
Abstract Linear Algebra - Problem Set 4
Instructor: Katalin Berlow

The homework is out of 10 points total.

1. (2 points) Let V and W be vector spaces. Let L(V,W ) denote the set of all linear transforma-
tions from V to W .

(a) Show that L(V,W ) is a subspace of WV .

(b) If dimV = n and dimW = n, what is the dimension of L(V,W )? Prove your answer.

2. (2 points) Let x → R be a fixed real number. Define the map ωx : L(R,R) ↑ R by ω(f) = f(x).
Show that ω is a linear map.

3. (4 points) Let f : V ↑ W be a linear map between vector spaces V and W .

(a) Show that if f is injective, then dimV ↓ dimW .

(b) Show that if f is surjective, then dimV ↔ dimW .

4. (2 points) Let T : Rn ↑ Rn be a linear transformation with T ↗ T = 0.

(a) Show that im(T ) ↘ ker(T ).

(b) Show that dim(im(T )) ↓ 1
2n.
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We will show that L VW satisfies the subspace axioms

1 The zero function f is linearfo atb 0 0 0 fola folo and f ca 0 00cfola

for any abeV and cef So foeL VW

2 Let f gel VW Then ftg is linear For v weV and cef we have

f g v w f vtw glutw flu f w g u g w since f and g are linear Then

flu f w gv1 gw flu gv f w g w g v fty w

Also f g cu f c glov cflubtcg.lu cf cg v clftg u So

we have ftgEL V W

3 We will show that if fel V W and CEF then cfEL Vw
To do this we will show of is linear Let v WEV aef Then

f utw c flutws clflustflw flu flu Also f av c flau

caflu since f is linear caflu a cf v So cfeL v w

Thus V W is a subspace of WV



Claims dim VW nm

Proof We will construct a basis of size nm for LCVW

Let vii sun and Wi wn be bases for V and W Define linear

maps Tij V W by Ti j Vi Wj and Ti j Vic 0 for k i

Then Ti j ien j m is a basis for L VW

These are linearly independent Suppose ai.IT an Tet anmTum 0

Then for each ien a T it anmTnm Vi a Ti Vi AimTim Vi

since Tj Vi 0 if kti This is equal to ai w t n taimwm 0 and so

Ai ai m 0 since we wn are linearlyindependent Since this holds

for each ien the coefficients are all zero

These are spanning Let SEL V W As shown in lecture we can

uniquely define 5 by where basis vectors are sent Since wi wn

is a basis for W we can write S Vi Ai wit tai mwm foreach

i n Then S Vi aiti i v t ai T Vm for each i So we have

that for any basis vector Vic I iTij Vic EmakjTigjVic S Vic

Since a linear map is defined uniquely bywhere basis vectors are

sent S Een.gsTi j

So dim LCVW nm



We will show dx is linear for any xelR

Let S TEL IR IR Then d Stt Stt G 56 T x 5 T

Let aeIR SE L IR IR Then d as a x a S x adx s

So dx is linear

proof Let f v W be injective Then let v vn be a basis

for V We then have that flu flun is linearly independent as

shown in lecture since f is injective So since there are n dimV

many linearly independent vectors in W dimW n dimV

prof Let f W be surjective Let wi wm be a basis for
W Then since f is surjective there are Vi VmEV with

flu wi flun win As shown in lecture since flu flum

are linearly independent so are v Vm So dimV dimW



Let veim T Then there is welR where T w V But

To T w 0 and so T V 0 and veNull T

By rank nullity we have dimIR dimNull T dim ran T

but ran T Null T so dimran T dim Null T So

2dim ran T dim ran 7 dimNull T dimIR n Thus

dim rance In

We can view IR as a vector space over Q Let B be a

basis for this space Let 6 be be two irrational basis vectors

define f 1 1 f 6 be f 621 6 and f 61 6 for allother
beB This defines a Q linear map since we've specified where

the basis vectors are sent So it is additive fli 1 and by
construction f ider


