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Question 1.

1. Since the columns of U are orthonormal, automatically UTU = I. On the other hand, UUT = 2
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2. ProjW y = UUT y = 1
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Question 2.

Let W be a subspace of Rn with an orthogonal basis {w1, ..., wp} and let {v1, ..., vq} be an orthogonal
basis for W⊥.

1. The wi’s are orthogonal to each other, and the vj ’s are also orthogonal to each other. We only need
to check that wi and vj are orthogonal. However, since wi ∈W and vj ∈W⊥, we know that they are.
Thus {w1, ..., wp, v1, ..., vq} is an orthogonal set.

2. Every vector v ∈ Rn can be written as v̂+ y where v̂ ∈W and y ∈W⊥, so {w1, ..., wp, v1, ..., vq} spans
Rn.

3. Since {w1, ..., wp, v1, ..., vq} is linearly independent and span Rn, we know that it is a basis, so we see
that dim(W ) + dim(W⊥) = p+ q = n.

Question 3.(Originally the problem is not complete, so I changed it slightly)

Find an orthogonal basis for the column space of the matrix
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We apply the Gram-Schmidt method. Let w1 =


3
1
−1
3



w2 =


−5
1
5
−7

− (−2)


3
1
−1
3

 =


1
3
3
−1


1



w3 =


1
1
−2
8

− 3

2


3
1
−1
3

− −12


1
3
3
−1

 =


−3
1
1
3


Question 4.

ATA =
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so the solution to ATAx = AT b is
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