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We know how to find roots of linear equations exactly. If f(x) = ax + b, x = − b

a
is a root.

The equation for the roots of a quadratic equation is more complicated. If f(x) = ax2 + bx + c, then
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The method for finding roots of degree 3 and degree 4 polynomials is harder to remember. For example,
one of the roots of the degree 3 polynomial ax3 + bx2 + cx + d is given by
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After finding formulas of this form (involving powers and roots of the coefficients) for all polynomials
up to degree 4, people worked very hard to find such a formula for degree 5. But in the early 1800s, Neils
Abel proved that no such formula exists for polynomials of degree 5 or greater. What this means is
that if you give me an arbitrary polynomial of degree 5, there is NO way for me to write down exact
expression for the roots. This surprising fact was the beginning of the field of math known as abstract
algebra - totally new methods had to be developed to tackle the problem.

So if you have to work with high degree polynomials or other functions which can’t be solved exactly,
since there is no way of writing down roots exactly, the best you can do is approximate, and Newton’s
method is a pretty good way of approximating roots.

The idea is the same we’ve seen before: a function can be approximated close to a point by its tangent
line. So if we pick a point which is close to the root, and then we look at the root of its tangent line (easy
to find) this root should be close to the root of the function - in fact, it should be closer than the point
we started with. Iterating this process, we get closer and closer to the real root.

Example: Take the degree 5 polynomial f(x) = x5 + x− 1. This function has exactly one real root.
The first step is to pick a point close to the root. Let’s try plugging in the easiest points possible: 0 and
1. f(0) = −1, f(1) = 1. So the root lies between 0 and 1. What about 1

2? f(12) = −15
32 . So the root is

closer to 1 than 0. Let’s take 1 as our first approximation.
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f ′(x) = 5x4 + 1. So the tangent line at x1 = 1 is given by f ′(1)(x− 1) + f(1) = 6(x− 1) + 1. Our next
point, x2, is the root of this line. If 0 = 6(x2 − 1) + 1, x2 = −1

6 + 1 = 5
6 = .83.

Then we repeat. The tangent line at x2 = 5
6 is given by f ′(56)(x− 5

6)+f(56) = 3.411...(x−.833...)+.235...,
and setting this equal to 0 and solving, we get x3 = .7644....

Now notice that we’re basically doing the same thing every time: find the tangent line, set equal to 0,
solve for x. Since the tangent line always has the same form, we can streamline this process a little.

Given xn, the tangent line at xn is given by f ′(xn)(x − xn) + f(xn). xn+1 is the root of this line, so

we have f ′(xn)(xn+1 − xn) + f(xn) = 0. Solving, xn+1 = xn − f(xn)
f ′(xn)

.

Using this formula on the function above, we obtain the successive approximations:

x1 = 1, x2 = 0.8333..., x3 = .7644..., x4 = 0.7550..., x5 = .7549..., x6 = .7549...

Notice that it very quickly became useless to express these numbers exactly as fractions. I used a
calculator to find these approximations. Since you are not allowed to use a calculator on exams, any
question involving Newton’s method will be carefully constructed so that you don’t have to do any
difficult arithmetic with fractions or decimals. At worst, it will be on the level of how we obtained x2 = 5

6
from x1 = 1.


