
Abstract Linear Algebra - Problem Set 3
Instructor: Katalin Berlow

The homework is out of 10 points total.

1. (a) (1 point) Consider the vector space R over the field Q. Show that the vectors 1,
→
2, and→

3 are linearly independent.

Hint: You may assume
→
6 is irrational.

(b) (1 point) For n,m ↑ N, are the vectors 1,
→
n, and

→
m always linearly independent? If

not, when are they linearly independent?

(c) (0.5 point) How many linearly independent vectors can there be in R over Q?

2. (2 points) Suppose v1, . . . vn are linearly independent in V and w ↑ V . Show that v1, . . . , vn, w
are linearly independent if and only if w ↓↑ span{v1, . . . , vn}.

3. (a) (2 points) Let (F2)
N
denote the vector space of all infinite sequences of elements in F2

over the field F2. Show that if S is a set of finitely many linearly independent vectors,

then we can extend S to a larger set T of linearly independent vectors so that S ↔ T .

Hint: Consider the span of S.

(b) (1 point) Does this imply that (F2)
N
is infinite dimensional? Prove your answer.

4. (2.5 points) Let V be a 6 dimensional vector space. Let U,W ↔ V each be subspaces with

dimension 4. What is the maximum dimesion U ↗W can be? What is the minimum dimension?

Prove your answers.

Extra Credit:

4. (3 points) We call a polynomial prime-ish if all of its exponents are prime. For example,

12x7
+

4
7x

3
is prime-ish but x2

+ 3x is not. Show that any polynomial with real valued

coe!cients has a prime-ish multiple.

Hint: This is a linear algebra class: this will use the fact that polynomials form a vector space.
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Lemme let aeQ and be A Q If abeQ then a o

proof Let ato If abeQ then a abEQ since Q is closed under

multiplication and inverses But a ab beQ which is a contradiction I

Assumethere are scalars a b ceQ so altbe CB 0 Then we have

a 6K CB So by squaring a GE CB 26 30 bet So

bck a 26 3C EQ since a bceQ and Q is closedunder adittionandmultiplication

We know 6 is irrational so 6 0 by the lemma above So b or c

is zero This either gives us a.lt652 0 or a ltcB 0 either way we

would need a b c 0 since E B are both irrational So like B is linearly

independent

No they are notalways linearly independent 1 Fl TG are dependent

It A to 0

Claim If n m are prime then 1 rn rn are independent

proof Replace 2 by n and 3 by m in the proof of a The sam

proof goesthrough



The set MEIR n is prime is linearly independent

This can be proven using induction and a technique similar to a but

this is difficult thus the extra credit

proof 3 If wespan vii Vn then by v vn w are linearly

dependent by one of the equivalent definitions

Assume v vnw are linearly dependent Then there are

scalars a ant EF not all zero so aivit n.tanuntan.in 0 If
anti 0 then a bit anun 0 contradicting linear independence of vii vn

So assume ant 0 Then we E Vit tl n un as desired

proof Let SEA be a finite set of linearly independent vectors Then

span s is finite since there are finitely many scalars there are

finitely many possible linear combinations of elements of S So since

E is infinite F span 5 0 Choose ve Fe span s By the

previous problem Sufu is linearly independent since v4spans

This is a linearly independent set strictly extending S



Yes If A were finite dimensional it would have a finite

basis Vi vn By part a we can extend this linearly

independent set to a larger one contradicting the fact that

is Un is a basis

dim UnW 4 since UnW U and dim 4 4

Also we know dimV dimU W dimU dimW dim Unw so

dimUnW dimutdimw d.imV 4 4 6 2 So dim UnW 2

To see that these are strict note that if V IR
U xuxaxsixaio.coeR6 xii xneR and We 0,0 xs.xu.xs.x.seR6 xus xoelR

Then UnW 0,01 3 xu0,0ERG 3 taek and so dimUnW 2

To see dimUnW can equal 3 let We 0xaxs.xa.xs.deR6 xa XseR Then

dimUnW 3 For dimUnW 4 let w ll So we have

dimUnW can be 2,3 or 4



Let q be a polynomial of degree d Let S XP XP Pat

be a set of d l many primeish monomials Let p P2 Pdtl

be the first d l many primes For those Pies with p d

we can perform polynomial longdivision to write XP q fit ri where

r is now degree d Replace XP by ri in S Now S is a

set of d l many vectors in Pa IR Since dimPa IR d

there must be a linear dependency in S Write S ri ran

Then we can find a adt EIR so air tintadt rat 0

But we have xPi q fitri so r xPi q fi Plugging this in

we get a x qf tad XP qfa 0 We can expand and regroup

to get aXP't adt XP a fit adnfat q The left hand side
is prime ish and the right hand side is a multiple of q


