DiscussioN WORKSHEET, AuG 25

0.1. Right angles and Dot Products. Suppose that v, 4, and @ make three edges of a triangle. Suppose
we have the identity
|91 = [a)? + @]
Show that if this identity holds, then « - @ = 0, and the triangle must be right.
Solution:Since these three vectors form a triangle, we have the identity

and we may compute

¥

=|d|* + 2@ - @ + |w)?

Since we’ve assumed that |7]|? = |i|? + |@|?, we can conclude that 24 - @ = 0.

0.2. Component of vectors. Find a unit vector that points in the same direction as
(1,3,1)

Find the component of the vector (2,1, 1) onto this vector.

Solution:For the first part, we know that the unit vector that points in the ¢ direction is #/|9]. In this case

we have the vector
1 1 3 1

T r—— 173717 - 77777
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The component of « onto ¥/ is given by

)

v-d_ 2-14+41-34+41-1 6
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Compyu =



0.3. Angles IT (Hard!) Prove the identity

cos(fy + 02) = cos(61) cos(fz) — sin(f;) sin(62)

by using the dot product formula for angles and the following setup of vectors.

62
01

Solution:We use both the formula for sin and cosine from determinant and dot product respectively.
Let’s call the vectors (from bottom to top) @, b, ¢, and assume that they are unit length. Then we have

Then we compute

@G- -

Some terms cancel

-,

sin 67 =det(d, b)
sin 6y = det(b, &)

cosf, =a - b
cos 0o =b. ¢
cos(by +602) =a- ¢

-,

det(a@, b) det(b, @) =(azby + ayby)(bace + bycy) — (azby — aybs)(bucy — bycs)
=(agbgbycy + aybybycy + agbybycy + aybybycy)

— (agbybycy — azbybycy — aybybyey + aybybycy)

=(azbzbzcy + aybybycy + azbybycy + aybybycy)
=05Cy (bzby + byby) + aycy (bgby + byby)
=(azcx + aycy)|b]

—i-c

=cos(0; + 69)



