Abstract Linear Algebra - Problem Set 5
Instructor: Katalin Berlow

The homework is out of 10 points total.

. (6 points) Let T': V — W be a linear map between finite dimensional vector spaces. Prove
that the following are equivalent.
I. T is bijective (both injective and surjective).

II. There is a another linear map 7" : W — V where T o T” is the identity map on W and
T’ o T is the identity map on V. We call this 77 the inverse of T and write it as T!.

III. T is injective and dim V' > dim W.
IV. T is surjective and dim V < dim W.

. (2 points) Let T : V' — W be a linear map between finite dimensional vector spaces. Prove
that the following are equivalent.

I. T is bijective.
II. For every basis v1,...,v, of V, we have that T'(v1),...,T(v,) is a basis for W.

ITI. For some basis vy,...,v, of V, we have that T'(vy),...,T(v,) is a basis for W.

. (1 point) Let T: V — W and S : W — U be bijective linear maps. Prove that

(SoT) ' =T"1os™ %

. (1 point) Let T : V' — V be a linear map. Prove that if 7" = 0 for some n € N, then T is not
invertible.

Extra Credit:

1. Let T:V —V and S : V — V be linear maps on a vector space V.

(a) (1 point) Assume that V is finite dimensional. Show that S and T are both bijective if
and only if S o T is bijective.

(b) (2 points) Find a counterexample to this when V is infinite dimensional.
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2. (2 points) Let T': V. — W be a linear map between finite dimensional vector spaces. Prove
that the following are equivalent.

I. T is bijective.
II. For every basis v1,...,v, of V, we have that T'(v1),...,T(v,) is a basis for W.

ITI. For some basis vy, ...,v, of V, we have that T'(vy),...,T(v,) is a basis for W.
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3. (1 point) Let T: V. — W and S : W — U be bijective linear maps. Prove that
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invertible.

proof- I T o biyeckve, o Ml (TN=0  Smce §  X*o so THw:0,
Ton  T(TWI=0. Tf  THWI=0, Hun T s wWOF  wigelive sime  x¥o.

T 1040, Hen He same amgmet Wds swe T(TOT1Z00 By ilerain
s,  we se twat aS- T s bijekve,  mll(TV)=0 SOt an el Do, we camot

Wove T =0 (wWwa Vi §ob).

1. Let T:V -V and S : V — V be linear maps on a vector space V.

(a) (1 point) Assume that V' is finite dimensional. Show that S and T" are both bijective if
and only if S o T is bijective.

(b) (2 points) Find a counterexample to this when V' is infinite dimensional.

&\ 1{' S and T (s V.38 bk\sw\ we, 0 S SeV Simce.  Yhao com?os'd'm

o% two  bjpxias w4 Petion

Assome T i wev ‘W\Aeu\r'uc_. Ton e a%6 e 20 TEY=T(b) T

oV (Y= SeT (b), =o SOT IS wev )D'seu*kve.. 60) '\S' 0T s 6&’.&:\"\%,



N s ampedhive By bovay b is guivalent™ Yo buwy  ingcthne
and W TIVaW,  dn V3 demW S dVEdiaV] T s
bechive

’IS’ S s wov SK\ehwR, tHuew some bel wih b# S\ for
omay vel Than b2 SoT N for oy vel, o T & wev byeckive
o, W ST e Dighiey Sis sucjekive. Dmee  also,  dmV=diV,
S s bagediae

™

by L& v= .

ok N2V be 56 B (Xoyxy )= (K --). & s et e aumd

Tt-u,\‘ \(;E’ ;'- V"V be, <0 F(X"\x\) X = (O)X‘Nx‘l"')

; S wot 3\“32&&& bu\- %"; = 'IA- v



