Math 54 Handout 19

August 3, 2018

Question 1.

1. The polynomial is 22 + X\ = 0, and so the roots are ++/—\.

For A < 0, the solution is of the form y(t) = c;eV~* 4 coe™V~*. Plugging in the boundary condition,
we have the following

vV—=Ac1 — V—Aca = \/—)\01(3‘/_7’\27r — \/—)\026\/?’\2”

putting it into a matrix we have

1 — e\/j27‘( 1— e—\/jQﬂ' 1— e\/j?ﬂ' 1— e—\/jQﬂ'
VX = eVTRem) X1 eV ey ) 0 —2V/EN(1 — eV Rem)

{01 +eg =c1eV T o pem VAT

which has 2 pivots because 1 — eV =A2m # 0. Thus ¢; = ¢c3 = 0 and there is only the trivial solution.

For A = 0, the solution is of the form y(t) = ¢; + cot. Plugging in the boundary condition, we have the
following

Cy = Cg

{cl =1+ 27

and the solution is co = 0, and ¢; can be anything, so we see that y(t) = ¢; a constant is a solution.

For A\ > 0, the solution is of the form y(t) = ci1sin(v/At) + cacos(v/At). Plugging in the boundary
condition gives

Vel = Vercos(VA2T) — cav/ Asin(v/A2r)

putting it into a matrix we have

{CQ = ¢15in(VA27) + cacos(V/A2r)

( sin(vV/A2m) cos(V/\2r) — 1 )
V(cos(vVA2r) — 1) —v/Asin(v/\27)

The determinant of the above matrix is
—Vsin?(VA21) — VA(cos? (VA2) — 2cos(VA2m) + 1)
simplifying (note sin? + cos? = 1) gives
—2V\ + 2V Acos(VA2n)

We want the determinant to be 0 (because we don’t want 2 pivots for the matrix, since it will imply
trivial solution), so we want

1 = cos(V/A2r)



In order for cosine to be 1, the insides must be 2n7, and so we see that VA2r = 2nn, and hence
VA =n, i.e. A =n2 The eigenvalues are n?, and plugging VA = n to the matrix we obtain the zero
matrix, so we see that for V= n, both ¢; and ¢y are free, so the eigenfunctions are

c1sin(nt) 4+ cacos(nt)

2. This example was done in lecture.

Question 2.

Compute the Fourier series for

-1, —7<z<0
f(x)_{l, 0<z<m

1 ™
ap = — f(z)dr =0 because f(x) is odd
T™J—mx
1 (7 s
an = — f(z)cos(nz)dr =0 because inside is odd
T J_rn
1 /™ . 2 (7 .
b, = — f(@)sin(nx)dx = —/ f(@)sin(nx)dx
™ J)_n ™ Jo
2 (7 2 T 2
= ;/0 sin(nzx)dr = E(—cos(nx)) . = %(1 — cos(n))
_ % n odd
o n even
So we see that 4
f(z) = Z Esm(na:)



