Math 54: Quiz #9 Solution
April 27
GSI: M. Lindsey

Name:

Please give neat and organized answers. Whenever applicable (especially for
computational questions), make it clear what strategy you are using.

Problem 1

Find the solution of x'(t) = Ax(t), where

0 0 1
A=|0 0 -1 |,
01 0
1
that satisfies the inititial condition x(0) = | 1
1

Solution: First compute the eigenvalues of A:

-2 0 1
det (A— M) =det| 0 —X —1 |=(=ANA\2+1),
0 1 =
so the eigenvalues are \; = 0, Ao =i, A3 = —i.

Then compute the eigenvector for Aq:

00 1 0 0
A-nI=[l00 -1 || o0 1,
01 0 0 0

0

Then we obtain a solution

1
0
0
1 1
so Null(A — A\I) =span | 0 |, and we can let vi = | 0 | be our eigenvector.

This is actually a constant function, but that’s okay.

Now Ay and A3 are a complex-conjugate pair, and we will pick Ay = ¢ and use it
to obtain two more solutions:
- 0 1 1 0 1 0
A=l = 0O - -1 ]—-(01 — |—-101 —i
0o 1 —i 0 1 0 0



so Null(A — Ao1) = span i |. Then let

1
—1 0 —1
v = 1 =10 | +=2 1 =a+1ib
1 1 0
0 -1
where a = 0 and b = 1 . Note that we can write the eigenvalue
1 0

Ao = a+ i, where @« = 0 and 8 = 1. Then we use the formula to write down two
solutions:

sin(t)
xo(t) = e [cos(Bt)a — sin(Bt)b] = [ —sin(t)
cos(t)
—cos(t)
x3(t) = e* [sin(Bt)a + cos(St)b] = cos(t)
sin(t)
Then a general solution is given by
X(t) = x4 (t) + coXo (t) + Cng(t)
1 sin(t) —cos(t)
= ¢ | 0 | +ec| —sin(t) | +cs3 cos(t)
0 cos(t sin(t)

t

)

c1 + cosin(t) — c3 cos(t)
—co8in(t) + c3 cos(t)
¢ cos(t) + ¢ sin(t)

Now we use the initial condition to determine the values of c¢1,cz,c3. From the
above general solution, we have that

1 ¢1 + c28in(0) — ¢35 cos(0) c1 — c3
1 | =x(0) = —co8in(0) + ¢35 cos(0) = 3
1 ¢ c0s(0) + ¢3sin(0) Co

Therefore co =1, ¢3 = 1, and ¢; = 2. Thus our solution is
2 + sin(t) — cos(t)
x(t) = — sin(t) + cos(t)
cos(t) + sin(t)



