L14

A bstract a-ﬁpr-oac}nes to
ﬂil.a.riac‘n moolule spaces of Pr&ha/afwémorphfc carves,

Appma.ch w2 'Reiulariaa.ﬁm vio. Rintte dimensconed reductions

F&Q- Ono -Oh-Dhba Kuranishi strudure ( W)

1999 (_%272 + categories
JOY‘L 0 > ol- Of‘tﬁred (2-category)
McDuff - v, 2012 Kurontshi atlas &cotegories

Pardon

W



L14

¢MGHTMARES |v POINT SET TOPOLOGY , @

typical example of coordinate change UpaUpy &> U,y

(-, 0)=2(01) —> (0,0)x(-22)
Xt * (e10)

_Uru
u --Ur: ::’. \ o Urv Urls
weéh Taliod
wotient topology: V<L oper &= PF'(v)c U vU; open
(s not P"L‘Nu'zm:) ’%P“;(.V){P'; (V) pen

. % co'npact t [01eU has no compact necghbowrhooel K<l

- [O]E Vek ’VOFM =? 3&70 : C'E|£] c fl";‘V) = (E\O)GP':,IV)
= WkelN 380 : (%) * [0, &) < pry'(V) , Ok SE
2 Vel W,:= P"J((‘({“ (%', 2%"e)=(-22,28) N 12", d‘K)})u (z'"a,Zi:)r(-Zz,zt))

(s open in U
ond conteins (7 kz,c)"k)emaly) (F ney

=2 KU Pr([~£.£] v (o,e]-[—z,a]) ) n(ﬁlmw.. has ne finite subcover &
more. gonor afly

c,va c,@ntl':nu.ou,s mep £: (0‘ l)—') (0,0") odefines an ope n&?hbou'haod
VC = P"’r( Ur) v P’:({(X,y)e U:,l lY[‘CC")}) c U of (0]

vpre( (—2:,2::))
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_NIGHTMARES |v POIvT SET TOPOLOGY, @

typicol example of coovoinate change Uralpy = U,

(~,0) > (08) —> (0,)*(-2)
W D) c*‘o)

serms e
O Ol }

Py <0
K K

Ur  Up,
o o 5 &>
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[ X
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[N oy
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-
OERASIGR |
-a'e oty

wcth
quotient boﬂ"e’ﬂ: VelL oper & pr:(V)CUr 0 pom

prs'lv) e U, opam

(s not Nagata.
¢ metrizable &;’v} A'}Mr and. has counﬁuy buﬂly fenile basts (W doen
ol (Vn W, Locllyfinile wllection of opn ks We u)
U/WﬁB:\‘(") g VO<U open, a0 I, Ve, : x€We O

AT |
peVpopen P
Iw countable : (ele U has no countable nei,.hbourhood base \ﬂ
([O]GW.\ <U opM)ﬂeN i ¥ (0)eVe W opom In: Wey
Sihce o P;'(Wn)c UT open =» 3¢,20 : ,’rr([:t"‘a"]) < W,
H xe0,8.) = [(x0)€pr' W) = Ihalx) =h> 0 : £x3 <C-hh] < pr (W)
* incluctively define 4,30 st.

T filo,

[

O<d:‘ S ’"':V‘Z’;'_d:.—l.s.:-u, 8"}
1902) st £(S) zha(dn) = (S £e5e)) eWarV

e by fa(xnr(-0)80) = xh(6)) + (-0h,, (Snn) P lyldcx)};w
for xe(0,)
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GOOD VEWS (N POINT SET TOPOLOGY,  (for X = ([ 0)])

Li'"_"ﬁ—‘ X compect , localy hommoq)lu‘c to R" = S‘;ond contate
J (WocX open)eny : VOcXopen,xe O 3n: =€ W,c 0
(= 0=Uw.,)

Proef : cove~ X with -Fc:m'b? momyohan‘;s U; e R"
take W: conrtuble bases of |); =5 (Woooy = u'),/. bans for X

"nested aniqueness of com pact Houdor® topofogies”
T, cT, compact Haurdor ! topatogies o X = T,=Ty

Faid 1 (%,Ta) = (XT;) conbinusus , bijective 2 ondirieis
o [\
) €3 compact X, Hawrdor® % £ Losed = ¢ ope~

!
® C CXo osed = C covnpuc'é £(C) cornf-ot' =2 £(C) closedl
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MORE CHALLENGES £ IDEAS,

—> "Kurancsh sfructcgg" e chart (UP'“') Vpe il

gpme . coorj.xohmy- (Ug=Up.-) VgeF
‘ ) Bhis s stronges- thom Y. wsunt R0 liupanish; rlrmdirime
o (npractice obtoined from atlas: "”*wi JJZ;MZZ,“ U;;::U ey
v w P

psck K <F, com,u\ot s.t. ECQK:
for pem Let 1‘P==f£ ( peKd =max [T | pe Qrk.:} ond
.= =1 . .=
Ur=(Uge Y 00) 0 ) Un o se25aly,  pp ¥l

SEzi¥=(F. s UK =F. U K h L=ljlpeF;
= =¥ (IP Ju,l)ngthJ FJP JYIr ;v JpelilpeFll

Now for qeFp have I, Lp and U, c U, , % that @p,: Uy — U,
.
(s defineol . We have ‘(P1(U1)c Up ¢k the ,b.,na cocon conolition hotlals C(-;-Q-Fkr "'bn.nina")‘

¢ looses partial onder 1<) of charts sine gelp peF, is "generict

E:%—vE,

@ constr uetion of camlao,t'tblc, Pewburba.t'ions t3,
requ.cv-es omzap control u: :Un '__’:rj:;
"UpaUptg" =5 Tel'ew I'el . e, .
(Fo] - Hue germs to “"good coovdlinatbe s‘yrt-em" A : \ '?:;Es;‘&:)\’
(Mw) : reduction Vy<U; 29. BBV, IUn e Uy
Y (R®) YlEaF,)
@ preserve ampau&ness of [(s+»)lo)] = LL(S,«-'V,)% for small

b)’ Pr&comoac'é shn‘nking CI cUr (ce. Et compact)
with lvlI<€ = [(s,)'(0)) < 1'-Cr/,,
I)

! ot aubomatic near CrndC,, but can ure
Y, baking values cn Er nea- Cp , then peturbed
2cros near Cr & Uy Liein 55'(51-)'-"3"'5{’1:; (tareress)

—> also need to contrl Supperts

— need compod:éb& mebrics
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MORE CHALLENGES £ IDEAS,
@ Llﬂ-otl:ent b'y Mbi’&ibies (as in algebrace agomctﬂ

E<F —'sgr" %—‘ —— E'
sT e s’ s Ts'
Vo) ~(Ug,-) 6 Uesyem & U-Tsy
$10) o> £10) 15" 10) $0) — s"o)
nbil(p)c M

Lo coordinabe changes betneen germs of ohavts
are congugacy classes (:‘f’p,] ‘(I: (Ppa 1) =C¢py) : [(U‘I ) —’[(UP )]
LvCQCYCZL condbion (("0(?1,_ = Ppr Pmuana.bl'c

in [FO-1999]) |, [3- kuvmishi] U, e_"L', U‘, r—?'—”v U
tI:id ?rubvtcé (T, T,) to get 2-cateyory Iﬁ(‘, \ IPI&21Q;’ \ hr
[Fo0O-2009) C’J\-,d'ofbc’(b;d:] U.; ey U, Lee, VN
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Def?: addlitive weak [iuranishiatlas for eompact metvizable M. consirtsof

(wbh Ssobropy) .
. R " t E i space J ﬂk '{-‘wbpv-ihﬁ“ _ —
o Kwanicht cherts |2 G s, §l0), = F <4t covering m = U F;
Fincle U it r:‘ homeo opem i I
q =N
e Transc lr(:On dué&. consis-l:ina of
odditive TTh =@
e sum charts " Er o y _
for T<{l..N) G st 51(9} = :Och cMm
S.t. -QIF‘ +0 Ue T
. El' © E] EYol
s coordinafe changes TS c r's, Uy —> U,
v CDM!\}
for Igd UpaU;y 525 U, Ur > Uy ot

- . ton de. o
S‘aJ:quc.na the uwleg- condction : h,.dsr ﬁtjbrdsn , Et/iwlsr- E%dsa
0)ICFO3) -"bangont buanlle condition” (= onder dlse = tndxc ;2 ")

. Sq,f:Cs-Fytn; the weak cocyc& condition Gu°¥ry = P VTeleK
wheve beth aure olefined (¢n(Uy) n Ur)
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O LUyEc WU (arruming cocyok comditton (U, )< Ury
D V4

Lemma 6.1.9. The functor pry : By — By induces @ continuous map
lpric|  [Bx| = KF U

which we eall the obstruction bundle of K, although ifs fibers generally de not have W U, >F.
the structure of a vector space.’® However, it has a continuous zero section ! r~
0c| : K] = [Bxl, [1,7] = [L,,0] P \(/ 151 1ol
Moreover, the section sy : By — Ey descends to a continuous section ?
lsc] ¢ |K] = [Exc|. J.I.U-l-/”

These maps are sections in the sense that |pry| o |sg| = |pry| o [Og| = id . Moreover,
there is a natural homeomorphism from the realization of the subcategory s (0) to the
zero set of the section, with the relative topology induced from |KJ|,
—1 . .
lsg(0)] = {ﬂ.’l/m s s 0) = {[13)|si(z) =0} < [K].
(0]

Ay

M
Lemma 6.1.10. The footprint functor oy SF[I.']] — X descends to a homeomorphism
[t o [sxc| M0} — K. [ts dnverse is given by

Ly = _1:'!_(|_1: X — S_n;l_l{m - Kl: oo+ [{I, 1‘._]':1‘3:']
where [{I,w;]{p}}j is independent of I € Ty with p € Fy.

Lsi'to) o LS8

[§ i
M

g et of & o\
m&w mop \*
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(Theorem 6,26, Let }2 be an addifive weak Kurenishi atlas on a compact metrizable ! wea ‘: K f!
space X. Then an appropriate shrinking of I provides a_metrizable tame Kuranishi atlas . S
K! with domains (U} C Up)jer,, such that the realizations |K'| and |Eg| are Housdorff .
in the quotient fopology. In addition, for each I € Ty = Iy the projection maps mp : N"W U'd
Up — |K'| and w2 U % Ey — |Ex| are homeomorphisms onto their images and fit info to oberdism
a commutafive diagram .
Ul x By esh |Bp| = LUrEry mebriaahl
i ) Upre tome. K.atlas
vk =Ly
where the horizontal maps interfuine the vector space structure on E; with a vector space
structure on the fibers of|prx.|
Moreover, i ]

cobordism whmemrﬂwu!mn r:!'.m ha.-a' the rzi:rwe Hﬂusdarﬂ', homwmorphism, rmri Ime.anty
properties,

Definition 6.2.4. 4 Kuranishi atlas X is said fo be metrizable if there is a bounded
metric d on the set || such that for each I € Ty the pullback metric dy = (mg|y,)"d
on Uy induces the given topology on the manifeld Uy, In this sifuation we call d an
admissible metric on [, A metric Kuranishi atlas iz a pair (K, d) consisting of
a metrizable Kuranishi atlas together with a choice of admissible metric d. For a metric

T

Definition 6.2.7. A weok Kuranishi atlos s tame of of s gdditive, and foralll, LK © 4’_,,
T we have Q‘t‘ 6‘,_
(6.2.4) Do Ure = Urpaur Wic J K, %

(6.2.5) drUsk) = Usre sy (@s(E))  WIcJo K. &Q,:,‘_ %e
Here we ollow egualifics, weing the neotation Uy = U and @y = Idy,. Further, fo Q’e

allow for the possibility that JUK ¢ T, we define Uy :=0 for L © {1....,N} with ¢°z§,
L g Ix. Therefore [6.24) includes the condifion ©,

UpnlUig #90 == FinFrx #8 ([ e JUuKeIx ).

Lemma 6.2.9. If K 5 o fame Kuronishs atlas, then for any 000 © T with 1T N ore [M'teném_”

I Wand HUT  J the two submanifolds im¢gy; and im ¢y of im gy g intersect ute of Lomeneso
transversally in im @ ye -
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WHAT WE WANT,: Analogue of

e
!‘Eﬂuﬂ'taﬁoﬂ theorem For &7 s

3P C{SCC{:GOHS >»: U 8} :
Vre® : [(s-t-'V)"LO)l umpadf.‘ ma,m'Fa(O‘

Vet e?® [(sm)"w)l&[(sw)"w)l

€ section of Cenitedim. bundf
s'v) wmpacf

10
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T. Froswt KURANISHI ATLASES TO THE VIRTUAL FUNDAMENTAL CLASS

Proposition T.2.7. Let X be g fome d-dimensional Kumnishi oflos with g reduction m"l: ot

Vo K, and suppose thet v Byely < Byly 18 0 precompoct tmansverse perfarbafion.,

Then |Z,| = |[s 4 ¢)"'{0)] is a smooth closed d-dimensional manifold. Moreover, ifs

quotient topology agrees with the subspace topology on ||{s + v o)) < K.
<7

by reséeol unlymeness

Froposition 7.3.5, Let (K, d) be metric fome Kuranishi atlas with nested reduction
Cr W Then for any0 < § < §y and 0 = o = o6, V,C) there exis -

on i of s v In particular, v i edmissible, precompoct, ond fransverse, ond
its perfurbed zero set |y = |(s + »)"H0)| is compact with 7 ((s + v) 71(0)) contained
in miC).

desined on furb Py

Proposition 7.5.7. Lef (K, d) be a metric fome Kuranishi cobordism with nested cobor-
dismm reduction C C V, It 0 = § < min{e, 8}, where £ is the coller widih of (K, d) and
the reductions C, V. Then we have o0 (8 V.C) > 0 and the following holds.

(1) Civen any 0 < 0 = 706, V,C), fhere erists an admissible, precompact, frans-
verse cobordism perturbation i of sx|y with e ((s 4 ) 7H0)) © me(C), whose
restrickions plgsy for o = 0,1 are [(8°V,0°C. 6, 7)-edapted perfurbations of
S|y

(1) Given any perfurbations o of sgo|gey for o = 0,1 that are [V, 0°C, §, 7]-
adapfed unth ¢ < @ (8, V. C), the perturbation & of &y in (i) con be constructed
to hove howndary valwes vlpow = #° for o =10, 1.

(1) In the case of @ product cobordism K = [0,1] with produci mefric and product
reductions O = [0,1] © W= [0,1], both i) and (i) hold withou! requiring & to be
bounded in terms of the collar undih.

-Fk'lf-bl“ﬂ H!m“
holols Cor cwwtain
porturbalions s

...whedh exat,
Just
olepancl on o
Lot of olata. ...

...but are off
“coborolont”

11



L14

Definition 7.1.2. A reduction of o fome Kuronishi oflos K @5 an open subsed VW = A 'da(_ﬁ'oq
ez, Vi © Objg,. ie a tuple of (possibly empty) open subsets Vi C Us, satisfying the - .
fallowing condifions: (vrc Ug )r‘ [‘__M’
(1) Vi CU; for all I € T, and if Vi # B then Vins, ' (0) £ & .
() f me(VE) (V) # 0 then I ¢ J orJ € I - organizes enlps
(1) the zero set oo[X) = |sg| H0) s confained in me(V) = Urez,. melVi). -stefl dvers E .

(iven a reduction V, we define the reduced domain category By |y and the reduced
obstruction category Exly fo be the full subcategories of By and Ex wnth objects
U.FEI.L- Vr mesp. UIEI::: Vi w By, and denote by sy @ By = Exly the section given by
restriction of &,

Definition 8.2.16. For any subset A © Objp, of the union of domaing of o Kuranishi T
[S he reductions

ailes K, we denote by
me(A) < |K], = me(A) = A/ A=0 o

the set m:(A) equipped with gubspace topelogy induced from the inclusion e (A) © |K| diffevent ’ae.s',.
resp. ifs guofient topology induced from the inelusion A © Objg ond the equivalence
relafion ~ on Objy, (which is generoted by oll morphisms in By, not just those between

elements af AL
!Mm!f .--bu—'e WM\ VIEUI
(1) For any subset A © Objg, the identity map id. 4 0 A = || Al is confinuoeus, ore Prc 0 m’.qi-
(#) If A = Ohip s precompaet, then both ]:4',[ and J;U are_compact.  In fact, !
the guofient and subspace topelogics on Ex(:{} coincide, that is |E| = |[A|| as M (Oﬂ ceo’un’)
topological spaces, t‘\l— ree and
(iii) If AT A" C Objg,, then mx(A) = mc(A) and 7 (A) © 7(A) in the topologi- y ﬂ’ !
cal space |10, _ _ e ,"b
{iv) If A © Objp,. i precompact, then | Al = | Al is mefrizable; in particuler this - com’dbéh&i‘s
implies thet || Al w» metrizoble. - Mb":“b‘t':‘r
Proposition 7.1.11. (a) Every tame Kuranishi atlos K has o reduction V, Reductions exit z
(b) Every tame Kuranishi cobordism K" has o coberdism reduction i, anol ore Ml."“—
{c) Lat VO V! be reductions of o tame Kuranishi atles K. Then there exists a cobor- o .
dism reduetion V of KK % [0,1) such that 8V = V* for a = 0, 1. up to cobordem,

Definition 7.1.12, Let K be o Korenishi atles (or coberdism). Then we call @ poir S v
of subsets C,V © Objp, o nested (cobordism) reduction if both are (cobordism) We werk "’_"u'f <
reductions of K and C C V. ot reductions , with

CtC Vr c

4
PMqud:

12



L14

Definition T.2.1. A reduced section of K is a smeoth functer ¢ @ Baly < Exly
befween the reduced domain end obséruction cefegories of some reduction V of K, suck
thot pry 0w i the wdentity functor. That &5, v = (vr]rer, i given by a fomily of smooth
maps iy o Vi < Ep such that for each I O J we have o commuting dingram

(7.2.1) Vi Ny (Vi) —= E;
S
V, ——=E,.

We say that a reduced section @ s an admissible perturbation of |y if
{T.2.2) dyrey (TpVor) © fm 5” YIGd we VingrdVinls.

Lemma 7.2.3. Let V be o reduction of &, and ¢ on edmissible perfurbation af sl If
z e Vi and w e Vr map to the same point in the virtval neighbourfood me(z) = molw) €
K|, them z is a tronsverse zero of silv, + w7 of end only f w 45 o fransverse zero of
arlv, 4 .

Definition 7.2.4. A transverse perturbation of sy |y is a reduced secfion 0 By |y <
Ex|v whose sum with the canonical section s|y is fransverse to the zero section Oy, that
i aplvy +er M0 for ell I e Ty,
Civen o fransverse perturbation v, we define the perturbed zero set |Z,.| fo be fe
realization of the full subcategory & of Bic with object spaee
(s + 2)710) += User, (srlv; + 1) 7'{0) © Obig,..

That 1s, we equip
|Zo| = (s + )71 (0)| = Urezelsili + "I]_;{ﬂ}jw

with the quatient fopology generated by the morphisms of By |y, By Lemma 7005 thes is
equivalent fo the guotient topology induced by mp, and the inclusion (s 4 0] 0) C V =
Objg,. |, induces o confinueus injection, which we denofe by

(1.2.4) iv 1 |Zu] — |KI.

Definition 7.2.5. A reduced secfion ¢ Bicly <+ Ex|v 15 said to be precompact. if ifs
domain is part of o nesied reduction © © V such thet mc (s + u]"[ﬂj} C wilC).

"admtﬂibc'lﬁ:y"
tvons fers
Sc+'yt J\ 0
60
Sy +v, , .
b

0
fr; 4

13
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Definition 7.3.3. Given o nested reduction C TV of a mefric tame Kuranish: atlas
(K. d) ond constants 0 < 8 < & and 0 < o < ofd, V.C], we say thet a Ertﬂrbuhﬁﬁ

of sy 18 (V,C. 4, rl-adapted if fhe secfions oy 1‘}4E:W
E&I‘J‘ HEMEE w! 50 that &e ?u“auﬂ;ﬂ_q conditions hold for every k= 1,..., M with 7’]& . . ¢
(Eerative onstruction

My = max ||, mei=2Fnp =271 2°9)4
e of pertuw botions uses

a) The perturbotions are co ible in the sense thot the commuting dingrams in
Definition. 7.2.1 hold on |y, VF, that is a couple of stronger

- e " { ¥lon
vi o OuIlysng tvh) = SlEovilysng 1y forallH G I |T <k, anp{ﬂl- oneli lons

b} The perturbed sections are transnerse, that is (”H‘f + ) M for each |I| < k.

¢] The periurbations are W with radiug me, that i for ol H O T
and || < k we have

wi(B), (Nfi)) © dur(Bu)  with Nfy = VF nomr(VhnUni).
In particuler, the perfurbations are admissible along the core N¥, that is we have
imd.vy C imdyy af all € N,

d) The WME zero sets o contained in :rril '”Eim.' ; more precisely
{a;h,n, +up)” L|;:I:I] - V, Nwg {Txl:_i::l:] I <k,
or eguivalently s; 4 vy £ 0 on V; T [ﬂ_}._'l[ﬂ]}.
&) The perturbations are_gmall, that is B ek lwr(x)|| < o for |F| < k.

ion 7. ﬂ- 1. Given a reduction V of @ metric Kuranishi atlas (or cobordism) (K, d), T“ wn ’h’l bs a. 6.
we aet.rfp g h:r be the mazimal constant such that any 28 < 28, sotisfies the reduction

properties crfI.emma F1.14, that iz 30”"
{7.3.11) ByVi o Uy Wie Iy, L lon £
— — o *ﬂ
(7.3.12) Buslmx (V)N Bu(me(Vi) £ =  IcJordcCL. } sepe thas
Civen o nesfed reduction C C V oof @ metric Numnishs atles (K, d) ond 0 < 6 < &y, we
sty = 2 Wiy = 2 WIF5(1 — 271)F and s h2 >0
cr[& V.0 = :I:I:IJ.'I:I. mf{ ||a_;|:mj|| | TE T,r'lJl . (GJLJUJ.:J M ir(n,,rﬁ"%:l)}_ th oen s whet ne need

40 oweca c.m.ﬁr, s
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