Math 54 Midterm 2

Jeffrey Kuan
July#22 82019

Name: AV\ swek '{ e‘tj

SSID:

Instructions:

e This exam is 110 minutes long.

d b
No calculators, computers, cell phon
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You may assume that ajl;
stated to be complex-val

All vector@ spaces> ar




Problem 1 (10 points)

Let V be the set of periodic sequences of real numbers with period 4, where a periodic
sequence with period 4 is a sequence ag, a1, @z, as, a4, as, ... of real numbers that repeats after
every four terms. For example, the following (infinitely long) sequences are elements of V.

1,2, 3, 4l 253 y4pi¥2l 3, 4, ...

—2) 0) 07 ]-a _2) 0) 0) la —27 O) 0, 11
2) 0,1, 9’ 2) Oa 159, 21 0’ 395

Part (a) T NSRS R
What are the operations of vector addition and scalar multiplication on V7 Cha :
is closed under vector addition and scalar multiplication. What is the zero v

[6 points] :
vector additon: add °°W‘P°"‘¢*AW e -
)y, A2, 3,24, A, A3,002, 0y
= b, b2, bz Ly b, lebz

au+b L,oaetbz,as -(—Qs, ay+by, a, 4

(sl bas peviod
Sl adials G rek en
S CA,,lAz,Crz,Cay Ca,, Caz,
(sl has period ¥

zero veeto~: 0,0,0, 0,0, 0,

Part (b)
Find, without proof, a basis for V, and dim(V). [4 points|




Problem 2 (15 points)

For each part, determine (with proof) if the set U is a subspace of the vector space V.

Part (a)
U = {continuous functions f in C(R) such that f(0) > 0}
V = C(R)
(Recall that C(R) is the set of continuous functions on R.)
@] O"' DN, ul:a sr&LCZ
€ o X Rarefi Rl R () (x*+() ¢ U
Mo-"CIOSeJ uwdw SCOJOU" th)“"ip ‘:ca-‘HOh

Part (b)
' U = {polynomials p(z) in Py such that p(5) = 0 and p'(2) = 0}
V=P10
= suEsFaCz
I—P.C = U ‘I’L‘% C.-p-kc,s e —Ho:ihcz
(Cn’p+6z Y(5)=c¢, £(5) +can (5) -c, -0 +¢.-0=0
(e -P-tc-a@ (2)=c£'(2) +eiqg'(2) = e ORI

Part (c)
U = {functions in C*(R) such that (f')* — 4f = 0}
V = C*(R)
(Hint: f(z) = 22 is a function such that (f')2 — 4f = 0. Recall that C*(R) is the set of

smooth functions, which are functions with infinitely many derivatives.)
o+ a,suLs‘oa.{se. e B
Llx)= xzeu e ((x*)) - 4(x*) = (2x)*-Yx*=0
2 A8 s .:,(('sz).)z_ ""(2)(")
i("')()"- Sx*=8x"40
%\%P\i Ca“"ﬁbh
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Problem 3 (25 points)

Determine (with proof ) if the following maps are linear transformations. If so, find the kernel
and range of the following linear transformations and find a basis for the kernel and range
(to save time, just for this question, you do not need to prove that the set you give is a
basis). If the linear transformation is bijective, find its inverse linear transformation.

Part (a)
The map F': R? — C given by F(a,b) = (a + 2b) + (2a — b)i.
Elecila, b))+ 2, GO IS =t +tCras o byt nEE
= (ca,4+ciar 420 bi+c, b)) +(2(c.a+craz) ~(e,bitabs));
r(,(o..-fZL;) + c, (Za:"‘:n)f-i- Cq,(az “'2!’2) +C1'(20“'-L"-)1:
=, F(a ,,E‘) 4+Ca F(Qz,b;) SeCE ["NM MS‘COVW("’OA &

ker (F): a+2b=0 |2 \:_5*0 so o =b=0 keeCE)s (ISR
20 —b =0 2 -\ ove—Fo —ore J

~ boc ool
S [P "'c+dml—¢°‘ve 2 e a=g c+ basis =
kahge(F) o 20-b=d b_—_‘s_(?_c 'J)[’Fﬂ?tbas-‘; Tos
So F( £ (+2d), (2 =) = c tde- [rrumge(F)=€
Part (b) So s Ljec#i\/e 3 ovdo

The map T : M3y — M3ys given by TT" (C “’A‘C) = ("5L (c+24), = (QC'A)) k

=l 0 S
S e Gt IS & i rear— Ww[;mw‘-ioh
N E 11 —ﬂM T(C.Ml"'C%M"):A(C’M""C'M‘)
CO"JWW‘SP(LC(, - =AM +c . AM. =C.ﬂM.)+C-.'T(M‘)

(Hint: Find the nullspace and esmek of the matrix above and use it to solve this question

quickly. There was a similar question on Problem Set 5.)
10

A= =N B“S"%Q"A)H_%],g“.']}

s Bast for NUl(A): g ’:(

Basisfor Pl ) {[-:l §]/ [§ -‘"‘]}
furs eS| (217 (3413
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Problem 4 (25 points)
Consider P, which has the bases

G={2+2z1+2z} C,= {-1-2z,3 + 12}
Part (a)

Find the change of basis matrices from C; to Cs. (8 points]

Z b= e, Gl=2=da, (205 )

— S —2c,4+6c. = 4 ='c)\ist 2ic =10
\2CI+C2= l ‘2(.4C3=‘ “6(,*’?("—3
Cci=E (L
&5 e
[+2x =¢,(~1-2x) +calZ+) -
_CO""?CZ"'I CZ=O C['-‘-l CI]C|-7€;' [.35 _‘
-~ 2¢) + Ca =2 Z o
Part (b)
Let B = {1,z,2% 23,24 ¢

°} be the standard ordered basis for Ps.

Consider the linear
transformation AA : Py — P, (called the Bilaplacian)

given by

AA(P(z)) = 2 (b(@)) = p"(2)

In particular, the Bilaplacian applied to a polynomial gives the fourth derivative of that
polynomial.

Find [AA]s ¢, and [AA]s_c,. (Don’t worry if some of your numbers are large.) |

AA() = AA(x)=AAlx ™) = AA(x?) =0

AA(xt)= 24 Ao (x®)= 120
24 = 240)= 24 (% (2024) = (142x)))

= 8 (2 (24x)=Clt2x))

17 points]

24 = .2.§'+ ((—l-Zx)*l- 2(3+x))

= 2;(-!-'2;:) + %(9;.,‘)
=l6(24x) =g (142x) 120% = = 24(3E\-2x) + (24%)
(20 x = 40 ((-N(24x) + 21+ 2x)) 3
= (-40) (2 +x) +¥O0(1+2x)

=7 2(=1-2x) +(=28)(? 4x)

[MJM,:[O O ol balEe - 40
008

& 72
=18 0 o
B 8'0] [AA]s-)cz [o O 0@ %E”Z‘J

, RS
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Problem 5 (25 points)

Let Msy3 denote the vector space of 3 by 3 matrices.
trace-free” matrices, defined to be the set of 3 by 3 matrices

@ b @
deeic )
@ o g

such that a+e+i=0,c+e+g=0,b+e+h=0,and d+ e+ f =0 (so that the sum
of the entries along each of the two main diagonals and the middle column and the middle

Let S be the subspace of “very

row is zero).

Find dim(S), and find (with proof) a basis for S.

General matinx in S 3’ l; wc,_&]

~c-¢ -b-e ~a-¢

| 0O Boi e o © 00©°
:a.[ooo +blooo +C{O°°]+d[‘°"]+¢[%?-ot
ORO (o) (o) -l 0O (o Mo =l =] =

S fake 3= 3528 T oo T HEER :

3 [go?l_ [OS’OOJ [90008 éag:)'] [oﬁ'?-_n‘]}
TL*@ a,éove equa:‘—ioh sLowS ‘l“"a‘l' Vec—l-or:rih:E Sspan S
SOJu54’ heed +o cLecL "wa.r— fP‘Ja.Per\o(ance 3

C[l%%]+ e [OO']"’C[ J [ooo
[ O o o 0O =
O O—y [O—qoo] s -oloo 1 000 w&s -\ ..|-|\]
= [ooo
- S 0o
Qoe

('_ ay Ca Gn o oo
/ C4 Cs =-Cy-ts | = [: . e :)
L"‘?'Cs Citg =CI"€5 © o9

[yo) C,=C1=C3=c$=65=o- e

(=P B IS La_:.:r H&Mce, JIMCS) =5,
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Problem 6 (25 points)

20
e A= =2l ()

‘] . Consider the map F : M3y3 — Msys defined by F(B) = AB — BA.
0 1

Part (a)

= c,(AB-B,A) +ca (AB-B2A)
=c,F(B) +c.F(BR.)

Part (b)
Find a basis for ker(F). [15 points]

- xa X3
é 2 0O 2%, 2x2 2X3 2%,~2x% 2
»:; C" Co> Xa X8 ;; X ;((1 )():3 -2 |0 = |~2x,¢xy =2x24%5 =2X34%e _ | 2% 4=2%5 Xs X6
Xy X5 X6 | = | x4 Xs < oo | < X4 Pl
o} (@) |] X, Xp Xq X7 Xy X9 b4

Show that F'is a linear transformation. [5 points] l
F(C,B""Cz 62):A(C,6¢+Cz62)—(C,8|+CQ_87-XA l

X2 i

2 X2 X2 X3

= -Zx,‘Xq«{?XS' -2 X2 __2)(3

“)(1+2XX o O

1

ZX2 =0 S4p = (©) )(-p’7<5,)(4,)(?,><q e‘o ~ g
Bae o 5 0 B : e | . |2
A 2%, 18R a X. e\ ?? + X |9 +Xg% +Xq g
—2%,-Xe $ 2X5 =0 X7-2Xg=0 Pl 0 ° : 2
—7)5%5 =10 o % = ° ;

-2X3 =0 o

= 71“2)(2 =0

o

-L (Ko Xo 009 000 00 O
s~ ? [ lngJ [01(0] {oov] [ooo] [gg"‘]g
000 7 z' (=) J

Part (c 2% SRR O 1.,

2 () M, Mt MS Mq Mg

Let S be the set of 3 by 3 matrices that can be written as B AB — BA for some 3 by 3

matrix B, where A is the 3 by 3 matrix defined above. The set Js-;

1s a subspace of Msys.
Calculate dim(SS). [5 points] The above compy +on S“\awr'B s pans ker (F).
= ) Check '3r~. ind
)= I/Cll/vﬁé (F ;

C.M|4'61Ml*"C‘pM}#-CqMQ—-FC:Mg: gg%]
Fom (E) Vlu”."hj (F) =5.

Do

cko teii 0 A [ o &S
, € ©Cy %
- (F) el (F) =8 i )

2¢4 = © 00
‘h'h(szs) Ci=Ca eCy=cy=C570
& = - So lin.ind. So Bir abasis
O rab(:(F)-Jlkh(S)—q' \ ’QPE‘"F)’
T,



Problem 7
(0)]

Consider the linear transformation 7' : Py — R? given by T'(p(z)) = [i 1)

Part (a)
Show that 7" is onto. [10 points]
T(x):[?] TCl-x) (I]

Dirce vaunae (M s a J‘Jo.rracc op R* c::w"w‘h‘mj
(27 and [ 5], rarge CTI=R:
Part (b) T IS °h“‘o.
Let S be the subspace of polynomials p(z) in P, with p(0) = 0 and p(1) = 0. Find dim(S).

[5 points]
(Hmt This should be quick, using the result from part (

= la,r(T) nm(S)"hU“ 4'3(1')
= dirm (P4) —ramnk (’l")

= 5-273 |dit e

Part (c)

Consider the polynomials B = {22 — z,z
defined as in part (b). Determine if B is a basis for S. [10 points]

3 _ 42 g

4 — 2%}, which are all in S, where S is
(Hint: First determine if the polynomials in B are linearly independent. Then, combine this

with your result in (b) to get an answer qulckly()
c (x*-x)+calx?-X Ve 2l
x+(c.—c»3x +(ca—Ccslx3+cqaxte0

-—C('?O a0 C.’Cz'o"‘“f|‘¢$c"o'
(o, =7 c3=0
C yzé3 : 0O

=0
So the po(jh i fin B are \‘mear\‘_j \no(qzndu-l-

So B consi ""”“"‘q}""aw-‘-vedu?m S , uheh
has dirn L ’ °‘PM~S\ So Bire Lu‘h'e-cs

? EXAM

-C,




