Math 54: Fourier series
April 25

Let V be the set of piecewise continuous functions on [—L, L]. V is a vector space. We can make V into
an inner product space by defining an inner product via

L
g = / fa@)gla) da

Define functions fy, f1,91, f2,92,...in V via

fo(z) = 12L

and

1= pen (22) o= Ly (75)

for n > 1. Notice that these functions are periodic with respect to the interval [—L, L].

In fact, {fo, f1,91, f2, 92, ...} is an orthonormal set with respect to the inner product defined above. Even
more amazingly, this set is an orthonormal ‘basis’ of sorts, so any (nice enough®) function can be written

F= A fo)fo+ D UFs fu) o+ (95 9n) ) -

n=1
Writing this out by plugging in our expressions for fy, f1,91, f2, g2, ..., we obtain

([ 05234) 7

f(x)

Therefore, if we define

L
/f cos )dxfornfol .. and bn:l/ f(x)sin(?)dxfornzl,Q,...,

then the Fourier series of f can be written

— ao + Z {an cos( ) + b, sin (nzx)} .

This matches the conventions from the textbook (see page 576). (Notice that in fact (f, fr) # an, (f, gn) # bn,
so one must be careful about the normalization convention that one is using!)

LA considerable amount of extra math is needed to describe precisely what we mean by this.
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