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Question 1.

Solve the following heat flow problem
∂u
∂t = ∂2u

∂x2 ; 0 ≤ x ≤ L

u(0, t) = 0, u(L, t) = 1

u(x, 0) = 0

We seek solutions of the form w(x) + v(x, t) where w(x) is a time-independent solution and v(x, t) is
“transient”. w(x) satisfies the following {

w′′(x) = 0

w(0) = 0, w(L) = 1

Solving for w(x) we get w(x) = x
L . Now v(x, t) satisfies

∂v
∂t = ∂2v

∂x2 ; 0 ≤ x ≤ L

v(0, t) = 0, v(L, t) = 0

v(x, 0) = −w(x) = − x
L

The solution is of the form

v(x, t) =

∞∑
n=1

bne
−(nπL )

2
βtsin

(nπx
L

)
so all we need to do is find the Fourier sine series of − x

L .

bn =
2

L

∫ L

0

− x

L
sin
(nπx
L

)
dx =

2

L2

L

nπ
xcos

(nπx
L

)∣∣∣∣L
0

− 2

L2

L

nπ

∫ L

0

cos
(nπx
L

)
dx

=
2

nπ
cos(nπ) = (−1)n

2

nπ

so we see that

v(x, t) =

∞∑
n=1

(−1)n
2

nπ
e−(nπL )

2
βtsin

(nπx
L

)
and hence the solution is

u(x, t) = w(x) + v(x, t) =
x

L
+

∞∑
n=1

(−1)n
2

nπ
e−(nπL )

2
βtsin

(nπx
L

)
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Question 2.

Solve the following heat flow problem
∂u
∂t = ∂2u

∂x2 + ∂2u
∂y2 ; 0 ≤ x ≤ L1, 0 ≤ y ≤ L2

u(x, 0, t) = u(x, L2, t) = 0

u(0, y, t) = u(L1, y, t) = 0

u(x, y, 0) = 1
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