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1. WEEK 1

1.1. Introduction. The aim of this course is to study the equation:

+/ [Au(s) + Bu(s), u(s)) + F(u(s))|ds

—u0+/ ))dW (s +/~/Eo &)dm(s,§) —l—//E\EO u(s—),&)dn(s,§).

The LHS of (1.1) represents a deterministic PDE in abstract form. For example, an equation of
NSE type with damping;:

d

d—qz(x,t) — Au(x,t) + u(x,t) - Vu(z, t) + /1 + Ju(z, t)Pu(z, t)

The RHS of (1.1) represents noise terms:

(1.2)

° fot G(u(s—))dW (s): Stochastic integral w.r.t Wiener process W represents the presence of
random forces that are continuous in time.

. f(f S\ g, K(u(s—),§)dm (s, §): Stochastic integral w.r.t PRM 7 represents random forces
that occur at discrete times.

o [ Jg, K(u(s—),£)dw(s,§): Stochastic integral w.r.t. compensated Poisson Random Mea-
sure (PRM) 7 represents "small" random forces that occur at discrete times.

Goal: Is to prove the following theorem (informal statement):

Theorem 1.1. Under appropriate conditions, for any Wiener process W, PRM © and compen-
sated PRM 7 and any ug, there exists a unique local solution u to (1.1).

1.2. Probability concepts. We consider a set {2 and denote by F the o—algebra of subsets of
Q.

Definition 1.2. o-algebra of subsets of ) is a collection F of subsets of Q that contains ¢ and

is closed under complement and countable unions. Sets in F are sometimes called F-measurable.

Example 1.3. Let {F;};c; be a family of o—field on Q. Then N;cF; is a o-field on Q.
If A€ P(Q), then NyepF is the o-field generated by A.

Example 1.4. If (E,d) is a metric space, then we call the o-field generated by the d-open sets
of E the Borel o-field which we denote by B(FE).

Definition 1.5. Measurable space is the pair (2, F).

Definition 1.6. Probability measure P on o-field F of subsets of 2 is a function from F to [0, 1]
such that P(2) = 1 and P(UA,) = Y17 P(Ay) for each pairwise disjoint sequence {Ap;m =

2,..}.
Definition 1.7. The triple (0, F,P) is called a probability space.

Example 1.8. The product o-field on Z; x Zy X ... X Z,, where (Z;, Z;) is a measurable space,
is the o-field generated by {I'y x I'y... x ', : T'; € Z;}. We denote it by 21 ® 29 @ ... ® Z,,.
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Proposition 1.9. (Basic properties)

P[A] =1 - P[A9].

If Ay C Ay, then P(A;) < P(Aj).

If (An)Se, C F, then PlU,A,] <300 P[A,].
If A, 1 A, lim,, P[A,] = P[A].

If A, | A, P[A,] | P[A].

SR ENEEES

Lemma 1.10. (Borel-Cantelli) Let (Ap)2>, C F s.t. >, P[A,] < oo then P{w € Q : w €

n=1

A,, for infinitely many n}] = 0.
Proof. (Sketch) P(Ng2, UsC , Ayp) < P(UX L A,) <302 P(A,) = 0as k — oo. O
Definition 1.11. A function X : (0, F) — (Z, Z) is measurable if X 1 (A) € F for every A € Z.

Definition 1.12. A random wvariable (r.v.) is a measurable function X from a probability space
(Q,F,P) to some measurable space (Z,Z).

Notation 1.13. {w e Q: X(w) e} = {X eT'} = X7 ().

Proposition 1.14. Let X be a r.v. on (2, F,P) with values in a measurable space (Z,Z). Then
the collection o(X) ={X~ (') : T' € Z} is a o-field on Q and X is o(X)-measurable.

Let (X;)ier be a family of r.vs on (Q, F,P). We define o(Xj; : i € I) to be the o-field generated
by Uicro(X;). Each X is 0(X;;¢ € I)-measurable.

Law of ar.v. :

If X is a r.v. with values in (Z, Z), then we define a probability measure px on (Z, Z) by
(1.3) pux(M)=P(X €T) Ve Z.

Example 1.15. Let A = Lebesgue measure on R. For each I' € B(R) with A\(I") < oo, we define
the uniform distribution on I' to be the law ﬁMF- Xw)=wand Y(w) =1—w for w € [0, 1].
Then X and Y have uniform distribution on [0, 1].

Definition 1.16. Let X1 and X2 be two Z-valued r.v.s. (possibly on different probability spaces).
If px, = px, then we write

x; 2 x,
and we say that X1 and X9 are equal in distribution.

Proposition 1.17. Let X be a Z-valued r.v. on (2, F,P) with law px. Then,
i) For every measurable function f : Z — [0,00) we have

(1.4) /Qf(X(w)) dP(w) = /Z f(z)dpx(x) possibly co.
i) f € LN(Z, Z,ux) iff fo X € LY(, F,P) and (1.4) holds with both sides finite.
Proof. (Sketch) if f = 1p for I' € Z then LHS of (1.4) is equal to

/1X6FdP P(XEF ,LLX /11“(1,&)(
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= RHS of (1.4). 0

Definition 1.18. In the same setup as the above proposition we write
(15) BU/(X)] = [ F(X()dP()

Remark 1.1. Suppose X takes values in a Hilbert space H (real, separable). If E[|X|n] < oo
then there exists a unique m € H s.t. E[(u, X)] = (u,m) for all uw € H. We write E[X] :=m.

Definition 1.19. Let X,Y be real valued r.v.’s on (Q, F,P) s.t. E[X?] < co. We define the

covariance of X andY as
(1.6) cov (X,Y) =E[(X — E[X])(Y — E[Y])].
The variance of X is var (X)=cov (X, X).

Independence:

Definition 1.20. Let (2, F,P) be a probability space. We say events Ay, Ag,... Ay, € F are
independent if

(1.7) P[anIAj] = HjEIP[Aj} VI C{1,2,....,m}.

Definition 1.21. A family {F;}icr of subfields of F is independent if for every finite {i1, ...,im} C
I and every choice of A;, € Fi,, k =1,...m, we have that

(1'8) P[m?ﬂAik] = ZL:IP[Aik]'

A family {X;} of r.v’s on (Q, F,P) is independent if {o(X;) }icr is independent in the sense above.

Convergence:
Let {X,} and X be r.v/s on (2, F,P) with values in a metric space (E, d).

Definition 1.22. i) X,, - X P-a.s. if P[lim, oo X,, = X] = 1.
it) X, — X in probability if for every e > 0 we have lim,,_, P[d(X,, X) > ] = 0.

Proposition 1.23. i) If X;, — X P-a.s., then X,, — X in probability.
i) If X,, — X in probability then there exists a subsequence (Xp, )72, s.t. Xy, — X P-a.s.

Definition 1.24. (1) Let {u,}52, and p be Borel probability measures (i.e. defined on all open
sets of E) on a metric space (E,d). We say that {un}2>, converges weakly to p and we write
n = p if for every bounded continuous function f: E — R we have as

(1.9) /Efdun — /Efd,u, as n — oo.

(2) For E-valued r.v.’s (X,), X, we say (X,) converges to X in distribution if ux, = px and
we write X,, = X.

Proposition 1.25. Let (X,,)5%,, X be E-valued r.v.’s on (2, F,P):

i) If X;, — X in probability then X,, = X.
it) If P[X = x¢] = 1 then X,, — xo in probability.
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Theorem 1.26. (Portmanteau theorem) Let (u,)5, and p be measures on a metric space E.
Then the following are equivalent:

1. pn =1

2. limy, pn(A) = u(A)  for all p-continuity sets of A.

3. limsup pn (C) < p(C) for all closed sets C.

4. liminf i, (U) > w(U) for all open sets U.

5. [ fdun — [ fdu for all bounded, Lipschitz continuous f on E.

Theorem 1.27. (Skorohod) Let E be a complete and separable metric space. Let (Xy)52; and X
be E-valued r.v.’s on (2, F,P) such that X,, = X. Then there exists a probability space (S~2, F, I~’)
and r.v.’s (X,)22, and X on (Q, F,P) such that

1 %, 2x,

2. X2x

3. )?n — X P-a.s.

Proposition 1.28. (Continuous mapping theorem) Let (E,d), (E',d") be metric spaces. Let
(X)), and X be E-valued r.v.’s such that X,, = X. Let h : E — E’ be measurable. Assume
that there exists a measurable set C C E s.t. P[X € C|] =1 and h is continuous on C. Then,
h(X,) = h(X).

Proof. (Sketch) Take (Q,F,P) and (X,)°,, X as in Skorohod s.t. X, — X P-as. Then

P(X € C) = 1. So h(X,) — h(X) P-as. because h is continuous on C. Thus, h(X,) ="

h(X,) = h(X) =L h(X). O
Stochastic Processes:

Definition 1.29. Let (Z,Z) be a measurable space. A family (X;)ier of Z-valued r.v.s on

(Q, F,P) is called a stochastic process. For {i1,...,im} C I, the measures defined on the product

space Z™ given by

are called the finite dimensional distributions (f.d.ds) (marginals) of (X;)icr-

H(X5, 00X

im

Remark 1.2. In the SPDE context, we look at stochastic processes (X (t))¢>0 with values in a
Banach/ Hilbert space.

Common Probability Distributions:

Definition 1.30. A probability density function f of a random variable X : (2, F,P) — (Z,2)
with respect to a measure p on (Z, 2) is a measurable function with the property

P(X cA) = / fdu
A
for any measurable set A € Z.

Example 1.31. (Poisson Distribution) Let A > 0. A discrete random variable is said to have
Poisson distribution with parameter A if

)\k
_ __=A
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for k=0,1,2,... We write X ~ Pois(A).

E[X] = X and Var[X] = A\. If X ~ Pois(Ax), Y ~ Pois(\y) are independent then X + Y ~
Pois(Ax + Ay).

Example 1.32. (Exponential distribution) Let A > 0. We write X ~ Exp(\) if
PX>tl=¢™ Vt>0

Probability density function of an exponential distribution is given by: Ae‘AtX(O’OO)(t). E[X] =

1, Var[X] = 5.

Example 1.33. (Normal distribution) Let u € R, 0 > 0. We write X ~ N(u,0?) if

t 1 _x-w?
P[th]:/ Qﬁoe 202 dx VteR.
—00

E[X] = u, Var[X] = 0. And X is called the normal distribution with mean p and variance
o?.
If X ~ N(p,0?%) then % ~ N(0,1) (standard normal distribution with mean 0 and variance 1).
If X ~ N(ux,0%) and Y ~ N(uy,o0%) are independent then X +Y ~ N(ux + py,o0% + o)

(standard normal distribution).
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2. WEEK 2

2.1. Filtration and stopping times. Recall from last time:

Definition 2.1. 1) A function X : (Q,F) — (Z,2) is measurable if X~1(A) € F for every
AcZ.

2) For (X;)icr, family of r.v.’s on (Q, F,P), we define o(X; :i € I) to be the o-field generated by
Uiero(Xi). Each X is 0(X;;1 € I)-measurable.

Definition 2.2. A filtration on a probability space is a set (F¢)i>0 of sub-o-algebras of F such
that Fs C F; for all s <t.

We call (Q, F, (Ft)e>0, P) a filtered probability space.

Example 2.3. Let (X;):>0 be a stochastic process defined on a probability space (2, F,P).
Define
F=0(X,,5 <t).

Then (FP);>0 is a filtration called the natural filtration of the process (X;)i>o.

Definition 2.4. Let (X;)i>0 be a stochastic process defined on a filtered probability space
(QF, (Ft)e=0,P). We say that (Xi)i>0 is adapted to the filtration (Fi)i>o if for every t > 0 the

random variable Xy is Fi-measurable (measurability defined above).

Definition 2.5. Let (Fi)t>0 be a filtration on (2, F,P). A nonnegative function T : Q — [0, 0]
is called an Fi-stopping time if
{(r<tleF vt>o.

Proposition 2.6. Let (E,d) be a metric space. Let (X¢)i>0 be an E-valued stochastic process
defined on (Q, F,P). Suppose that X has continuous paths, i.e., Ywo € § the function t — X;(wp)
s continuous. Then for every closed set C' C E the random variable

To:=inf{t >0: X, € C}
is a stopping time with respect to the natural filtration (F?)i>0 of (Xi)i>0-

Proof. Since X is continuous (at each sample point) we have 7¢ < ¢ if and only if X enters C at
or before time ¢. This occurs if and only if inf ¢ 4 d(Xs, C') = 0. Therefore,

{re <t} ={ inf d(X;,C)=0}
s€[0,t]

)

= MpZ1 Uselo,gno 1d(Xs, C) <

}

S|~

belongs to F9
We can express {7¢ < t} in terms of countable intersections of countable unions of 7} and hence

is in Fp. O

Definition 2.7. Let (Q, F, (Ft)t>0,P) be a filtered probability space. For every t > 0 we define
Fi+ = N>t Fs. We say that (Fi)e>o is right-continuous if Fy = Fy+ for all t > 0.
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Proposition 2.8. Suppose (2, F, (Fi)i>0, P) is a filtered probability space where (Fi)i>o is right-
continuous. Then a function T : Q — [0, 00] is an Fy-stopping time if and only if

{r<t}eF Vvt>0.
Proof. For a stopping time 7 using the fact that F,+ C F; for each s < t we obtain
r<f=Ufr<t-}er
Conversely, if {7 < t} € F; for each time, then for any s > ¢,
{r<ty=n2 {r<(t+ %) As} e F.
Since this is true for all s >t we get {7 <t} € Fy+. O
Proposition 2.9. Let (E,d) be a metric space. Let (Xt)i>0 be an E-valued stochastic process de-

fined on a probability space (2, F,P). Suppose that (Xt)i>0 has right-continuous paths. Consider
the natural filtration (FQ)i>o0 of (Xt)i>0. Then for every open set U C E the random variable

T =inf{t >0: X, €U}
is a stopping time with respect to the filtration (Fi )i>o.

Definition 2.10. A filtered probability space (2, F, (Ft)i>0, P) is said to be complete if Fy con-
tains all of the P-null sets. We say that a filtered probability space satisfies the "usual conditions”
(or called normal) if it is both right-continuous and complete.

Remark 2.1. Under the "usual conditions” (defined above) assumption, Ty (U open) is a stopping

time with respect to the given filtration.
2.2. Martingales.

Definition 2.11. Let (2, F,P) be a probability space and let H be a real, separable Hilbert space.
Let X : Q — H be an integrable H-valued random wvariable, that is X; € LY(Q, F,P;H) or
E|X;|g< co. Let G be a sub-o-algebra of F. An H-valued random variable Y : Q — H is said to
be the conditional expectation of X given G if

i) Y is G-measurable.

Such a random variable exists and is unique (P-a.s.) and we denote it by Y = E[X|J].

Remark 2.2. The integrals in ii) are Bochner integrals. For X € LY(Q,F,P;H) we define
J XdP by choosing step functions (X,)52; converging to X a.s. and in L' and setting [ XdP =
limy, o0 [ X, dP.

Definition 2.12. (Martingale, continuous time) Let (Xi)¢>0 be an H-valued stochastic process
adapted to (Fi)i>0. We say that X is an Fi-martingale if

1. E(|X,|x) < oo, ¥t > 0.

2. E[X,|F,] = X, Vs<t
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Definition 2.13. Consider Il := {0 =t} <ty < ... <t} <ty =T}, a partition of [0,T]. Then
the total variation of a real valued function defined on [0,T)] is defined to be
TV(f)=sup > |f(te) — f(te-1)l;
T <k<n

where the supremum is taken over all possible partitions IT of the interval [0,T] for all n. A real
function is said to have bounded variation on [0,T] if its total variation is bounded.

Definition 2.14. (Semi-martingale) cadlag = continue a droite, limitée a gauche= right-continuous
with left limits.
Let H be Hilbert space. A cadlig , H-valued stochastic process (Xt)i>o is called a semi-martingale
if X can be written in the form

X=M+A,
where
i) M is an H-valued martingale s.t. E[|M(t)|%] < oo for allt >0, (i.e. M is an L?>-martingale.)
ii) A is an H-valued process of finite variation i.e., VI' > 0 (Ay(w))eo,r) has bounded variation
for almost every w € ().

Notation 2.15. For a cadlag function X we denote,
1. The left limit of X att by Xy = lim._o X;_¢
2. And the size of jumps A by AX(t) = X(t) — X (t—).

Let M?(H) := {H-valued L?-martingales indexed by [0,00)}
MZ(H) := {H-valued L?>-martingales indexed by [0, 7]} (a Banach space with norm E SUPyeo,7] |M(t)[%).

Recall that a A b means the minimum of a and b. reference henceforth "Limit Theorems for
Stochastic Processes by Jean Jacod, Albert N. Shiryaev"

Theorem 2.16. Let M,N € M?(H). For every t > 0 and every sequence (II"); of partitions
I :={0=1t7 <ty <..<t} <..}in[0,00) such that

1. limy_,o0 t} = 00 for every n and,

2. limy, o0 sUpy (7, — ) = 0.

Then the random variables Sy (t, M, N) := 3 22 (M (tAt} ) —MENLE), N(EALE ) —N{EAL))
converge in L*(Q, F,P) as n — co. Moreover, the limit does not depend on the choice of the
partitions (II")$2 ;. As a stochastic process, the limit is Fy-adapted and a.s. has right-continuous
paths of finite variation.

Definition 2.17. For M, N € M?(H) we define the quadratic covariation of M and N as
[M, Ny := lim Sy (t, M, N). (L*- limit)
When M = N we write [M|; := [M, M]; and call this process the quadratic variation of M.

Theorem 2.18. (Burkholder-Davis-Gundy inequality) Vp € [1,00) there ezists C' = Cp, > 0 such
that for every cadlag martingale M € M?(H) with M(0) = 0 and for every stopping time T we

have
S BIMIE] < Bl sup [M(0)]f] < GE(M]
P te[O,T]

Shors
RN

.



10 SPRING 2021 A643
The constant C), does not depend on M or T.
Now we discuss additional ways of finding the quadratic variation of a process.

Definition 2.19. The o-algebra on Qx[0,T] generated by AX (s,t] forallAe€ Fs, 0 <s<t<T
is called the predictable o-field and is denoted by Py ). That is,

Pom=0c({Ax(s,t] : A€ Fs,0<s <t <T}).
A function on Q x [0,T] is said to be predictable if it is Py m-measurable.
A predictable process is necessarily an adapted one.

Theorem 2.20. Let M, N € M?(H). Then there exists a unique real-valued, predictable process
V' of finite variation with V(0) = 0 a.s., such that (M, N¢)g — Vi is a martingale.

This is a special case of the Doob-Meyer decomposition.
Definition 2.21. For M, N € M?(H) we define the angle bracket of M and N as
(M,N); .=V,
where V' is as in Theorem 2.20. When M = N we write (M), := (M, M),.
Theorem 2.22. Let M € M2(H). Then M can be uniquely written as
M = M°+ M*

where M€, M € M%(H) and M€ is continuous P-a.s and is called the continuous part of M. M¢

is the purely discontinuous part.
Theorem 2.23. [M,N]; = (M N + 3 < (AM(s), AN(s))n-

Proof. Show that the subspace of continuous martingales in M2 (H) is closed. Since MZ(H) is a
Hilbert space, the conclusion follows from the projection theorem. O

Example 2.24. For Brownian motion, we have

[M]; = (M®): + > IAM(s)%

s<t

=0 because no jump discontinuities
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3. WEEK 3
Recall:

Definition 3.1. (1) A filtered probability space (2, F, (Ft)e>0,P) is said to be complete (or
is said to have a complete filtration) if Fy contains all of the sets A € F such that
P(A) = 0 and right-continuous if Ng=1Fs 1= Fp+ = F¢ for allt > 0. We say that a
filtered probability space satisfies the "usual conditions" (or called normal) if it is both right-
continuous and complete. (Even though Da Prato or Rockner (pg 16) doesn’t assume it, in
most literatures the underlying probability space (2, F,P) is also assumed to be complete
(that is, it contains all subsets of 0 probability i.e. the set A C Q: A C B for some B €
F s.t.P(B) =0 also belongs to F)).

(2) Natural filtration is given by FP = 0(Xs,s < t). ( F, is the o-algebra of events occuring
up to time t i.e. the "past events up to t".)

(8) Predictable o- field is given by Por = o({A x (s,t] : A € F,,0 < s <t <T}). A
predictable process is a function defined on Q x [0,T] which is Py r)-measurable.

3.1. Lévy Processes. Examples in 1D:

Definition 3.2. A stochastic process (Bi)i>o is said to be a Brownian motion in 1D if it is
R-valued and
(1) Bo =0,
(2) By is continuous a.s., i.e. P{w : t — By(w) is continuous}] =1,
(8) B has independent increments: V0 < t; < ta < ... < ty the r.v.s By, — By, ..., By
are independent.
(4) ¥Vt >s>0,B,— Bs ~ N(0,t —s) (in fact are stationary ~ By_s).

Btk 1

ko _

Properties of Brownian motion sample paths
1
2
3
4

Nowhere differentiable
Holder continuous of order « for all « € (0, %)

No bounded total variation.

~— — — “—

Yet it has bounded quadratic variation. Ex. QV of BM on an interval [a,b] is b — a.
3.2. Lévy Processes in co-dim.

Definition 3.3. Let U be a Hilbert space. A U-valued stochastic process (L(t))¢>o is called a
Lévy process if
i. L(0)=0,
7. L has independent increments,
7. L has stationary increments,
iv. Stochastic continuity: Vto > 0, L(t) — L(to) in probability ast — to i.e. Ye >0,
Hm P (|L(t) — L(tg)|u>€) = 0.
tlto

Brownian motion and Poisson process are R-valued Lévy process.
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A Wiener process is a U-valued, integrable, mean-zero Lévy process with a.s. continuous paths
ie. Ve € U, E(W(t),z)y = 0 for all ¢ > 0 and with probability 1 the function ¢t — W(t) is
continuous from [0,00) to U (in other words P[{w : ¢ — W;(w) is continuous}] = 1). Hence
the only possible difference Lévy processes and Wiener processes is the possible occurrence of

discontinuities in Lévy processes. However we have the following result:

Theorem 3.4. Every Lévy process has a cadlag modification i.e. there exists a U-valued Lévy pro-
cess L s.t.

i. L has cadlag sample paths a.s.

i. Yt >0 P[L(t) = L(t)] = 1.

3.3. Wiener Process. (It can be seen that a Wiener process W is a martingale with respect to
its natural filtration F := o(W(s) : s < t) because W has independent increments. Even if the
natural filtration is not complete and right continuous, it can be enlarged to f? = Ns>ta(FOUN)
minimally that satisfies the usual conditions so that W is ]?P—adapted. Then the Lévy theorem
states that any Wiener process is a Brownian motion process. And thus the terminologies can be
interchanged. The following theorem guarantees that all the different definitions coincide.)

Theorem 3.5. Let W be a U-valued Wiener process. Then

1) E|W (t)|%< oo for all t > 0.

2) (Gaussian) Viti,....,t, > 0, Yui,...,u, € U the random vector ((W(t1),u1)v, ..., (W (tn), un)v)
has multivariate normal distribution on R™, with mean zero. That is, VT € B(R™),

T

P<(<W(t1)v ul}U’ e <W(tn)aun>U) c F) 2rlydy

1 _1y
= /@) det () /re ’

y=(y1,...,Yn), where ¥ is the n X n covariance matriz given by
Lij = E[(W(t:), ui)v (W (t5), uj)v]

Definition 3.6. Let Q : U — U be a bounded, linear, symmetric, positive, trace class on U then
we say Q € L (U).

(Symmetric: (Qx,y)v = (x,Qy)uy, Vx,y € U.

Positive: Vo € U, (Qx,z) > 0.

Trace class: There exists sequences (ay), (bg) € U s.t. Qu = > p{ag,u)by, for all u € U and

>oklar|u|brlu< 00.)

Representation of the Wiener Process: Let Q € L (U) (then its compact). By the
spectral theorem there exists an orthonormal basis (ONB) (uy,)7° of U consisting of eigenvectors
of @ with corresponding (nonnegative) eigenvalues (7,,)7°. Let (5,)7° be a sequence of independent
identically distributed (i.i.d.) standard real-valued Brownian motions. Define W by

(3.1 W= 3 it
n=1

Proposition 3.7. The sum in (3.1) converges in L*(2,C([0,T],U)) for all T > 0.
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Proof. The Burkholder-Davis-Gundy inequality gives us:

E| s[up ]\Z VB ()| 7] SCE([Z Y (t)un]7)( quadratic variation)
e[0T p=k n=k

=C Z \/’WE([/@nun,BJUJ]T)

n,j==k

=C Y VA0nEBn, Bilr

n,j=k

m
:CTZWTL—)OaSk,m%oo.

n=~k

Remark 3.1. (3.1) also converges a.s. in C([0,T];U) for all T > 0 (Da Prato-Zabczyk). The

process W in (3.1) is a Lévy process and its sample paths are continuous a.s.

Remark 3.2. For any Wiener process W with values in U there exists a Q € L] (U), some i.i.d.
BMs {3,}52, such that (3.1) holds. This Q is called the covariance operator of W.

Examples of a Lévy process with jump discontinuities:

Recall: (Poisson Distribution) Let A > 0. A discrete random variable is said to have Poisson

distribution with parameter A if
A\F
_ _ A
P X =k]l=e o

for k =0,1,2,... We write X ~ Pois(\).

Definition 3.8. A real-valued, right-continuous stochastic process (m(t))i>o is called a Poisson
process if

(1) 7(0) =0,

(2) 7 has independent increments,

(8) There exists A > 0 s.t. w(t) — w(s) ~ Pois(A\(t —s)) for allt > s > 0. X is called the
intensity measure of (m(t))e>0-

Proposition 3.9. Let (7(t))t>0 be a Poisson process with intensity \. Then,

(1) m has stationary increments i.e. w(t) — m(s) D (t —s).

(2) E[n(t)] = At for allt >0,

(3) P[Ar(t) € {0,1},Vt > 0] = 1 where recall that An(t) = 7w(t) — w(t—). (jump size=1 a.s.)
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X;= mnter-arcival twmes

3l e e—m Ti’i%-éum\ﬁa"“&

| — 3 2= Elm®)]
B T

L #:—*:’ ; = exTe,ctco\ no-of
—— Jmps o T <0
XX K e Uit e

Recall that a r.v. X has an exponential distribution at rate A, i.e. X ~ exp(\), if X > 0 and
P(X > x) = e . An important property of the exp distribution is the memory-less property
P(X —y>x|X >y) =P(X > x) for x,y > 0. (The converse is also true.)

Proposition 3.10. Let m be a Poisson process with intensity A and inter arrival times (X;,)5% ;.
Then (Xy)p2, are independent and identically distributed (i.i.ds) exp(A) r.v’s.
Proof. The proof uses induction and follows the scheme:
P(X; >t)=P(r(t) =0) =e ™M
Then let ¢t = x4
P[Xn+1 > t‘Xl =21y, Xp = .’L'n]
n+1 n
= P[?T(Z :L'k) — F(Z :ck) = 0’X1 =, ...,Xn = xn]
k=1 k=1
n+1 n
= P[TF(Z xp) — 7( Z zr) = 0] independent increments
k=1 k=1
n+1 n
= P[W(Z T — Z x) = 0] stationary increments
k=1 k=1
= e M Poisson distribution.
O

Properties of Poisson processes:
Spatial homogeneity: Conditional on the event 7 (t) —w(s) = n for t > s > 0, the n jumps in (s, ]
are uniformly distributed in (s, ].

3.4. Compound Poisson Process. (The Hilbert space-valued generalization of the Poisson
process. )
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Definition 3.11. Let p be a finite Borel measure on U s.t. pu({0}) = 0. A compound Poisson
process (CPP) with jump intensity measure (or Lévy measure) u is a Lévy process P with cadlag U -
valued sample paths such that

oo Lk
(3.2) P[P(t) e T] = e HUEY %u*k(r) V> 0,T € BU)
k=0 """

where (1™ = px p... x pu, w0 := 8. Here we use &y to denote the probability measure concentrated
—_——
J times
at the point 0 € U.
Recall (convolution): If vi and vy are finite positive Borel measures on U then their convolution
is the measure given by: (v x12)(T) := [; vi(I'—y)die(y) for allT € B(U) whereI' —y = {x—y :
zeTl}.

Theorem 3.12. 1) Let {Z,}>2, be i.i.d. U-valued r.v.s with law ﬁ,u and let m be a Poisson

process with intensity A = u(U) and w independent of {Z,,}52 . Then

(3.3) Pt):=> Z,

is a CPP with jump intensity measure (.
2) Every CPP has the form in (3.3). (In the proof one defines w(t) := #{s < t: AP(s) # 0},
and then Zy = P(Ty) — P(Tx—1) have the desired properties where Ty, is the k-th jump times. )

In fact let L be a U-valued Lévy process. Let A € B(U) s.t. 0 ¢ A (A is seperated from 0).
Define the real valued process (called the jump measure of L)

W([O,t],A) = Z 5(5,AL(3)) - Z XA(AL(S)) = #{8 S (Ovﬂ : AL(S) < A}
$>0,AL(s)€A s€(0,t]

Remark 3.3. Since 0 ¢ A and L is cadlig a.s. it follows that 7([0,t], A) < 0o a.s.

Fact: For a fixed A, (ma(t) := 7(]0,t], A))s>0 is a Poisson process.

Let v(A) denote the intensity of w4 (so v4 € (0,00)),
1
v(A) = JElma(t)] = E[ra(1)]

(used to define v(A) because it makes sense even if 0 € A)
v is a Borel measure on U \ {0}. ( Use Tonelli’s theorem to show that v is countably additive.)

Definition 3.13. We call v the Lévy measure of L.
Remark 3.4. If L is a CPP then v is equal to its jump intensity measure

Definition 3.14. Let M be the collection of non-negative, possibly infinite, N-valued measures
on (E,&). A Poisson random measure on (E,E) with intensity measure X is a (M, B(M))-valued
random variable ™ defined on the probability space (0, F,P) with the property that for all pairwise
disjoint sets T'y,..,T',, € € the N-valued random variables w(T1), ..., w(T,) are independent Poisson
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random variables with parameters A(I'1), ..., \(I'y). We call 7 := m — X the compensated Poisson

random measure.

Relationship to SPDE (1.1): [ 4 [p\ g, # (u(s—),§)dn(s, &) is defined based on a CPP
where E'\ Ej is the support of u.
7 is measure-valued r.v. defined by

™= Z sAP (s)) Z5Tn,Zn
$>0,AP(s)#0 n=1
where {T,}{° are the jump times of P and Z,, := AP(T,).
/ H(uls=).dn(s,) = Y H(u(s-), AP(3))
[0,7] JE\Eo

$>0,AP(s)#0
= Z H(u(T,—), Zy) (finitely many terms a.s.)

3.5. Compensated CPP.

Proposition 3.15. Let P be a U-valued CPP with Lévy (jump intensity) measure u. Then,
(1) E|P(t)|lu< oo, YVt if and only if [;;|yludu(y) < oo and then E[P(t)] =t [;; ydu(y) holds
for allt > 0.
(2) BIP()[3] < o0, ¥t > 0 if and only if [ lyl3 du(y) < .
Proof. For A = p(U) we have

1= Eal[Ee) ]

=1

k k
= Z/ / (Z%) “Fdu(y)-. M(yk)e_M()\];)

————
law of 7

o tF
= S e [ aduty)

k=1

= t/Uydu(y)-

Definition 3.16. When (1) holds, we define

We call P a compensated CPP.
CCPP is a mean-zero Lévy process, with jump discontinuities.

Remark 3.5. We will define the term f[o 7] S, K(u(s—),8)d7 (s, &) based on a compensated CPP
(Here  is a Poisson random measure and T is the compensated Poisson random measure).
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4. WEEK 4

Recall: For an integrable U-valued compound Poisson process (CPP) P with Lévy (jump
intensity) measure u, the process given by P(t) := P(t) — E[P(t)] = P(t) — t [y ydu(y) is called
the compensated CPP.

Lemma 4.1. (PZ 3.25/4.49) Let L be a mean-zero Lévy process, then L is a martingale w.r.t. its
natural filtration (This comes from the independent increments conditions). So, Wiener processes
and compensated CPPs are martingales w.r.t their natural filtration. (A Poisson process on the
other hand is not martingale. Sum of two compensated CPPs may not be martingale either.)

Lemma 4.2. Let L be a Lévy process with Lévy measure v. Then

(1) Ju(ylzA1)dv(y) < oo
(2) If A € B(U) with 0 ¢ A then

La(t):== Y AL(s)xa(AL(s))
s€(0,¢]

is a CPP with Lévy measure v|4.

4.1. Lévy -Khinchin decomposition. (Which basically says that a Lévy process is a sum of a
deterministic linear growth term, a Wiener process, a compound Poisson process and compensated
compound Poisson processes.)

Theorem 4.3. (L-K) Let L be a U-valued Lévy process with Lévy measure v. Given {r,}5,,
rn 4 0, define Ag :={y € U : |lylu> 10} and A, :={y € U : rpy1 < |ylu< rn}. Then the following
statements hold.

(1) The compound Poisson processes (L4, )3 are independent.

(2) There exists a € U and a Wiener process W that is independent of (La, )5 such that

(4.1) L(t) = at + W(t) + La,(t) + f: L, (t)
n=1

and, with probability 1, the series on the right-hand side of (4.1) converges uniformly on
compact subsets of [0,00).

Remark 4.1. 1) Informally, integration with respect to a Lévy process L decomposes as AL =
adt +dW + d7 + dm, where w (called the jump measure) is the Poisson random measure given by
2150 O(t,AL(t)) -

2) This decomposition is needed to identify the jumps and quadratic variation of stochastic integrals
needed to apply Ito’s formula to get a priori estimates.

4.2. Stochastic integration. Recall from last class, we introduced the covariance operator @) €
LT (U) (ONB u, and e-values ;) associated with a Wiener process. Now for x € U we define:

1 1
QEJ: = Z<x7 un>U’77% Uy

n

Like Q, Q% is Hilbert-Schmidt and the space Uy := Q% (U) is Hilbert with inner product (z,y)y, =
(Q_%x, Q_%y>U. Here Q_% :Up — ker(Q%)J- is the pseudo-inverse of Q% (if Q% is not 1-1).
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Notes:

(1) A linear operator T € L(U, H) is called Hilbert-Schmidt if 3°,|T€x|%< oo for any (or
equivalently for a certain) orthonormal basis {€x} of U.
The norm ||T'|| ., @, m= (X nz1({Ten, T€n>H)% does not depend on the choice of the basis.
The space of Hilbert Schmidt operators from U to H is a Hilbert space and is denoted by
Lo(U, H).

(2) Pseudo-inverse of an operator T' € L(U, H) is defined as

T~ = (Tlyer(ryr) ™" : T(U) = ker(T) ™.

4.2.1. Wiener stochastic integral.

Definition 4.4. Suppose a Lévy process L on (0, F, (Ft)i>0, P) satisfies:

(1) L is Fi-adapted.
(2) L(t) — L(s) is independent of Fs, for allt > s > 0.

(Often called Fi-Lévy process.)

Definition 4.5. Let W be an F;- Wiener process. Covariance operator Q of W is a linear operator
on U defined by

(4.2) (Qu,y)v = E[(W(1),2)u(W(Q1),y)u] Va,yeU

Note: Observe that we do have that Q € LT (U):

(1) (bounded) [RHS| < E[[W (1)[*]|z[u]ylu< oo
(2) (self-adjoint) (Qz,y)v = (x, Qy)v
(3) (positive) (Qz,x)y >0
(4) (trace class) Tr Q = S-3°(Qun, un)y = E[[W(1)[?] < 00
In fact we have: For any U-valued square-integrable, mean-zero F;-Lévy process L there exists
aQe LT(U) s.t. E[(L(t), x)u(L(s),y)u] = (t A s){(Qz,y)y where TrQ) = w

Remark 4.2. Hence Q) determines the law of Wiener process.

Lemma 4.6. (1)Vax,yeU,0<s<t
E[(W(t) = W(s),x)u(W(t) = W(s),y)u|Fs] = (t — 5){(Qz,y)v, P-a.s.
(2)Vz,yeU,0<s<t<u<w
E[(W(t) — W(s),z)y(W(v) = W(u),y)u|Fu] =0, P-a.s.

Proof. (1) Since W (t) — W(s) is independent of F;
LHS = E[ without condition ]

=E[(W(t — ), z)u(W(t — ), y)v]
= (t = s)(Qz,y)v
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(2) If Y is G-measurable E[XY|G] = YE[X|G]. So since (W (t) — W (s),z)y is Fy-measurable:
LHS = (W(t) = W (s), 2)u E[(W (v) — W(u), y)u|Fu]

Define stochastic integral:
Fix another separable Hilbert space H. Integrand will be L(U, H)-valued (space of linear bounded
operators from U to H).

Definition 4.7. (Simple process) (PZ def 8.5) An L(U, H) valued stochastic process ¥ is said to
be simple if there exists a sequence of non-negative numbers tg =0 < t; < ... < ty,, a sequence of
operators ®; € L(U,H), j = 1,2..m and a sequence of events A; € Fy;, j =0,1,....,m — 1, such
that for s > 0

Z (t] ,tJJrl]( )q)j

We denote by S(U, H) the space of all simple processes from U to H.
(Note: The space S(U, H) depends on (F;);>0. The condition A; € F;; implies that ¥ is a
predictable process.)

Definition 4.8. For a simple process W € S(U, H), we define the stochastic integral w.r.t W by

/\p YA (s mz Wt At) — W(t; A1)

I}V (W) is H-valued continuous (P-a.s.) stochastic process because W is continuous.

Proposition 4.9. (It6 isometry) For a simple process ¥ € S(U, H), ¥t > 0 we have

(13) BI @] =Bl [ 9@ )R] =B [ 196)QH wmnds = B [ 196) 0

where Q) is the covariance operator of W.

(Note: The last equality comes from the fact that {Q%é'n}‘fo form an orthonormal basis of Uy
where {€,}7° is an ONB of U and that the Hilbert-Schmidt norm does not depend on the ONB.)

Proof. WLOG assume 0 < t; < ... < t,, <t

E[| 1" ( Z La, @5 (W (tj1) = W(t;)) ]

mz B[, Ly (@5 (W (t511) — W (t)), OV (t41) — W(t4)) ]
7,k=0
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Using Parseval’s identity we obtain: (Here {e,} is the ONB of H)

m—1 o0
= > E[lyna, Y (®;(W(tjt1) = W(t5)), en) (@ (W (try1) — W(tk)), en) )
J,k=0 n=1

(Fubml 5 i E ]lA ﬂAk t]_:,_l) — W(tj), @;en>U<W(tk+1) — W(tk), @Zenhj].
7,k=0n=1

When k > j since 1 A;NAL is Ft, measurable we have (from tower property)
E[La;na, (W(tj1) — W(t)), Rien)v (W (tes1) — W(tk), Pren)u]
= E[14,na,E(W(tj41) — W(t)), Pien)u (W (tky1) — W(tk), Pren)u|Fr,]]
(Lemma 6.1) =0

and so
m—1 oo
E[LV(W)H] =D Y Ella,(W(tjn) — W(t), ®en)t]
7=0 n=1
m—1 oo
= > > E[Q4E[(W(tj11) — W(t;), ®ien)r| F,]]
7=0 n=1
m—1 oo
(Lemma 6.1) = Z E[14;(tj+1 — t;)(QPjen, Pjen)u]
7=0 n=1
m—1 oo
= > > P(A))(tjp1 — t5)(QPjen, Pien)y
7=0 n=1
m—1 o) L
= > P(A)(tjp1 — ) > QI Plenlt
7=0 n=1
m—1 m—1 -
= P(4;)(tj41 —t; )HQQ@ HL2 HU)= =Y P4t - t2;Q2 7, w.m)
=0 §=0
and thus
m— t 1
B{1}" (¥ Z 1 = B0, 80, 0] = | BINQH I, 0
The RHS is finite [|0Q? HL2 v < ¥ UH)HQ HL2(U 1| 2, i) Tr(Q). u

(Note: This stochastic integral can be defined for any U-valued square-integrable, mean-zero
Fi -Lévy process.)

Next define: xr := L2(Q x [0,T],F x B([0,T],dP x dt; Ly(Up, H)) and observe that the RHS
of (4.3) is the norm on 7 when t =T

Then there exists a unique continuous extention of I}V, still denoted I}V, from the closure of
S(U,H) in xr into L?(Q, F,P; H). This closure has an explicit construction. Before that lets
recall the following definition:
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Recall: The o-algebra on © x [0,7] generated by A x (s,t] for all A € Fs, 0 <s<t<Tis
called the predictable o-field and is denoted by Fjg 7. That is,

P[O,T] = U({A X (S,t] A e F,0<s<t< T})
A function on €2 x [0,77] is said to be predictable if it is Py rj-measurable.
Lemma 4.10. The closure of S(U, H) in the space x1 is the subspace of predictable processes in
x7- In other words, S(U, H) is dense in the space
L, 7 (H) := L*( x [0, T], P77, dP x dt; La(Uo, H)),
where Ppo.1) is the o-field of predictable sets.

Remark 4.3. The space LQUO’T(H) of integrands for stochastic integration with respect to W de-
pends (on W because of Uy and ) on the filtration (Fi)¢>0 through the requirement of predictability.

Theorem 4.11. (PZ Theorem 8.7) Let M be a square-integrable, mean-zero, U-valued F; -
Lévy process.

(1) For everyt € [0,T], Ig\/[:L[QJO7t(H) — L%(Q; H) is an isometry, i.e.,

¢
(4.4) E((0), 1 (@) = B | (0(5), 8(5)1,(00.1md5
and B|IM (V)= E [ |9 (5)II7 (1) ds for all U, & € Ly, ,(H).
2) For every ¥ € L? H) the process (IM (¥ is a square-integrable H-valued mar-
Uo, T t t€[0,T]
tingale that begins at 0. (Rockner Prop 2.3.2: continuous for W)
(3) For every ¥ € L2U07T(H) the angle bracket of (I’M(\P))te[o - is given by the formula
M ! 2
(4.5) (1)), = [ 1@, 0 s

Thus the BDG inequality for stochastic integrals with respect to W gives: for every
1 < p < oo there exists a constant C, > 0 such that for every F;-stopping time T and
every W € L2U0’T(H) we have

p

t T
2 P/2
| e@aw @], < GB( [ 1910 m ds)"

(4.6) E sup
tel0,7]

(4) Let A € L(H,V) where V is a real, separable Hilbert space. For every ¥ € L2U0,T(H) we
have A¥ € L2UO7T(V) and AIM (V) = IM(AW). That is, bounded operators can be passed
inside the stochastic integral.

Another example is that of a compensated CPP P (it is mean-zero, square-integrable, JFi-
adapted) if the CPP P is square integrable.

In the main SPDE (1.1) we consider: [ G(u(s—))dW (s). Now does G(u(s—)) € L(QJD,T(H)?
We will take G : H — Lo(Uy, H) (Borel measurable?) (plus more conditions for existence and
uniqueness of solutions to (1.1)). If u is adapted and cadlag then u(s—) is predictable.
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5. WEEK 5

5.1. Stochastic integration w.r.t Poisson Random Measure. Recall: Last time we studied
the stochastic integration I}V (¥) with respect to a Wiener process W (or more generally w.r.t a
square integrable F;-Lévy process M ). However using this definition does not help find the jumps
of the process IM (V). So we will use the Lévy -Khinchin theorem to decompose M into its purely
continuous and purely discontinuous parts (W and a CCPP). So next in our agenda is to define
and study stochastic integrals w.r.t a CCPP.

Recall that given a Lévy process L with Lévy measure v, for each set A € B(U) separated from
0, we define 7((0,¢], A) := #{s € (0,¢] : AL(s) € A}. Then 7 is a Poisson random measure on
[0,00) x U with intensity measure dt x dv. In particular,

(5.1) 7((s, 1], A) = 7((0, 1], A) — 7((0, 5], A) ~ Pois((t — s)v(A));

7 here is an example of Poisson random measure and the process 7((0, t], A) := 7((0,¢], A) —tv(A)
is called a compensated Poisson random measure.

A more general definition is as follows: Let M be the collection of non-negative, possibly
infinite, N-valued measures on (E, &), and By, be the smallest o-field on M such that the maps
from M to N given by p — u(I') are measurable for every I € £.

Definition 5.1. A Poisson random measure on (E, &) with intensity measure X is an (M, Bam)-
valued random variable  defined on the probability space (2, F,P) with the property that for all
pairwise disjoint sets T1,..,T',, € € the N-valued random variables w(T'y), ..., 7(T'y,) are independent
Poisson random variables with parameters A(I'1), ..., A\(I'y). We call T := 7 — X the compensated

Poisson random measure.

Space of integrands:
We consider the following spaces of functions for integration with respect to the Poisson random
measure 7 induced by L:

(5.2) Fyp(H)=LP(Q x [0,T] x E, Py x & dP x dt x dv; H).

We are only interested in the cases p = 1,2; v is not necessarily finite and so we might not have
Fjp(H) C Fyp(H).

The main fact is that we are able to integrate functions f € F,}’T(H ) with respect to the measure
m for P-a.e. fixed w € (.

Remark 5.1. FZ}T(H) N FET(H) is dense in both.

Theorem 5.2. (Part A)
(1) ¥ f € F)p(H) we have

t
(53) B 606 =B [ [ 176.9lnavE)as vie 1]
(2) ¥ f € F)r(H) we have for each t € [0,T]

(54) oo fG000 = S f5.AL)

s€(0,t],AL(s)#0
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where the LHS is a.s. a well-defined H-valued integral (Bochner for a fized w € Q) and
the RHS sum is absolutely convergent.
(3) Y f € F)p(H) and each t € [0,T] we have

(5.5) B[ [ 16areo=-5 [ g6

Moving on to part B, for f € F)(H) N F;7(H), we define

o0 [y Laine= [ [ om0

Theorem 5.3. (Part B)
(1) HenceV f € FZ}T(H) N FVQT(H) and each t € [0,T] we have

(5.7) /Ot/f Odr(s,&) = Y f(s,AL(s //f

s€(0,t],AL(s)#0
(2) ¥ f € FLp(H) N F2p(H) we have (fq ) [ f(s, €)47(s,))ieqo.r) € MA(H) and

(5.5) Bl [ [ 006 0= B [ [ 56 Oav(e0ds = 171

(3) Given f € F)p(H), let (fn)p—y be a sequence in F)(H) N Fjp(H) that converges to
fin F37T(H). By Theorem (5.3) (2) the sequence (f((),t} Iz fnd?r):o:l is Cauchy in the
space of square-integrable H-valued martingales. Furthermore, the limit does not de-
pend on the particular sequence (fn)oo ;.

(f(o,t] I f (s,§)d7r(s,§))te[0 7 to be the limit of any such sequence. By construction, this

is a square-integrable H-valued martingale (i.e. € M#(H)) and equation (5.8) continues

to hold.

Therefore, we can define the H-valued process

Definition 5.4. For T > 0 we define a map I%: F,iT(H) — L2(Q; H) by

(5.9) (f) = /(0 § /E f(5,€)d7(s, ).

Equation (5.8) says that I% is an isometry.

Remark 5.2. The stochastic integration with respect to the Poisson random measure m is only
defined for integrands in F,}T(H ), while the stochastic integration with respect to the compensated

Poisson random measure T is only defined for integrands in F2 r(H). And so the formula

(5.10) /(M /E fs,0dr(s,6) = 3 (s, AL(s / / s

SG(O,t},AL(s);é
is valid only for f € FUIT(H) N FET(H) (As described earlier the LHS is defined as a limit and so

the formula may not hold for f € FET(H)) But if L is compound Poisson process then we know
that v is finite and thus FVQT(H) C FZ}T(H) And thus the formula holds for any f € FET(H)

Fact: For every f € FVQT(H ), the stochastic process (If (f))tejo,r is a purely discontinuous
martingale that starts from 0.
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Proof. Recall the definitions (from Week 2): Let M € MZ2(H). Then MZ(H) = M7“(H) ®
M%’d(H) i.e. M can be uniquely written as

M = M+ M*
where M€ € M%C(H ), is called the purely continuous part of M and M? € M%’d(H ) is called the
purely discontinuous part of M. M%C(H ) is the subspace of continuous martingales in M#(H)
(continuous P-a.s) and M%’d(H ), is the close of the subspace of bounded variation martingales in
MZ(H) starting from 0.
Consider f,, € FJT(H) N FET(H) such that f, — f in FET(H) So for f,,’s we have (5.7) hold
true i.e.

FG)= X AeALe) - [ [ s oweas

s€(0,t],AL(s)#£0

where the RHS integral is absolutely continuous. Thus If (fn) has bounded variation and starts
at 0. For the f,,’s we have the Ito isometry: E|IF(f,)|%,= Ef(;5 [elfn(s,€)|3dv(€)ds which implies
that I7(f,) — I7(f) in M2(H). The desired result follows from the fact that M?< is closed.

O

Now we will present the quadratic variation and BDG inequality for stochastic integrals with
respect to the compensated Poisson random measure 7.

Theorem 5.5. (PZ 8.23) Let P be an Fy-compound Poisson point process on a measurable space
(E, ) with intensity measure v and let ™ denote the associated Poisson random measure. For

every f € FE,T(H) the quadratic variation of the H-valued martingale (If(f))te[o - is given by

(5.11) FOle= [ 6O,

Proof. Recall the relation between the angle and square brackets: [M]; =< M€ >; + 3, ,|AM(s)|*.
We have IT(f) = (IF(f))?. And so the proof goes in the following direction:

F= SIATE(DP= Y 156, ML= [ [ Ifhdn(es).
s<t s€(0,t]
Now the BDG inequality:

Proposition 5.6. In the setup above, for every 1 < p < oo there exists a constant C, € (0, 00)
such that for every Fi-stopping time T and for every f € F?,T(H) we have

Lo, Lo ool <GE([ [ 1fG ol )”

C) is independent of 7 or f.

(5.12) E sup
t€[0,7]

5.2. Relation with integration w.r.t a Lévy process. So far we have seen how to integrate
w.r.t a square-integrable, mean-zero F;-Lévy process. We also studied how to integrate w.r.t a

compensated Poisson random measure.
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Question: How do these concepts relate to integration w.r.t a Lévy process?

Let’s revisit the Lévy -Khinchin formula for a Lévy process L with Lévy measure v: We have
Jy(ly3A1)dv(y) < oo and

(5.13)

Lity=at+ W)+ i L, (t)  +La(t)

square-integrable Lévy martingale

where W is a Wiener process, and the Ly, ’s are CPPs (all independent of each other). (Here the

(L4, )$° are square-integrable (not Lg4,). This follows from Lemma 4.2 part (1). )

Here are some consequences:

e Let My and M; be two square integrable, mean-zero F;-Lévy processes. Then M =

(5.14)

(5.15)

(5.16)

My + M has the covariance operator QQ = Qo + Q1 and for ¥ € LQQL(U) T(H)
2 b

/ W (s)dM(s / To(W)(s)dMo(s) + / 1(W)(s)d M (s)

where I; : L? , (H) — L*, (H)j = 0,1 is a continuous extension of the identity
Q2(U),T QZ ()T

map (from and to S(U, H)). Using this, for a square-integrable process M, we can write
IM in terms of its continuous part I}V and discontinuous part I;” (& being the sum of
CCPP’s) and we can thus explicitly find the quadratic variations.

Now lets turn our focus to the term I;”. So far, we have seen: Integral w.r.t a square-
integrable process, the isometry 17 : L? (H) — L*(Q, H). And integral w.r.t a
Q2(U )T

compensated PRM, the isometry I;E\(H) : FET(H) — L2(Q, H). Then we have the infor-
mal decomposition dZ :=d ) ° L A,, = d7 (7 is the jump measure of &?). The proof for
this goes as follows:

Assume that )1 is the covariance operator and 7 is the jump measure of &2. There is an

isometry

7%, (H) — Fr(H).
QY (U),T ’

In the proof, for a simple function ¥ we can show that f7(¥) = f € FET(H ) where
f& Q2 x[0,00) x U — H is defined as fg (w,s,u) = ¥(s,w)(u)). By a density argument

we get for any ¥ € L? (H) that f € FET(H)
Ql ( )7
Then we restrict the analy51s to the case when 2 is a CCPP P (as opposed to a sum of

CCPP’s) and show that IP = I’T o fP where 7 is the jump measure of P. That is, for
every t € [0, 77,

/Ot\IJ(S)d?(S) _/t/ 8 (s, u)d7 (s, u)

:Zf\I,SAP //f\psudu()d

s€(0,T7

Then by a limiting argument we extend the above equation to the general case i.e. for

Vvel?, (H) we have I (V) = If(ff,z) Note that (5.16) may not hold in this case.
QL (O).T
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e Hence, for a square-integrable Lévy process L we have

IR = IV (Io(9)) + I (f7 )

and in fact,

ALF() = frlw) (8, AL()).

Thus, now that we have identified jumps of a square-integrable F;-Lévy process we get an explicit
It6’s formula. But before that we note the following;:

Remark 5.3. L may not be square-integrable in which case we need to figure out a way to define
integral w.r.t dPy where Py = Ly, 1is the F;— CPP in the Lévy -Khintchin decomposition.

Summary: It is done as follows: Up until the time that the jumps of Py leave the ball B(0,m) C
U, denoted 7,,, Py agrees with the square-integrable compound Poisson process P, fi)rmed by tak-
ing from Py only the jumps that lie in B(0,m). Define: [j ¥(s)dPp(s) = 2 se(0,] f\gm(s, APy (s))
for ¥ in an appropriate space such that all these integrals are defined. Then define fot U(s)dP(s)
piecewise to be equal to f(f U(s)dP,,(s) on the interval {t < 7,,,} (for appropriate ¥). It can then be
shown that for every W, there exists a Pjg ) ® B(U)-measurable function féjo :Qx [0, T|xU - H
such that

(5.17) /\Il )dPy(s /Ot]/f (s,u)dm(s,u) Se%ﬂ s, APy(s))

And thus for ¥ € L?(Q x [0, T, Po,71, dP ® dt; L(U, H)) (the appropriate space) we finally
obtain

(5.18)

/ U(s)dL(s / \Ifads—l—/ U(s)dW (s +/ f& (s,u)d7 (s, u) + (s w)dm (s, u).
0.4 /B 0,4] B‘

And so in our SPDE driven by Lévy noise we consider integrals of the kind,

[ Gtuts—naw(s) + K(u(s-),0di(s. )+ [ [ K(uls=),€)dn(5,9).
0 (0,¢] J E\Eo

(Ovt] EO
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6. WEEK 6

Recap:So now on we consider will consider processes/SPDE of the following form:

X() = Xo + /0 F(s)ds + /O Gs)dIW (s) + /(M /E K (s, €)d7(s, €) + /(o,t] [y, Kl am(5.6)

As an example, we can set E := U \ {0}, Ep := {y € U : 0 < |y|ly< 1} and endow the space F
with a metric such that it is separable, complete, such that A C F is bounded if and only if A is
separated from 0, and v is finite on bounded subsets of F.

In today’s class we will state the Itd6 formula for Hilbert space valued processes and prove the 1-d
version of it.

We first consider the processes of the form:
¢
X =X+ [ [ K 0dn(s.0).
0
X is predictable and A is set in E bounded below.

Theorem 6.1. Then for each f € C(R) and for each t > 0 with probability 1 we have:
t
P @) = 1O = [ [ 17(X(5=) +%(5,€)) + F(X(s=))Jdm(s.).

Proof. We have seen previously that P(t) = >  AL(s)xa(AL(s)) is a CPP with Lévy measure
v|a. We define a partition formed by the jumps of P i.e. we set T, = inf{t > T,,_1 : AP(t) € A}.

FX@0) = f(X() = D [f(X(s)) = F(X(s-))]

0<s<t

— S UFXEAT) — FX(EA Ty )]

i
L

K

[f(XENT =) +K(ENT, AP(EAT,))) — f(X(EAT—))]

I
—

n

-

Now, consider the process M of the form

(6.1) M{(t) = /OtF(s)ds 4 /Ot G(s)dB

where B is a 1-D Brownian motion. Then the quadratic variation of M is [M](t) = [ G?(s)ds.

<+

J 15 (X (5=) + K(,)) = F(X (=) (s, )

Theorem 6.2. For M as in (6.1) we have for any f € C*(R):
62) SO0 - SO = [ FOIENAMG) + 5 [ M G)ams)

Proof. (Outline) (First assuming that M, F', G are bounded r.v.s) Let (P,,n € N) be a sequence
of partitions of the form P, = {0 =t < ... <t} ,; = t} (m depends on n) and suppose that
limy, 00 6(Fn) = 0, where the mesh §(F,) is given by maxo<j<m|t], —t}|. By Taylor’s theorem
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we have, for each such partition
FM) = F(M(0) = > f(M(ter1)) — F(M(tr)) = Ji(t) + %b(t)
where
= ;if/(M(tk))(M(tkH) = M(ty)), Ja(t) = ]if”(N’“)(M(tkH) - M(t))?

where N¥’s are F;,  -adapted random variables satisfying |[N* — M (t,)|< | M (tgq1) — M(ty)].
Then we can show that as n — oo

t) — /Ot f/(M(s))dM(s) in probability.

For Jy we write Ja(t) = K1(t) + Ka(t)

= i S (M () [M (tg1) — M ()] + i(f”(Nk) — (M (tx)))[M (tgs1) — M(t3)].
k=0 k=0
Then we can show that .
K= [ 1))

To treat K9 observe:

| Ko (1)< Og}ixmﬁ"(]vk) FI(M ()| Z (te1) — M (tr))*.

By continuity maxg<g<m|f”(N*) — f”(M(t))|— 0 while 7" o (M (tgy1) — M (tg))? — [M](t) in
L?. And thus Ko — 0 in probability. g

Next, we consider the form

/ ds+/G )dB(s —i—//ﬂngdw

Xa(t)

where B is 1-D Brownian motion.

Theorem 6.3. Then, for all f € C%(R), andt >0 a.s.

Fx D= [ FE X + 5 [ PO Daxds)
[ / )+ %(s,)) = F(X (s=))]dm(s.)
Proof. For T’s as defined in the previous theorem we have
JEX () — F(X(0)) = ji)[f(X(t NTya)) = (X (EAT)]

= f:[f(X(t ATj)) = FIXEA T =) + [F(XEATj-) = F(X(EAT)))]
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The first sum is equal to [y [4[f(X(s—) + X(s,€)) — f(X(s—))]dn(s,&) from Theorem 6.1. For
the second sum consider s € [T}, Tj+1]. Then,

J
X(s—) = X(Tj) = Xe(s) — Xe(T5)

Now we can apply Theorem 6.2 to the process X (s—):

FX(s-) D= e tg X E)AX)

Then take s = t ATj11 and 3772, to get that the second sum is equal to J3 (X (s=))dX.(s) +
L[5 f"(X (s—))d[Xc](s). Thus we have the desired result.
Note that in the 1D case this result can also be stated as:

FX(0) ~ F(X(0)) = /tf’Xs— Fs)ds + [ F(X(s-)GEaBG) + 5 [ 170K

(63) [ X6+ 5(5,) — 7K (s-)ln(s, €)

Now consider the general Lévy -type stochastic integral form:

(6.4) X(t) = X(0) + /0 " P(s)ds + /OtG(s)dB(s)—k L KG.00R6,9 + [ (s, a(5,9)

Before stating a more general It6 formula we state the following lemma:

Lemma 6.4. Let K € F? 1 then for any sequence (Ap)nen T E we have

lim / / K(s,&)dn(s,€) :/ / K (s,&)dn(s, &) in probability.
=00 J(0,t] J A, (ot JE
Corollary: Let
t t
Xolt) = XO)+ [ F)ds+ [ GaBs)+ [ [ Ks,d7(5,6)+ K(s, €)dn(s, €)
Then X,, — X in probability.

Theorem 6.5. Then, for all f € C*(R) and t >0, a.s.

FX0) = 1) = [ PR+ [ O
>< : /M /|£>1[f (X(5=) +K(5,8)) = (X (s=))ldn(5,€)
(XG4 K(.8) = S(X5) = K (5,6 (X (s-)Jav(&)d(s)

Proof. Decompose |z|< 1 as the union of sets {4, }nen as in Lemma 6.4 that are bounded from
below.
Recall that we have

Joo b st = [ |, wtsantes) = [, Kes)


Krutika
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And so applying Theorem 6.5 to X,, defined as:

X, (t /Fds+/GdB +//K £)dn(s //K £)ds
(0,4

+ / K(s, E)dn(s.¢)
(0,1] /1¢|>1

we obtain

F(Xalt)) = F(X0(0) = /0 FXNAX) + 5 [ KA (s)

o, /| )+ K(5,)) = F(X(s=))Jdm(s.6)

(e K .0) - A s, - [ [ K07 (s Ddv@as.
(0,¢] 0 JA, |\f\
The last two terms can be combined to obtain: Y\m?(j %
[ ] 15(X0)+ K, 6)) — FOX(- R (5,6) L
[ () K(.9) - SO0 - Kl O (X (s-)av(e)as.

From the abovementioned Corollary we know that X,,(¢) — X (¢) in probability and thus there is
a subsequence for which X,,(¢) — X (¢) a.s. And so we pass to the limit n — oo on both sides to
get the desired result. O

We will now state the It6 formula for values in a Hilbert space H. Consider an H-valued
process of the form:

(6.5) X(t) :X0+/0tF(s)ds+/0tG(s)dW(s)+/(Ot]/EK(s,§)d7?(s,§),

where Xo € L?(, Fo, P; H), F:Q x [0,T] — H satisfies F € L'(0,T; H) a.s., G € L%JO,T(H) and
K € F(H) for some T > 0.

Theorem 6.6. Let X be as in (6.5). Let ¢: H — R be a C? function such that ' 4" are
uniformly continuous on bounded subsets of H (as a mapping into the space of Hilbert-Schmidt
operators on H.) Then for each t > 0 we have P-a.s.

VX(0) = $(Xo)+ [ (X (5-), F(s)ds + / )W (5))
+/(O,t]/E(¢/(X(S_))7 (5,€))ndm (s, /T V"(X(s—))G(s)G*(s)]ds

g Jo K6+ K (5, 6) (X5 d(s,6) - /(M /E (WX (5-)), K (5,€)) srlm(s, ).

Special case: 9(u) := |u|%. Despite the fact that the second-order derivative of this map is
not a Hilbert-Schmidt operator when H is infinite-dimensional, the terms on the right-hand side
of the above formula are still well-defined. By projecting X onto finite dimensional subspaces of
H, applying Theorem 6.6 and passing to the limit, one can show that above equation equation
still holds for ¥ (u) := |u|%.


Krutika
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Corollary 1. Let X be as in (6.5). Then for allt > 0 we have P-a.s.

rxuﬂ%:)%%+2A?X@ ) F(s)ds +2 [ (X(s-), G ()

—|—2/(0’t]/E(X(s—), ) dA(s +/ 1G) 2, 0ot ds+/ /\K O)[2,dn(s, €).

7. WEEK 7

7.1. Existence and uniqueness results. H= separable Hilbert space. We first consider an H
valued SDE:

(71) dY = F(s,Y(s))ds + +G(s,Y (s—))dW (s) + [, K(s,Y (5—),£)d7(s, &)
' Y (0) = Y.

The integral w.r.t dz is accounted for using a standard method known as the "piecing method"
and so first we will only consider equations of the form (7.1).

Setting:
Stochastic basis: (2, F, (Ft)e>0, P, W, )

o (U, F,(Ft)e>0, P) satisfies the usual conditions: (F;)s>0 is a right-continuous and complete
filtration.

W is a F;-Wiener process.

e 7 is a Poisson random measure (induced by an F;-Poisson point process) on (0,00) x E
with intensity measure dt ® dv where v is a o-finite measure on (E, E).

e () = covariance operator of W, Uy = Q%(U).

e Fj any measurable subset of F.

e Yy : Q) — H is JFy measurable r.v.

F:Qx[0,T]xH —R.

G:Qx[0,T] x H — Ly(Up, H).

K:Qx[0,T)xHxE— H.

Definition 7.1. For Yy € L?(Q, Fo,P; H), an H valued cadlig adaptive process (Y (t))i>o is said
to be a global pathwise solution to (7.1) on [0,T] if

(1) Y € L9 L2(0,T: 1))
(2) ¥t € [0,T) the following holds P-a.s.

(7.2) Y1) :YO+/OtF(s,Y(s»ds+/OtG(s,Y<s—))dW(s)+/(M /E K(s, Y (s=), €)da(s, €).

Definition 7.2. Let 7 be a stopping time. Then the pair (Y,T) is said to be a local pathwise
solution to (7.1) up to 7 if (7.2) holds on the interval {t < T}.
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7.2. Global existence for SDE with globally Lipschitz and linear growth conditions.
Assumptions: For some p > 0:

(7.3) ’F(S7x)’%l"‘”G(sv$)H%2(UO,H)+/E |K (s, 2, 8)[3rdv(€) < p(1 + |[3)
(7.4)
|F(s,2) = F(s,9)|[H+G (s, ) — G(s, y)H%Q(UO,Hﬁ/E K (s,2,6) — K(s,y,&) 3w (€) < p(|z — yliy)

Vee H s> 0,weq.

Lemma 7.3. Under the above assumptions the integrals [J F(s,Y (s))ds, [3 G(s,Y(s—))dW(s)
and, [0 Jg, K(s,Y (5=),§)d7(s, &) are well-defined if Y € L2(2x[0,T], FxB([0,T]), dP®dt; H).

Indeed thanks to It6 isometry we have
t t
Bl [ .Y (s)dsfy < [ EQ+ V() < oc
0 0
t t
Bl [ Gl Y (s=)aW (s)ff = B [ G (.Y (DI, 00
t
< [ B+ Yl <
0

E(| K(s,Y(s—),&)dn(s,&)|3) = E K (s,Y (s—), &) [3rdv(£)ds
0,4 JEo (0,4] JEo

< ['BO+ V() <

Note: In fact if Y is Fi-adapted and cadlag then so are the integrals. The fact that they are
mean-zero martingales (as established in earlier classes) and that the filtration satisfies the usual
conditions imply that they have a cadlag modification.

Recall BDG inequalities:

1. For W: 1 < p < oo there exists a constant C), > 0 such that for every ¥ € L%O7T(H) we
have

(7.5) E sup
tel0,7]

t P T 9 p/2
| v@aw @[ < GB( [ 18I, 0 mds)"

2. For 7: For every f € F,QJT(H) we have
p/2
/Ot/ dﬂsg)‘ <CE/]/fs§\Hd7r( )) .

Theorem 7.4. (Ikeda- Watanabe Chapter 4 Theorem 9.1/Applebaum 6.2.3) In the setup above,
for every Yy € L2(Q, Fo, P; H) and every T > 0 there exists a global solution Y to the SDE

) dY = F(s,Y (s—))ds + G(s,Y (s—)AW () + [, K(s,Y (s-),€)dR(s,),
‘ Y (0) = Y.

(7.6) E sup
tG[O 7]

on the interval [0, T] with initial condition Yp.
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Proof. We use Picard iteration. Start with Yp(¢) = Yp, then iterate, for n > 1, define
t t

(7.8) Yo (t) = Yo+ / F(s, Y1 (s—))ds + / G5, Yi1(5—))dIW (s)
0 0

+ / K(s,Y,_1(s—), €)da (s, €).
(0,t] JEo

Y, is well-defined, adapted and cadlag provided Y,,_; is adapted and cadlag .
Aim: Show that the sequence (Y,)$° converges in L?(Q; L>°([0,T); H)). Hence we will show that
it’s Cauchy. Estimates: Y, 11(t) — Y, (t) = 1 + I + Is.

= [ (F0(6)) = Fa1()ds
b= [[(GV(5)) ~ GV a(s- )W)
0
= [ [ (K((s-).6) = K(Vaa(s-). ©)dR (5.9
(0,t] JEo
Take |.|%, on both sides, then sup over ¢ € [0,7] and expectation

T
E[ sup |L(1)[] < TE/ |F(Ya(s—)) = F(Yn1(s—))|Hds
te[0,T)] 0

T
< C’TE/ 1Yoy (5=) — Y1 (s—)[%ds.
0

Similar estimates for E[sup;c(o |/ ()|%], j = 2,3 using the BDG inequality:

T
E[ sup |Ir(1)|}] < C2E/ IG(Ya(s—=)) = G(Yn1(s= )17, .45
te[0,T] 0 ’

T
< E/ V(=) — Y1 (s—)[%ds.
0
And,

B sup ()4 SB[ [ [K(YVa(s-).) = K(¥aor, (5,
t€[0,T (0,7] J Eo

T
_E / |K (Yo (s—=),&) — K(Yn_1,8)%dv(£)ds
0 Eqy

T
< E/ Y (s—) — Yy_1(s—)|%ds.
0

Putting everything together:
T
(7.9) E[ S£%1|Yn+l(s) — Ya(s)[H] < C(T)/O E|Y,(s—) = Yn_1(s—)[}ds
te|o,

Observe that using the Ito isometries we have,

s 2
E sup [Yi(r) — Yol} S s2Elsup]F<r,Yo>r%{ +B| /0 G(r,Yo)dW (r)|

TE[O,S] TG[O,S

2
+E [ | K@Y 0dwe)|
(0,s] Y Eo H
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< S+ BNl + B [ 16050y wmtE [ [ 1Ko v
0
<1+ EYl%.

Iterating (7.9):

T t1 th—1
E( sup [Yoa(t) = Ya(t)l}) < c/ / / E|Yi(t,) — Yol%dt, - - dtadty
0<t<T o Jo 0

mn

T
(7.10) = B( sup [Ya1(t) = Ya@®)lf) S (1 + ElYoli)
0<t<T n!

and hence
(T)n/Z

\/m )
where the hidden constant does not depend on n. The right-hand side of the estimate above is
summable in n. Thus the sequence (Y;,)52, is Cauchy in L?(Q; L>°([0,T]; H)). Let Y = limY,,
in L2(Q; L°°([0,T]; H)). This also shows that for a fixed t € [0,T], the convergence Y,,(t) — Y (t)
also holds in L%(Q; H).

We need to show that Y is adapted, cadlag , and solves (7.7). We claim that Y,, — Y uniformly
on [0,7] as n — oo, P-a.s. Using Chebyshev’s inequality and (7.10) we see that
47"

n!

S

1Yn+1 = Yall L2(0; oo (o, 77:1)

1
P [ sup |Ynt1(s) — Yau(s)|lu> on N
0<s<T

The right-hand side of the inequality above is summable in n, so the Borel-Cantelli lemma implies
that

(7.11) P{limsup sup |Yni1(8) — Yo (s)|g> 7} = 0.
n  0<s<T 2n
So with probability 1 we have
1
sup [Yni1(s) = Yu(s)lu< o
0<s<T

holds for all but finitely many n.

Triangle inequality = (Y},),; is almost surely uniformly Cauchy on [0, 7] = converges to Y in
H uniformly on [0,7], P-a.s. Note: Uniform limit of H-valued cadlag functions is also cadlag .
(Eg. The proof involves showing that the left and the right limits of the sequence of functions
are Cauchy and then using triangle inequality and uniform convergence we show that the limit is
cadlag .) Hence we see that Y cadlag a.s.

In addition, for each fixed ¢t € [0,7T] we have (upto a subsequence) that Y, (t) — Y'(¢) a.s., which
implies that Y is Fi-adapted (because a.e. limit of measurable functions is measurable).

Next: Need to show that Y satisfies (7.7) almost surely. We pass to the limit in (7.8). Using
the isometric formulas and the Lipschitz growth assumption it is easy to see that each term on
the right-hand side of (7.8) converges in L?(); H) to the corresponding term with Y in place of
Yn_1. O
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Next, well-posedness:
Uniqueness and continuous dependence on the initial data

Proposition 7.5. In the setup above there exists C = C(T') > 0 such that for any two solutions
Y and Z to (7.7) with respective initial conditions Yy, Zg € L*(Q, Fo, P; H) and for all A € Foy
we have

(7.12) E[14 sup [Y(t) = Z()[}] < CE[14IY — Zo[}].
te[0,7]

Remark: Taking A = {Yy = Zo}, we get a.s. uniqueness: P[1yy—zn|Y () —Z(t)|g= 0 for all t €
[0,T]] =1, i.e., pathwise uniqueness holds for equation (7.7).

Proof. Very much like before + Gronwall. We will work out the case Yy = Zp a.e. The more
general case is no different since A € F; does not change predictability of any integrals.

E[ sup [Y(t) = Z()f}] S E[ sup / [F(s,Y () = (s, 2(3))[rds]
te[0,7) tG[OT
B[ sup | /1605 Y(e-) - G <s—>>1dw<s>]fq]
N 2
+E tem’ J o o Y (50,0 = K (5. Z05).€)10(5.)]
(7.13) =J1+ Jo + Js.

Estimates like earlier give us that RHS J; 4+ Jo + J3 < f(;[ Elsup,cjoqlY (s) — Z(s)|34)dt

(7.14) = E[ sup |Y(t) — Z(t)|}] = 0.
t€[0,T]

Next we will apply the It6 formula to the solution of (7.7) with the norm in LP. Recall 1t6
formula: Let ¢ : H — R s.t. 1 is C?

Y (®) = 600 + [ t(Dzb(Y(s—)),dY(s))Hds ) / DRV (=) GUY (56 (¥ (5-))Jds
* g Jp A6+ KGO = st ear.9) - | f Dy K (s, ) ndm(s. ).

Frechet derivatives:
Take ¢(z) = |z|%. Consider g(x) = |z|?% then Dg(z) =2 < x,- >g. For ¢(z) = g(x)

[N]4S]

. Then
Dy H e H; Diy(z) = gg(xﬁ—lz <z, >p=pg(x)i e = plzt 2
And D¢ : H v L(H, H');
D*p(x) = pD (|l ?) @ + plafly *Da = pp - 2laly ' < @, >u z + plalf °T

So far: For Yy € L*(Q; H) we have shown 3'Y € L?(Q; L*°(0,T; H)).
Next: For Yy € LP(QQ; H) = 3Y € LP(Q; L>°(0,T; H)). For this we would additionally assume
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that for some ¢ > 0
(7.15) [, @ Odr(e) < et +[offy) Vo e B
We apply Ito formula,
(DY (s-)),AY ()i = (IY (sl 2 (s—), (Y (s-))ds + G(Y (s—))dW (s)
+ [ KV (s-),&)dR(s, ),

Eq
Tr[D*(Y (s—))G(Y (s=)G(Y (5-))*] = p(p — 2)|Y (s[5 *Tr[(Y (s—), GG*) Y (s—)]
+plY (s—) 5 *Tr(GG]
=:p(p — 2)[Y (s—)[5; Ty + plY (s—) [ *To.

where,
T = i(Y(s—),GG*ek>H< i GGY (s—),ex)u(Y(s—),er)n
k=1 k=1
= (GG*Y (s=),Y (s=))u = |G*Y (s=)|ts,-
We obtain

Tr[D*)(Y (s=)G(Y (s=))G(Y (s-))*] = p(p = DIY (s=) 5 1G™Y (s=) |, +pIY (s)I57 *IGI1Z , wyitr)-

Collect terms:

= ol [ pIY (550 (5), (Y (5-)) st
/ PIY (5 20 (5, GO (W (D [ pl (5 200 (50, KO (5), € (5.)
w3 [ B GG (5D gy 2l = DY (5= PG (5-)Y (5l s

T 0.4 Eo Y (s-) (Y(s=), Ol —IY (s—) j}}—p\Y(s—)\%—2(Y(s—), K(Y (s—),&))gdn(s, €)

=hL+L+I3+ 14+ 1.

8. WEEK 8

(Continued..)Now we find estimates for the above terms:

t
Bl sup 1(9) <pB sup [ 1Y (=) F(Y (s-)]rds
s€[0,T7] t€[0,T)]

<E /O pIY (s=) B (1 + Y (s—) )ds
T

<1+ E( sup |Y(7“—)]’;I)ds.
0 re(0,s)
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E[ sup I»(t)] <pc E/OTY(S-)P“"”H(G(Y(S—))*Y(S—)aY(S—)>HH%2(UO,H)

1
2

T 2p—4
§E< YV (s=)[g1G(Y (s ))*Y(S—)\Uod5>

S— )
?
D=

T
§E< (s=)7 Y (s )\%HG(Y(S—))*H%Q(H,UO)(B)

ol

— E[( sup [¥(s~ (/ ¥ (s~ 2||G<Y<s—>>\|%2<UO,H>ds) |

s€(0,T)
Using Cauchy-Schwarz and the growth assumptions

T
B(sup [V(s-)ff) + B (/0 1+ |Y(s—)\5;ds>

s€[0,T7]

IN

< 1LHS +oa +/ sup Y (r—)[)ds).
re(0,s)

Same estimate for I3 45. We apply the BDG inequality (Proposition 5.6) to I and obtain

B sup 1)) SB( [ [ 0 ()0 (50), K (o, ¥ (), €0)n(s, )

s€[0,t]

2

2p 9 1/2
<E( /(] [E Y (s (5, Y (7). (s, )

1/2
<B( V(s \””(/ [ sl \K<s7Y<s—>,f>\%{dw<s,a) ).

s€[0,t]

Then we use Young’s inequality and growth assumption as above. In the estimate of I5 we make
use of the inequality

—2 —2
(8.1) 12+ yly—lely—plef > (@ y)u| S (el *lyh+ly)  foralley € H,
Thus we obtain

Bl s )] <B [ [ (Vo) + KV (50, OtV ()l
s€[0,t] 0,t]

= plY (=)l > (V (s=), K (5, Y (s=), )| (s,€)

S E/(O,t] /E 1Y (s=) [ 21K (s, Y (5=), O+ K (5, Y (5-), €[} ] dr(s,€)

©2) =B [l Y (50, O s,V (5), )] av(€)ds.
3 0
Using (7.15) and Young’s inequality as above we obtain
t
(8.3) B s%pﬂ|f5(s)|H} < 1+E/O Y (5B, ds.
s€|0,

Combining all the terms we obtain

1 t
SE(sup |[Y(s—)lf) < E[[Yoly] +C [ E(sup [Y(r—)[f)ds
s€[0,t] 0 ref0s]
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We have the form, z(t) < C + C fot z(s)ds. We will apply the Gronwall inequality:
(5.4 B( sup [V(s—)f}) < C(1+ ElYlf).
s€[0,T
8.1. The main SPDE.
du + [Au(s)+B(u(s),u(s)) + F(u(s))]ds
(8.5) = G(u(s—))dW(s) + s K(u(s—),&)dn(s, &) + o H(u(s—),&)dm (s, §).
U(O) = Uug.

8.1.1. Functional Framework. Hilbert spaces V. C H = H' C V', dense, compact embedding.
Notation: V: ((-,-)) and H: (-,-).
Assumptions on A:

(1) A is linear unbounded operator A: D(A) CV — H
(2) D(A) is dense in V.

(3) A is bijective from D(A) onto H.

(4) (Au,u) = ((u,v)) for all u € D(A),v € V.

Properties of A:

(1) D(A) is complete under the norm |u|p(a)=|a(w) for all u € D(A).

(2) A is symmetric (Au,v) = (u, Av) for all u,v € D(A).

(3) A:V — V' is continuous. For u € V define Au € V' by (Au,v) = ((u,v)) for all v € V
and | Auly= |ull.

(4) A=Y H — D(A) C V C H continuous.

(5) A= H -V — H is a compact operator.

(6) A1 is self-adjoint (A is symmetric).

(7) A1 is positive definite: Vu,v € H,(A™ u,u) = (A~ u, AA" u) = [|[A" u|?> 0.

4

Then the spectral theorem implies that there exists an ONB (ug)7° of H consisting of eigenvectors
of A™!, with eigenvalues ()3 s.t. g > 0 and A\, — 0 as & — oo. Then wy = A1y is an
eigenvector for A because Awy = uy = l%kwk. Then wy, € D(A) and the wy’s form an ONB in H
with eigenvalues A\ > 0 s.t. A\ — o0 as k — oo.

Assumptions on B:
(1) B:V x D(A) — V' bilinear continuous.
(B(v, u), w)|< Cljol]| Aul[Jw]]
(2) B: D(A) x D(A) — H bilinear continuous.
(8.6) [(B(v,w),w)|< Collol|2] Av] |l | Au|* o]
(3) Cancellation property for B: (B(v,u),u) =0 for all v € V,u € D(A).

Assumptions on F: F : V — H linear growth and is Lipschitz. |F(u)|< ¢(1 + ||u]|) and
[F(u) = F(0)|< cfu —v].
Noise terms:
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(1) W is a Wiener process with RKHS (reproducing Kernel Hilbert space) Up. G : H —
Ly(Ug,H), G : V — Ly(Up, V). We assume G has linear growth and is Lipschitz w.r.t
both the H-norm and the V-norm.

(2) 7 is the jump measure of a Lévy process L (m = 3°5% d5 AL(s), Sum is finite).

H :HxE—V, Eg=unit ball in F s.t.
[ [ Hae-)dns0= S Hluls-), AL(s)).
(0] JE\Eo s€(0,t],AL(s)%0

(3) K: HxFEy— H, K :V x Ey — H. We assume that K has linear growth and is Lipschitz
in the sense that

[, 1K, O av(e) < e(1 + ol

where v is the Lévy measure of the Lévy process L. Same with the V-norm + Lipschitz
condition in V' +

L K@) < 1+ ol voev.
0
8.1.2. Strategy for proving existence. First we ignore the dm term (i.e. set # = 0) and consider

du + [Au(s) + B(u(s),u(s)) + F(u(s))]ds = G(u(s—))dW (s) + K(u(s—),&)dm(s,§).
(8.7) Eo

u(0) = up.
Now we consider a truncation of the B-term:
du + [Au(s)+0(|lu — usl]) B(u(s), u(s)) + F(u(s))]ds

(53) = Glu(s-)AW(s) + [ K(u(s-),€)dR(s.©).
0
u(0) = wp.
where u, solves the linearized random equations:
dus

+ Au, =0
(8.9) dt

ux(0) = up.

6 :[0,00) — [0, 1] with a specific choice of R < Cio where Cj is from (8.6). If u solves (8.8) then
u solves (8.7) until the first time that ||u — u.||> &.

Definition 8.1. A pair (S, @) is a martingale solution to (8.8) if
« §= (O F (F)iso, B, W, 7).
o U LA(Q,L°(0,T;V)) N LYQ, L2(0,T; D(A))).
e U has cadlag sample paths in H a.s. and u is ft-adapted.
e and Vt € [0,T], P-a.s. we have

u(t) + /t[Aﬂ(S) +0(u(s) — ua(s)B(a(s), u(s)) + F(u(s))]ds
(8.10) 0 .

- /0 G(s—))dTW (s) + /«m [ K(s-), €)07(5.6)

and u(0) has the same law as uy.
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9. WEEK 9

9.0.1. Galerkin scheme and estimates. We use {wy}72 as a basis for the Galerkin method. H,, =
span{wi, ..., w, }. Let P, be the projection from H onto H,,. Consider the H,, valued SDE

du” + [Au” + 0(||u”™ — u||) P, B(u", u™) + P, F(u")]
(0.1) = PG@)AW + [ PR (), )d7(5,6)
u"(0) = Pyup = ug.

And u? is the solution of the linearized equation (8.9) wuth u(0) = ug. We have the existence

and uniqueness of u" solving (9.1) globally that is on (0,7") (thanks to the truncation on B and
to the hypotheses on the growth).

Estimates: In order to make estimates on u™ we need some estimates on u}.

Lemma 9.1. Vp € (1,00), 3C), > 0 s.t. Yug € LP(Q, V) we have
s (o) [P A o) + 140y < Gyt + o)

for all n, for allt € [0,7T], P-a.s.

Proposition 9.2. Let ug € L*(Q, V). Then there exists C = C(T) > 0 s.t. Vn

(92) sup E[ sup [[u"(s)[|"] < C(1 + Elfuo|*)
n s€[0,T]
T
03) s B( [ 140249 < C(1+ Bl
T
(9.4) sup E(/O [u™(5)1%| Au™ (5)*ds) < C(1 + ElJuoll®)

Proof. (i) Let v™ = u™ — uf, then v" satisfies

A"+ [A" 4 00" )P B ™) + PuF ()] = PG()AW + | PuK(u (1), )R (s,)

v"™(0) = 0.
Observe that (8.9) implies ||[u?(t)||< Cllug||< Clluoll and [[u™||*< [|v™]|*+[Ju?||*. So we need to
find estimates for ||v™]|. For that we apply 1t6’s formula with ¢ (v) = ||v||P with p = 4.

lo™|*+4 /Otllv"(S)HQ[((Av”(S),U"(S))) +O([v"() (P B(u"(5), u"(5)), 0" () + (PuF (u"(s)), 0" (5)))]

=4 [ (s=) P (" (5), PuG(u" (s=))dW (s))) + A" (s=)IP((0" (s =), PoK (u" (s-), €))7 (s, €)

(0,1] JE,

+ ;/Otp‘Un(s_)HQHPnG(un(S_»|’%2(U0,V)+8|[PnG(Un(S—))]*’Un(S—)2U0d3

+/ / [[[0" (s=) + P B (u(s=), )| "= [[o" (s =) [I* =4[ 0" (s =) (" (=), P (u" (s—), €))))dn (s, €)
0,t] JEo
:Il+12—|-[3+[4+f5.
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First consider I; = 4f§||v”||2(PnFu"(s),v"(s)). Then,

T
E sup [I1()] S4E/ [0 (5)[[2[PoF (u" (5))|| Av" (s)|ds
te[0,7 0

T
4B [ ") PP (s)) 40" (5) s
T
4B [0 ()10 + o)) 40"(5) ds
T T
B [ ()P40 @) B [ ()R + () )%
Next,

T
E sup |I(t)] §4E/ O([v" () Ilv" (s)]*(B(u"(5)), Av"(s))ds
t€[0,T] 0

We write

(B(u"(s)), Av"(s))

(B(v"(s) + uy(s)), Av"(s))
(B(v"(s),v"(s)) + B(v"(s), ui(s)) + B(uz(s),v"(s)) + B(uz(s), u(s)), Av"(s))
=J1+ o+ J3+ Jy

IN

Next, | J1|< collo™ || Av™ ]2,
[ ol 5] < colluf 7] Aec| 20" 2] Av" 2
< [ A" Pl 1P || Aul |
[ Ja] < Jluf ||| Aug || Av”|
< [ A" Pt 7] AuZ .
This implies
! 3 2 2 2 2 2 2
| I2| S/O cof ([[o" D [lo™ [I*[Av™ "+ [lo™ [P0 ([|o" [N (| Av" [+ Cllui 7] Aui|"(1 + [[0"[|7))ds
t
S/ coR[["™|[2|Av™ P+ [[o" |2 Av" P+-C R (1 + R?)[[ulf|[?| Aull|*ds
0
Then taking R small enough and combining the rest of the terms we obtain

T
E[ sup ||v"||4]+E/ [0 (5)%] Av™ (s) |*ds
te[0,T] 0

T T T
<E [ (14 [0 @) )ds+ B [0 (60 + [ (9)[Dds + B [ ()2 uz(s) s
Terms I3 and I4 are treated like last week. Next,

= v (s— u"(s— o™ (s—)||
B s (G =B [ [ [I"6)+ PG (6-),9) —l(-)

A" (s )P0 (5-), PuK (u™ (5-), €)))|dm (5. €)
< CE /(0 . [ I PP  (5), P I P (5, )] (s, )
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=B [ [ [l oI ). PHIE s, ane)ds

<CE / 1+ !\u’:(s)\l4+llv”(s)ll4] ds.
0

Combining I; — I5 we find that there exists a constant C' = C(R,T) > 0 such that

T
E [ sup Hv”(S)II“] +/0 lo™ ()11 Av" (s)[*ds

s€[0,T]
(9.5) < C/ ll + [|ul ()7 Aul (s )|2+< sup ||U"(7”)||4> + Huf(S)H ds.
rel0,T]

Using Lemma 9.1 and Gronwall we conclude that there exists a constant C = C(R,T) > 0 that
does not depend on n such that

T
+ E/ l"(s) 7| Av" (5)]*ds < C(1 + El|uo||).
0

(9.6) E [ sup [|v”(s)||"
s€[0,7

So we have now shown that {u"}22; are bounded in L*(€2; L>°(0,T;V)). Next we will show that
{u"}22; are bounded in L*(Q; L%(0,T; D(A))) . Apply Ito’s formula to the equation with v"

using the function ||v||2.

T T T
||u“(:r)||2+2/O ]Av”(s)|2ds+2/ Q(HU”(S)H)(B(U”(S),u”(s)),Av"(s))ds—i—Q/O (Fu™(s), Av" (s))ds

Ji,2

i / CENIE +2 [ /E u"(s-),€)))d (s, €)

b [ NP s+ [ [ IR )P dn(s, =+t

Like carlier we can show that for any & > 0, Jio < [if (| Av"(s)|*4+Ce(1 + |Ju™(s)]|?))ds and
Ji1 < ST (el Av™(s) | 24Co(||u(s)]|2| Aum|?))ds Next,

BIAOP =18 | [ (0"(s), K (s), ) Pan(e)ds
< [ [ I IR (5-). ) Pave)ds
< CB [ ()P + () s

0.7) < B [ [+ )+ ()] as,

Observe that f(s,&) = [|[P.K (u"(s—),&)||* belongs to the space F, (H) N FZ(H). And thus

we can write

08 a0 = [ [ IR OPR + [ [ 1P Pl
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Thus,
BIOP < 28 [ [ PR (). e ds
vom([ [ OHPnK<u"<s—>,5>H2du<§>ds)2
< CE/Ot(1+ ||u"(s)||4)ds+CE(/0t(1+ o (s)2)ds)”
(9.9) < OB [+ () +e(s) s

Thus combining Lemma 9.1 and (9.2)-(9.3) we obtain

B( [ 14v()Pas)” < OB( [ ) au)las) + B [ 14 el e el as
< C(1+E|uol®).

9.1. Fractional Sobolev spaces.

Definition 9.3. Let X be a real, separable Hilbert space, let 1 < p < oo and a € (0,1), then the

space
T |u(t) X
WP(0,T; X) = {u e LP(0,T; X) / / e S‘H-ap dtds < oo}

is a Banach space under the norm

T Ju(t) X
”uHWap(oTX /\u dt+/ / t—s]l‘*‘ap dids.

The spaces W*P(0,T; X) are referred to as fractional Sobolev spaces.

We want to next show that {u"}22; are bounded in L*(; W*2(0,T; H)) for any a € (0, 3).
Preparation: There exists C > 0 s.t. for any ¢ € L2UO,T(H)7 we have

. T
(9.10) B | ()W () rozorn < OB [ 10, 0 .

A proof can be found in Flandoli-Gatarek (Lemma 2.1) Martingale and stationary solution for
stochastic NSE 1995.
Similarly there exists ¢ > 0 s.t. for all f € FET(H ) we have,

T

(9.11) ol 147 yoaorn = B [ [ 1£(s.)Pdv(s)ds
(0,11 JEo 0 JEo

This can be found using the BDG inequality.

Now let

7 / PLG(u"(5—))dW (s) — /(OT] [ PR (5-), a7 (s,)
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To show that (u™)%°; is bounded in L?(2, W*2(0,T; H)) it suffices to show that f,, is bounded
in L2(Q,W*2(0,T; H)). Because growth conditions on the noise terms give us,
2

T
< CE/0 HPnG(U”(S—))H%Q(Uo,H) ds

/PG ) dW (s)

We2([0,7%5H)
T
< CE/ (1 + [u™(s)[?)ds
0
And,

Bl [ [ PEK@(s-). (.o <E /T [ 1P (=), €)1 dv(e)as
or) /e " ’ ez S8 0 [ 39l

T
SE [ (14 u(s)P)ds.

. . . 2
15" Ryoqorny = |[uf = [ Aurds = [ oGl ) PuB(r)ds — [ PF(ur)ds
0 0 0 We2([0,T];H)

. . . 2
< lup — / Autds — / 8(|[v"[|) P B(u")ds — / PuF(u™)ds
0 0 0 wi2([o,T];H)
. . . 2
< |lun — / Autds — / 8(/|v™|) P B(u™)ds — / P, F(u™)ds
L2([0,T];H)
/ \Au”|2ds+/ a(||v™ )| B(u 2ds—|—/ |F(u™)2ds,
Sluol+ [ 1AuPas+ [ oG PiBaePas + [ 1F@Pas
(9.12) =: ug|*+1I1 + I> + I,
I, is straightforward: E[[;] < C. Using the cutoff property for some C' > 0 independent of n we
have
T
E[l] < CE/O O([[v™ ()2 B(0™ () P+|B(0"(s), uf (s))[*]ds
T
+CE/O O([[v™ ()| B(ul (s), v (s))[*+|B(ul(s))|*]ds
T
< CE/@ O([[v™ ()12 [I[0" ()12 Av™ (s) [P+ [[ul ()] [ Aulf (s) [*]ds,
T
(0.13) < CE [ (40" ()2 ()| A2 () Plds < C.
0
Similarly,
T
(9.14) B[l < CE/ (1 + [[u™(s)|?)ds < C.
0

Thus we have now shown that if ug € L¥(Q, Fo, P; V) then u™ is bounded in L*(€; L>=(0,T;V))N
LA(Q; L2(0,T; D(A))) N L2(S; W*2(0,T; H)) independently of n. Hence, if for some u, u™ — u
weakly /weak® in these spaces. We want to know if u cadlag in time a.s. so that the integrals
€h G(u(s—))dW (s) and S Ji, K (u(s=),§)d7(s, §) are well-defined.

Next class: more a priori estimates to get u cadlag .



SPRING 2021 A643 45

10. WEEK 10

Theorem 10.1. If Xy CC X C X1, where Xo, X, X1 are Hilbert spaces then the injection
L2(0,T; Xo) NW*2(0,T; X1) C L*(0,T; X) is compact (o € (0,1)).

In our example Xg = D(A),X =V, X; = H.
10.1. Tightness.

Definition 10.2. A set M of probability measures on ametric space (S,d) is tight if Ve IK. C S
compact s.t. p(K:) <eVu € M (i.e. most of the mass is supported on a compact set K. ).

Note that K. does not depend on the individual measure p € M.

Theorem 10.3. (Prohorov’s theorem) Let (S,d) be a complete separable metric space. Let M be
a set of probability measures, then the following are equivalent.

(1) M is compact in P(S) (set of Borel probability measures on S.)
(2) M is tight.

Remark 10.1. (1) implies M contains a weakly convergent sequence (though the limit may not
be in M ).

Proposition 10.4. If ug € L8(Q, Fo, P, V) then the laws of approximation {u™}2, form a tight
sequence of probability measures on L*(0,T;V).

Proof. For all ¢ we want to find a compact set K C L?(0,T;V) s.t. P(u" ¢ K.) < . Recall u"
is bounded in L*(Q; L°°(0,T; V) N L4(; L2(0, T; D(A))) N L2(Q; W*2(0,T; H)). Set K. = {v €
L2(0,T; D(A)NW*2(0,T; H) : |[v]| 2(peay +lvllwezor;m< 7} (r(€) to be determined later on).
K. is bounded in the LHS space, so it is compact in L?(0,T;V).

P(u: ¢ K:) = P(|[u"(|L2(0,r:p(a) T U™ lwe20.1:m)> 7)
P(llu"] 20,7, p(a))> 5) + P([[u"{[wa2(0,7;m)> 5)
n 2 n
) E[llw" 720,004y + (;)2E[||U fyece 0,75
204, (202
()7 +C)7)
< ¢ for large enough r.

IN

(chebyshev) < (

<IN

IN
Q

O

From the proposition we know the laws of {u"} has a weak convergent subsequence converging

to some law pu.
Remark 10.2. We do not know that the r.v. with this law is cadldag or not.
Remedy: Tightness on cadlag space with "cadlag " topology.

Definition 10.5. D(0,T;H) := {v:[0,T] — H, v is cadldg }
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Skorohod’s convergence theorem: Let u,, n € N of prob measures on separable space S s.t.
ln — poo weakly. Then there exists r.v. X, defined on some prob space (2, F,P) s.t. law
Xy, = Uy, (including o) and X,, — X, P a.s.

D(0,T; H) is separable on Skorohod topology. If v™ € D(0,T; H), we hope v — v € D(0,T; H).
Difficulty: L*°(0,T; H) norm only gives completeness but not separability.

Skorohod topology: A = {\ : [0,7] — [0,T], A is continuous, strictly increasing and onto}.
The distance d(z,y) = inf)cp {sup|log %ﬁ‘(s)\—i— SUPtefo,1)|2(t) — z(A(t))|} makes D(0,T; H) sep-
arable and complete.

Definition 10.6. For v",v € D(0,T; H) we say that v — v in the Skorohod topology if there
exists {\,}52, C A s.t. (1) v™ o N\, — v uniformly on [0,T).
(2) An — idjg ) uniformly.

Remark 10.3. We only need the following facts:
(1) Uniformly convergent sequence in D(0,T; H) converges in the Skorohod topology.
(2) D(0,T; H) is separable under the Skorohod topology and metrizable by a complete metric.

Theorem 10.7. Let {Y,}52, be a sequence of H-valued process defined on a filtered prob space
(QF, (Fi>0,P) s.t. each Y, is adapted and belongs to D(0,T; H) a.s. Then for all T > 0, the
following conditions (together) are sufficient to imply that the laws of (Y;,)22, are tight on the
cadlag space D(0,T; H) endowed with the Skorohod topology.

(1) There ezists a dense set Q C [0,T] s.t. for allt € Q, the laws of (Y,)$° are tight on H.

(2) Aldous condition: For every e > 0,1 > 0 there exists 6 > 0 s.t. for every sequence (1,)3° of
stopping times bounded by T', we have

(10.1) sup sup P[|Y,((t+t) AT) = Y, (m)|g>n] <e.
n>1te€[0,d]

We apply this theorem to {u,}5°.

Proposition 10.8. The laws of (u,)$° are tight on D(0,T; H) endowed with the Skorohod topol-
0gy.

Proof. (1) is usually easy to verify with @Q = [0,T]. For a fixed t € [0,T] let By = {v € V,||v||< r}.
Since V CC H, Bs is bounded and closed in V', hence compact in H.

P(u"(t) ¢ B2) = P[[lu"(®)][> r]

1 2
< B[
<C/ r? < e for r sufficiently large.

(2) Verify Aldous condition: Let {7,,}3° be stopping times bounded by T. By Chebyshev it suffices
to verify that

sup sup (1/0)2E[|un((t + ) AT) — un(m0)|%] — 0 as § — 0.
n>11t€(0,4]
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Then by Cauchy-Schwarz we obtain,

(Tn+t)A
aras+e [ @0 @))2B G 6)Pas

Tn

(Tn+t)AT
W ((m+ O AT) — (S ¢ [

Tn

(Tn+t)AT 2
/7- n PG(u" (s))dV (s)|

(Tn+O)NT
+t/ |F(u"(s))2ds +
. 2
4 }/ P (u"(s-), )7 (s,€)
(Tn,(Tn+t)AT| J Eo
= Ji+JJo+J3+ 4+ Js5.

Now the expectation E of the first 3 terms is bounded by JE fOT .ds = 0 as 6 — 0 thanks to
Lemma 1 and Proposition 1 from last class. The next two terms: Using [t6’s isometry we have:

(Tn+t)AT . 9 (Tn+t)AT . )
Bl [ RGN =B[ [ 1RG0 ), 4

gCE[/

Tn

<ctB|(1+ tes[lé%]|u”(s)|2)}

<Cd—=0 asd—0.

(Tn+t)AT
(14 [u"(s)]*)ds|

Similarly,
N N 2 (Tn-‘rt)/\T n 9
B | PK(u" (). )d7(s,6)| = B[ PaK (" (), ) Pdw(§)ds]
(Tny(TnJFt)/\T} Eo Tn Eo
(Tn+t)AT

SCE[/

Tn

< CtB[(1+ 82[%%]|u"(5)|2)]

<Cd—=0 asd—0.

(14 [u"()?)ds]

This shows that the Aldous condition is satisfied and the laws of (u™);”, are tight in D([0,T7; H)
endowed with the Skorohod topology. (|

Using a standard argument and combining the above two propositions we obtain that the laws
of {u,}$° are tight in the space D(0,T; H) N L3([0,T]; V) := X.
Next: Convergence lemmas:
Let /\/'[;SE’ZO)X g denote the space of counting measures on [0,00) x E that are finite on bounded
sets and let T := H x X x C([0,T};U) x [ﬁ;)xE. Fact: the spaces /\/'[ﬁ;)xE and C([0,T];U)
(cf. Daley, Vere Jones book— an introduction to point processes) are separable and metrizable by
a complete metric. Thus we see that the sequence of probability measures, ujj () := P(W € -),
being constantly equal to one element, is tight on C([0,7]; U). Similarly we find out that the law
of 7 is tight on Af[ﬁ;)xE. It is also clear that ug — ug P-a.s. in H, that is the laws of (uf)>2,
are tight on H and that their weak limit is the measure pg = P(ug € -).

Thus the sequence of the joint probability measures ™ of the approximating sequence (ug, u™, W, m)5%

o

o, is weakly compact over Y. This

is tight on the space Y. The Prohorov theorem implies (u™)
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implies that there exists a probability measure p> on T such that for some subsequence p" con-
verges weakly to p™.

We will use the Skorohod representation theorem to upgrade the weak convergence to a.s. con-
vergence in Y for random variables defined on a new probability space.

Proposition 10.9. Suppose that ug has law pg. Then there exists a filtered probability space
(Q, F, (F)i=0,P) and Y-valued random variables (o, u, W, ) and ((ﬂg,ﬂ",Wn,%n))neA such
that
i) (ﬂg,ﬂ",ﬁfn,%n) 2 (ug,u™, W, m) for every n € A, (ﬂo,ﬂ,Wﬁ) has law p>°, Uy has law po
and (ug,u", Wn,%n) — (o, w, W,Tr) in Y, P-a.s., as n — oo along a subsequence,
it) Wy, ) = (W, ) everywhere on Q and

n

iii) u™(0) = ug P-a.s., i.e., 0" is an Fi-adapted process with cadlag paths in H, P-a.s., ug is

fo-measumble and

() + /O " AT (s)ds + /O Co(lan(s) — @ (s)|) PaB(@(s))ds + /0 P F( (s))ds
(10.2) . N .
=+ /0 PG (" (s))dW (s) + /(Oﬂ [ P (52), R (5, ),

holds in H,, P-a.s., for allt € [0,T], where u} solves the random ODE

da" + Aadt = 0,

(10.3)
an(0) = ap.

Now we will pass to the limit n — oo in (10.2). First recall Vitali’s convergence lemma:

Lemma 10.10. Let (Q,JE, 15) be a probability space, let X be a Banach space and let p € [1,00).
Let f, f1, fa,... € LP(Q, F,P; X) and suppose that

i) |fn — flx— 0 in probability as n — oo and
i) sup E\fn]g(< oo for some q € (p,0).
n>1

Then f, — f in the space LP(Q, F,P; X).
Now we will state one of the two main theorems:

Theorem 10.11. Suppose that E|ug||®< oo. Then u is a global martingale solution to the cutoff-
SPDE with respect to the stochastic basis (£2, F, (]?t)tzo, P, W, ) with initial condition Uy, where

ug has the same law as that of ug.

Proof.

Lemma 10.12. Suppose that E|ug||®< oo. Then @ € L4(€; L2([0,T]; D(A)))NLA(€; L= ([0,T); V),
(10.4) E/OTHa(s)H?yAa(s)Fds < o

and the following statements hold along a subsequence:
i) @ — @ in LY LY([0,T]; V) as n — oo.
i) W — U weakly in the space L2(Q; L2([0,T];V)) as n — oc.
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iii) W — U weakly in the space L*(Q; L2([0,T]; D(A))) as n — co.
iv) U — U weak® in the space L*(Q; L°([0,T];V)) as n — co.

Proof. (i) Proposition 10.9 implies @™ — @, P-a.s., in L2([0,T]; V) and thus in L'([0,T]; V). We
know that the sequence (u"), ., is bounded in L2(Q; L'([0,T); V). Thus Vitali’s convergence
lemma implies that the convergence holds in L'(Q; L'(]0,T; V)).

(ii) Cauchy-Schwarz inequality and part ¢) imply that for ¢ € V and a set A € F® B([0,77)

E/\ (s),dxr))|ds = 0 asn — oo, n € A.

The rest follow from the Banach-Alaoglu theorem. O

Convergence of noise terms:
Lemma 10.13. P,G(a") = G(@) P-a.s., in the space L2([0,T); Ly(Uo,V)) as n — oo.

Corollary 2. The processes ((ng G(u"(s —))dW(s))te[O,TO oy Converge in the space
Ll(Q§L1([ ) to ( fo dW( ))te[o,T]-

Corollary 2 follows from Proposition 4.16 in Da Prato and by applying Lemma 10.10. In order
to apply this lemma, we are also required to verify that ((fg PnG(ﬁ"(s))dW(s))te[ovT}) A is a
n

sequence bounded independently of n in the space LQ((Z;Ll([O,T]; V), but this follows easily
from the growth conditions.
Similarly one can show,

Lemma 10.14. P, K (a"(s—),§) — K asn — oo, P-a.s., in the space L?([0,T] x Ey,dt @dv; V).

Corollary 3. The processes ((f(o,t] JE, PnK(ﬂ"(s—),f)d%(s,g))te[oj]) oy Converge in the space
LY(Q; LY([0,T]; V) to (Jio.41 I K (ti(s—), )7 (s,£))seior)-

Thus for ¢ € D(A) and a set I € F @ B([0,T])

T
B [ (o, a(0) = a(t)dt 0,
as n — oo along A.
By Corollary 2 we have B [ \Xp(gz), JUP.G@@m(s—)) — G(a(s—))]dW (s)) 'dt —0.
By Corollary 3 we have B [ (Xp(qs, S0y Jioy [P (@ (5=, €) = K (ii(s=), €)|d7 (s, €))|dt — 0.
For the linear term we have

E/OT‘/Ot(Aﬂ"(s)Aﬁ(s),qup)ds'dt:E/OTXFI/;((&”( ~ii(s), ¢))ds|as
(10.5) < Tl [ (s) ~ (sl
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11. WEEK 11

For the B term: By the triangle inequality we have

= | [ e85 IR B )~ 001(6) D B
< \/0 05" (5) )X (@, PaB(@"(s)) — PoB(ii(s)))ds|
+| [ o um«r—Pn>¢,B<a<s>>>ds\
o] [ea o)) (6, PaB()ds|

=: Ozml( ) + amg( ) + Ozn,g(t).

First we treat a1
cual) = [ O (3) ) (6. PuB(@ (5) — (s). 5(s)) + PuB(@" (s), @ (s) — (s)))ds
< 05 (5) )I(@(s), B (s) — (s). Pa) + (@ (s) — (s), B (s), Pug))Ids
<cf T|APn¢re<||5"<s>|\>||a”<s> —is) | ([i(s) [+ ()l ds
(1L1) < ClAgl / DI (s) = a()II(als) [+ 5" () |+ ) ) ds

Cauchy-Schwarz inequality we obtain
~n _ ~ e N2 P2 L (m 2 1/2
Q1 (t) < CLAGIT =l 2oy ([ ()42 + 2(5) |2)as)

< ClAG|@ ~ @ll 2o 21,0 - <R+ sup ]ma(s>u+|a’:<s>m> .
se€|0,

the triangle inequality and the cutoff property gives
T
an1(t) < C|Ag) / () |*+R2 + [z (s)]|?) ds

< TC|Ag| <R2 + sup [I!ﬂ(8)||2+llﬂf(8)|!2]>

s€[0,T7]

(11.2) < TC|Ag <R2+ sup [[[(s)[%] + |rao||2).

s€[0,T7]

The right-hand side of inequality (11.2) (which does not depend on ¢) belongs to L*(€ x [0, 7).
Therefore, the dominated convergence theorem implies that o, 1 — 0 in Ll(() x [0,T]) as n — oo.
Next,

analt) =| [ 001 (s) D (i), B, (1~ Pa)o)ds

T
(11.3) < C/ |A(I = Po)¢l-|a(s)|[*ds < CT|(I — P,)Ad|- sup |u(s)]*.
0 s€[0,T
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Since |(I — P,)A¢|— 0, the right-hand side tends to 0, dP ® dt-a.e. Furthermore, since |(I —
P,)A¢|< |A¢| we see that the right hand side of (11.3) is dominated by a function in L' (Qx [0, T]).

It follows from the dominated convergence theorem that a2 — 0 in L'(Q x [0,T]) as n — co.

() = | / (7)) — O (i), BG(s), Pag))ds|
(11.4) <0\APH¢|/ B[ ()) — 811 (s) ) li(s) | 2ds

the integrand on the right-hand side of (11.4) is dominated by the integrable function 2C|Aa|||u(s)||?
and tends to 0, dP ® dt-a.e., as n — 0o because v"* — v in V, dP ® dt-a.e., as n — oo along
A’ and because the cutoff function 0 is continuous. This shows that oy, — 0 in L*(€ x [0, 7)) as
n — oo along A’

Next: collect results and finish the proof. Apply xr(é,-) and let n — oo in L1(Q ® [0,T]),

xe(o.a(6) + [ xe(4i(s),0)s + [0t )xe (6, Ba)ds + [ xe(Fts), o)ds
= (@) + [ xr(,Gla(s- )W (s)) + / xr (6, K (@(s=), ©)dR (5. ),
0 (0,t] JEo

dP ® dt-a.e. Since D(A) is separable and dense in H, it follows that the equality above holds
dP ® dt-a.e. for all ¢ € H. This means that

xeit) + [ xeAus)ds + [ 001 )xe Bs)ds + / e F(i(s)ds
(11.5) =i+ [ G + [ ek (i) R ()
in the space H, dP @ dt-a.e. ]

11.1. Pathwise uniqueness. Next we apply the well known result by Gyongy and Krylov that
extends the Yamada—Watanabe theorem to infinite dimension. This theorem states that the
existence of martingale solutions and the pathwise uniqueness imply the existence of a pathwise
solution to the truncated system.

So we will next prove pathwise uniqueness.

Definition 11.1. We say that pathwise uniqueness holds for the truncated equation if for every
pair of global martingale solutions u and v with respect to the same stochastic basis (2, F, (Ft)t>o0,
P, W,n) one has

P[11y0)=v(0)} (ult) —v(t)) =0Vt € [0,T]] =

Let u and v’ be two solutions to the cutoff equation up to a stopping time 7 such that u,u’ €
LA(Q; L([0, T); V) N LA(2; L2([0, T); D(A))). For each positive integer n, we define the random
variable

(11.6) Tp =T Ainf{t € [0,7) : [i[[lu(s)|?-|Au(s) >+ (s)]|?-|Au/(s)|?]ds > n},

Since the integral in the definition is adapted and continuous in t a.s. it follows that 7, is an

Fi-stopping time.
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Proposition 11.2. Pathwise uniqueness holds for the truncated equation. Moreover, if u and u’
are local pathwise solutions to the truncated SPDE up to the same stopping time T relative to the
same stochastic basis (0, F,(Ft)it>0, P, W, ) with respective initial conditions ug and uf, then we
have

P1 =y (u(t) —u'(t)) =0 VL € [0,7)] = 1.
Proof. Let w(t) := (u(t) — u/(t)) and assume ug = uj. We will show that

(11.7) E ( sup ||w(t)||2> =0.

te[0,7)

Let u, and v, solve the ODE. Define v := u — uy and v’ := v/ — u,. We have the following SDE

for w:
dw + [Aw + 0([[o]) B(u) = 0([|v'[[) B(u) + F(u) — F(u')]dt
= (G(u(t=)) = G(u'(t=)))dW (t) + EO(K(U(t—),ﬁ) — K(u/(t-),£))d7(t,£),

w(0) = 0.

We apply Ito’s formula:

@I +2 [ law(s)ds =2 [ 00106 DB ) — 010 Bluls), Au(s)ds
0 0
+2 [ () = Fluls), Aw(s))ds +2 [ () [6uls-) Gl (s=)Iaw (s))
+ [ 160 = GO Ny @352 [ [ (5, Klu(s-),) = K (0 (5-),)d(5,)
[ )6 = K((52),9)Pan(s.€)

(0,t] JEo
= I1(t) + Io(t) + I3(t) + La(t) + I5(t) + Is(t),

a.s. for all t € [0, 7).

E[ sup  [I1(s 1 < E/ $)II) = O(Il' () IDI[(B(u(s)), Aw(s))|ds

S€[0,tATR]

+E/O 00 ()IDI(Blu(s)) — Bl (s), Aw(s))|ds
(11.8) =: Ji + Jo.

We estimate J; using the fact that the cutoff function 6 is Lipschitz to obtain

7= CB [T o) (o) HAu(o) Aw(s)las

1 tATh tATh
< 5B [ Au@)ds+ 0 [ ) P u(s) 2 Au(s) Fds.

To estimate Jo we use the bilinearity of B and Young’s inequality to obtain

T2 < B [ B 00(6), u(6)), A B ), (), Aw(s)) s
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tATn
< CE/ | Aw(s)|*?[[w(s) ]/ [IIU(S)III/Q\Au(S)II/QHIU’(S)Hl/glAu’(S)ll/ﬂ ds.
0

119) <38 [ lawPds+C [T )P [luls) P Aut) P+ 6) PLAu )] s

Using the Lipschitz assumption, we easily obtain

tATh
(11.10) E[ sup [[I4(s)|+|Is(s)|]| < CE/ w(s)|*ds.
s€[0,tATR] 0
Using the BDG inequalities (4.6) and (5.12), Young’s inequality and the Lipschitz condition we
obtain
1 9 tATh 9

(11.11) E| sup [[I3(s)[+[I5(s)l]| < SE| sup [w(s)]| +E/ [[w(s)]|"ds.

SE[0,tAT] 2 |sel0trm) 0

Collecting all the terms we find that
tATh
(11.12) E| s }Hw(s)\ﬂ <CE /0 ()2 [1 4 ()2 Au(s) P+ o ()2 A (5) 2] ds.
se|0,tA ATy

Observe that the process ¢(s) := 1 + |lu(s)||?|Au(s)[2+||u/(s)|*| Av’(s)|? satisfies

Tn AT
/ ¢(s)ds < n, P-a.s..
0

As a consequence, we have

E /OT"MHw<s>H2<z><s>dssE[( sup ||w<s>||2> [ sts)a

s€[0,TnAT]
<nE| sup [lw(s)|®)| < oo,
s€[0,Tn AT]
because w € L?(Q; L°°([0,T];V)). We may now apply the stochastic Gronwall inequality, which
completes the proof. O

We now return to main PDE by removing the cutoff function 6 from equation. Let ug: Q2 — V
be Fy-measurable and let (u, o) be the maximal local pathwise solution to the truncated equations
with initial condition ug. It is clear that u is a local solution to the main SPDE up to the stopping
time

(11.13) Ti=o ANinf{t > 0: ||u(t) — u.(t)||> R/2}.

Since the difference u — u, starts at 0 and is right-continuous in the V-norm at time ¢ = 0, P-a.s.,
it follows that 7 > 0, P-a.s. To sum up:

Theorem 11.3. Let (Q, F, (Ft)t>0, P, W, m) be a stochastic basis and let ug: Q2 — V' be an arbitrary
Fo-measurable random variable. Then there exists an Fi-adapted, D(A)-valued process (u(t))te[O,T]
and an Fy-stopping time T such that T > 0 a.s., u is cadlag in the V-norm on [0,7) a.s., the pair
(u,7) is a local solution to the main SPDE with X = 0 i.e. it satisfies for allt € [0,T)

(11.14)
u(t)+/t[Au(s)+B(u(s))+ Flu(s))]ds = uo—f—/t G(u(s—))dW(s)+/ K(u(s—), )d7(s, )
0 0 (0,¢] JEg
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Example 11.4. Stochastic Navier-Stokes: For n = 2

Ou —vAu+ (u-V)u+ Vp=Gu)dW + [5 K(u,§)d7  in (0,T) x O

divu=0 on (0,T) x 00
(11.15)
u=0 on (0,T) x 00
u(0) = ug on {0} x O,
where we look for the vector u = (uj,u2) and p € R. Here A = —A, B = (u-V)u =

(v 7 1 (w;05u5), ..) and F = 0.
Example 11.5 (Chafee-Infante Equation).
Oru — Au+ Au? —u) = Gu)dW + [ K(u,£)dT in (0,T) x O
(11.16) u=0 on (0,7) x 00
u(0) = g on {0} x O,

where O is an open, bounded subset of R?, d < 3, with smooth boundary dO. In this example
we can in fact show that P[r < T| = 0. That is the solution is global.

Piecing out argument: Want to show the existence of solution to

(11.17)
(1) + /0 [Au(s) + B(u(s)+ F(u(s))]ds = uo + / Glu(s—))dW (s)

+/0t/EO §)dn(s,€) +/Ot/E\E0 ) 8)dn(s,¢)

/m,t] /E\Eo K(u(s=),€)dn(s, &) = 3 K(uls—), AL()xp\5,(AL(5))

s€(0,t]
Let us enumerate the elements of {s € (0,¢] : AL(s) € E\ Ep} as 01 < 02 < 03 < ---. The method
in the piecing-out argument is to construct a solution to (11.17) by solving equation (11.14) up

Recall

to time o1 A 7, where 7 is the time of existence of the local solution to (11.14). If 7 < oy, then
the solution to (11.14) blows up at or before the jump at time o1, so the construction stops.
Otherwise, if o1 < 7, then we construct a solution to (11.17) on the interval [o1,02) by solving
(11.14) with initial condition u(c1—) + K(u(o1—), AL(01)) and with noise restarted at time o;.
Repeating this procedure inductively yields a local solution to (11.17).
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