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1. Write the definition for a set of vectors to be linearly independent.

2. Let V be a vector space and W → V a subset. What must be true about W for it to be a
subspace?

3. Which of the following are vector spaces? (Yes/no is enough.)

1. R over C with the standard interpretation of addition and multiplication.

2. C over R with the standard interpretation of addition and multiplication.

3. C over Q with the standard interpretation of addition and multiplication.
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A set S vii in of vectors is

linearly independent iff when
a V t anVn 0 for an an EF
then we must have a az 0

W is a subspace iff
1 O EV
2 If v new then vtweW

3 If vew aef then avew

No

Yes

Yes



4. Let V be a vector space over F . Let a ↑ F . Prove that a0 = 0 . Justify each step using
vector space axioms and field axioms.
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We have a 0 a 0 0 by definition
of the additive identity Then

a 0 0 aOta0 by distributivity
of scalar multiplication Since every
vector has an additive inverse there
is 90 Then a 0 90 90 90 90

By definition of additive inverse

a a 0 0 So we have 0 90

as desired



5. Let V be a vector space and S a set of vectors. Show that spanS is the smallest subspace
containing S. That is, prove:

(a) spanS is a subspace of V , and

(b) if W ↓ V is a subspace of V containing S, then span(S) ↓ W .
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a We will use the subspace
axioms to show spans is a

subspace of V
We know OE span 5 since

if S 511 sn then

0 05 Osn spans
Let v we spans Then there
are a an bi but f with
a Sit tansu and webisit bus

by definition of span Then

v W last b sit it antbn snespanS
Let cef and vespan s Then we

can write v a sit tansu and

Cv a sit can sut spans



6. Let V be a vector space of dimension n. Assume that V1, . . . , Vk are (each di!erent, nonzero)
subspaces of V so that

V1 ↓ V2 ↓ · · · ↓ Vk.

Show that k ↔ n.
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Lemma If V V2 and Vitve

then dim V dim V2

proof Let k un be a basis for
Vi Vi Vn is still linearly independent
in V2 but isnt spanning since

span K Vn V E V2 So we

nontrivially extend 4 Un to a

basis V1 Un Unty Vm for V2
But dim V2 m n dimk

proof
Since V is nonzero dim V31
Then Edim V dim V2 C dimken
so k n


