
Note that this statement is of the form A B where

A Anynumber in S is odd

13 2 is not in S

This is not B notA

not B 2 is in S

not A Thereis a number in S which is not odd even

Contrapositive If 2 is in 5 then there is a number in S which is even

This is B A

Converse If 2 is not in 5 then anynumber in S is odd

This is notA or B

Negation Eitherthere is an even number in S or 2 is not in S

103 13 2 0113 0,2 42 0 1,2



The adjacency matrix for this graph is the matrix A where

Any f if
thereis anedgefromvertex i tovertex j

otherwise

This is the matrix

0 10100
10 1 1 10

A 1910110
88088

A self loop is an edge from a vertex to itself This corresponds to the

entries of the form Ai being 1 for vertex i If all vertices have

self loops the values on the diagonal all become 1 Nothing

else is changed



The value of A i j is equal to the number of paths of length n

from vertex i to vertex j

We will go through an example to

demonstrate intuition
I 4 S

31120i 1 1 X
Note that A j is the number of times there is an

edge from vertex i to some vertex K and from vertex K

to vertex j These form paths of length 2

proof We will prove this by induction

Base Case Note there is a path of length 1 from vertex i to vertex

j if and only if there is an edge fromvertex i to vertex j iff A is
In this case there can onlybe a singlepathof length 1 between

two vertices

InductionHypothesis Fix n Assume that A i j is the number of paths

of length n 1 from vertex i to vertex j



InductionStep Note that any path of length n 2from vertex i to vertex

can be uniquely split into a path consistingof the first in 1 edges and a

path consisting of the last edge

Ex If our path is po P then
we can split this into
Po Ps and PGHi

g
Since there is one way to dothis foreach path there are exactly as

many paths of length n from vertexi to vertex j as there are paths of
length n 1 from vertex i to some othervertex adjacent to vertex j

So we can write

pathslength n from i to j Eggs pathsoflength n tfrom i to K_

By our induction hypothesis paths length n 1 from ito k A i k

Also note that

A is CA row Acolumn IE paths length n t from i to k Agl tffo s

IEzgg.gg pathsoflength n tfrom i to K pathslength n from i to j

So A is pathslength n from i to j



proof We will prove this by showing V W satisfies the vectorspace axioms

GEundraddition Let V w re we E V W Since V V2EV and V is

a vector space v v2 EV Similarly w.tw EW So

v w V2we Vitve witw V W

Additioniscommutative Let V w rewe eV W Since V V2EV and V is

a vector space V.tv VetV1 Similarly W we We Wi So

V W V2 we V V2 Witwa Vetri weth V2we Vi w

1 j
et v w raw us.ws V w Since v ue user

v tue vs V Vetus Similarly wit we tws wit watws

So unw ve.ws vsws
i
v tve witwe Vs wz vitve vs witwatws vit vatus witwatus

vi wi Vatuswatws vi w.lt vzwe vsws

AdditiveIdentity Notethat since V is a vectorspace it has an additive identity Or

Similarly Ow is the additive identity for W Let v w EV W Then since

Or is the additive identity for V
cap
QtvÉ Similarly On w w Then

OvOw V W is so that for any v w V W we have

OvOw v w OutvOutw v w So OvOw is the additive identity

for VxW



Additiveinverse Let v w eV W Since veV and V is a vector space there

is a vector VEV so vt v Ov Similarly wew Then v w eVxW

is so v w v w Vt v wt w Or Ow

Eureunderscalarmultiplications Let cef v w EV W Since V is a

vector space over F CVEV Similarly cweW So v w cv.cn EVxW

Sharmultiplicationisassociative Let cideA v w eVxW Since V is a vector space

d v c du Similarly d w dw So d v w d v d w Cdu caul

c dv dw c d v w

Distributiveproperties Let ceF unw v2we eV W Since vi v2EV and is

a vectorspace over F we have c Vitus cui cue Similarly C withe cutena

So c v w.lt vzwas c'cuitvz witwe c vitve c witwe cvitcvz cw tcwe

Cri cw cuz cwe c v w c v2 we

Let c.de F and v w EV W Since VEV and is a vector space over F we

have d v cutdu Similarly atd w cwtdw So d v w

ctd v ctd w cutdu cw dw cu.cn dudw c v w td u w


