Math 53 - Multivariable Calculus

Homework # 4

July 19th Solng
Due: July 24th, 2012

Exercise 1 (10 points). Let F(z,y) = r" (2 + yj), where r = /2% + 42

(a} For which values of n do the components P = r"z and @ = ™y of F satisfy 0P/8y = 8Q/0z? (Hint: start by finding

formulae for r; and ry).

(b) Whenever possible, find a function g such that F = Vg. (Hint: look for a function of the form g = g(r), with r = /22 + ¢2.)
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Exercise 2 (10 points). Let F(z,y) = prer

() Show that F is the gradient of the polar angle function 8(x,y) = tan—*(y/z) defined over the right half-plane z > 0.

(b) Suppose that C is a smooth curve in the right half-plane z > 0 joining two points A : (z1,y1) and B : (%2,12). Express
fcﬁ" - d¥ in terms of the polar coordinates (r1,#1) and (rg,82) of A and B.

(c) Compute directly from the definition the line integrals [ & F.d7 and f C, F . d7, where € is the upper half of the unit circle
running from (1,0) to (—1,0), and C; is the lower half of the unit cirlce, also running from (1,0) to (~1,0).

(d) Using the results of parts (a)-(c), if F conservative (path-independent) over its entire domain of definition? Is it conservative
over the right half-plane x > 07 Be sure to justify your answers.

(¢) Show that the components P = —y/(z2 +42) and @ = z/(z? +y?) of F satisfy the equation P/8y = 8Q/x at any point
of the plane where F is defined (not just in the right half-plane z > 0).

(f) Show that f, F . di = 0 for every simple closed curve that does not pass through or enclose the origin.
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Exercise 3 (5 points).

There is a famous scene in the movie “A Beautiful Mind” (see http://www.youtube.com/watch?v=pYdjNeFh6zw) where a
too-busy-to-be-bothered John Nash {Russell Crowe) writes the following question on the board:

Find o subset X of R® with the property that if V is the set of vector fields F on R®\ X which satisfy curl(F) =0 and W g
is the set of vector fields G which are conservative, G=V f, then the space V/W is 8-dimensional.

First a little explanation, by saying “the space V/W is 8 dimensional” he means that there should be in total 8 vector fields
F; which are not conservative (i.e., not the gradient of any functions) and which have vanishing curl outside of the set X. In
addition, you cannot write any one of these vector fields as a linear combination of the other vector fields. Now, contrary to
what Nash says (that it will take most students their entire life fo solve) you can actually solve this question in a matter of
hours, if that. However, since we've yet to enter the realm of vector fields on R®, we’ll reword this problem for R2, Namely, find
a subset X of R2 with the property that if V is the set of vector fields & on R?\ X which satisfy curl(ﬁ) =0 and W is the set
of vector fields &G which are conservative, G=V 7, then the space V/W is 1-dimensional.
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