i
=

(
1 0
0 0

)
.

Therefore

(10.67) [ZΠ]Bi
= [ZΠ]B′

i
=

(
1 0
0 −1

)
.

Hence Hi is an invariant subspace of Õ = U†
AZΠUAZΠ, with matrix representation

(10.68) [Õ]Bi =

(
σi −

√
1− σ2

i√
1− σ2

i σi

)2

.

The quantum circuit for each Õ is

|0m⟩ ZΠ

UA

ZΠ

U†
A

|ψ⟩

Figure 10.2. Circuit implementing one step of qubitization. This block encodes
T

(SV )
2 (A). Here UA ∈ BE1,m(A). Note that the implementation of ZΠ requires a

working qubit.

Repeating k times, we have

[Õk]Bi =(U†
AZΠUAZΠ)

k =

(
σi −

√
1− σ2

i√
1− σ2

i σi

)2k

=

(
T2k(σi) −

√
1− σ2

iU2k−1(σi)√
1− σ2

iU2k−1(σi) T2k(σi)

)
.

(10.69)

In other words,

(10.70) Õk =

(∑
i viT2k(σi)v

†
i ∗

∗ ∗

)
=

(
T ▷2k(A) ∗
∗ ∗

)
.

Therefore, the circuit (U†
AZΠUAZΠ)

k yields a (1,m)-block-encoding of T ▷2k(A).
Similarly,

(10.71) [UAZΠ(U
†
AZΠUAZΠ)

k]
B′

i

Bi
=

(
T2k+1(σi) −

√
1− σ2

iU2k(σi)√
1− σ2

iU2k(σi) T2k+1(σi)

)
.

In other words,

(10.72) UAZΠ(U
†
AZΠUAZΠ)

k =

(∑
i wiT2k+1(σi)v

†
i ∗

∗ ∗

)
=

(
T ⋄
2k+1(A) ∗
∗ ∗

)
.

Therefore, the circuit UAZΠ(U
†
AZΠUAZΠ)

k yields a (1,m)-block-encoding of T ⋄
2k+1(A).
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Proposition 10.7 (Chebyshev singular value transformation). Let A ∈ CN×N be an n-qubit Her-
mitian matrix given by its block encoding UA ∈ BE1,m(A). Let ZΠ = (2|0m⟩⟨0m| − Im)⊗ In. Then

(10.73) (U†
AZΠUAZΠ)

k ∈ BE1,m(T SV
2k (A)), UAZΠ(U

†
AZΠUAZΠ)

k ∈ BE1,m(T SV
2k+1(A)), k ∈ N.

Example 10.8. Consider the 2× 2 nilpotent matrix

(10.74) A =

(
0 1
0 0

)
.

Its singular value decomposition A =WΣV † is given by

(10.75) W = I, Σ =

(
1 0
0 0

)
, V = X =

(
0 1
1 0

)
.

Note that T ▷2 (A) = V T2(Σ)V
† = X diag(1,−1)X = diag(−1, 1).

A (1, 1)-block-encoding of A can be constructed as

(10.76) UA =


0 1 0 0
0 0 1 0
1 0 0 0
0 0 0 1

 .

Here the basis order is |00⟩ , |01⟩ , |10⟩ , |11⟩. The qubitization iterate Õ = U†
AZΠUAZΠ can be

computed directly. With ZΠ = Z ⊗ I = diag(1, 1,−1,−1), we have

(10.77) Õ =


−1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 1

 .

The top-left block is diag(−1, 1), which matches T ▷2 (A). ⋄

10.4. Cosine–sine decomposition and qubitization

The fact that an arbitrarily large block encoding matrix UA can be partially block diagonalized
into N subblocks of size 2 × 2 may seem a rather peculiar algebraic structure. In this section
we use the cosine–sine (CS) decomposition to provide a unified perspective of qubitization.
Qubitization stems from the fact that all involved transformations act on direct sums of irreducible
two-dimensional subspaces. The CS decomposition makes this observation manifest and further
provides a representation for the unitary where these rotations can be expressed as a block matrix
wherein the sub-blocks play an analogous role to cosine and sine functions.

Theorem 10.9 (Cosine–sine decomposition of a unitary matrix). Let q ≥ p and U ∈ C(p+q)×(p+q)

be any unitary matrix. There exists a decomposition

(10.78) U =

(
W1 0
0 W2

)C S 0
S −C 0
0 0 Iq−p

(V †
1 0

0 V †
2

)
.

Here, W1, V1 ∈ Cp×p, W2, V2 ∈ Cq×q are unitary matrices and C = diag(c1, . . . , cp), S = diag(s1, . . . , sp)
are real, non-negative diagonal matrices so that C2 + S2 = Ip.
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Proof. Let

(10.79) U =

(
U00 U01

U10 U11

)
,

where U00 ∈ Cp×p and U11 ∈ Cq×q. The proof proceeds by considering singular value decomposi-
tions of each of the block matrices in the unitary. Using the SVD, U00 can be expressed for some
unitary V1 and W †

1 as

(10.80) U00 =W1CV
†
1 .

As U00 is embedded in a unitary, we must have that its singular values C are in [0, 1].
Next, consider the QR decomposition

(10.81) U10V1 =W2R

for a unitary matrix W2 ∈ Cq×q and an upper triangular matrix R ∈ Cq×p with non-negative
diagonal elements. Using a similar argument we can see that there exists a unitary matrix V2 ∈ Cq×q
and a lower triangular matrix L ∈ Cp×q with non-negative diagonal elements such that

(10.82) W †
1U01 = LV †

2 .

This shows that we can write

(10.83) U =

(
W1 0
0 W2

)(
C L

R W †
2U11V2

)(
V †
1 0

0 V †
2

)
.

Now let us argue about the structure of R,L. From the fact that the rows and columns of any
unitary matrix must be orthonormal, and that R is upper triangular,

(10.84) R =

(
S
0

)
, C2 + S2 = Ip.

By the same argument we have

(10.85) L =
(
S 0

)
, C2 + S2 = Ip.

In other words, R = L†. Continuing the same reasoning,

(10.86) W †
2U11V2 =

(
−C 0
0 U22

)
,

for some unitary U22. If we absorb this unitary U22 into either W2 or V2, we obtain the desired
factorization in Eq. (10.78). □

Remark 10.10. Let V = span{V1, V2}, W = span{W1,W2}. Due to the ambiguity in choosing
W2, V2, the matrix representation [U ]WV can take the form

(10.87)

 C SeiΦ 0
eiΨS −Cei(Φ+Ψ) 0
0 0 Iq−p


for any diagonal phase matrices Φ,Ψ. The specific choice in Theorem 10.9 is Φ = Ψ = 0, which
implies that [U ]WV = ([U ]†)VW . So with respect to this basis, U acts like a Hermitian block encoding
of the Hermitian (and diagonal) matrix C. ⋄



10.4. COSINE–SINE DECOMPOSITION AND QUBITIZATION 145

Given UA ∈ BE1,m(A) for an n-qubit matrix A = WΣV †, Theorem 10.9 implies that there
exists W ′, V ′ ∈ CN(M−1)×N(M−1) so that

(10.88) UA =

(
W 0
0 W ′

)Σ S 0
S −Σ 0
0 0 I(M−2)N

(V † 0
0 V ′†

)
.

Here, S =
√
I − Σ2 is the supplementary diagonal matrix. For notation brevity, the large unitary

matrices are denoted as

(10.89) W̃ :=

(
W 0
0 W ′

)
, Ṽ :=

(
V 0
0 V ′

)
.

The matrix in the middle exhibits a special structure. Let P be a permutation matrix of size
2N × 2N that permutes rows {0, 1 . . . , N − 1, N, . . . , 2N − 1} to {0, N, 1, N +1, . . . , N − 1, 2N − 1}.
Then we may verify

(10.90) P
⊕
i∈[N ]

(
σi

√
1− σ2

i√
1− σ2

i −σi

)
P† =

(
Σ S
S −Σ

)
.

In other words,

(10.91)

Σ S 0
S −Σ 0
0 0 I(M−2)N

 =

P
⊕
i∈[N ]

(
σi

√
1− σ2

i√
1− σ2

i −σi

)
P†

⊕ I(M−2)N

is expressed as a direct sum of 2-by-2 blocks and an identity matrix. This is exactly the matrix
representation used by qubitization as in Eq. (10.64).

Theorem 10.11 (Qubitization from cosine–sine decomposition). For any n-qubit matrix A

encoded by UA ∈ BE1,m(A), there exists (m+ n)-qubit unitary matrices W̃ , Ṽ and an (n+ 1)-qubit
permutation matrix P, such that
(10.92)

UA = W̃

Σ S 0
S −Σ 0
0 0 I(M−2)N

 Ṽ † = W̃

P
⊕
i∈[N ]

(
σi

√
1− σ2

i√
1− σ2

i −σi

)
P†

⊕
I(M−2)N

 Ṽ †,

and
(10.93)

U†
A = Ṽ

Σ S 0
S −Σ 0
0 0 I(M−2)N

 W̃ † = Ṽ

P
⊕
i∈[N ]

(
σi

√
1− σ2

i√
1− σ2

i −σi

)
P†

⊕
I(M−2)N

 W̃ †.

Following the same decomposition, ZΠ can be decomposed as

(10.94) ZΠ =

P

⊕
i∈[N ]

Z

P†

⊕(−I)(M−2)N .

Thanks to the block diagonal structure, ZΠ commutes with Ṽ , W̃ . So the definition of ZΠ

does not explicitly refer to either W̃ or Ṽ . This would not be true if Z were replaced by Pauli X
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or Y matrices, and this is the key reason allowing us to choose a convenient phase matrix as in
Remark 10.10. Also use the fact that P†P = I for a permutation matrix, we have
(10.95)

(U†
AZΠUAZΠ)

k = Ṽ

P
⊕
i∈[N ]

(
T2k(σi) −

√
1− σ2

iU2k−1(σi)√
1− σ2

iU2k−1(σi) T2k(σi)

)
P†

⊕
I(M−2)N

 Ṽ †.

Similarly
(10.96)

UAZΠ(U
†
AZΠUAZΠ)

k = W̃

P
⊕
i∈[N ]

(
T2k+1(σi) −

√
1− σ2

iU2k(σi)√
1− σ2

iU2k(σi) T2k+1(σi)

)
P†

⊕
(−I)(M−2)N

 Ṽ †.

This result shows that we can decompose an arbitrary unitary into a direct sum of cosine or
sine matrices that, in effect, carry out two dimensional rotations.

Example 10.12. Consider a single-qubit Hermitian matrix A = diag(0.8, 0.6) encoded using one
ancilla qubit (m = 1). The singular values are σ0 = 0.8 and σ1 = 0.6, which are distinct. The
corresponding complementary values are s0 =

√
1− 0.82 = 0.6 and s1 =

√
1− 0.62 = 0.8. We can

implement a block encoding UA using a controlled rotation circuit on the ancilla, controlled by the
system qubit:

|0⟩a Ry(2θ0) Ry(2∆θ)

|ψ⟩

where θ0 = arccos(0.8) and ∆θ = arccos(0.6)− arccos(0.8). The unitary UA takes the form

UA =


0.8 0 −0.6 0
0 0.6 0 −0.8
0.6 0 0.8 0
0 0.8 0 0.6

 .

Here, the top-left block is precisely A. The qubitization iterate O = UAZΠ, with ZΠ = Z ⊗ I, flips
the sign of the columns where the ancilla is |1⟩:

O = UA(Z ⊗ I) =


0.8 0 0.6 0
0 0.6 0 0.8
0.6 0 −0.8 0
0 0.8 0 −0.6

 .

Applying the permutation P that reorders the basis to group by system index {|0⟩a |0⟩ , |1⟩a |0⟩ , |0⟩a |1⟩ , |1⟩a |1⟩}
yields a block diagonal matrix:

POP† =

(
0.8 0.6
0.6 −0.8

)⊕(
0.6 0.8
0.8 −0.6

)
.

Thus the 4×4 operator decouples into two independent 2×2 reflections, each acting on the subspace
associated with a singular vector. ⋄
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10.5. Linear combination of unitaries and qubitization

Let f ∈ R[x] be a polynomial of definite parity. For simplicity, assume f is an even polynomial
of degree 2(K − 1) and set K = 2a. Let us combine LCU and qubitization to construct the block
encoding of:

(10.97) fSV(A) =
∑
k∈[K]

αkT
SV
2k (A).

Here A is given by its block encoding UA ∈ BE1,m(A). Due to the connection between eigenvalue
and singular value transformation in Section 10.1, when A is Hermitian this becomes an eigenvalue
transformation f(A).

Using qubitization (Proposition 10.7), we have constructed U2k ∈ BE1,m(T SV
2k (A)). The select

oracle is given by

(10.98) USEL :=
∑
k∈[K]

|k⟩⟨k| ⊗ U2k.

The problem with a direct implementation of the select oracle via multi-qubit controls is that the
complexity is very high. The circuit U2k to block encode T SV

2k (A) makes 2k queries to UA. Therefore
the total number of queries to construct the select oracle is O(K2). This is highly inefficient: the
circuit blocks Õ = U†

AZΠUAZΠ in each U2k are implemented independently and not reused.
An efficient implementation of the select oracle makes use of a binary representation k =

(ka · · · k0). Then direct calculation shows that the circuit in Fig. 10.3 correctly implements USEL.
The total number of queries to UA is 2(1 + 2 + · · ·+ 2a−1) = 2a+1 − 2 = 2K − 2. This is equal to
the query complexity for block encoding a single term T2K−2(A).

· · ·

· · ·

· · ·

· · ·

|ka−1⟩
· · ·
|k1⟩

|k0⟩

|ψ⟩ Õ Õ2 Õ2a−1

Figure 10.3. Circuit for select oracle for even matrix Chebyshev polynomials up
to order 2a+1 − 2. Here Õ = U†

AZΠUAZΠ.

We also assume the availability of the prepare oracle

(10.99) VPREP |0a⟩ =
1

∥β∥2

∑
k∈[K]

βk |k⟩ , ṼPREP |0a⟩ =
1

∥γ∥2

∑
k∈[K]

γk |k⟩

with βi, γi described by Lemma 9.5. Then using LCU, we obtain a (∥α∥1 ,m + a)-block-encoding
of fSV(A). The gate complexity is

(10.100) (2K − 2)× gate(UA) + gate(VPREP) + gate(ṼPREP).

Note that the gate complexity depends on the cost for the implementation of the prepare oracle,
which may involve QRAM. The construction of the LCU for an odd polynomial is similar.
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Exercise 10.1. Construct the circuit for efficient implementation of the select oracle

(10.101) U =
∑
k∈[K]

|k⟩⟨k| ⊗ U2k+1.

Theorem 10.13 (LCU based singular value transformation for polynomials of definite parity).
Let A ∈ CN×N be encoded by its (1,m)-block-encoding UA. For a polynomial f(x) ∈ C[x] with
degree d of parity (d mod 2)

(10.102) f(x) =

d∑
k=0

αkTk(x),

we can implement a (∥α∥1 ,m+ a)-block encoding of the singular value transformation fSV(A). It
uses a = O(log2 d) additional ancilla qubits, and queries UA, U

†
A for O(d) times.

If A is a Hermitian matrix, we may construct an eigenvalue transformation f(A) for a general
polynomial f . Note that

(10.103) feven(x) =
1

2
(f(x) + f(−x)), fodd(x) =

1

2
(f(x)− f(−x)),

we can implement a block encoding of feven(A) and fodd(A), respectively. Then we use one more
ancilla qubit to implement a block encoding of feven(A) + fodd(A) = f(A); this multiplies the
subnormalization factor by 2.

Example 10.14 (Fourier transformation and eigenvalue transformation). The Hamiltonian sim-
ulation oracle can naturally be combined with LCU to implement matrix functions expressed as
a matrix Fourier series. Let H be an n-qubit Hermitian matrix. Consider f(x) ∈ R given by its
Fourier expansion (up to a normalization factor)

(10.104) f(x) =

∫
f̂(k)eikx dk,

and we are interested in computing the matrix function via numerical quadrature

(10.105) f(H) =

∫
f̂(k)eikH dk ≈ ∆k

∑
k∈K

f̂(k)eikH .

Here K is a uniform grid discretizing the interval [−L,L] using |K| = 2k grid points, and the grid
spacing is ∆k = 2L/ |K|. The prepare oracle is given by the coefficients ck = ∆kf̂(k), and the
corresponding subnormalization factor is

(10.106) ∥c∥1 =
∑
k∈K

∆k
∣∣∣f̂(k)∣∣∣ ≈ ∫ ∣∣∣f̂(k)∣∣∣ dk.

The select oracle is

(10.107) USEL =
∑
k∈K

|k⟩⟨k| ⊗ eikH .

This can be efficiently implemented using the controlled matrix powers as in ??, where the basic
unit is the short time Hamiltonian simulation ei∆kH . This can be used to block encode a large class
of matrix functions. ⋄
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10.6. Beyond the computational basis

So far we have assumed that a matrix A ∈ CN×N is accessed through the upper left N × N
block of a unitary UA ∈ CMN×MN in the computational basis with M = 2m, i.e., via the projector
Π0m := |0m⟩⟨0m| ⊗ I on m ancillas. However, the concept of block-encoding is more general, and
one may consider other choices of subspaces to encode the matrix of interest.

Choose an orthonormal basis set in CMN expressed in terms of the columns of a unitary
Ξ ∈ U(MN) as

(10.108) B = {|φ0⟩ , . . . , |φN−1⟩ , |vN ⟩ , . . . , |vMN−1⟩},

where the vectors |φ0⟩ , . . . , |φN−1⟩ are the first N columns of Ξ and span the range of a projector
Π. We also choose another orthonormal basis set in CMN expressed in terms of the columns of
another unitary Ξ′ ∈ U(MN) as

(10.109) B′ = {|ψ0⟩ , . . . , |ψN−1⟩ , |wN ⟩ , . . . , |wMN−1⟩},

where the vectors |ψ0⟩ , . . . , |ψN−1⟩ are the first N columns of Ξ′ and span the range of a projector
Π′.

Now fix two rank-N projectors Π,Π′, where {|φj⟩}j∈[N ] is an orthonormal basis for range(Π),
and {|ψi⟩}i∈[N ] is an orthonormal basis for range(Π′). Let UA ∈ U(MN) be a unitary with

(10.110) Π′UAΠ =
∑

i,j∈[N ]

|ψi⟩Aij ⟨φj | .

This is the same block-encoding idea as in the computational basis, except that the relevant N -
dimensional subspaces are now more flexible.

We may map back to the block-encoding in the computational basis by setting

(10.111) UA := (Ξ′)† UA Ξ.

Then UA is the matrix representation of UA with respect to the bases B,B′, and

(10.112) [UA]
B′

B = UA =

(
A ∗
∗ ∗

)
.

To define qubitization, note that

(10.113) U†
AZΠ0m

UAZΠ0m
= Ξ† U †

A Ξ′ ZΠ0m
(Ξ′)† UA ΞZΠ0m

.

Thus we can define the reflection operators in the new bases

(10.114) ZΠ = ΞZΠ0m
Ξ† = 2Π− I, ZΠ′ = Ξ′ZΠ0m

(Ξ′)† = 2Π′ − I.

Thus the iterate in the new basis is U †
AZΠ′UAZΠ, and all results from previous sections carry over

directly.

Example 10.15. Let m = n = 1, so M = N = 2 and MN = 4, and take UA = I ∈ U(4). Fix

(10.115) Π = |0⟩⟨0| ⊗ I,

so that ZΠ = 2Π− I = Z ⊗ I. Let θ ∈ (0, π/2) and define the real rotation

(10.116) R(θ) :=

(
cos θ − sin θ
sin θ cos θ

)
∈ U(2).

Set Ξ := I and Ξ′ := R(θ)⊗ I, and define Π′ := Ξ′Π(Ξ′)†. Then ZΠ′ = Ξ′ZΠ(Ξ
′)†.
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With respect to the bases {|00⟩ , |01⟩} for range(Π) and {Ξ′ |00⟩ ,Ξ′ |01⟩} for range(Π′), the
encoded matrix is the overlap matrix

(10.117) Aij = ⟨ψi|φj⟩ , |φj⟩ := |0j⟩ , |ψi⟩ := Ξ′ |0i⟩ ,
and a direct computation gives A = cos θ I2.

The qubitization step (the product of reflections) is

(10.118) U †
AZΠ′UAZΠ = ZΠ′ZΠ = (R(θ)ZR(θ)†Z)⊗ I = R(2θ)⊗ I.

Hence the iterate has eigenvalues e±2iθ (each with multiplicity 2), and the corresponding eigenphases
±2θ determine the singular value cos θ of A. ⋄

Notes and references

Background on generalized matrix functions can be found in [HBI73, ABF16], which correspond
to the “balanced” generalized matrix function f⋄(A), i.e., singular value transformation for odd
functions.

The cosine–sine (CS) decomposition provides an algebraic explanation for the qubitization
structure by making the underlying direct-sum decomposition into 2×2 blocks explicit; see [Don23,
TT24]. The same two-dimensional reduction principle also appears as Jordan’s lemma: the product
of two reflections acts as a rotation on an invariant two-dimensional subspace [Jor75], and this
perspective is closely related to product decompositions in quantum signal processing [Haa19].

The viewpoint of block-encoding and qubitization beyond the computational basis connects
directly to Grover’s search algorithm, amplitude amplification, and Szegedy’s quantum walk. The
Chebyshev expansion combined with LCU already yields arbitrary polynomial singular value trans-
formations (for functions of definite parity), but it uses an additional control register to implement
the required linear combination with a logarithmic overhead. A more direct and elegant alterna-
tive is quantum signal processing and quantum singular value transformation, which implement
polynomial transformations via a structured SU(2) recursion, with further connections to nonlinear
Fourier analysis on SU(2) [AMT24, ALM+26].



CHAPTER 11

Grover type algorithms

Grover’s algorithm was one of the earliest quantum algorithms to demonstrate a provable
speedup over classical counterparts. It solves the unstructured search problem, identifying a marked
item from an unsorted database of size N using only O(

√
N) quantum queries, in contrast to

the Θ(N) queries required classically. This quadratic speedup is optimal within the black-box
(or oracle) model and laid the foundation for a broader class of techniques based on quantum
amplitude amplification. It can now be interpreted as a singular value transformation problem, and
can generalize to useful tasks such as amplitude amplification and oblivious amplitude amplification.

11.1. Unstructured search problem and Grover’s algorithm

Assume we have N = 2n boxes, and we are given the promise that only one of the boxes
contains an orange, and each of the remaining boxes contains an apple. The goal is to find the box
that contains the orange.

Mathematically, given a Boolean function f : {0, 1}n → {0, 1} and the promise that there
exists a unique marked state x0 such that f(x0) = 1, we would like to find x0. This is called an
unstructured search problem. Classically, there is no simpler method than opening (N − 1)
boxes in the worst case to determine x0.

The quantum algorithm below, called Grover’s algorithm, relies on access to a bit oracle

(11.1) Vf |x, y⟩ = |x, y ⊕ f(x)⟩ , x ∈ {0, 1}n, y ∈ {0, 1},

and can find x0 using O(
√
N) queries. A classical computer again can only query Vf in the

computational basis, and Grover’s algorithm achieves a quadratic speedup in terms of the query
complexity.

The origin of the quadratic speedup can be summarized as follows: while classical proba-
bilistic algorithms work with probability densities, quantum algorithms work with wavefunction
amplitudes, of which the square gives the probability densities. More specifically, we start from a
uniform superposition of all states as the initial state

(11.2) |ψ0⟩ =
1√
N

∑
x∈[N ]

|x⟩ .

This state can be prepared using Hadamard gates as

(11.3) |ψ0⟩ = H⊗n |0n⟩ .

We would like to amplify the desired amplitude corresponding to |x0⟩ from 1/
√
N to √p = Ω(1).

We demonstrate below that this requires O(
√
N) queries to Vf .
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The first step of Grover’s algorithm is to turn the oracle (11.1) into a phase kickback. For this
we take |y⟩ = |−⟩, and for any x ∈ {0, 1}n,

(11.4) Vf |x,−⟩ =
1√
2
(|x, f(x)⟩ − |x, 1⊕ f(x)⟩) = (−1)f(x) |x,−⟩ .

Any quantum state |ψ⟩ can be decomposed as

(11.5) |ψ⟩ = α |x0⟩+ β |φ⟩ ,

where |φ⟩ is a unit vector orthogonal to |x0⟩, i.e., ⟨φ|x0⟩ = 0. We have

(11.6) Vf |ψ⟩ ⊗ |−⟩ = (−α |x0⟩+ β |φ⟩)⊗ |−⟩ .

Here the minus sign is gained through the phase kickback. Discarding the |−⟩ which is unchanged
by applying Vf , we obtain an n-qubit unitary

(11.7) Rx0
(α |x0⟩+ β |φ⟩) = −α |x0⟩+ β |φ⟩ .

Therefore Rx0
is a reflection operator across the hyperplane orthogonal to |x0⟩ as

(11.8) Rx0 = I − 2 |x0⟩ ⟨x0| .

Let us write

(11.9) |ψ0⟩ = sin(θ/2) |x0⟩+ cos(θ/2) |x⊥0 ⟩ ,

with θ = 2arcsin 1√
N
≈ 2√

N
, and |x⊥0 ⟩ = 1√

N−1

∑
x ̸=x0

|x⟩ is a normalized state orthogonal to |x0⟩.
Then

(11.10) Rx0
|ψ0⟩ = − sin(θ/2) |x0⟩+ cos(θ/2) |x⊥0 ⟩ .

So span{|x0⟩ , |x⊥0 ⟩} is an invariant subspace of Rx0
.

The next step is to consider another reflector with respect to |ψ0⟩. For later convenience we
add a global phase factor −1 (which is irrelevant to the physical outcome):

(11.11) Rψ0
= −(I − 2 |ψ0⟩ ⟨ψ0|).

Direct computation shows

Rψ0Rx0 |ψ0⟩ =Rψ0(|ψ0⟩ − 2 sin(θ/2) |x0⟩)
=(|ψ0⟩ − 4 sin2(θ/2) |ψ0⟩) + 2 sin(θ/2) |x0⟩

=sin(θ/2)(3− 4 sin2(θ/2)) |x0⟩+ cos(θ/2)(1− 4 sin2(θ/2)) |x⊥0 ⟩

=sin(3θ/2) |x0⟩+ cos(3θ/2) |x⊥0 ⟩ .

(11.12)

So define G = Rψ0
Rx0

as the product of the two reflection operators (called the Grover iterate),
then it amplifies the angle from θ/2 to 3θ/2. The geometric picture is in fact even clearer in Fig. 11.1
and the conclusion can be observed without explicit computation.
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Figure 11.1. Geometric interpretation of one Grover iteration.

Applying the Grover operator k times, we obtain

(11.13) Gk |ψ0⟩ = sin((2k + 1)θ/2) |x0⟩+ cos((2k + 1)θ/2) |x⊥0 ⟩ .

So for sin((2k + 1)θ/2) ≈ 1, we need k ≈ π
2θ −

1
2 ≈

√
Nπ
4 . This proves that Grover’s algorithm can

solve the unstructured search problem with O(
√
N) queries to Vf .

Example 11.1 (Boosting success probability). In practice,
√
Nπ/4 may not be an integer, and

we may not have sin((2k + 1)θ/2) ≈ 1. This means that Grover’s algorithm may fail. However,
when we measure the final state in the computational basis and obtain a state called |x⟩, we can
easily check whether x = x0 by applying another query of Vf according to Vf |x, 0⟩ = |x, f(x)⟩.
Therefore as long as the success probability is larger than a constant, e.g., 2/3, then the possibility
of successfully obtaining x0 at least once after m independent trials is at least 1− (1/3)m.

Interestingly, even if we do not know how to check x0, statistical amplification as in ?? implies
that applying the majority voting can also robustly produce x0. ⋄

Example 11.2 (Grover’s algorithm as singular value transformation). Let us view Grover’s algo-
rithm from the perspective of qubitization beyond the computational basis as in Section 10.6. Let
|x0⟩ be the marked state, and |ψ0⟩ be the uniform superposition of states. We define an orthonormal
basis set B = {|ψ0⟩ , |v1⟩ , . . . , |vN−1⟩}, where all states |vi⟩ are orthogonal to |ψ0⟩. Similarly define
an orthonormal basis set B′ = {|x0⟩ , |w1⟩ , . . . , |wN−1⟩}, where all states |wi⟩ are orthogonal to |x0⟩.
Then the matrix of reflection operator Rψ0 with respect to B,B′ is (let a = 1/

√
N = sin(θ/2))

(11.14) [Rψ0
]B

′

B =

(
a ∗
∗ ∗

)
,

Therefore UA = Rψ0
serves as the block encoding of a 1× 1 scalar A = a = 1/

√
N . The projectors

Π = |ψ0⟩⟨ψ0| and Π′ = |x0⟩⟨x0| are implicitly defined via the provided reflection operator ZΠ =
Rψ0 , ZΠ′ = −Rx0 , respectively. This also means UAZΠ = R2

ψ0
= I.

The qubitization invoking UA for (2k + 1) times gives
(11.15)

Π′UAZΠ(U
†
AZΠ′UAZΠ)

kΠ = Π′(Rψ0
(−Rx0

))kΠ = (−1)kT2k+1(a)|x0⟩⟨ψ0| = sin

(
(2k + 1)θ

2

)
|x0⟩⟨ψ0|.
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Here we have used the fact that T2k+1(a) = (−1)k sin((2k + 1) arcsin(a)) for a ∈ [0, 1]. Letting
sin((2k + 1)θ/2) ≈ 1, we recover the same query complexity as Grover’s algorithm. ⋄

To draw the quantum circuit of Grover’s algorithm, we need an implementation of Rψ0 . Note
that

(11.16) Rψ0
= H⊗n(2 |0n⟩ ⟨0n| − I)H⊗n .

This can be implemented via the following circuit using one ancilla qubit:

|−⟩ X

|ψ⟩ H⊗n H⊗n

Here the controlled-NOT gate is an n-qubit controlled-X gate, and is only active if the system
qubits are in the 0n state. Discarding the signal qubit, we obtain an implementation of Rψ0 . Since
the signal qubit |−⟩ only changes up to a sign, it can be reused for both Rψ0 and Rx0 .

Exercise 11.1. Construct a circuit to show that the reflector Rψ0
can also be implemented

without using any ancilla qubits.

Example 11.3 (Generalization of Grover’s algorithm to multiple marked states). Suppose that
there are M ≥ 1 marked states among N = 2n basis states, i.e., f(x) = 1 for M values of x ∈ {0, 1}n
and f(x) = 0 otherwise. As in the single-marked case, it is convenient to collect the marked subspace
into a single normalized state

(11.17) |w⟩ = 1√
M

∑
x:f(x)=1

|x⟩ ,

and similarly the (normalized) superposition of unmarked states

(11.18) |w⊥⟩ = 1√
N −M

∑
x:f(x)=0

|x⟩ .

Then the uniform superposition can be written as

(11.19) |ψ0⟩ =
√
M

N
|w⟩+

√
N −M
N

|w⊥⟩ = sin(θ/2) |w⟩+ cos(θ/2) |w⊥⟩ ,

where sin(θ/2) =
√
M/N .

Using phase kickback, the phase oracle implements the reflection

(11.20) Rw |x⟩ = (−1)f(x) |x⟩ .

Restricted to the invariant subspace span{|w⟩ , |w⊥⟩}, this operator acts as Rw = I − 2|w⟩⟨w|. As
before, we choose

(11.21) Rψ0 = −(I − 2|ψ0⟩⟨ψ0|) = 2|ψ0⟩⟨ψ0| − I,

which differs from I − 2|ψ0⟩⟨ψ0| only by an irrelevant global phase.
Let B = {|w⟩ , |w⊥⟩}. In this basis, we have

(11.22) [Rw]B =

(
−1 0
0 1

)
,
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and

(11.23) [Rψ0
]B =

(
2 sin2(θ/2)− 1 2 sin(θ/2) cos(θ/2)

2 sin(θ/2) cos(θ/2) 2 cos2(θ/2)− 1

)
=

(
− cos θ sin θ
sin θ cos θ

)
.

Defining the Grover iterate G = Rψ0
Rw, its restriction to span{|w⟩ , |w⊥⟩} is the rotation

(11.24) [G]B =

(
cos θ sin θ
− sin θ cos θ

)
.

Consequently, by the same two-reflection (qubitization) geometry as in Grover’s algorithm, we
obtain

(11.25) Gk |ψ0⟩ = sin
( (2k + 1)θ

2

)
|w⟩+ cos

( (2k + 1)θ

2

)
|w⊥⟩ .

In particular, the success probability of measuring a marked state equals sin2
( (2k+1)θ

2

)
. Choosing

k ≈ π
2θ −

1
2 ≈

π
4

√
N
M makes this probability bounded below by a constant. ⋄

11.2. Amplitude amplification and compression gadget

The idea behind Grover’s algorithm is not restricted to the problem of unstructured search. It
can be extended beyond this setting to a broader concept that is called amplitude amplification
(AA) [BHMT02], which is used ubiquitously as a subroutine to achieve quadratic speedups. At a
high level, amplitude amplification can be viewed as a method that converts a success probability
into the eigenphases of a two-dimensional rotation.

Let |ψ0⟩ be prepared by an oracle Uψ0
, i.e., Uψ0

|0n⟩ = |ψ0⟩. Assume that

(11.26) |ψ0⟩ =
√
p |ψgood⟩+

√
1− p |ψbad⟩ ,

where p = P(good)1. Here |ψgood⟩ and |ψbad⟩ are orthonormal. We do not have direct access to
|ψgood⟩, but would like to obtain a state that has a large overlap with |ψgood⟩.

In the problem of unstructured search, |ψgood⟩ = |x0⟩, and p = 1/N . Although we do not have
access to the answer |x0⟩, we assume access to the reflection oracle Rgood, which in this case is Rx0 .
In general, we assume access to the reflection oracle defined by

(11.27) Rgood = I − 2|ψgood⟩⟨ψgood|.
From Uψ0

, we can construct the reflection with respect to the initial state

(11.28) Rψ0 = 2|ψ0⟩⟨ψ0| − I = Uψ0(2|0n⟩⟨0n| − I)U
†
ψ0
,

via an n-qubit controlled phase flip. So following exactly the same procedure as the unstructured
search problem, we can construct the Grover iterate

(11.29) G = Rψ0Rgood.

For a suitable integer k = O(1/√p), applying Gk to |ψ0⟩ yields a state with constant overlap with
|ψgood⟩.

Example 11.4 (Reflection with respect to signal qubits). One common scenario is that the imple-
mentation of Uψ0

requires m ancilla qubits (also called signal qubits), i.e.,

(11.30) Uψ0 |0m⟩ |0n⟩ =
√
p |0m⟩ |ψ⟩+

√
1− p |⊥⟩ ,

where |⊥⟩ is some orthogonal state satisfying

(11.31) (Π⊗ I) |⊥⟩ = 0, Π = |0m⟩⟨0m|.
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Therefore

(11.32) |ψgood⟩ = |0m⟩ |ψ⟩ , |ψbad⟩ = |⊥⟩ .

This setting is special since the “good” state can be verified by measuring the ancilla qubits after
applying Uψ0

in Eq. (11.30), and post-select the outcome 0m. In particular, the expected number
of measurements needed to obtain |ψgood⟩ is 1/p.

In order to employ the AA procedure, we first note that the reflection operator can be simplified
as

(11.33) Rgood = (I − 2|0m⟩⟨0m|)⊗ I.

This is because |ψgood⟩ can be entirely identified by measuring the ancilla qubits. Meanwhile

(11.34) Rψ0
= Uψ0

(2|0m+n⟩⟨0m+n| − I)U†
ψ0
.

Let G = Rψ0
Rgood. For a suitable integer k = O(1/√p), applying Gk to Uψ0

|0m+n⟩ yields a state
with constant overlap with |ψgood⟩. This achieves the desired quadratic speedup. ⋄

Example 11.5. Consider an algorithm that incorporates multiple intermediate measurements,
where success is determined by measuring all ancilla qubits to yield 0. One example is the multipli-
cation of block encodings in Section 9.3. Let the probability of success at the i-th stage (conditioned
on the previous stages being successful) be denoted as pi. Therefore, the cumulative probability of
achieving all 0s across stages is p = p1 × · · · × pL, and the number of repetitions needed for success
is O(1/p). By the principle of deferred measurement, one can transform this into a coherent process
by using L−1 additional ancilla qubits. This enables the construction of a reflection operator acting
on the L signal qubits. Applying amplitude amplification then reduces the number of repetitions
to O(1/√p).
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· · ·

· · ·

|0⟩
U1 U2 UL

|ψ⟩

· · ·

· · ·

· · ·

· · ·

· · ·

|0⟩

|0⟩

...

|0⟩
U1 U2 UL

|ψ⟩

Figure 11.2. Using deferred measurement to coherently implement an algorithm
that incorporates multiple intermediate measurements. This allows us to use the
amplitude amplification procedure to reduce the number of repetitions.

⋄

Example 11.6 (Compression gadget). Fig. 11.2 uses L− 1 ancilla qubits to coherently implement
an algorithm that incorporates multiple intermediate measurements. It turns out that the number
of ancilla qubits can be significantly reduced to O(logL).

To do this we introduce a counter register to count how many intermediate measurements are
successful. This counter register contains m = ⌈log2(L+1)⌉ qubits, so it represents integers modulo
M := 2m. We introduce a unitary operator ADD on this register defined as

(11.35) ADD |c⟩ = |(c+ 1) modM⟩ .

This operator can be implemented as a classical arithmetic circuit, and performs addition modulo
M . Correspondingly ADD† performs subtraction. We first add L to the counter register, subtract
by 1 each time a measurement result is successful. In the end, if all steps are successful the
counter register will be in the state |0m⟩. The circuit construction for the above coherent procedure
is described in Fig. 11.3. Then we may apply amplitude amplification to enhance the success
probability using O(1/√p) repetitions of the coherent circuit.
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· · ·

· · ·

· · ·

|0m⟩ ADDL ADD† ADD† ADD†

|0⟩
U1 U2 UL

|ψ⟩

Figure 11.3. Circuit for compression gadget to coherently implement an algo-
rithm that incorporates multiple intermediate measurements. The counter regis-
ter, containing m = ⌈log2(L+1)⌉ qubits, is used for keeping track of whether each
measurement is successful. The ADD circuit implements addition by 1 modulo the
smallest power of 2 that is larger than or equal to L+ 1.

⋄

11.3. Oblivious amplitude amplification

Example 11.7 (Oblivious amplitude amplification). Assume that we have access to a block encod-
ing V ∈ BEγ,a(U), where U ∈ U(N). Then V serves as a (1, a)-block encoding of A = U/γ. When
V is applied to a state vector |ψ⟩, the postselected vector is U |ψ⟩ /γ. If we would like to apply
amplitude amplification to boost the success probability, it requires access to a reflection operator
with respect to the initial state |ψ⟩. However, since U is unitary, we can achieve this reconstruction
without relying on the initial state (thus the name “oblivious”). This means U can be reconstructed
only using multiple applications of V and V †.

The key observations are (1) the set of singular values of A is a single point {γ−1}, and (2) for
any unitary matrix, U(U†U) = U . In particular, the singular value transformation of A using any
odd polynomial f satisfies

(11.36) f⋄(A) = f(γ−1)U.

If we can choose an odd polynomial such that f(γ−1) = ±1, then f⋄(A) = ±U . This process only
uses reflections with respect to the a ancilla qubits used to block encode A, and is oblivious with
respect to the initial state.

Consider the case γ = 2 first. Note that the third order Chebyshev polynomial T3(x) = 4x3−3x
satisfies T3( 12 ) = −1. So up to a phase we only need to implement T ⋄

3 (A), which can be performed
using qubitization without invoking LCU, see Fig. 11.4.

|0a⟩
V

ZΠ

V †

ZΠ

V

|ψ⟩

Figure 11.4. Circuit for implementing the oblivious amplitude amplification with
V ∈ BE2,a(U) for a unitary matrix U . This implements T ⋄

3 (U/2) = −U .
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What about a more general γ? Focusing on odd polynomials, and using the fact that T2k+1(x) =
cos((2k + 1) arccos(x)), if γ satisfies, for some k ∈ N,

(11.37) γ−1 = sin
π

2(2k + 1)
.

Then
(11.38)

T2k+1(γ
−1) = cos

(
(2k + 1) arccos(γ−1)

)
= cos

(
(2k + 1)

(
π

2
− π

2(2k + 1)

))
= cos(kπ) = (−1)k.

Therefore oblivious amplitude amplification can be achieved using qubitization, which implements
T ⋄
2k+1(U/γ) = (−1)kU . This uses k + 1 queries to V and k queries to V †. In particular, when
k = 1, we have γ−1 = sin π

6 = 1
2 . Fig. 11.5 plots the polynomials and choice of γ−1 for T2k+1(x) for

k = 1, 2, 3.

Figure 11.5. Chebyshev polynomials (lines) and associated choice of γ−1 (filled
dots) used for oblivious amplitude amplification.

⋄

11.4. Oblivious amplitude amplification of quantum channels

We follow the Kraus and Stinespring formalisms introduced in Section 3.2.
Let Q : L(CN )→ L(CN ) be a quantum channel. Fix a Kraus representation

(11.39) Q(ρ) =
∑

m∈[M ]

KmρK
†
m,
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where Km ∈ CN×N and
∑
m∈[M ]K

†
mKm = I. From Theorem 3.20, the associated Stinespring

isometry V : CN → CM ⊗ CN may be written as

(11.40) V =
∑

m∈[M ]

|m⟩ ⊗Km,

where the |m⟩ register is the environment A ∼= CM , so that Q(ρ) = TrA[V ρV
†].

Assume that M = 2a (otherwise pad the Kraus family with zero operators), and that we have
a coherent “select” oracle that applies a block encoding of the chosen Kraus operator. Concretely,
suppose we can implement

(11.41) USEL =
∑
m

|m⟩⟨m| ⊗ UKm
, UKm

∈ BEα,b(Km),

so that, on input |ψ⟩ |0b⟩ and upon postselecting the b ancillas back to |0b⟩, UKm
implements Km/α

on |ψ⟩. Then we can construct a block encoding of the Stinespring isometry V as

(11.42) W = USEL

(
H⊗a⊗Ib+n

)
.

More precisely, for any n-qubit state |ψ⟩, if the a-qubit register is initialized to |0a⟩ and we postselect
the b ancillas to |0b⟩, then

(11.43) (⟨0b| ⊗ I)(W )(|0a⟩ ⊗ |ψ⟩ ⊗ |0b⟩) = 1

α
√
M

V |ψ⟩ .

Post select

|0a⟩ H⊗a

= 1
α
√
M
V

|ψ⟩
UKm

|0b⟩

Figure 11.6. Circuit for implementing (a scaled version of) the Stinespring isom-
etry of a quantum channel given the block encoding of its Kraus operators.

Recall the construction of the oblivious amplitude amplification in Section 11.3. If we can
choose α

√
M to satisfy the condition

(11.44) (α
√
M)−1 = sin

π

2(2k + 1)
,

for some k ∈ N, then we can apply the same Chebyshev-based construction (interleaving W,W †

with the reflections ZΠ as in Section 11.3) to amplify the success probability. Although V is not
unitary, this construction applies because V is an isometry, so all its nonzero singular values equal
1 and hence the nonzero singular values of V/(α

√
M) are all equal to (α

√
M)−1. With the choice

above, the resulting transformation maps this singular value to ±1, yielding a unitary U (up to an
overall phase) such that, on input |0a⟩ |ψ⟩ |0b+1⟩, the b + 1 ancillas are returned to |0b+1⟩ and the
induced map on the remaining registers is V |ψ⟩. In particular, the postselection on the b ancillas
is eliminated.
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As a result, we obtain an efficient implementation of the quantum channel

(11.45) Q(ρ) = Tra′
[
U(|0a

′
⟩⟨0a

′
| ⊗ ρ)U†

]
,

where the partial trace is over the a′ = a+ b+ 1 ancillas. This construction is called the oblivious
amplitude amplification of quantum channels.

11.5. Lower bound of query complexity

Notes and further reading

Grover’s algorithm [Gro96] achieves a quadratic speedup in query complexity for searching
unsorted databases in the black-box model. However, the implications for gate complexity are more
nuanced: whether a speedup in query complexity translates into an overall gate-level advantage
depends on the cost of implementing the oracle, as well as on the overhead of state preparation
and reflection operations. This dependence is model-specific and often function-dependent. A
universally recognized instance where Grover-type search yields a clear asymptotic advantage in
gate complexity over the best classical approach has not been established so far.

The lower bound in Section 11.5 is a hybrid argument showing that Ω(
√
N) queries are neces-

sary, matching Grover’s O(
√
N) upper bound up to constants. Alternative lower-bound techniques

include the polynomial method [BBC+01], which relates query complexity to the degree of a poly-
nomial representing (or approximating) the acceptance probability and connects, for symmetric
functions, to classical approximation theory such as [Pat92]. The adversary method provides an-
other approach and admits several equivalent formulations; see [SS04, HLS07].
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CHAPTER 17

Quantum Walks

Classical random walks and Markov chain Monte Carlo methods are powerful tools for design-
ing randomized algorithms, with applications including sampling, optimization, and approximate
counting. A motivating example comes from the early internet: to rank the importance of a website,
one could start at a well-known site and walk randomly by following links with equal probability.
The probability that this random walk visits a particular site reflects its importance within the
network. This intuition underlies Google’s PageRank algorithm.

Quantum walks provide a natural quantum generalization of classical random walks and have
been employed to design quantum algorithms that outperform their classical counterparts in several
scenarios. We focus on reversible Markov chains because they admit a Hermitian representation via
the discriminant matrix. This allows tools from block encoding, qubitization, and phase estimation
to act directly on the quantized version of the walk dynamics.

We then discuss continuous-time quantum walks, where the graph adjacency matrix defines a
Hamiltonian and the quantum state evolves via Schrödinger dynamics. We introduce the glued trees
problem which demonstrates an exponential query separation. In this example, classical random
walks become trapped near the graph center with exponentially small probability of reaching the
exit, while continuous-time quantum walks exhibit coherent transport through the column space
and reach the exit in polynomial time.

17.1. Markov chains and classical random walks

We first review basic notions in Markov chains and present them in a form that aligns naturally
with a quantum formulation. We then construct block encodings of the associated discriminant
matrix and use them to generalize classical walks to quantum walks.

Definition 17.1 (Markov chain). Let G = (V,E) be a graph consisting of a vertex set V and a
(possibly directed) edge set E. A Markov chain on V is a sequence of random variables X1, X2, . . .
taking values in V such that, for any step t ≥ 1 and any i, j ∈ V ,

(17.1) P(Xt+1 = i | Xt = j) = Pij .

Equivalently, the transition matrix is

(17.2) P =
∑

(i,j)∈E

Pij |i⟩⟨j|,

which is column-stochastic (left stochastic), namely
∑
i Pij = 1 for all j and Pij ≥ 0.

Example 17.2. Markov chains also provide a flexible mechanism for sampling and optimization
via Markov chain Monte Carlo. For instance, consider an Ising model on a graph G, written as a

175
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Hamiltonian

(17.3) H =
∑

(x,y)∈G

hxyZxZy.

Finding a computational basis state |x⟩ that minimizes ⟨x|H |x⟩ is difficult in general, and decision
versions are NP-hard [Bar82]. A standard workaround is to construct a walk on bit strings that
favors lower energy configurations. One simple instance proposes a neighboring string y obtained
by flipping a random bit of x, and accepts the move according to the Metropolis rule with inverse
temperature β > 0:

(17.4) P(y|x) =

{
1 ⟨x|H |x⟩ ≥ ⟨y|H |y⟩ ,
eβ(⟨x|H|x⟩−⟨y|H|y⟩) otherwise.

A primary quantity of interest for algorithms based on Markov chains is the stationary distri-
bution of the Markov chain, which is an eigenvector π of the transition matrix P with eigenvalue
1:

(17.5)
∑
j

Pijπj = πi, πi ≥ 0,
∑
i

πi = 1.

⋄

The stationary distribution does not need to be unique. For instance, assume that P has a
unique stationary distribution of a random walk. Then the direct sum of the two transition matrices
P ′ = P ⊕P clearly has two such eigenvectors. In fact, this situation is quite natural: it corresponds
to two random walks taking place on separate disconnected graphs.

A Markov chain is called irreducible if for any two states x, y ∈ V there exists a t ∈ N such
that [P t]x,y > 0. An irreducible Markov chain is aperiodic if there exists no integer greater than
one that divides the length of every directed cycle of the graph. A matrix A is called positive if all
of its entries are positive. For a finite, irreducible and aperiodic Markov chain, there exists t ∈ N
such that P t is positive.

To proceed further, we first introduce the Perron–Frobenius theorem.

Theorem 17.3 (Perron–Frobenius for positive matrices). Let A ∈ RN×N be a positive matrix,
then it has a unique maximal eigenvalue λ equal to its spectral radius ρ(A). The corresponding
eigenvector v can be chosen to have positive entries, i.e., vi > 0 for all i, and is unique up to
scaling.

Using the Perron–Frobenius theorem, we readily obtain the following result. The parameter γ
in Corollary 17.4 is called the spectral gap.

Corollary 17.4. Let P be the transition matrix of a finite, irreducible and aperiodic Markov chain.
Then it has a unique stationary distribution π with eigenvalue 1. Moreover, there exists γ > 0 such
that every eigenvalue λ ̸= 1 of P satisfies |λ| ≤ 1− γ.

Proof. From the assumptions, there exists t ∈ N such that P t is a positive matrix. Let π be
the eigenvector of P t corresponding to the unique maximal eigenvalue with positive entries. Since
P t is column-stochastic,

(17.6)
∑
ij

(P t)ijπj =
∑
j

πj .

Therefore the corresponding eigenvalue is 1. We may normalize π so that
∑
i πi = 1.
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From

(17.7) P t(Pπ) = P (P tπ),

we find that Pπ is also an eigenvector of P t with eigenvalue 1. By the uniqueness of the eigenvector,
we have Pπ = π, i.e., π is the unique stationary distribution of P . By Perron–Frobenius, all other
eigenvalues of P t have absolute value strictly less than 1, so there exists γ′ > 0 such that they are
all bounded in absolute value by 1− γ′. Therefore if there is an eigenvector v of P with eigenvalue
λ ̸= 1, then v is an eigenvector of P t and |λ|t ≤ 1 − γ′. The result then follows once we define
1− γ = (1− γ′)1/t. □

Remark 17.5. For a finite Markov chain, irreducibility and aperiodicity together imply that the
chain is ergodic. This means the chain admits a unique stationary distribution π, the distribution
of Xn converges to π as n → ∞ for any initial state, and time averages converge to expectations
with respect to π.

A state x is said to be positive recurrent if the expected return time to x, starting from x,
is finite; that is, Ex[Tx] < ∞, where Tx is the first return time to x. A Markov chain is positive
recurrent if all of its states are positive recurrent.

In the finite case, irreducibility and aperiodicity imply positive recurrence, so no additional
assumptions are needed for ergodicity. For an infinite Markov chain, however, positive recurrence
must be explicitly assumed in addition to irreducibility and aperiodicity in order for the chain to
be ergodic. In what follows, we will not discuss infinite Markov chains. ⋄

Throughout most of this chapter, we will study a narrower family of Markov chains known as
reversible Markov chains, where there is always the possibility of a backwards transition for the
walker to return to where it came from.

Definition 17.6 (Reversibility and detailed balance). A Markov chain acting on a graph G is
reversible if it has a stationary distribution π that satisfies the detailed balance condition:

(17.8) Py,xπx = Px,yπy, ∀x, y ∈ V.

Reversibility is, unfortunately, a difficult property to test because it requires one to find the
stationary distribution and then test to see if there exists even one edge in the graph that violates
the detailed balance condition. Despite this, reversibility is common for Markov chain algorithms
and assuming that this property holds will be vital for our understanding of classical walks and in
turn Szegedy’s generalization of these ideas to quantum walks.

We define the discriminant matrix associated with a Markov chain as

(17.9) D =
∑
ij

√
PijPji|i⟩⟨j|,

which is real symmetric and hence Hermitian. For a reversible Markov chain, the stationary state
can be encoded as an eigenvector of D. This is shown in the following proposition.

Proposition 17.7 (Discriminant matrix of a reversible Markov chain). For a finite, irreducible,
aperiodic and reversible Markov chain, the coherent version of the stationary state

(17.10) |π⟩ =
∑
i

√
πi |i⟩

is a normalized eigenvector of the discriminant matrix D satisfying

(17.11) D |π⟩ = |π⟩ .
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Furthermore, we have

(17.12) D = diag(
√
π)P⊤ diag(

√
π)−1 = diag(

√
π)−1P diag(

√
π).

Therefore the set of eigenvalues of P and the set of the eigenvalues of D are the same.

Proof. Direct computation shows

(17.13) ⟨i|D |π⟩ =
∑
j

√
PijPjiπj =

∑
j

Pji
√
πi =

√
πi.

In the second equality we use the detailed balance condition, and the third equality uses the left
stochasticity of P . Therefore |π⟩ is an eigenvector of D with eigenvalue 1.

Next we will proceed to prove (17.12):
(17.14)

diag(
√
π)P⊤ diag(

√
π)−1 =

∑
ij

√
πi√
πj
Pji|i⟩⟨j| =

∑
ij

√
Pjiπi√
Pijπj

√
PijPji|i⟩⟨j| =

∑
ij

√
PijPji|i⟩⟨j| = D.

Here we again use the detailed balance condition. Similarly
(17.15)

diag(
√
π)−1P diag(

√
π) =

∑
ij

√
πj√
πi
Pij |i⟩⟨j| =

∑
ij

√
Pijπj√
Pjiπi

√
PijPji|i⟩⟨j| =

∑
ij

√
PijPji|i⟩⟨j| = D.

□

Since the discriminant matrix is real and symmmetric, D is diagonalizable with real eigenvalues
and orthogonal eigenvectors

(17.16) D |vj⟩ = λj |vj⟩ , ⟨vj |vk⟩ = δjk.

Proposition 17.7 immediately implies that the transition matrix P corresponding to a reversible
Markov chain is also diagonalizable as P |λj ≻= λj |λj ≻. Here the (unnormalized) eigenvectors |λj ≻
can be chosen as

(17.17) |λj ≻= diag(
√
π) |vj⟩ .

We will further order the eigenvalues {λj} following a non-increasing order with λ0 = 1 and |v0⟩ =
|π⟩. Then |λ0 ≻= π.

Proposition 17.8. Let P be the transition matrix that corresponds to a finite, irreducible, aperiodic
and reversible Markov chain on a graph G = (V,E) with spectral gap γ. Let π be the unique
stationary distribution. Then from any initial distribution ρ, for any δ > 0, there exists a positive
integer t∗ such that

(17.18)
∥∥P tρ− π∥∥

1
≤ δ, t > t∗

where

(17.19) t∗ =

⌈
log

(√
|V |/mini πi

δ

)
/ log

(
1

1− γ

)⌉
.



17.1. MARKOV CHAINS AND CLASSICAL RANDOM WALKS 179

Proof. Because P is diagonalizable with real eigenvalues {λj}|V |−1
j=0 , using Eq. (17.16), we can

express the probability vector ρ in the eigenbasis of P as

(17.20) ρ =

|V |−1∑
j=0

αj |λj ≻=
|V |−1∑
j=0

αj diag(
√
π) |vj⟩ .

Here we set λ0 = 1 and |λ0 ≻= π, and we define the spectral gap γ by 1 − γ := maxj≥1 |λj |. We
then have

(17.21) αj = ⟨vj |diag(
√
π)−1ρ⟩ .

In particular,

(17.22) α0 =
∑
i

ρi = 1,

For any positive integer t,

(17.23) P tρ = π +

|V |−1∑
j=1

αjλ
t
j diag(

√
π) |vj⟩ .

Then using the Cauchy-Schwarz inequality,

(17.24)
∥∥diag(√π) |vj⟩∥∥1 ≤√∑

i

πi ∥vj∥ = 1,

and

(17.25) ∥P tρ− π∥1 ≤
|V |−1∑
j=1

|αj ||λj |t ≤ (1− γ)t
|V |−1∑
j=1

|αj | ≤ (1− γ)t
√
|V |

√√√√|V |−1∑
j=1

|αj |2.

Furthermore by the resolution of the identity and the fact that {|vj⟩} is an orthonormal basis,

(17.26)
|V |−1∑
j=1

|αj |2 ≤
|V |−1∑
j=1

⟨diag(
√
π)−1ρ|vj⟩ ⟨vj |diag(

√
π)−1ρ⟩ ≤

∑
i

ρ2iπ
−1
i ≤

∑
i ρi

mini πi
=

1

mini πi
,

we obtain

(17.27) ∥P tρ− π∥1 ≤ (1− γ)t
√
|V |

mini πi
.

For the total variation distance to be at most δ, it suffices to take

(17.28) t ≥
log(

√
|V |/mini πi

δ )

log
(

1
1−γ

) .

□

Using the fact that 1
log 1

1−γ

≈ 1
γ when γ is small, we find that the time t∗ is inversely proportional

to the spectral gap γ.
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Example 17.9. Consider the problem of trying to escape from the maze on the hypertorus that
we will think of as a graph G = (V,E) where V is the vertex set and E is the edge set. Assume that
the hypertorus has a uniform length of L (for some prime number L > 2 for simplicity to satisfy
aperiodicity) in each direction, and thus |V | = Ld. The walker can move in each of the 2d cardinal
directions for the hypertorus in d spatial dimensions. Let dist(x, y) be the graph distance between
nodes x and y in the hypertorus. Specifically dist(x, y) = 1 if there exists elementary unit vector
ez such that y = x± ez. We then can write the transition probabilities as

(17.29) P (x, y) =

{
1
2d if dist(x, y) = 1

0 otherwise

In this case we can see by symmetry that because each vertex in the graph is equivalent to every
other vertex in the graph the stationary distribution π can be written as

(17.30) π = [|V |−1, |V |−1, . . . , |V |−1].

The fact that it is stationary immediately follows because Pπ = π. Next we have for the distribution
that for any x, y ∈ V such that dist(x, y) = 1,

(17.31) Py,xπx =
|V |−1

2d
= Px,yπy.

Thus the detailed balance condition is satisfied and the walk is reversible.
Since P is symmetric, the discriminant matrix D = P and can be written as

(17.32) D =
∑
i1

1

2d
(|i1⟩⟨i1 + 1|+ |i1 + 1⟩⟨i1|)⊗ I + I ⊗

∑
i2

1

2d
(|i2⟩⟨i2 + 1|+ |i2 + 1⟩⟨i2|)⊗ I + · · ·

As shown earlier during our discussion of the Fourier transform, we can diagonalize such operators
using the discrete Fourier transform on ZL. In particular,
(17.33)

DFT⊗dD
(
DFT†

)⊗d
=

1

d

∑
k1,...,kd∈{0,...,L−1}

|k1 . . . kd⟩⟨k1 . . . kd|
(
cos(2πk1/L) + · · ·+ cos(2πkd/L)

)
.

The largest eigenvalue occurs when k1 = k2 = · · · = kd = 0 and the state with the second largest
eigenvalue occurs when only one of the kν = 1 or L− 1. Thus we have that

(17.34) γ =
1− cos(2π/L)

d
=

2 sin2(π/L)

d
.

The number of steps needed for the walk to approach the stationary distribution within ℓ1 distance
δ is thus approximately

(17.35)
1

γ
log

(√
|V |/mini πi

δ

)
=

1

γ
log

(
|V |
δ

)
= O

(
dL2 log(|V |/δ)

)
.

⋄

17.2. Block encoding of the discriminant matrix

Now that we have discussed the fundamentals of Markov Chains, we can examine how we
would implement such a walk on a quantum computer. The simplest approach to do this is to
build a block encoding of the discriminant matrix. This block-encoding can then be used to sample
from the stationary distribution for the Markov chain. This allows us to represent the non-unitary
process as a block of a larger unitary matrix.
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Our first goal in the encoding of the elements of the Markov chain is to build a circuit that
gives access to the entries of the transition matrix P . Assume that we have access to an oracle OP
that will construct a weighted superposition over all the neighbors of a vertex j in the graph as
follows:

(17.36) OP |0n⟩ |j⟩ =
∑
k

√
Pkj |k⟩ |j⟩ .

Since P is a left stochastic matrix, the right hand side is already a normalized vector. Hence the
map defined by Eq. (17.36) is an isometry and can be extended to a unitary OP without introducing
an additional signal qubit. We also need the n-qubit SWAP operation:

(17.37) SWAP |i⟩ |j⟩ = |j⟩ |i⟩ ,

which swaps the value of the two registers in the computational basis, and can be directly imple-
mented using n SWAP operations between two qubits, and in turn 3n CNOT operations. The role
of the SWAP operation is to easily prepare D =

∑
ij

√
PijPji|i⟩⟨j| from (17.9), since we need to

ensure that the Pij elements get paired with their transposes. This pairing is guaranteed by the
use of a SWAP operation as seen in the following proposition.

Proposition 17.10. Let D be a discriminant matrix associated with a transition matrix P ∈ RN×N

with N = 2n, then the following circuit provides a Hermitian block encoding of the matrix D via
(⟨0n| ⊗ I)UD(|0n⟩ ⊗ I) = D where

UD :=

|0n⟩

OP SWAP O†
P

|j⟩

Proof. Clearly UD is unitary and Hermitian. Now we compute as before

(17.38) |0n⟩ |j⟩ OP−−→
∑
k

√
Pkj |k⟩ |j⟩

SWAP−−−−→
∑
k

√
Pkj |j⟩ |k⟩ .

Meanwhile

(17.39) |0n⟩ |i⟩ OP−−→
∑
k′

√
Pk′i |k′⟩ |i⟩ .

So the inner product gives

(17.40) ⟨0n| ⟨i|UD |0n⟩ |j⟩ =
∑
k,k′

√
Pk′iPkjδj,k′δi,k =

√
PjiPij = Dij .

This proves the claim. □

How can we use this to solve a computational problem? Since D is a Hermitian matrix, it can
be viewed as a Hamiltonian. This implies that we can use an algorithm such as quantum phase
estimation to project onto the principal eigenvector corresponding to the equilibrium distribution
π.
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Proposition 17.11. Let P ∈ RN×N be the transition matrix that corresponds to a finite, irre-
ducible, aperiodic and reversible Markov chain, and let π be the stationary distribution and |π⟩ be
the coherent version of the distribution. Assume that we are provided a quantum state |ψ⟩ ∈ CN
such that | ⟨ψ|π⟩ | ≥

√
1− δ2. Let γ > 0 be the spectral gap of P . Then for any ϵ > 0 and 0 < δ < 1,

there exists a quantum algorithm that can prepare a state |π̃⟩ such that | ⟨π|π̃⟩ | ≥ 1− ϵ with success
probability at least 1− 3δ2/2 using

(17.41) O
(
log(1/(ϵγ)) log(1/δ)

γ

)
queries to OP and O†

P .

Proof. According to Proposition 17.7, the spectral gap of P is equal to the gap between the
largest eigenvalue and the next largest eigenvalue of the discriminant matrix D.

As D is a Hermitian matrix with ∥D∥ ≤ 1, we can implement a unitary W such that ∥W −
e−iDπ/2∥ ≤ ϵ0 using

(17.42) CW = O
(
1 +

log(1/ϵ0)

log log(1/ϵ0)

)
queries to a block encoding of D. By Proposition 17.10, implementing such a block encoding uses
O(1) calls to OP and O†

P .
Phase estimation with precision O(γ) distinguishes the principal eigenphase (corresponding to

the eigenvalue 1 of D) from the rest of the spectrum using O(1/γ) controlled applications of W .
Using statistical amplification, achieving failure probability at most δ2/2 for this discrimination
step incurs an additional factor O(log(1/δ)).

Since | ⟨ψ|π⟩ |2 ≥ 1− δ2, the probability of not projecting onto |π⟩ due to the initial overlap is
at most δ2. Therefore, by the union bound, the overall probability of failure is at most δ2 + δ2/2 =
3δ2/2.

As a last step, we need to discuss the quality of the eigenstate that we prepare. Here we note
that the eigenvalue 1 of D is simple for the equilibrium distribution. Using eigenvector perturbation
bounds for a simple eigenvalue, we find that

(17.43) 1− | ⟨π|π̃⟩ | = O(ϵ0/γ).

Therefore it suffices to choose ϵ0 = Θ(ϵγ).
Combining the above bounds yields an overall query complexity of

(17.44) O
(
log(1/(ϵγ)) log(1/δ)

γ

)
in calls to OP and O†

P . □

This shows that we can prepare the stationary distribution using quantum phase estimation
(QPE), providing an alternative to the classical approach of iteratively applying the transition
matrix. However, as Proposition 17.8 indicates, the overall cost of this quantum method remains
comparable to that of classical algorithm (with respect to the gap γ). This motivates a deeper
question: can we truly accelerate convergence using quantum analogues of Markov chains? We
will see that it is possible to quadratically amplify the spectral gap, thereby demonstrating that
quantum effects can fundamentally speed up the mixing of Markov processes.
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17.3. Szegedy’s quantum walk and qubitization

For a Markov chain defined on a graph G = (V,E) with |V | = N = 2n, Szegedy constructed
the following quantum walk operator [Sze04], which can be used to achieve quadratic speedup for
a range of problems, using a strategy similar to that in Grover type algorithms in Chapter 11. For
any input vertex j, we construct a state OP |0n⟩ |j⟩, which is the coherent version of the probability
distribution over the neighboring vertices of j according to the transition matrix P . It then swaps
the role of the outgoing and incoming vertices: SWAP ·OP |0n⟩ |j⟩. These operators are exactly the
same ones used above for block encoding the discriminant matrix D. However, as we will see below,
after re-arranging the terms, we can quadratically increase the effective gap of the Markov chain.
This means that we can achieve a fundamental advantage by using quantum as opposed to classical
walks to solve problems.

Using the OP oracle in Eq. (17.36) and the multi-qubit SWAP gate, we can define two sets of
quantum states

|ψ1
j ⟩ = OP |0n⟩ |j⟩ =

∑
k

√
Pkj |k⟩ |j⟩ ,

|ψ2
j ⟩ = SWAP(OP |0n⟩ |j⟩) =

∑
k

√
Pkj |j⟩ |k⟩ .

(17.45)

This gives rise to two 2n-qubit projection operators and reflection operators

(17.46) Πl =
∑
j∈[N ]

|ψlj⟩ ⟨ψlj | , RΠl
= 2Πl − I2n, l = 1, 2.

Using the resolution of identity, the reflection operators can also be written as

(17.47) RΠ1
= OP (ZΠ ⊗ In)O†

P , ZΠ := 2|0n⟩⟨0n| − In.
Similarly

(17.48) RΠ2
= SWAPOP (ZΠ ⊗ In)O†

P SWAP .

Szegedy’s quantum walk operator is defined as the product of these two reflection operators

(17.49) UZ = RΠ2RΠ1 ,

which is a rotation operator that resembles that in Grover’s algorithm.
We first note that

(17.50) O†
PUZOP =

(
O†
P SWAPOP (ZΠ ⊗ In)

)2
=: O2

Z ,

where the circuit for OZ := O†
P SWAPOP (ZΠ⊗In) is shown in Fig. 17.1 and is often called the walk

operator. Let UD = O†
P SWAPOP be the Hermitian block encoding of D in Proposition 17.10.

Compare this with Fig. 10.1, we find that the walk operator OZ is exactly the qubitization circuit
associated with the block encoding of D. Therefore, Szegedy’s quantum walk operator is the same
as a block encoding of T2(D), up to a matrix similarity transformation, where T2(x) = 2x2−1 is the
2nd order Chebyshev polynomial. Furthermore, the matrix power O2k

Z provides a block encoding
of the Chebyshev matrix polynomial T2k(D).

From the eigendecomposition D |vi⟩ = λi |vi⟩, for each |vi⟩, the associated basis in the 2-
dimensional subspace is Bi = {|0n⟩ |vi⟩ , |⊥i⟩}. Then the qubitization procedure gives

(17.51) [OZ ]Bi =

(
λi −

√
1− λ2i√

1− λ2i λi

)
.
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|0n⟩ ZΠ

OP SWAP O†
P

|ψ⟩

Figure 17.1. Circuit implementing one step of the OZ operator which corresponds
to the Szegedy walk. This circuit is precisely the same form of the circuit to that
used in qubitization-based simulation algorithms.

The eigenvalues of OZ in the 2× 2 matrix block are

(17.52) e±i arccos(λi).

This relation is important for the following reasons. By Proposition 17.7, if a Markov chain is
reversible and ergodic, the eigenvalues of D and P are the same. In particular, the largest eigenvalue
of D is unique and is equal to 1, and the second largest eigenvalue of D is 1 − γ, where γ > 0 is
called the spectral gap. Since arccos(1) = 0, and arccos(1 − γ) ≈

√
2γ, we find that the spectral

gap of OZ on the unit circle is in fact O(√γ) instead of O(γ). This is called the spectral gap
amplification.

The discussion so far has focused on reversible Markov chains. However, Szegedy’s quantum
walk framework can also be applied to irreversible chains. As demonstrated in the example below,
the quantum walk operator is constructed from the discriminant matrix of an irreversible chain.
While the spectrum of the discriminant matrix generally differs from that of the original transition
matrix, it still encodes useful information. In particular, by comparing the spectra of discriminant
matrices for graphs with and without a marked vertex, one can determine the existence of a marked
vertex.

Example 17.12 (Determining whether there is a marked vertex in a complete graph). Let G =
(V,E) be a complete graph of N = 2n vertices. We would like to distinguish the following two
scenarios:

(1) All vertices are the same, and the random walk is given by the transition matrix

(17.53) P =
1

N
ee⊤, e = (1, . . . , 1)⊤.

(2) There is one marked vertex. Without loss of generality we may assume this is the 0-th
vertex (of course we do not have access to this information). In this case, the transition
matrix is

(17.54) P̃ij =

{
δi0, j = 0,

Pij , j > 0.

In other words, in the case (2), the random walk will stop at the marked index. The transition
matrix can also be written in the block partitioned form as

(17.55) P̃ =

(
1 1

N ẽ
⊤

0 1
N ẽẽ

⊤

)
.

Here ẽ is an all 1 vector of length N − 1.
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For the random walk defined by P , the stationary state is π = 1
N e, and the spectral gap is 1.

For the random walk defined by P̃ , the stationary state is π̃ = (1, 0, . . . , 0)⊤, and the spectral gap
is γ = N−1. Starting from the uniform state π (as a column vector), the probability distribution
after k steps of random walk is P̃ kπ. This converges to the stationary state of P̃ , and hence reach
the marked vertex after O(N) steps of walks.

These properties are also inherited by the discriminant matrices, with D = P and

(17.56) D̃ =

(
1 0
0 1

N ẽẽ
⊤

)
.

To distinguish the two cases, we are given a Szegedy quantum walk operator called O, which
can be either OZ or ÕZ , which is associated with D, D̃, respectively. The initial state is

(17.57) |ψ0⟩ = |0n⟩ (H⊗n |0n⟩).
Our strategy is to measure the expectation

(17.58) mk = ⟨ψ0|Ok|ψ0⟩ ,
which can be obtained via the Hadamard test.

Before determining the value of k, first notice that if O = OZ , then OZ |ψ0⟩ = |ψ0⟩. Hence
mk = 1 for all values of k.

On the other hand, if O = ÕZ , we use the fact that D̃ only has two nonzero eigenvalues 1 and
(N − 1)/N = 1 − γ, with associated eigenvectors denoted by |π̃⟩ and |ṽ⟩ = 1√

N−1
(0, 1, 1 . . . , 1)⊤,

respectively. Furthermore,

(17.59) |ψ0⟩ =
1√
N
|0n⟩ |π̃⟩+

√
N − 1

N
|0n⟩ |ṽ⟩ .

Due to qubitization, we have

(17.60) ÕkZ |ψ0⟩ =
1√
N
|0n⟩Tk(1) |π̃⟩+

√
N − 1

N
|0n⟩Tk(1− γ) |ṽ⟩+ |⊥⟩ ,

where |⊥⟩ is an unnormalized state satisfying (|0n⟩ ⟨0n|)⊗ In |⊥⟩ = 0. Then using Tk(1) = 1 for all
k, we have

(17.61) mk =
1

N
+

(
1− 1

N

)
Tk(1− γ).

Use the fact that Tk(1 − γ) = cos(k arccos(1 − γ)), in order to have Tk(1 − γ) ≈ 0, the smallest k
satisfies

(17.62) k ≈ π

2 arccos(1− γ)
≈ π

2
√
2γ

=
π
√
N

2
√
2
.

Therefore taking k = ⌈π
√
N

2
√
2
⌉, we have mk ≈ 1/N . Running Hadamard’s test to constant accuracy

allows us to distinguish the two scenarios.
Alternatively, we may evaluate the success probability of obtaining 0n in the ancilla qubits, i.e.,

(17.63) p(0n) =
∥∥(|0n⟩ ⟨0n| ⊗ In)Ok |ψ0⟩

∥∥2 .
When O = OZ , we have p(0n) = 1 with certainty. When O = ÕZ , according to Eq. (17.60),

(17.64) p(0n) =
1

N
+

(
1− 1

N

)
T 2
k (1− γ).
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So running the problem with k = ⌈π
√
N

2
√
2
⌉, we can distinguish between the two cases.

It is natural to draw comparisons between Szegedy’s quantum walk and Grover’s search. The
two algorithms make queries to different oracles, and both yield quadratic speedup compared to
the classical algorithms. The quantum walk is slightly weaker, since it only tells whether there is
one marked vertex or not. On the other hand, Grover’s search also finds the location of the marked
vertex. Both algorithms consist of repeated usage of the product of two reflectors. The number of
iterations need to be carefully controlled. Indeed, choosing a polynomial degree four times as large
as Eq. (17.62) would result in mk ≈ 1 for the case with a marked vertex.

Another possible solution of the problem of finding the marked vertex is to perform QPE on the
Szegedy walk operator O (which can be OZ or ÕZ). The effectiveness of the method rests on the
spectral gap amplification discussed above. We refer to [Chi21, Chapter 17] for more details. ⋄

17.4. Glued tree problem and continuous time quantum walk

The continuous time quantum walk on the glued tree is one of the most important quantum
algorithms. This is because it provides an example of an algorithmic task wherein there is a provable
exponential separation in quantum and classical query complexity for solving the problem. Further,
this algorithm was discovered first within the paradigm of continuous time quantum walks rather
than using existing discrete paradigms. Note that this does not yet imply that BQP ̸= BPP
because this exponential separation is relative to an oracle. Nonetheless, an exponential separation
in query complexity strongly suggests that something is profoundly different between the quantum
and classical computation.

17.4.1. Glued tree problem. The glued tree problem is a graph traversal problem that
consists of two binary trees of depth n (our convention is that the root has depth 0) rooted at two
vertices that we will label s and t drawn from an exponentially large set of labels. These two trees
are then glued together by a random bipartite cycle graph that alternates between the leaf nodes
of the two balanced binary trees (see Fig. 17.2).

Definition 17.13 (Glued Tree Graph). A glued tree graph G(V,E) of depth 2n is constructed in
the following manner.

(1) Divide the vertex set such that V = Vs
⋃
Vt such that Vs and Vt are disjoint sets of vertices

of size 2n+1−1, and construct Gs = (Vs, Es) as a balanced binary tree of depth n rooted at
a vertex s, and similarly construct Gt = (Vt, Et) as a balanced binary tree graph of depth
n rooted at t.

(2) Construct a random bipartite cycle graph, C = ((Ls
⋃
Lt), EC) where Ls and Lt are the

sets of leaf nodes in the tree Gs and Gt. Specifically, for the bipartite cycle graph we have
that if x ∈ Ls then the neighbors of x are only in Lt and vice-versa and every vertex in
the graph has degree precisely 2.

(3) Construct the graph G = Gs
⋃
C
⋃
Gt where the graph union is formed by constructing

the union of the vertex and edge sets of the constituent graphs.

The goal of the problem is to find the label of t using as few queries to an oracle that provides
the labels of all vertices adjacent to any requested labeled vertex. This is an example of the hitting
problem. The aim of the bipartite cycle graph is to create a maze in which a classical algorithm
can easily get lost.
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s t

s t

Figure 17.2. (Top) Glued-tree graph with parameter n = 3, with entrance node
s on the left and exit node t on the right. The thick lines in blue color indicate the
edges of the bipartite cycle graph. (Bottom): Column-space representation, where
each vertex represents all nodes in the corresponding column of the original graph.

First, note that the exit label t here cannot be found by brute force due to the exponentially
large size of the graph. Even Grover’s algorithm would take an exponentially long time to find the
exit vertex.

Algorithm 17.1 Classical Markov Chain for Glued Trees
Input: Oracle that yields the neighboring vertex of any vertex in the graph G = (V,E) where V

is the vertex set and E is the edge set and label of the starting node label(s).

1: Initialize x← label(s).
2: while x ̸= label(t) do
3: Query oracle to get the neighbor set of x N(x) := {y : (x, y) ∈ E}.
4: Draw vertex x′ ∈ N(x) uniformly over the set N(x).
5: x← x′.
6: end while

Next, intuitively we expect as n increases for any random walk algorithm to become increasingly
trapped near the center of the graph. To see this, consider the following Markov chain Monte Carlo
algorithm (Algorithm 17.1). At first, this algorithm can efficiently explore the graph. After starting
at s, it moves to an adjacent vertex which will always be closer to the vertex t. In the second step,
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because the Markov Chain does not have memory, it will have a 1/3 probability of moving back
to s and a 2/3 probability of moving closer to t. This situation reverses, however, after reaching
the center of the graph. Now the probability of progressing towards the label t is only 1/3 and the
probability of returning closer to the center is 2/3. This means that the walker tends to be trapped
near the center for a long time without moving towards the label t.

We may analyze the long-time behavior of the Markov chain by examining its stationary distri-
bution. The specific vertex occupied by the random walker is not essential. Rather, what matters is
the column in which the walker resides. Since the walker begins in the first column and terminates
in the last, the individual vertex labels in the intermediate steps carry no additional information.
Consequently, it suffices to track the column-level transitions rather than individual vertex tran-
sitions. When we aggregate the graph by columns, the graph simplifies dramatically to a path
graph, as shown in the lower panel of Fig. 17.2. Labeling the first n + 1 columns as 0, . . . , n and
the remaining n + 1 columns as n + 1, . . . , 2n + 1, the transition probability from the column i to
the column j is:

(17.65) Pji =


1 if i = 0 and j = 1, or if i = 2n+ 1 and j = 2n

2/3 if 1 ≤ i ≤ n and j = i+ 1, or if n+ 1 ≤ i ≤ 2n and j = i− 1

1/3 if 1 ≤ i ≤ n and j = i− 1, or if n+ 1 ≤ i ≤ 2n and j = i+ 1

0 otherwise

.

The stationary distribution π can be obtained from the detailed balance condition Pjiπi = Pijπj .
We have that π0 · (1) = π1 · (1/3) and similarly, π1 · (2/3) = π2 · (1/3) and so forth. We then see that
πn(2/3) = πn+1(2/3) which implies that the two columns in the middle of the graph must have
the same probabilities (as anticipated from symmetry). From this, we see that the following is a
stationary distribution that satisfies the detailed balance condition and further because the graph
is irreducible we know that the state is unique.

(17.66) π =
[
1/(3 · 2n−1), 1/2n−1, . . . , 1/2, 1, 1, 1/2, . . . , 1/2n−1, 1/(3 · 2n−1)

]
/∥π∥1.

As the stationary distribution has exponentially small probability at the vertices s and t, the walker
sampled from the stationary distribution will have a vanishingly small probability of reaching the
exit vertex t. Thus, even if we are able to efficiently prepare the stationary distribution, it does not
help us solve the hitting problem. This also implies that Szegedy’s quantum walk, which accelerates
the process of reaching the stationary distribution, cannot resolve this problem either.

In fact, it can be shown that actually no classical algorithm can find the label of the exit vertex
t using a sub-exponential in n number of queries to the graph. The proof of this theorem involves
a series of reductions and is omitted here.

Theorem 17.14 ([CCD+03, Theorem 6]). For the glued tree problem of depth 2n, any classical
algorithm that finds the exit vertex t with success probability at least Ω(2−n/6) must make at least
Ω(2n/6) queries to the adjacency matrix, where the adjacency matrix serves as an oracle that returns
the neighbors of a vertex x ∈ V .

17.4.2. Continuous-time quantum walk. For an undirected graph G = (V,E), its adja-
cency matrix A is a real symmetric matrix with

(17.67) Ax,y =

{
1 if (x, y) ∈ E,
0 otherwise.
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Therefore A can be viewed as a Hamiltonian that defines a quantum dynamics. The continuous-
time quantum walk refers to the following time-evolved state

(17.68) |ψ(t)⟩ = e−iAt |ψ(0)⟩ .
We first note that, unlike in the classical random walk, a continuous-time quantum walk cannot
drive an arbitrary initial state to the stationary distribution. The only stationary states are the
eigenvectors of the adjacency matrix A. To solve a hitting problem, that is, to reach a target state
|ϕ⟩, we instead evolve the system for a random amount of time chosen uniformly from the interval
[0, T ]. The success probability is then given by the time-averaged transition probability, computed
as

(17.69) p =
1

T

∫ T

0

|⟨ϕ|ψ(t)⟩|2 dt.

As noted earlier, the adjacency matrix generates transitions between the columns of the glued
trees graph. Specifically, let |Cj⟩ denote a quantum state in column j which is supported over the set
of all vertices that are graph distance j away from s (where the graph distance gives the minimum
number of edges that need to be traversed to go between two vertices). Specifically, we have that
if x is in the second column of the glued tree and y is in the fourth column then Ax,y = 0 because
the two vertices are not adjacent. Similarly, if x, y are in the same column then Ax,y = 0 because
the glued tree has no edges between the same column of vertices. Thus the adjacency matrix only
leads to non-trivial dynamics in the columns of the matrix as does the graph Laplacian.

This observation allows us to define a column space for the graph. In particular, if we let Cj
be the set of vertices in column j then

(17.70) |Cj⟩ =
1√
|Cj |

∑
x∈Cj

|x⟩ .

This notation also then directly implies that |C0⟩ = |s⟩ and |C2n+1⟩ = |t⟩. We then have that in
this sub-space of column states

⟨Cj+1|A |Cj⟩ =
1√

|Cj+1||Cj |

∑
x∈Cj+1

∑
y∈Cj

⟨x|A |y⟩

=


2|Cj |√

|Cj+1||Cj |
0 ≤ j ≤ n,

|Cj |√
|Cj+1||Cj |

n+ 1 ≤ j ≤ 2n.

=

{√
2 j ̸= n,

2 j = n.

(17.71)

This is true because if we consider all columns less than n then the subsequent column will contain
twice as many vertices in it than the previous column. Past this point there will be half as many
in every subsequent column. This implies that |Cj+1| = 2|Cj | if j < n, |Cn+1| = |Cn|, and
|Cj+1| = |Cj |/2 if j > n, and the final claim in Eq. (17.71) follows by substitution.

Furthermore the matrix A will only generate transitions between vectors within this space. The
simplest way to see this is by considering the following complete basis whose elements are defined
for any p ∈ Z|Cj |

(17.72) |C(p)
j ⟩ :=

∑
x∈Cj

1√
|Cj |

e−i2πprj(x)/|Cj | |x⟩ ,
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where rj(x) gives the location of the vertex x in a sorted list of the vertices in the set Cj (the
particular sorting order does not matter for the definition). As argued in our discussion of the
quantum Fourier transform, these states form an orthonormal basis in each column Cj which
implies that ⟨C(q)

j |C
(p)
j ⟩ = δpq. Also note that |C(0)

j ⟩ = |Cj⟩. Similarly, we see that the inner
product between any two vectors from different columns is zero because they contain disjoint sets
of vertices. We then have that for any j ≤ n− 1 and p > 0

⟨C(p)
j+1|A |C

(0)
j ⟩ =

1√
|Cj+1||Cj |

∑
x∈Cj+1

∑
y∈Cj

e−i2πprj+1(x)/|Cj+1| ⟨x|A |y⟩

=

√
2√

|Cj+1||Cj |

∑
x∈Cj+1

e−i2πprj+1(x)/|Cj+1| = 0.

(17.73)

The same argument can be repeated for the remaining cases, which shows that the matrix A does
not generate transitions between the p = 0 vectors of this complete basis and the remainder of the
space. Thus as the vector space is complete, we then have that set {|Cj⟩ : j = 0, . . . , 2n+ 1} forms
a basis for Ak |C0⟩ = Ak |s⟩ without needing to include p > 0. Thus by Taylor’s theorem, it also
forms a basis for every state of the form e−iAt |s⟩ for t ∈ R.

From this perspective, we can see that the A matrix is the adjacency matrix for a path graph
when represented in the column space, as illustrated by Figure 17.2. If we were to examine the
dynamics in the continuum, A could be easily diagonalized with the eigenvectors being sine/cosine
functions with appropriate periods. However, this intuition breaks down, apart from the obvious
fact that we are focusing on a discrete problem, due to the defect at the center of the graph where
⟨C(p)

n+1|A |C
(p)
n ⟩ = 2 rather than

√
2.

Now let us consider the reflection operator R such that for any j < n

(17.74) R |Cj⟩ = |C2n+1−j⟩ .

Hence the set {|Cj⟩} also remains closed under applications of R. We then further have that

(17.75) AR |Cj⟩ = RA |Cj⟩ .

If we define Â and R̂ to be the restriction of the operators onto the subspace formed by the span
of these column space vectors, then [Â, R̂] = 0. Then the eigenvectors of Â can be re-written in
terms of simultaneous eigenvectors of Â and R̂. We can find eigenvectors by noting that due to
the required symmetry (or anti-symmetry) under reflection imposed on any eigenvector of R̂, the
eigenvectors must also possess the same reflection parity. Thus, a reasonable guess to make is that
the solution will be a linear combination of sine functions, with appropriate periodicity, and with
the parity of the solution flipping at j = n+ 1 if the eigenvalue of R̂ is negative for the eigenvector
in question and positive otherwise. This guess can be written as [CCD+03]

(17.76) |E±
k ⟩ :=

n∑
j=0

sin(p±k (j + 1)) |Cj⟩ ±
2n+1∑
j=n+1

sin(p±k (2n+ 2− j)) |Cj⟩

with eigenvalues E±
k = 2

√
2 cos(p±k ) where p±k is a solution of the equation

(17.77)
sin((n+ 2)p±k )

sin((n+ 1)p±k )
= ±
√
2.

We will also prove these relations below.
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Algorithm 17.2 describes a quantum algorithm for solving the glued tree problem using continuous-
time quantum walk. The walker is initialized in the known state |label(s)⟩, and the goal is to reach
the target state |ϕ⟩ = |label(t)⟩. Crucially, this target state is not directly accessible; it can only be
identified via a projective measurement onto |ϕ⟩. Similar to Grover’s search, the ability to verify a
candidate label t does not imply knowledge of how to construct or locate the state |label(t)⟩.

Algorithm 17.2 Continuous-Time Quantum Walk for Glued Trees
Input: Maximum simulation time T ; oracle that implements Hamiltonian evolution e−iAu for any
u ∈ [0, T ], where A is the adjacency matrix of the glued tree graph; oracle that performs projective
measurement onto P = |label(t)⟩⟨label(t)|.
1: Prepare the initial state |ψ(0)⟩ = |label(s)⟩.
2: Sample a time u uniformly at random from the interval [0, T ], and evolve the state as |ψ(u)⟩ =
e−iAu |ψ(0)⟩.

3: Perform a projective measurement onto P . If the outcome is successful, return label(t) in the
computational basis. Otherwise, repeat the procedure.

To justify the efficiency of Algorithm 17.2 for solving the glued tree problem, we analyze the
quantum dynamics of the continuous-time walk in the column space of the graph. In this reduced
representation, the quantum walk exhibits coherent propagation from the entrance to the exit, in
stark contrast to the classical random walk which becomes trapped near the central region. As a
result, we can find the exit vertex label with high probability using only poly(n) quantum queries
to the Hamiltonian and measurement oracles (Theorem 17.17).

Proposition 17.15. For the glued tree problem of depth 2n, let min |E − E′| be the minimum
difference between any two eigenvalues of Â (that is, A restricted to the column subspace). Then for
any T > 0, the time averaged probability of the continuous time quantum walk transitioning from
the entrance, |s⟩, to the exit, |t⟩ is bounded below as

(17.78)
1

T

∫ T

0

∣∣⟨t| e−iAu |s⟩∣∣2 du ≥ 1

2n+ 2
− 2

T min |E − E′|
.

Proof. We will argue by symmetry and the Cauchy–Schwarz inequality that the time averaged
probability of transitioning from the entrance to the exit is only polynomially small in the depth of
the glued trees. As a unitary process cannot have a unique fixed point for all inputs, we compute
this probability in terms of a time averaged probability of finding the exit node for times chosen
uniformly over the interval [0, T ]. Specifically we have that if we expand the time average in an
eigenbasis |E⟩ of Â,

1

T

∫ T

0

⟨t| e−iAu|s⟩⟨s|eiAu |t⟩ du =
1

T

∑
E,E′

∫ T

0

⟨t|E⟩ ⟨E′|t⟩ ⟨E|s⟩ ⟨s|E′⟩ ei(E−E′)u du

=
∑
E

|⟨t|E⟩|2 |⟨E|s⟩|2 + 1

T

∑
E ̸=E′

ei(E−E′)T − 1

i(E − E′)
⟨t|E⟩ ⟨E′|t⟩ ⟨E|s⟩ ⟨s|E′⟩ .

(17.79)

Next using the symmetry condition set by the fact that |E⟩ is a simultaneous eigenvector of the
reflection operator R̂, we know that | ⟨t|E⟩ |4 = | ⟨s|E⟩ |4. Thus the Cauchy–Schwarz inequality
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implies that

(17.80) (2n+ 2)
∑
E

|⟨t|E⟩|4 ≥

(∑
E

|⟨t|E⟩|2
)2

= 1.

Hence

(17.81)
∑
E

|⟨t|E⟩|2 |⟨E|s⟩|2 ≥ 1/(2n+ 2).

Repeating a similar argument using the Cauchy–Schwarz inequality allows us to bound the term
where E ̸= E′ by

(17.82)

∣∣∣∣∣∣ 1T
∑
E ̸=E′

ei(E−E′)T − 1

i(E − E′)
⟨t|E⟩ ⟨E′|t⟩ ⟨E|s⟩ ⟨s|E′⟩

∣∣∣∣∣∣ ≤ 2

T min |E − E′|
.

Thus from the triangle inequality

(17.83)
1

T

∫ T

0

⟨t| e−iAu|s⟩⟨s|eiAu |t⟩ du ≥ 1

(2n+ 2)
− 2

T min |E − E′|
.

□

The above result shows that if the eigenvalue gap is large enough then we can simply simulate
the evolution under A for randomly chosen evolution times t chosen from [0, T ] and then if T is
large enough then the probability of finding the exit is Ω(1/n). This means that the number of
trials needed to find the exit vertex t is geometrically distributed with a mean of O(n). Thus we
can show that the total evolution time needed to find the label of t is polynomial if the gap is at
least polynomial. The following lemma demonstrates precisely such a claim.

Lemma 17.16. Let Â be the restriction of the adjacency matrix to the column subspace described
in Proposition 17.15. The minimum eigenvalue gap between any two eigenvalues of Â obeys

(17.84) min |E − E′| > 2
√
2π2

(1 +
√
2)(n+ 1)3

+O(1/n4).

Proof. The eigenvalue equation implies that

(17.85) ⟨Cj |A |E±
k ⟩ = 2

√
2 cos(p) ⟨Cj |E±

k ⟩

Then by explicitly evaluating the action of the adjacency matrix on the column space vectors,

(17.86)
√
2 ⟨Cn+2|E±

k ⟩+ ⟨Cn|E
±
k ⟩ = 2 cos(p) ⟨Cn+1|E±

k ⟩ .

Similarly, the use of (17.76) further allows us to see that

(17.87) ±
√
2 sin((n+ 2)p±k ) + sin((n+ 1)p±k ) = 2 sin((n+ 1)p±k ) cos(p

±
k ).

This yields the following non-linear expression for the quantization condition p,

(17.88)
sin((n+ 2)p±k )

sin((n+ 1)p±k )
= ±
√
2.

as alluded to previously.
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Let us consider for simplicity the negative branch of the expression. An analytic solution to
this expression is difficult to obtain, however, we can find an asymptotic solution for large n. In
particular, let

(17.89) p−k = π(k + 1)/(n+ 1)− δk

where δk = 0 corresponds to the root of sin((n+ 1)p−k ) so we are looking, in essence, for solutions
that are perturbations away from the kth root of the denominator which is justified because the
function will vary rapidly in this vicinity as it approaches the singularity at δk = 0. Expressing the
eigenvalue relation in this limit gives

sin((n+ 1)δk −
(k + 1)π

(n+ 1)
+ δk) = −

√
2sin((n+ 1)δk).(17.90)

Expanding δ−k in powers of 1/(n + 1) yields δ−1
k = c0 + c1/(n + 1) + O(1/n2). Substituting this

into (17.90) and eliminating any terms that are first order or higher in 1/(n+ 1)

−
√
2 sin(c0) = sin(c0).(17.91)

This expression must hold for all n thus we must have that c0 = mπ for integer π. For simplicity,
we choose the trivial root of c0 = 0. The expression for all first order terms in 1/(n+1) (neglecting
all higher order terms) is

−
√
2 sin

(
c1

n+ 1

)
= sin

(
c1

n+ 1
− (k + 1)π

(n+ 1)

)
⇒ −

√
2

(
c1

n+ 1

)
+O(1/n3) =

(
c1

n+ 1
− (k + 1)π

(n+ 1)

)
+O(1/n3)(17.92)

This expression must be true for all n sufficiently large. As a result, the only way this expression
can asymptotically hold is if

(17.93) p−k =
(k + 1)π

(n+ 1)
− (k + 1)π

(1 +
√
2)(n+ 1)2

+O(1/n3).

We can apply similar reasoning to find the positive roots are asymptotically

(17.94) p+k =
(k + 1)π

(n+ 1)
+

(k + 1)π

(1 +
√
2)(n+ 1)2

+O(1/n3).

From these expressions, we note that the two closest solutions to p−k will both be positive solutions
corresponding to the same k and the subsequent one. This gives us that the gap between the two
nearest p±k to p−k is

(17.95) ∆k := min

(
(k + 1)π

√
2

(1 +
√
2)(n+ 1)2

,
(k + 1)π

(1 +
√
2)(n+ 1)2

)
+O(1/n3).

The smallest gap corresponds to k = 0 which yields

(17.96) ∆min :=
π

(1 +
√
2)(n+ 1)2

+O(1/n3).
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The minimum eigenvalue gap then can be found by substituting this into the eigenvalue expression
to find that the eigenvalue gap is minimal for k′ = 0 and k = 1 and hence is of the form

min(|Ek − Ek′ |) = 2
√
2
(
cos(p+k (k + 1))− cos(p−k′(k

′ + 1))
)

≥ 2
√
2
(
cos(p+1 )− cos(p−0 )

)
= 2

√
2

∣∣∣∣∣
∫ p+1 −p−0

0

∂

∂s
cos(p−0 + s)ds

∣∣∣∣∣
= 2

√
2

∣∣∣∣∣
∫ p+1 −p−0

0

sin(p−0 + s)ds

∣∣∣∣∣
= 2

√
2|p+1 − p

−
0 || sin(p

−
0 (k + 1))|+O(1/n4)

≥ 2
√
2π

(1 +
√
2)(n+ 1)2

sin

(
π

n+ 1

)
+O(1/n4)

≥ 2
√
2π2

(1 +
√
2)(n+ 1)3

+O(1/n4)

(17.97)

□

From this result we have a bound on the minimum eigenvalue gap for the adjacency matrix.
This allows us to then use this result to prove a bound on the total time needed to find the vertex
label of t with inverse polynomial probability in n.

Theorem 17.17. For the glued tree problem of depth 2n, it is sufficient to choose T = Θ(n3)
so that the time averaged probability of the continuous time quantum walk transitioning from the
entrance, |s⟩, to the exit, |t⟩ is bounded below by 1/4(n+ 1).

Proof. Proof follows directly from substituting the result of Lemma 17.16 into Proposi-
tion 17.15 and requiring that the higher-order terms in the probability expansion add up to at
most half of the probability that would be seen in the limit of T →∞. □

Notes and further reading

Classical Markov chains, including both discrete-time and continuous-time variants (the latter
not discussed here), provide the foundation for quantum walks. Their convergence properties,
mixing times, and spectral characteristics are treated in [Liu01, LP17], and they underpin the
definition of the discriminant matrix used in Szegedy’s quantum walk [Sze04]. Historically, Szegedy’s
construction directly inspired the development of block encodings for Hermitian matrices, with
applications in Hamiltonian simulation [BC12] and quantum algorithms for solving linear systems
of equations [CKS17]. As discussed in earlier chapters, the Szegedy walk operator is now best
understood as a special case of qubitization; see also [AGJ21].

We introduced both discrete-time and continuous-time quantum walks. These two models
differ significantly in their operational mechanisms; for a comparative overview, see [Chi10]. The
exponential query advantage of the continuous-time quantum walk was demonstrated in the glued
trees problem [CCD+03], which subsequently motivated further research in quantum adiabatic
algorithms [SNK12, GHV21].
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lower bound, 161
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