Math 54 Handout 15

July 27, 2018

Question 1.
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Find the singular value decomposition A = USV7T of A = 6 —2
6 —2

ATA = ( 8L =21 ) which has characteristic polynomial (81 — z)(9 — x) — 272 = 22 — 90x. The
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eigenvalues are 0 and 90. For the eigenvalue A\; = 90, we have eigenvector v; = \/%—0 _i1’> , and the
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eigenvalue Ay = 0 corresponds to eigenvector vy = 770 ( 3 ) We found that V = 710 ( 1 3 )
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Now Av; = \/% 20 | which has length |Av1| = v/90. Since Ay = 0, we don’t consider Avy. We
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see that uy = % 2 |. Now we choose any two unit vectors ug, usz such that {uj, us,us} is orthonormal.
2
-1 2 2
2 : SN
We choose uy = % (1) and uz = % 0 |. We conclude that U = i v 1O . Finally,
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Thus we see that the singular value decomposition of A is
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Question 2.

Let A = UXV7T be the singular value decomposition of A. Show that the columns of V' are the eigenvectors
of AT A, and the columns of U are the eigenvectors of AAT.

ATA = VETYVT is an orthogonal diagonalization of AT A since £7'Y is a diagonal matrix and V is
orthogonal. Thus the columns of V are the orthonormal eigenvectors of AT A. Similarly, AAT = ULXTUT.



As X7 is diagonal and U is orthogonal, we see that the columns of U are the orthonormal eigenvectors of
AAT,

Question 3.

Show that if P is an orthogonal m X m matrix, then PA has the same singular values as A.

The singular values of A are the square roots of the eigenvalues of AT A. Since (PA)T(PA) = ATPTPA =
AT A, we conclude that A and PA have the same singular values.



