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Question 1.

To show that Hom(%,9)(U) := Mor(Z|u,¥|v) is a sheaf of sets on X, we first construct a restriction
map and show that it is a presheaf. Given U C V, we let resy.y : Hom(F,9)(V) — Hom(F,9)(U) by
mapping ¢ — v, where ¢ € Hom(.%,9)(U) is the data of maps that given any open set Uy C U, we let the
map ¥ (Up) be the map ¢(Uy). These data of maps ¢(U) ”behaves well” because the ¢ behave well.

Given U C V C W, we will check that resy,y o resw,y = resw,y. Suppose f € Hom(F,9)(W), then
resw,vf € Hom(F,9)(V) is the data of maps that for all open Vo C V, resw,v f(Vo) = f(Vo). Therefore,
resy,poresw,y f is the data of maps that for all open Uy C U, resy,yoresw,y f(Uo) = resw,v f(Up) = f(Uo).
Thus resy,y o resw,y = resw,u.

In order to check that Hom(F#,4)(U) := Mor(F|u,¥|v) is a sheaf of sets on X, we will check that
the construction satisfies the identiy axiom and gluability axiom. First let U = |J,U;, and let fi, fo €
Hom(F,9)(U) be two elements such that resy,y, f1 = resyu, f2 for all i. Then given any open V C U, we
want to show that f1(V) = fo(V'). To achieve this, we consider the diagram (given any U;)

zv) = #wv) —I g0 = 9w
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where the vertical maps are the restriction maps from V to V N U;. Replacing f; by fo will give us another
such diagram. The diagram maps an element p € % |y (V) to
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Now as resy,u, f1 = resy,u, f2 for all i, we see that

resyyvru, (f1(V)(p) = fL(V N Us)(resvvau, (p))
= fo(V NU;)(resvvnu, (p) = resv,vau, (f2(V)(p))

for all . Now since ¥ is a sheaf, we see that the elements f1(V)(p), f2(V)(p) € 4|y (V) must actually be
equal (by the identity axiom on ¥). So f1(V)(p) = fo(V)(p) and thus f1(V) = fo(V). Since V C U is
arbitrary, we conclude that f1 = fo € Hom(F#,94)(U).

Next we check the gluability axiom. Again suppose U = |J, U; and given f; € Hom(F,9)(U;) for all
such that resy, u,nu, fi = resu; v,nu, fj, then we would like to show that there is some f € Hom(F,9)(U)



such that resy,y, f = fi forall i. Let V. .C U =J,; U;, then V = J,(U; N V) = |J,; Vi where V; = VNU;. Now
consider the diagram

Flu(V)
T'GSVVV'&’\L
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7 fi(Vin'Vj)

vinu; (Vin'Vj)
Replacing some of the i with j will give a diagram for the case resy, uv,nu, f; (to save room and effort it will
not be shown here). Given an element p € .#|y(V), following the diagram above, we have

p

g|UimUj (Vl n VJ)

l/ fi(Vi)

resy,v;p fi(Vs) oresv,y, (p)

l/ Li(VinV; J/
TeSV,v;nV; P 4 fi(VinVj) oresyvinv, (p)=resv, vinv; o fi(Vi) oresv,v,(p)
Now as

Tesv;,v;nV; © fi(Vi)o TeSV,Vi(p) = fi(Vin VJ) O Tesv,v;nv; (p)

= f;(VinV;) oresvv.av, (p) = resv, vinv; © f;(Vj) o resv,y, (p)

we see by the gluability of & that there exist a g € 9|y (V) such that resy.yv,g = fi(Vi) oresy,y; (p) for all 4.
We define a map f(V) : F|y(V) = ¥|y(V) by taking p — g. Now since V' C U is arbitrary, it follows from
our construction that we have a f € Hom(.#,¥)(U) such that resy,y,f = f; for all 5. Thus we conclude
that the "sheaf hom” is a sheaf.

Finally, if ¢ is a sheaf of abelian group, then given any f,g € Hom(%,4)(U) and any V C U, we can
define the sum f + g to be the data of maps (f + ¢)(V) = f(V) + g(V). Since ¢ is a sheaf of abelian
group, we know that Hom(.%,%¥) is also an abelian group, and so the addition operation as defined makes
Hom(.7,%4)(U) into a sheaf of abelian groups.

Question 2.

We will show that kerp,.¢ is a presheaf. Consider the following diagram:

i v
0 —> kerped(V) —> 7) 2V g v)
31 \Lresv,U \L”"eSV,U
Y (V)
0 —> kerpredp(U) — F(U) —=> 9(U)
The horizontal maps form exact sequences. We would like to show that there exist a unique map kerp,e¢(V) —
kerpre@(U), which we will take to be the restriction map. Consider an element p € kerp..¢(V). We see that

p—— i) — M svyei)= 0
resy.u(i(p)) M resyp(0)= 0



Thus we see that ¢(U)(resy,u(i(p))) = 0, and hence by exacness, resy,y(i(p)) = i(p’) for some unique p'.
Thus the map kerpep(V) — kerpre¢(U) which maps p — p’ is the unique map such that the first diagram
commutes. We take this to be the restriction map of ker,,.¢. Now resy y is the identity map because the
other two restriction maps in the first diagram are both the identity map. Thus it remains to check that
ifU CV C W, then resyy oresw,y = resw,y. Consider any p € kerp..¢(W), then resy,y o resw v (p) =
resy,yp’ where p’ is the unique element such that resw v (i(p)) = i(p’). However, by our construction,
resy,yp’ = p” where p” is the unique element such that resy,y(i(p’)) = i(p”). Now i(p”) = resv,u(i(p')) =
resy,u o resw,v (i(p)) = resw,u(i(p)) by the presheaf property of .#. Thus resy,y o resw,v(p) = resw,u(p)
for all p, and thus resy,y o resw,y = resw,u, and we conclude that kerp,.¢ is a presheaf.

Question 3.

We will show that the presheaf cokernel satisfies the universal property of cokernels in the category of
sheaves. Suppose we are given a presheaf morphism ¢ : # — ¢. What we want to show is that given

there exist a unique presheaf morphism ¥ : cokerp..¢ — Q. Given any open U, we see that there is a
unique map 9y : cokery.p(U) — Q'(U) by the universal property of cokernel in the abelian category. So
we take ¥ to be the data of maps such that for any open U, U(U) = vy. To verify this is actually a presheaf
morphism, we need to check that given U C V, the square

cokerprep(V A QV

res| i

cokerprp(U A QU

commutes. Given any p € cokery,.¢(V), we see, by the exactness of the sequence

Fv) 2 ¢(V) g(v) Y q( V)

cokerpre (V) — 0
that there is an element z € ¢ (V) such that ¢(V)(x) = p. By the commutativity of the triangle
4
cokerprep —> Q

we see that ¢'(V)(x) = U(V)(p). Now as the following two squares are commutative
GV)—=> Q) Y(V)— cokerped(V)
GU) —= QU) Y (U) — cokerpredp(U)

we see that

resy,y o U(V)(p) =resvuod (V)(z) =¢ (U)oresyy(x) = V(U)o q(U) oresyy(x) =V (U)oresyu(p)



and thus the square
(Vv
cokerprep(V') g Q(V)

cokerpred(U) M Q)

commute, and hence we see that U is a presheaf morphism, and therefore coker,,.¢ satisfies the universal
property of cokernels in the category of presheaves.

Question 4.

In Question 2 we showed that kerp,.¢ is a presheaf, so in order to show that kery..¢ is in fact a sheaf, we
need to verify the identity axiom and the gluability axiom. Now suppose U = UU;, and fi, fa € kerpr.¢(U)
and resy,y, fi = resy,y, fo for all . Then from the diagram

j U
0 —> kerpret(U) —> () 20
3! J/Tes(LUi $T68U7U1¢

v : .
0 —> keryeo(Us) —=> Uy 2V 4wy

we see that if resyy, fi = resyuy, f2 for all 4, then i o resyy,(f1) = @ o resyy,(f2) for all ¢, and hence
resy,u, 0 i(f1) = resyu, o i(f2) for all i by the commutativity of the left square. Now as .% is a sheaf, we
see that i(f1) = i(f2), and thus as 4 is injective by exactness, f; = fa.

Next we verify the gluability axiom. Suppose U = U;, and given f; € kerp..¢(U;) for all ¢ such that
resy, u,nu; fi = resu; u,nu; fj for all 4, §, then we have i(resy, v,nu, fi) = i(resu; u,nu, f;) for all 4,5 (sorry
for the notation, the map 4 is again the map as in the diagram above), so by the commutativity of the left
square we have resy, v,nu, ©i(fi) = resu; v.nu, 0i(f;) for all 4, j. By the gluability of .7, we see that there is
an element [’ € #(U) such that resy y, f’ = i(f;) for all i. We will show that ¢(U) maps f’ — 0. Consider
first the element ¢(U)(f’), we see that resy .y, o @(U)(f") = &(U;) o resu,u, (f') = ¢(U;) o i(f;) = 0 for all 4.
Thus we see that ¢(U)(f") restricts to 0 for all U;. Now as ¥ is a sheaf, the identity axiom and the gluability
axiom shows that 0 is the only element in ¢(U) such that it restricts to 0 for all U;, and thus ¢(U)(f") = 0,
and hence f’ is in the kernel of ¢(U), so by exactness there is a unique element f € kerp..¢(U) such that
i(f) = f', and we see that this f is the desired element in kerp..¢(U) such that resy,y, f = f; for all 4. This
concludes the proof that ker,,.¢ is a sheaf.

Since kerp,.¢ satisfies the universal property in the category of presheaves (follows from a similar proof
as Question 3.), and since the category of sheaves on X is a full subcategory of presheaves on X, we can
immediately conclude that the sheaf ker,..¢ satisfies the universal property of kernels in the category of
sheaves.

Question 5.

We wil first verify that the sequence

0 7z s oy E8 7z 0

given by letting j be the natural inclusion and letting exp : f — exp2mif is exact. We will do so by showing
that the following is exact

0 z0) Y o) Y 20y s g



for all U. The exactness at Z(U) is clear because locally constant functions (with constants in the integers)
are holomorphic, so if two locally constant functions (with constants in the integers), when treated as
holomorphic functions, are the same, then they must be the same when treated as locally constant functions
(with constants in the integers). Next we verify the exactness at Ox (U). First, given f € Z(U), we see that
expoj(f) = exp2mij(f) =1 as j(f) has values in Z. This shows that Im(j(U)) C ker(exp(U)). On the other
hand, suppose a holomorphic function f € &x(U) is such that exp2mif = 1, then for any x € U, we see that
2mif'(x) = 1'(z)/1(z) = 0 and so the derivative vanishes for all , which implies that f is locally constant.
Together with the fact that exp2mif = 1, we see that f is a locally constant functions (with constants in
the integers), so Im(j(U)) D ker(exp(U)) and thus Im(j(U)) = ker(exp(U)). Finally, given a function g
admitting a holomorphic logarithm, by the very definition of having a holomorphic logarithm, it means that
there is a holomorphic function f such that g = exp(f) for all z € U. Thus it is in the image of exp(U), and
so the sequence is also exact at % (U). This concludes the proof that the sequence

J P

0 Z Ox

is exact.

Z is not a sheaf because it fails the gluability axiom. From complex analysis, we see that there is no
function that has a holomorphic logarithm defined globally on C, and thus % (C) = (). However, there are
functions such that locally, logarithms exists (like the constant non-zero function for). Thus we can not
7glue” functions that locally admit holomorphic logarithms. Hence % is not a sheaf.



