
Abstract Linear Algebra - Problem Set 2

Instructor: Katalin Berlow

The homework is out of 10 points total.

1. (3 points) Let E denote the set of all points on earth (a sphere). We will call a continuous
function f : E → R a temperature map. Show that the set T of all temperature maps forms
a vector space over the field R.
In this vector space, addition and scalar multiplication of two functions is pointwise: (f+g)(x) =
f(x) + g(x) and (cf)(x) = c · f(x).
Hint: Recall that adding two continuous functions, or scaling a continuous function, gives a
continuous function.

2. (2 points) Let V be a vector space over F with subspaces W,U ↑ F . Recall the definition of a
direct sum:

W + U := {v ↓ V : ↔w ↓ W, ↔u ↓ U, v = w + u}.

Show that W + U is a subspace of V .

3. (5 points) Let S = {1, . . . , 5}. We let P(S) denote the powerset of S, which is the set of all
subsets of S. Given two subsets A,B ↑ S, we let

A↗B := (A ↘B) \ (A ≃B).

This is the set of element which are in A xor (exclusive or) B. The set A↗B is called the
symmetric di!erence of A and B. We let A+B := A↗B.

Recall the field on two elements F2 := {0, 1}. For a subset A ↑ S we define

0 ·A = ⊋ and 1 ·A = A.

Show that P(S) is a vector space over F2 with addition and scalar multiplication defined as
above.

Extra Credit:

4. (3 points) Show that the vector space P(S) defined in problem 3 is the same vector space as
(F2)5. This is the vector space over F2 whose elements are vectors of length 5 with entries in
F2.

That is, find a way to bijectively match elements of P(S) to elements of F2 in such a way that
addition and scalar multiplication doesn’t change. This is the same as finding an invertible
linear map between these vector spaces.

1



We will show that T is a vectorspace over IR

Commutativity Let f get Then for xeE ftg x fix g x g x f x

because flx g x EIR and is commutative over IR We then have

g x f x g f x and so f g gtf

Activity Let fig heT Then for xeE we have f g th x fatge the

f x g x h x since flxl.ge hexleR and t is associative in IR We then have

flx g x h x ft gth x so f g th ft gth

Also let a.beR.feT Then ab f x a bfx since in IR is associative So

ab f x a b f x

Additiveidentity Define the function foet where for all xeE flx 0 Then

forany get xeE fotg x folx g x 0 9x glx so fotg g and so fo is

the additive identity

Additiveinverse Let feT be arbitrary Define get where gex 1 f x Then

f g x fix gx flx f x 0 So g is the additive inverse for f

Multiplicitiveidentity Note that 1ER andfor any fet 1f x fix so 1f f



Distributive Propertie Let a beR f get Then a ftg x a fig x by associativity

of scalar multiplication a 1ftg x a f x g x af x ag by distributivity of

over inR afx ag x aftag x so a ftg aftag
Let a be IR FET Then atb f x aflx bfx since is distributive over inIR

So atb f of of

Thus T is a vector space over IR

We will show UtW satisfies the axioms of a vector space

Additiveientity Note Or OweW and Or On EU since Wand U are subspaces

So OutOn Wth by definition of the sum of vector spaces But Ow On Or

So One Will

Eureundert Let 2 ZzEUtW By definition of UtW Z and Zz

must be of the form Z with and Zz watch for wigweew and

me well So Zi zz with with withe withe by comutativity

and associativity of inV Since W andU are closed under we have

with EW and withnell So withe withe Zitzze Wth



closureunderscatar.meplications Let at f zewith We can write z wtu

for some we W and well by definition of W U So az a wth autau

by distributivity of scalar multiplication in V But since W and V are closed under

scalar multiplication awell and ane U and so autan azewill

So we can conclude that Will is a subspace of V

We will show that P 5 is a vectorspace over

Lemma AOB A B u BIA

proof xeAOB if xe AuB AaB

iff xeAuB and AnB

iff EA or e B and not XEA and xeB

if XEA or xeB and EA or x B

iff XEA and X A or xeB or xeB and x A or xeB

if EA and x B or xeB and A iff xe A B u BIA



Commutativity Let A BEP S Then A B AOB AUB AaB

BUA Bna BOA B A So A B B A

sociativity Let A B CEPCS We wishto show A B At Btc

We will prove this via venn diagram

C C

A B A B

AOB BOC

C C

A B A B

AOB OC AO BOC

As we can see AOB 0C Ao Boc

Note It is possible to prove this via set arithmetic but it is paint

Affggdentity
Let 0 0 Then 00A Aud And A for any



Additiveinverses Let AEPIS Then Let A A Then Au A A and

An A A so Au A An A A A 0

Mltiplvidentty By definition 1A A for all AEPCS

Distributivity Let A BeP S Note that

I A B ATB IA B Oto A 0 0 0 0At A

0 AtB OATOB 0 1 A A A 00A OA LA

1 A 0A 0 10A A A A 1A

And so we have distributivity

We will define a bijective linear map from F to Pls

Define f F Pls by f z Az where netz iff zn l

For example if z 0 1,10,0 then f z 2,3

This is bijective If Zty then there is an n with Zn yn but

then nef z but nefly or vice versa so f is injective

If AES then defining Z by zn 1 iff net we get flz A
so f is bijective



f is linear If z yeFe
s then ne f 2 fcs iff nef z of y

iff neftz exclusive or nefly So neftz fly if either zn l

exclusive or yn l This is true if and only if Zntyn l So

nef z y

Also for ze fe s If z flz f 1z and of 2 f 0 f oz

So f is linear and thus Fz s is isomorphic to PCS as vector

spaces


