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Quantum ground state preparation and ground-state
energy estimation
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Ground state preparation and ground state energy
estimation

H |ψ0⟩ = λ0 |ψ0⟩

• Estimate the smallest eigenvalue λ0 to precision ϵ.

• Theoretically intractable in the worst case (QMA-hard).

• Standard assumption: good initial state |ϕ⟩:
p0 = γ2 = | ⟨ϕ|ψ0⟩ |2 = Ω(1).

• Methods with performance guarantee. Can be combined with
e.g., VQE (prepare good initial state)
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Quantum phase estimation (and post-QPE methods)

• Filtering or post-selection.
• # repetition p−1

0 ; optimal scaling1 is p
− 1

2
0

• Do not work if p0 = | ⟨ϕ|ψ0⟩ |2 is small

1(L.-Tong, Near-optimal ground state preparation, Quantum 2020)
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Can we prepare a good initial state? Given that classical computer
can prepare a good initial state, is the problem still classically hard?

(Lee et al, Nature Communications 14, 1952, 2023)
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Maybe we can prepare a good initial state

Given that classical computer can prepare a good initial state, is the
problem still classically hard?

Maybe still worth it to refine to error ϵ with O(ϵ−1) quantum queries.
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(Chan, Spiers Memorial Lecture, arXiv:2407.11235)
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Ground state preparation: eigenstate filtering

• First assume µ is given.

• Polynomial / trigonometric approximation to step functions.

• Implement a matrix function via an efficient quantum circuit

f (H/α) |ϕ⟩ =
N−1∑
k=0

f (λk/α) |ψk ⟩ ⟨ψk |ϕ⟩ .
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Binary search based ground state energy estimation

• Idea: use binary search. Need to solve the following problem: if
we know a ≤ λ0 ≤ b, decide λ0 > (a + b)/2 or λ0 < (a + b)/2.

• This does not work because we are essentially asking the
quantum circuit to compute a discontinuous function while the
output probability distribution is a continuous function of λ0.

• Need to account for the fuzziness and statistical uncertainty.
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A decision problem

Assuming we know a ≤ λ0 ≤ b.

(i) When a ≤ λ0 ≤ 2
3a + 1

3b, output 0;
(ii) When 2

3a + 1
3b ≤ λ0 ≤ 1

3a + 2
3b, output 0 or 1;

(iii) When 1
3a + 2

3b ≤ λ0 ≤ b, output 1.

• Success probability of measuring ancilla p = ∥f (H) |ϕ⟩ ∥2.
• Distinguish between ∥f (H) |ϕ⟩ ∥ ≥ γ(1 − ϵ′) and ∥f (H) |ϕ⟩ ∥ ≤ ϵ′.
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Solving the decision problem (i)

a b
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p((x )/2)
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λ0 ≤ 2
3a + 1

3b =⇒ ∥f (H) |ϕ⟩ ∥ ≥ γ(1 − ϵ′)
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Solving the decision problem (ii)
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Solving the decision problem (iii)
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The search process
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Solving the decision problem

• Success probability of measuring ancilla p = ∥f (H) |ϕ⟩ ∥2.

• Distinguish between ∥f (H) |ϕ⟩ ∥ ≥ γ(1 − ϵ′) and ∥f (H) |ϕ⟩ ∥ ≤ ϵ′.

• Measure the success probability of the ancilla qubit: query
complexity O(p−1) = O(γ−2)

• Can use binary amplitude estimation1 reduces query complexity
to O(γ−1).

• Error probability can be exponentially suppressed using majority
voting (Chernoff bound).

1(L.-Tong, Quantum 2020). Similar to gapped phase estimation (Ambainis, STACS 12)



11

Solving the decision problem

• Success probability of measuring ancilla p = ∥f (H) |ϕ⟩ ∥2.

• Distinguish between ∥f (H) |ϕ⟩ ∥ ≥ γ(1 − ϵ′) and ∥f (H) |ϕ⟩ ∥ ≤ ϵ′.

• Measure the success probability of the ancilla qubit: query
complexity O(p−1) = O(γ−2)

• Can use binary amplitude estimation1 reduces query complexity
to O(γ−1).

• Error probability can be exponentially suppressed using majority
voting (Chernoff bound).

1(L.-Tong, Quantum 2020). Similar to gapped phase estimation (Ambainis, STACS 12)



11

Solving the decision problem

• Success probability of measuring ancilla p = ∥f (H) |ϕ⟩ ∥2.

• Distinguish between ∥f (H) |ϕ⟩ ∥ ≥ γ(1 − ϵ′) and ∥f (H) |ϕ⟩ ∥ ≤ ϵ′.

• Measure the success probability of the ancilla qubit: query
complexity O(p−1) = O(γ−2)

• Can use binary amplitude estimation1 reduces query complexity
to O(γ−1).

• Error probability can be exponentially suppressed using majority
voting (Chernoff bound).

1(L.-Tong, Quantum 2020). Similar to gapped phase estimation (Ambainis, STACS 12)



11

Solving the decision problem

• Success probability of measuring ancilla p = ∥f (H) |ϕ⟩ ∥2.

• Distinguish between ∥f (H) |ϕ⟩ ∥ ≥ γ(1 − ϵ′) and ∥f (H) |ϕ⟩ ∥ ≤ ϵ′.

• Measure the success probability of the ancilla qubit: query
complexity O(p−1) = O(γ−2)

• Can use binary amplitude estimation1 reduces query complexity
to O(γ−1).

• Error probability can be exponentially suppressed using majority
voting (Chernoff bound).

1(L.-Tong, Quantum 2020). Similar to gapped phase estimation (Ambainis, STACS 12)



11

Solving the decision problem

• Success probability of measuring ancilla p = ∥f (H) |ϕ⟩ ∥2.

• Distinguish between ∥f (H) |ϕ⟩ ∥ ≥ γ(1 − ϵ′) and ∥f (H) |ϕ⟩ ∥ ≤ ϵ′.

• Measure the success probability of the ancilla qubit: query
complexity O(p−1) = O(γ−2)

• Can use binary amplitude estimation1 reduces query complexity
to O(γ−1).

• Error probability can be exponentially suppressed using majority
voting (Chernoff bound).

1(L.-Tong, Quantum 2020). Similar to gapped phase estimation (Ambainis, STACS 12)



12

Summary of the main steps

• Efficient implementation of a filtering matrix function f (H − µ).
Cost: Õ(ϵ−1) in the worst case.

• Binary amplitude estimation for deciding ∥f (H) |ϕ⟩ ∥ ≥ γ(1 − ϵ′)
and ∥f (H) |ϕ⟩ ∥ ≤ ϵ′. Cost: Õ(γ−1).

• Binary search to refine µ: Cost: O(log ϵ−1).

Total cost: Õ(ϵ−1γ−1)
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Towards early fault-tolerant quantum eigensolver

[LT20] uses the block encoding framework:

• Many ancillary qubits.

• Long circuit depth (preconstant).

• Complex control logics.

Efficient quantum eigensolvers for early fault tolerant quantum
computer?
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Early fault-tolerant (EFT) quantum algorithm

Limited useful quantum resources:

• Selective application of quantum error correction to components
most susceptible to noise

• Hybrid architectures combining analog and digital elements1

• Non fault-tolerant error mitigation and suppression strategies2

Need significantly simplified algorithm for practical deployment.

No universally accepted definition of an early fault-tolerant quantum computer. See recent
discussions: (Katabarwa et al, Early fault-tolerant quantum computing, PRX Quantum 2024)

1Partially fault-tolerant quantum computer: (Toshio et al, PRX 2025)
2Quantum error mitigation: (Cai et al, Rev. Mod. Phys. 2023)
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Single ancilla quantum phase estimation

Kitaev algorithm: p0 = γ2 ≈ 1. (Kitaev, Shen, Vyalyi, 2002)

Post-Kitaev type: (L., Tong, PRX Quantum 2022); (Dong-L.-Tong, PRX Quantum 2022); (Wan, Berta, Campbell, PRL 2022);
(Ding-L., PRX Quantum 2023); (Ding-L., Quantum, 2023); (Wang et al, Quantum 2023); (Ni, Li, Ying, Quantum 2023);
(Ding et al, Quantum 2024)...

Quantum Krylov subspace type: (Parrish, McMahon, 2019); (Stair, Huang, Evangelista, JCTC 2020); (Epperly, L.,
Nakatsukasa, SIMAX 2022); (Klymko et al, PRX Quantum 2022); (Shen et al, QCE 2023); (Li, Ni, Ying, PRA 2023);
(Ding, Epperly, L., Zhang, arXiv: 2404.03885, FOCS 2024)(Yoshioka et al, Nature Comm. 2025)(Barison et al, QST 2025)...

Experimental relevance: (Blunt et al, PRX Quantum 2023); (Kiss et al, arXiv:2405.03754)..
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Workflow
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Dataset

DH = {(tn,Zn)}N−1
n=0 , tn ∈ R, Zn ∈ {±1 ± i}

so that

EZn = ⟨ϕ| exp(−itnH) |ϕ⟩ =
∑

j

pje−itnλj =:

∫
e−itnxp(x) dx .

• Choice of {tn} is important. Allow repetition. Ttotal =
∑

n tn.

• Classical signal processing of noisy data
to estimate spectral density

p(x) =
∑

j

pjδ(x − λj).

Ground state energy: first peak of p(x).
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Choice of {tn}

Consider |ϕ⟩ = |ψ0⟩ (or p0 = 1)

DH = {(tn,Zn)}N−1
n=0 , tn ∈ R, Zn ∈ {±1 ± i}

so that
EZn = ⟨ϕ| exp(−itnH) |ϕ⟩ = e−itnλ0 .

• Uniform grid: tn = nτ . Nτ = ϵ−1

Ttotal = Õ(ϵ−2). Standard quantum limit

• Kitaev’s algorithm: logarithmic grid: tn = 2nτ , 2Nτ = ϵ−1.
Ttotal = Õ(ϵ−1). Heisenberg limit (saturates lower bound)

Early fault tolerant eigensolver with Heisenberg limited scaling?
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First EFT eigensolver with Heisenberg scaling
• Randomized evolution time:
P(tn = jτ) ∝ j-th Fourier coefficient of Heaviside function

• Noisy approximation to the cumulative density function (CDF)
C(µ) =

∫ µ
−∞ p(x) dx .

1.0 0.5 0.0 0.5 1.0

0.00

0.25

0.50

0.75

1.00

G(x)
CDF C(x)

• Works for any p0 > 0. Ttotal = Õ(ϵ−1p−2
0 )

(L.-Tong, Heisenberg-limited ground state energy estimation for early fault-tolerant
quantum computers, PRX Quantum 2022)
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• Randomized evolution time:
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CDF C(x)

• Can improve to near optimal complexity Ttotal = Õ(ϵ−1p
− 1

2
0 ) with

3 ancilla qubits

(Dong-L.-Tong, Ground state preparation and energy estimation on early fault-tolerant quantum
computers via quantum eigenvalue transformation of unitary matrices, PRX Quantum 2022)
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Short-depth quantum eigensolver?

• Assume ∥H∥ ≤ 1, so far, all algorithms require circuit depth

Tmax := max
n

tn ≥ π

ϵ
.

ϵ = 10−3 gives Tmax ≈ 3000.

• As p0 → 1, can we design quantum eigensolvers with short
circuit depth while maintaining Heisenberg limited scaling?

Tmax =
δ

ϵ
, δ ≪ 1.
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First short-depth quantum eigensolver
• Quantum complex exponential least squares (QCELS)1

• Randomized evolution time: Truncated Gaussian distribution

P(tn = t) ∝ e
− t2

2T2
max 1[−γTmax,γTmax], Tmax =

δ

ϵ
, δ = O(1 − p0).

1Ding-L., Even shorter quantum circuit for phase estimation on early fault-tolerant quantum
computers with applications to ground-state energy estimation, PRX Quantum 2023
See also (Ni-Li-Ying, Quantum 2023)(Ding-L., Quantum 2023).
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Numerical results for QCELS
Transverse field Ising model (TFIM)
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0.06/T scaling
6 /T scaling
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• Two order of magnitude reduction of Tmax

• Comparable (in fact, a bit smaller) Ttotal.
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Quantum Multiple Eigenvalue Gaussian filtered Search (QMEGS)

• Randomized evolution time: Truncated Gaussian distribution

P(tn = t) ∝ e
− t2

2T2
max 1[−γTmax,γTmax], Tmax =

δ

ϵ
, δ = O(1 − p0).

• Compute G(x) ∝
∣∣∑

n Zneitnx
∣∣ at each grid point x . Find the

maximum point and block a neighborhood; and repeat

(Ding, Li, L., Ni, Ying, Zhang, Quantum 2024)
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Quantum Multiple Eigenvalue Gaussian filtered Search (QMEGS)

• Dominant modes λdom,m,m ∈ D. ptail =
∑

i∈Dc pi .
• pmin = mini∈D pdom,i ≳ ptail. Gap ∆ := mini∈D,j ̸=i

∣∣λdom,i − λj
∣∣

• “Short” depth: Tmax = Õ(ptail/ϵ)

• “Constant” depth: Tmax = Õ(∆ log ϵ−1)
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Numerical results for QMEGS

ESPRIT: Estimation of signal parameters via rotational invariance techniques.
See (Roy, Kailath, 1989). Used recently for quantum eigensolver (Shen et al, QCE 2023)

Noisy super-resolution of ESPRIT: (Ding, Epperly, L., Zhang, FOCS 2024)


