
Exercises ( Week 2)

D Recall that  a topological space X is ampa*_ if

for
any collection  of open sets C={ Usex } which

covers X ( i. e XE ¥ Us ) ,
F

a  finite sob collection

Use
, ,

. . .

, Up
.

which already cares X ;

XE Uau .

. . .uUxn

Prove the Heine - Borel Theorem

That ( Heine - Borel ) For any a< b EIR
,

the closed interval

[ a ,b]cR ,
equipped with the standard topology , is  compact.

Hint : Let

A={*↳3yk.gg?ziesIIdYew+feEis3
& prove the following lemmas

Lenny A  is non - empty ( show that  aeA)

Lemma2_
if × C- A &

xcb,

the fer E > 0 sufficiently

small
,

xte EA ( Hint
,

show that [ x ,x+e3 is  contained in  a  single
element af C )



Land
su*lA)EA

.

¥4sopLA)=b

E×ee}e= Suppose f : lR→R is smooth & bisectne

with Fk ) # O
.

Let g :lR→lR denote the

inverse of F
.

Show :

D 9

'lD=f¥)
with x=g( y)

- f
"

( × )
2) 9

"

( D= ft with x=g(y)

3) gi"¥¥14 +34k¥ with ×=g(y)

Notice that only ftx ) appears in the denominator ¢

argue that
g

is 3- times differentiable .
What do you

expect far higher derivatives ¢ g ? Do  you expect g

to be smooth ?



Exercises Let UERL
,

VERM
,

WEIR
"

be open

sets & f :U→V
, g : V → W smooth functions

.

Define linear maps ( matrices )

Dflx ) :Rl→Rm
, Dgcy) :Rm→R

"

El DIGOHH :1Rl→Rn

b- Df( ⇒ =/ 8¥ He.  - - o¥eH
'

loI¥⇒ .

.si#cxlDg(y)=foIW...8Ewoof.H...oofnw)

D6⇒H=(¥¥a
.

. .%o¥a ,

o¥ti× , ... again )

El prove D§of)K)=DgKl×DDf( x )

where the right hand side denotes matrix multiplication .



Exercise

Let f(x
, y ,Z)=cos(×)sH(y)tcos(y)sinCz) t cos # sin 1 × )

i) Prove that

OFDFG ,y,z) :'-( o¥k,y,⇒
,
°o¥ki4H

,
⇐ Hitz )

whenever flx
, y ,Z)=o

Hint : Show Dflxiy ,z)=0 is equivalent to the

following three  equations :

A) Sink )sn(y)=cos(⇒ ask )

B) sin(y)sinC⇒=cos(x)cos(y)

C) sinczsinlx ) = cos ( y ) cost H

& Consider the equations

AI⇒( sina.a.sk ))
,

'¥ # ( ? '

- :) 4¥ ⇒ ( ?= ?)

ii ) Pat  : ) implies that { Gp,⇒|Hx,y,H=o} is a 2- dimensional

manifold ( which approximates the gyro
:D )

.Plot it using

your favorite  software package ( Sagem #hclood
,

for  example)
.


