
Problem Set 1

Due on February 13th.

Problem 1: A connected graph which contains no cycles is called a tree. Prove
that the following are equivalent:

• G is a tree.

• G is minimally connected, that is G \ e is not connected for any removed
edge e

• G has no cycles, but adding an edge between any two vertices which do
not have an edge already induces a cycle.

• Between every two vertices there exists a unique path.

• G is connected and has |V | = |E|+ 1.

Problem 2: Find the dimension of the cycle space of Kn. What about Km,n?
Solution Using the formula that dim C = |E| − |V |+ 1,we can compute the di-
mension of these cycle spaces as n(n−1)/2−n+1 and mn−n−m+1 respectively.

Problem 3: Prove for a planar graph G that the double dual (G∗)∗ is graph
isomorphic to G.

Problem 4: A forest is a graph that contains no cycles– a disjoint union of
trees. Show that every planar graph is the union of 3 forests.

Solution We prove by induction. Since G is planar, it has a vertex v of degree
5 or less. G \ v is decomposable into 3 forests, T1, T2 and T3. It is the case that
there is i such that |N(v) ∩ Ti| ≤ 1. For this i,we have that N(v) ∪ Ti is still a
tree. This gives a decomposition of G into 3 forests.
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Problem Set 2

Due on February 27th.
Problem 1: Prove that every graph is embeddable into some surface. If you
were at the coloring lectures, use this to provide a bound for the minimal col-
oring number for a surface. How does this compare to the upper bound we had?

Solution The idea of the solution that you can always embed a graph with |E|
edges inside of a genus |E| surface. Start with a set of n points on the sphere.
For every edge from vertex v to a vertex w, create a handle connecting v and
w.
Problem 2: Find a triangulated planar graph G and a plane graph isomor-
phism (map preserving the relations of face, edge and vertex) that fixes no point,
edge or face of the graph.

Solution Take a cube centered at the origin, and consider the map x 7→ −x.
Problem 3: Come up with an appropriate definition of what a “surface with
boundary” should be. Then classify all of the surfaces with boundaries are.
Solution There are multiple ways of doing this. One way is to take a surface
with boundary to be a graph with a prescribed set of triangular faces, such that
every edge belongs to 1 or 2 such faces. At every vertex, require that there is a
ordering of the edges going across faces.
One can then show that the surfaces with boundary are classified by genus,
orientability and number of boundary conditions.
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Problem Set 3

Due on Friday March 20
Problem 1: Show that the homology is related to the Euler characteristic in
the following way. Let R be a field, so that the dim(Ck) and dim(Hk(C•)) make
sense.

• Given any finite dimensional chain complex C•, define the Euler Charac-
teristic of the chain complex to be

χ(C•) :=
∑
k=−∞

(−1)k dim(Ck).

How is this related to the Euler characteristic of a simplicial complex.

• Show that χ(C•) =
∑∞
k=−∞(−1)k dimHk(C•). Why does this show that

the homology groups contain strictly more information than the Euler
characteristic?

Solution Use the Rank Nullity theorem. Then∑
(−1)n dim(Cn) =

∑
(−1)n dim ker dn + (−1)n dim imdn

=
∑

(−1)n ker(dn)− (−1)n dim imdn+1

=
∑

(−1) dim(Hn)

Problem 2: A simplicial map between simplicial complexes ∆1 on vertex set
S1 and ∆2 on vertex set S2 is a map φ : S1 → S2 which sends simplices to sim-
plices. This means that for every X ∈ ∆1, φ(X) ∈ ∆2. Note that this map does
not need to preserve the dimension of the simplices, and it necessarily preserves
inclusion of simplices.

Let R = F2, the field of two elements, so we don’t need to worry about
signs. Any simplicial map gives us maps between chain complexes φ∗ : C(∆1)→
C(∆2) as follows:

• If |X| = |φ(X)|, then define φ∗(eX) = eφX .

• If |X| 6= |φ(X)|, then define φ∗(eX) = 0.

Check that this is a chain complex map, in the sense that d(φ∗) = (φ∗)d.

Solution You can check that the map dφ∗ = φ∗d on a basis eX of Cn. This
breaks into two cases.

3



• If |X| = |φ(X)|, then

φ(d(eX)) =φ

 ∑
Y⊂X,|Y |=X−1

eY


=

∑
Y⊂X,|Y |=X−1

φ(eY )

If |φ(X)| = |X|, then |φ(Y )| = |Y |.

=
∑

Y⊂X,|Y |=X−1

eφ(Y )

=dφ(eX)

• If |X| > |φ(X)|, then we have that

φ(d(eX)) =φ

 ∑
Y⊂X,|Y |=X−1

eY


=

∑
Y⊂X,|Y |=X−1

φ(eY )

Now, we have the following cases. If |φ(X)| ≤ |X|− 2|, then |φ(Y )| < |Y |,
and this quantity above is 0. Otherwise, suppose that |φ(X)| = |X| − 1.
Let y, x ∈ X have φ(y) = φ(x). Then write

=
∑

Y⊂X,x∈Y,y 6∈Y

φ(eY ) +
∑

Y⊂X,x 6∈Y,y∈Y

φ(eY ) +
∑

Y⊂X,x∈Y,y∈Y
φ(eY )

The first and second sum are equal, so they cancel out mod 2. The last
sum is zero because all such Y are decreased in size by φ.

=0

Problem 3: As a geometric space, the n torus is taken by taking the space
[0, 1]n and identifying the points (x1, x2, . . . xk−1, 0, xk+1, . . . , xn) with (x1, x2, . . . xk−1, 1, xk+1, . . . , xn)
for every k. If this definition looks tricky, this is just saying take an n-dimensional
filled cube, and identify opposite sides.

1. What is the 1-torus geometrically? Find a simplicial structure for it. What
is it’s homology?

2. The 2-torus is the torus we are used to. What is it’s homology?

3. Compute the homology for the 3 torus. (You may do this in any way
you wish, but the easiest way is to construct a simplicial complex that
represents the 3 torus. You may work in F2.)

4. Conjecture (and prove, if you are interested) what the homology of the
n-torus is.
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Problem Set 4

Due on Friday April 10. Pick either Problem 1(a) or Problem 1(b).

Problem 1 (a) : Let K : S1 → §3 be a knot. Let M = §3 \ Im(K) be the knot
complement. Show that H0(M) = H1(M) = Z, and Hn(M) = 0 for all n ≥ 2.
This shows that the tools of homology that we have developed so far are not
very effective for knot theory.

Problem 1(b) : The (2n+ 1, 2) torus knot is created by taking two pieces of
string, twisting them around each other in the same direction 2n+ 1 times, and
then linking their ends together.

Compute the Jones Polynomial for the (2n+ 1, 2) torus knot.
Problem 2: Prove that there are infinitely many non-equivalent knots.
Problem 3: Let K be a knot. Let c(K) be the minimal crossing number, that
is the fewest number of crossings needed to draw a planar representation of K.

• Prove there are no knots with c(K) = 2.

• Find two non-equivalent knots with the same minimal crossing number.

• Prove that there are knots of arbitrarily high crossing number. (Ideas:
There are two approaches to this; one would be to construct knots which
you can prove have high crossing number, or you can prove existence of
knots of high crossing number without constructing them. Pick whichever
method works best for you!)
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Problem Set 5

Problem 1 : Let K be a knot with diagram D. The bridge number of D is the
number of arcs that cross over other arcs– however, this quantity only counts
each arc once, regardless of how many overcrossings it has. For instance, this
diagram has a bridge number of 1:

The bridge number b(K) of a knot K is the minimal bridge number of all
diagrams.

• Show that the bridge number of the trefoil is 2.

• Show that if β ∈ Bn is a braid whose closure is K, then b(K) ≤ n.

Problem 2: The writhe of a knot diagram is the number of + crossings minus
the number of − crossings. Show that the writhe is not a knot invariant. Find
a group homomorphism W : Bn → Z so that if β has closure given by diagram
D, that the writhe of D is W (β).

Problem 3: Let U be the 2 unlink, and let H be the Hopf Link, which is two
rings linked together once. Argue why the fundamental group of U is F2, the
free group on 2 generators, and why the fundamental group of H is Z2, the free
abelian group on 2 generators.
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