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(1) A UFO conspiracy theorist has set up a powerful telescope in his yard in the Arizona desert. The
telescope is connected to a closed circuit television, VCR, and computer in his bedroom so that
he can scan the skies and record what he sees from the comfort of his bed. One night at 3AM he
sees a mysterious light in the western skies. The object is located exactly 2 miles west of his yard
at an altitude of exactly 4 miles and is flying east toward Washington, DC at the absurd velocity
of 1 mile/sec.

At what rate (in radians per second) must he begin rotating the angle of his telescope in order
to properly document this phenomenon?

Let x be the distance of the UFO from the watcher’s yard. We are given that dx
dt = −1. Let θ

be the angle of the telescope from the ground. Then tan(θ) = 4
x .

Differentiating, sec2(θ)dθdt = − 4
x2

dx
dt . We want to find dθ

dt when x = 2, so dθ
dt = 4

4
1

sec2(θ)
= cos2(θ).

Now the hypotenuse has length
√

20, so cos(θ) = 2√
20

, and cos2(θ) = 4
20 = 1

5 . So dθ
dt = 1

5 radians

per second.

(2) When the UFO is directly over the conspiracy theorist’s house, a small pod detaches and hovers
(still 4 mils above) the house. A tractor beam descends and lifts the house into the air at a rate
of 1

4 mile per second. The pod hovers in place, but the UFO continues flying east at the original
rate. Disconnected from the telescope in his yard, the watcher quickly picks up the telescope on
his bedside table and focuses it in on the UFO. Doing this takes him 4 seconds after his house
lifts from the ground.

In order to keep the UFO in focus, he needs to know the rate at which the distance from his
house to the UFO is changing. What is this rate at the moment he picks up the telescope?

Let x be the distance of the house from the pod, and let y be the distance of the UFO from the
pod. We are given that x = 4− 1

4 t, so dx
dt = −1

4 , and y = t, so dy
dt = 1. Also by the Pythagorean

theorem, we know that z, the distance from the house to the UFO, is given by z =
√
x2 + y2.

Then dz
dt = 1

2(x2 + y2)−
1
2 (2xdxdt + 2y dydt ). We are interested in dz

dt at time t = 4. Then x = 3 and

y = 4, so dz
dt = 1

2(32 + 42)−
1
2 (−6 · 14 + 8 · 1) = 13

4
√
25

= 13
20 = .65 miles per second.

(3) When all this commotion started, the UFO enthusiast had been eating an ice cream cone in the
comfort of his bed. When his house is hit by the tractor beam, the ice cream immediately melts
into a rather alarmingly non-viscous liquid. The cone is a conical sugar cone, and its tip has
developed a small hole. The melted ice cream begins flowing out of the cone at a rate of 2 cm3

per minute. The radius of the cone is 4 cm and its height is 16 cm.
How fast is the ice cream level (in cm height from the tip) decreasing when the level is 4 cm?

Hint: the volume of a cone is given by V = 1
3πr

2h where h is the height and r is the radius.

We are given that ice cream is flowing out at the rate of 2 cm3 per minute, so taking V to be
the volume of ice cream in the cone, dV

dt = −2. By similar triangles, we know that r
h = 4

16 , so

r = 1
4h. Substituting this value of r, we have V = 1

48πh
3.

Differentiating, −2 = dV
dt = 1

16πh
2 dh
dt , and solving for dh

dt , we have dh
dt = − 32

πh2
. We are interested

in the rate of change when h = 4, so this is dh
dt = − 32

16π = − 2
π cm per sec.
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