Abstract Linear Algebra - Problem Set 4
Instructor: Katalin Berlow

The homework is out of 10 points total.

1. (2 points) Let V' and W be vector spaces. Let L(V, W) denote the set of all linear transforma-
tions from V to W.

(a) Show that L(V,W) is a subspace of WV.
(b) If dimV = n and dim W = n, what is the dimension of L(V,W)? Prove your answer.

2. (2 points) Let = € R be a fixed real number. Define the map ¢, : L(R,R) — R by ¢(f) = f(z).
Show that ¢ is a linear map.

3. (4 points) Let f : V — W be a linear map between vector spaces V' and W.

(a) Show that if f is injective, then dim V < dim W.
(b) Show that if f is surjective, then dim V' > dim W.

4. (2 points) Let T : R™ — R™ be a linear transformation with 7o T' = 0.

(a) Show that im(7T") C ker(T).
(b) Show that dim(im(T)) < in.
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(b) If dim V' = n and dim W = m what is the dimension of L(V,W)? Prove your answer.

Cla;\m'- dua L (V. W\‘ NN,
Proo & © We W\ consteuck o basis of Size VN foc LV, W),
Le:l: V,,---,Va o.vs&\ W= - Wa be. l)QéC& SZOV V and W. 0 e,f.v\g_ \ineot

WS ‘\_\\S AVEAW) bﬁ ‘)J(V) W\) O.V\A, T (\lr.\‘-o goc K#i.

Tn gT'.‘:)" ié,V\,\')SW\qB \S o basis FO“ L(vlw\

+ O'V\)M-TV\.A 7'0-

"“\LSC, ot \'MNKA '\v\&.Q e.vxéu».‘rz 6\??& &\,\T\,\ &+ a.\,-..T-.z ...
_—\‘I\M\‘ ?W eacin i$,V\) (&\,\T\,\""-" a".w\Tv\,m\ (V"\: o\, \T\‘\ (V \ \.M(V\
Swee I (vi)=0 ‘.§ k#i.  Wo is eqyat Q O W+ x A Wn=O amd S0,

O‘\ \.. .. = &.\)W\ =o Since W.) . .’wv\ [0 ¥ 139 \‘“‘mb '\AWM*. 6"\“. 'H’Ms \\O\AS

)

goc eacln e, e c.oagg"\du\&s oxe oM\ 2eco.

Twase (s €138 6?«»“}8. Lch. 6<=L(V.w\. A“> o  n \Cdcwe., We Con
M\%D% &«f%g. 6% wWheve  basis  vechos  oxe  seat s‘mcc. W, ..., Wn

> o besis &r U.), We  Can Wi\ S(V;\=&-:‘. W+ - By W Soc each
en. Vaen, DW= T (W) ¥ oy TV for eadn i So, we bave

Yok So(‘ o..ms b@-ﬁ‘g veckae VV-) z);::.;‘- A (VL\ Z Qg‘) \v_':) (V‘\ = 6(\/‘) .

Since o Vmae mep  is  defined wniguey by W bosis veckos e

cent, S=Z aiy Ty,

\ usu,u

60) dim (L(V,WS)'- nw, D



2. (2 points) Let = € R be a fixed real number. Define the map ¢, : L(R,R) — R by ¢(f) = f(x).
Show that ¢ is a linear map.
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3. (4 points) Let f : V — W be a linear map between vector spaces V and W.

(a) Show that if f is injective, then dim V < dim .
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(b) Show that if f is surjective, then dim V' > dim W.
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4. (2 points) Let T : R™ — R"™ be a linear transformation with 7o 7" = 0.

(a) Show that im(T") C ker(T).
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1. (3 points) Let f : R — R be a function which is additive: for any xz,y € R we have
flx+y) = f(x)+ f(y). Assume also that f(1) = 1. Does f have to be the identity function?
(The function where f(z) = x.) Prove or disprove.
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