
Abstract Linear Algebra - Problem Set 5
Instructor: Katalin Berlow

The homework is out of 10 points total.

1. (6 points) Let T : V → W be a linear map between finite dimensional vector spaces. Prove
that the following are equivalent.

I. T is bijective (both injective and surjective).

II. There is a another linear map T → : W → V where T ↑ T → is the identity map on W and
T → ↑ T is the identity map on V . We call this T → the inverse of T and write it as T↑1.

III. T is injective and dimV ↓ dimW .

IV. T is surjective and dimV ↔ dimW .

2. (2 points) Let T : V → W be a linear map between finite dimensional vector spaces. Prove
that the following are equivalent.

I. T is bijective.

II. For every basis v1, . . . , vn of V , we have that T (v1), . . . , T (vn) is a basis for W .

III. For some basis v1, . . . , vn of V , we have that T (v1), . . . , T (vn) is a basis for W .

3. (1 point) Let T : V → W and S : W → U be bijective linear maps. Prove that

(S ↑ T )↑1 = T↑1 ↑ S↑1.

4. (1 point) Let T : V → V be a linear map. Prove that if Tn = 0 for some n ↗ N, then T is not
invertible.

Extra Credit:

1. Let T : V → V and S : V → V be linear maps on a vector space V .

(a) (1 point) Assume that V is finite dimensional. Show that S and T are both bijective if
and only if S ↑ T is bijective.

(b) (2 points) Find a counterexample to this when V is infinite dimensional.
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I It was proven in lecture that if T V W is surjectivethen

dimV dimw So if T is bijective I then Tis injective and

surjective and so we have dim V3 dimw giving us II

I It was proven in lecture that if T V W is injective then

dim Edimw So if T is bijective I then Tis injective and

orjective and so we have dim V dimw giving us I

IIFI Assume T is injective and dimV3 dimW Since Tis

injective TCU T Un are linearly independent for any basis vii vn

of V Since T Vi T Un are linearly independent and there are

n dim dimW many of them theyform a basis So mapping

S Tui to Vi gives us a welldefined map S which is an inverse

for
T.IE

Assume T is surjective and dimV dimW Since Tis

surjective if Vy Un is a basis for V TCU TCU is spanning in W

But since dimvedimw TCU T un is a Basis So defining S



by S TCU V gives us a welldefined inverse for T

I If T is bijective for each wew there is exactly one VEV

with TCU W Sending T w V thengives us a well defined inverse

This is also linear since for w we GW we can write w T Vi

and we T V2 So TYw.twe T T Vi Tlv T T v v2 since

T is linear T oT Ktv2 Vitus T witT wa To prove that

T is homogeneous note that if w T v then T cw T cTCU T OT ou

Cv C T v So T is linear

I Assume T has inverse T Then T is both a leftinverse and a

right inverse We'veshown in class that having a left inverse isequivalent to

being injective and having a right inverse is equivalent to beingsurjective So

T is bijective

We've proven
Since we can get from any statement to

any other they are all equivalent

Note I was unnecessary



I Assume T is bijective

Let vii run be any basis forV Then T Vi TN is linearly

independent since T is injective Let weW Since W ran T there is a

veV with TW w Write raint tank since rise gun is a basis for

Then w TCU a T Vi an T Vu and so wespan TCU Tcn

Since w was arbitrary TCU Tcn are spanning and thus a basis

IIII This is clear

II Assume T is not bijective Let v un be a basisfor V Then we

will show TCV T Un is not a basis for W thus showing not II

Case1 T is not injective Then Null T 10 Let venull T be nonzer

Then we write v a vit tanum Then TCU a The t anTcn D so TCU TO

are not linearly independent

Case 2 T is not surjective Then there is well with we span T But then

for any a Vit tanun V we have Tla Vit_ anun a T 4 tan T Un w

So wespan TCU TCun So TCU Tcn is not spanning



proof Note that Sot o T o5 So TOT S so 5 id and

5 o sot T.to 5 os oT T oT id So T oS is an inverse

for SoT

proof If T is bijective then null T2 0 since if 0 so 72 1 0

then T TK 0 If Tex 0 then T is not injective since x o

If x 0 then the same argument holds since T TX 1 0 By iterating

this we see that if T is bijective null Tn 0 for anyneN So we cannot

have T 0 when V 03

a If S and T are bijective so is SoT since the composition

of two bijections is a bijection

Assume T is not injective Then let a 6 be so T a T 6 Then

SOT a SOT b so SOT is not bijective So if SOT is bijective



T is injective But being bijective is equivalent to being injective

and if T V W dim Vs dimW Since dimV dimV T is

bijective

If S is not surjective thereis some beV with 6 SW for

any veV Then 6 SOT v for any vev so SOT is not bijective

So if SOT is bijective S is surjective Since also dimV dimV

S is bijective

6 Let RN Then let F V v be so F Xo x 0 Xo x

and B V U be so B Xo x x x B is not injective and

F is not surjective but Bof idu


