Math 54 Final Exam

Jeffrey Kuan
August 16, 2019

Name: AY\SW@(‘ Kﬁtjl

SSID: | ~ 3

Instructions:

e This exam is 110 minutes long.

* You may write on the back of pages or on the b
pages can be attached. Y

e There are 7 questions. £
» The exam has a total of 200 points.
e Good luck!




Problem 1 (30 points)

— Moo given by

Let B = [_11 —11] Consider the maps S : Ma2x2

Gl AT
a7 : M. My, given b
& ax2 — Maxa given by )= tEn

whether or not S is a linear

Part (a)

Show that T is a linear transformation. Determine (with proof)

C"teck 'f eary: T( |A(+C2A")

e (BA

transformation. [10 points]

\
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Part (b)

Find a basis for ker(7'). While you must show your cale
set you give is a basis. [15 points]

ulations, you don’t need to prove that the

T(A)=BA-= [_‘ ‘][ clgin tald
% =0 o
—xrl'Xaa =0 __(‘Oo_gi g =S ‘0?‘;9‘}
Xa =X = i d0.— | %Sgg
e X =50 o -t o !
| o
(?)-I—X*(%)

Part (e)

Let U be t X
Bl 12; subspace of 2 by 2 matrices that can be wr1tten r some 2 by Yo
e matrix above. What is the dimension of U? [5 e DY 2, TMALIIX £,

d'hﬂ (éw(T)) e (vj ]Dak"'

< hull (T)
L) = range (Tt

USe -"“sa Ra—hk Nc)"ﬂ T

ot e (T)+hu|h‘-‘-\j (
o k (T) + 2 =5
ram b (T) =
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Problem 2 (30 points)

Consi ;
sider the linear transformation 7" : P, — R® given by

»(0)
T(p(z)) = [P(l)]

»(2)
Part (a)
Show that 7" is bijective. [15 points]
2) = +6+G
T lad bkl s [2’+26++¢]
lfﬂ—(T) o =0
atlic =0 = bic=0 3 24+2¢70 g
a+2btr4e=0 2 2b+¢=0 §§2"° c=0 -
So ker(T) =50 +-Ox+0x"3 g o=O |

Se T/S e = ‘('D—onz

By Rank -Nollid,, rank(T)  dim (P

Part (b) so range (
Find a formula for 7-1(yu, v ,w), where (u,v,w) € R%. [1

Bo+ bytie | = [ i
A+2€+4Pc] W]
o = U

U4 b=t ""'
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Problem 3 (30 points)

2 isfyi — z =0
Let W be the subspace of points (z,¥, 2) i RS satisfying z — ¥ +

Part (a)
Find an orthonormal basis for W. [10 pomts] ( | )

BOLSIS' -@r W (

() v:-(v;,w->w"(?‘ & (D

:
E(7)] iitontii (%)
Part (b

W is a plane in R®. Let 7" : R® — R® be the map that reﬂects a point (z, Y, z) across the plane
represented by W. Explicitly, this map is given by = :

ll

=Lt
N2
§o

T(x, Y, Z) i projw(z,y, Z) o pIOJWL ;

Find [T]5_,5 where B is the standard basis for R?. [20 points]

(Hint: You may use that W+ is spanned by (1,—1,1), but be su
Yyou want to use this fact. This problem can actually be do

"-(-') basis (ONB ),

pyg,w(oo) -Lu)( ) (""%
PWJN.L (/,0,0): —é—(" = )
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Problem 4 (25 points)

Consider the matrix 1 9 i 18 -8 s
A=[_1 Sgmed s SIS

AT e
Part (a)
Find an orthonormal basis for Col(A)-'[10 pOi;ts] \ ya el -02 —,‘ -13
{52 | Rttt e ik i | 2 T

["l-Z—l-:i’g ; ?’]—a[é’ooo‘o O
e 2Ll

Ba:,_r (—I) (_‘) W \rz- ol
-<\/2/w’7w‘=4(-?i)

IRart (i) { -J_(_") Wz--(o> &
1 /3

Letibe—= [ 3} Find all least square solutions to Ax = b. [15 points|
]

[

A% =projalm b
PVDJC.HA) l"" 5
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Problem 5 (24 points)

Part (a) |

Find a general solutio;l to the following second order differential equation. [12 points]
v —y= 2ze”

: SO (r—l)(r-H) oW = V- DA

e C;c**Cze
Bo.:l‘cgue,:s: jP:(AX'FB)C& =ACxe X+BC¢

X A
=§(Ax+6)ax but Be Yh

%
Yo ch Bx)e”™

) +B)e
3; ((AAXX ﬁ(cﬁ"ifsfiuzmze De”

B) (2A+28))e V—(AX"’-I—BX)&
(A +(H+ Af:e g +28) -4  v

Find a general solution to the following system of differential equations.

X
w

171

Raxt (i)

i (t) = —2o(2)

zo(t) = 521 (t) + 2z9(t)

5
(1+2c)+ [ e
= -l—zg) = e*(cos(
= etcos(2+t) ‘
= (-— toos(24) + 2e¥an(24)
- "-‘aos(Z'l:)
X = ( otoar (2t) 4+ 208

7
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Problem 6 (40 points)

Parti(a) "

Find the Fourier series expansion for the function
f(9)=7r2—92, et T

Write your answer as both an infinite sum of complex exponentials aud s miniE el grons

and cosines. [25 points]
2(=1)"

(Hint: For n # 0, f(n) = —257—)
-P(h)-.-.— —(:r'r‘f_'r -C(a)&'o‘ede

16(0): \O(e)ae-jﬁy TG B

2‘"’
= (Grcs %‘)\
gt +“3-3)
). g fo-

= 2_L_TI'< 4
% T
"p(h):.z'__n:f:;(vz_e&)e-ckeda

Fp(e)‘” %T:"'é— e 2;-2" . @

—tdO
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Part (b)

Use the Fourier series from

part (a) to calculate the value of the convergent series

=0
i
n=1

[15 points]

r(IHint: Using the hint from the previous part and 1),
ot complete the computation in part (a)-)

it is possible to do this, even if you could

foy- 2K #)--2EN 4o

L |7 (peeritde = 2 Bl

heZ

Sm—

27
e ‘H'..‘Tq— -—('2 Z
L S\,Tr - 28

LS i ~2N
= (17 #(277) ‘W
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Problem 7 (21 points)

: i he
stems of differential equations to the appropriate phase portrait on t

Match the following sy e e e: willibe used!. [3 points each]

next two pages. Note that not every figure on t
o, (t) = 3z () — 5xo(t)
zh(t) = 521 (2) + 3zo(t) G (1)
z(t) = 3z (%) + 2z4(t)
24 (t) = 231(3) 3xo(t) C (2)
) (t) = 2z2(2) E <

zh(t) = —2x1(2)

z3 ()= 3z
z5(t) = 32 {0/

Bonus (5 points)

On the back of this page, list three facts al
tion), Dirichlet eigenfunctions of the Lapla
in-class presentation on partial differential

A T SRR lNe e
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