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Voiculescu’s Free Entropy Theory for Finite von Neumann
Algebras

In the early 1980s, D. Voiculescu began the development of the
theory of free probability and free entropy. This new and
powerful tool was crucial in solving some old open problems in
the field of von Neumann algebras.

A noncommutative W*—probability space is a pair (M, 7) where

M is a finite von Neumann algebra and 7 is a faithful normal
tracial state. Elements of M are called random variables.

Junhao Shen On Voiculescu’s Topological Free Entropy for C*-algebras
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An example of finite von Neumann algebra

Let My (C) be the k x k full matrix algebra with entries in C and
7, be the normalized trace on M (C), i.e., 74 = %Tr, where Tr is
the usual trace on M,(C). Let MZ3(C) denote the self-adjoint
complex matrices.
Let

(M3(C))" = ME3(C) x ME(C) x ... ME(C).

The euclidean norm || ||e and 2-norm on (M#(C))" :
(A1, An) 3 =Tr (AT +--- + AD),
and
(A, An)l13 = k(AT + - + A7)

for each (A¢,...,Ap) in (M3)". Let A denote the Lebesgue
measure on (M;?)" induced by the euclidean norm || [[e.

Junhao Shen On Voiculescu’s Topological Free Entropy for C*-algebras
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The set of I'g(x1,...,Xn; M, K, ¢€)

Let (M, 7) be a W*—probability space,
X{y. .y Xn
be self-adjoint elements in M. Fore, R > 0, m, k € N, let
FR(X1,..., Xn;m, K, €)

be a subset of (M;?)" consisting of all

(A1,...,Ap)
in (MZ#)" such that

IT(Xi, - Xi,) — k(A - Ap)| < €,

forall1 <p<m,(i,...,ip) €{1,...,n}* and
Al <R <j<m

Junhao Shen On Voiculescu’s Topological Free Entropy for C*-algebras
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For any fixed R, m, e, when K is large enough, is

F,:,(x1,...,x,,; m,k,e)

non-empty?

The answer to this question is equivalent to the answer to

whether
W*(x1,...,Xn) = R",

where R is the hyperfinite Il; factor?

Junhao Shen On Voiculescu’s Topological Free Entropy for C*-algebras
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Free entropy

Then, we define successively,

XF;(X1,...,Xn;m,k,€)
= log AN(Tr(X1, ..., Xn; M, K, €)),
XR(X1)"'7XH;m7€)
n
= limsup (k_ZXR(X1,...,Xn; m,K,e) + > log k) ,

k—o0
XR(X1,. -+, Xn)
=inf{xgr(Xq,..., Xn;m,e) :me N, e >0},
X(Xq,- -+, Xn)

= sup xr(X1, ..., Xn).
R>0

Junhao Shen On Voiculescu’s Topological Free Entropy for C*-algebras



Introduction Free entropy dimension of a finite von Neumann algebra  Free orbit-dimension of a finite von Neumann algebra Voicu
[e]e]eTele] } 000000 0000000000 000

Some basic properties of free entropy

Voiculescu proved the following basic properties of

X(X1,. .., Xn),
@ Upper Bound

x(X1,...,xn) <2 'nlog(2ren~'C?)

where C? = 7(x2 + - - - + x2). In particular x(x1, ..., xp) is
either finite or —oo.
@ One Variable Case

(x) = // log |§ — t|du(8)du(t) + % 4 % log 27,

where . is the distribution of x.
@ Assume x(x;) > —o0,1 < j < n. Then,
X(X15- -, Xn) = x(X1) + - + x(xn)
iff x4, ..., x, are freely independent.

Junhao Shen On Voiculescu’s Topological Free Entropy for C*-algebras



Introduction  Free entropy dimension of a finite von Neumann algebra  Free orbit-dimension of a finite von Neumann algebra  Voicu
000000 900000 0000000000 000

Free entropy dimension

Applications of free entropy can be nicely stated in the
language of free entropy dimension (also developed by the D.
Voiculescu).

Definition 2.1

Letxq,...,Xn, ¥1,---,Ym be selfadjoint random variables in
(M, 7). The modified free entropy dimension is defined by

do(X1, .-y Xn: Y1,y ¥Ym) = N+
X(X1 +€S17-~-,Xn+€Sn : 317---7Sna}/1a--~>}’m)

lim sup
e—0 ’ |Og€|
where {Ss, ..., Sp} is a semicircular family and
X1y s Xmy Y1, -+, Ymand {Sy, ..., Sy} are free. If m=0, we
write 6o(X1, . .., Xn)-

Junhao Shen On Voiculescu’s Topological Free Entropy for C*-algebras



Introduction  Free entropy dimension of a finite von Neumann algebra  Free orbit-dimension of a finite von Neumann algebra  Voicu
000000 0@0000 0000000000 000

Free Entropy Dimension of a finite von Neumann Algebra

Definition 2.2

Free entropy dimension of a finite von Neumann algebra M,
fdim(M) is defined as

fdim(M) = sup{do(X1, ..., Xn),
X1 ...Xn is a family of generators of M}

@ Is every separable von Neumann algebra finitely
generated? Singly generated?

@ Does dp(X1,...,Xn) = 00(¥1,---,¥Ym), where xy, ..., xn and
Y1i,-..,Ym are two families of generators for a von
Neumann algebra M ?

Junhao Shen On Voiculescu’s Topological Free Entropy for C*-algebras
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@ Voiculescu showed that, for any nin N
fdim(L(F(n))) > n.

@ In 1996, Voiculesu shows that if a finite von Neumann
algebra M has Cartan subalgebras, then

fdim(M) < 1.

@ In 1999, Ge showed that if a finite von Neumann algebra M
is not prime, i.e., is a tensor product of two
infinite-dimensional von Neumann algebras, then

fdim(M) < 1.

Junhao Shen On Voiculescu’s Topological Free Entropy for C*-algebras
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An equivalent definition of free entropy dimension by K. Jung

Let M (C) be the k x k full matrix algebra with entries in C.For
every w > 0, we define the w-| - ||o-ball Ball(By, ..., Bnw, | - |2)
centered at (B, ..., B,) in M,(C)" to be the subset of M(C)”
consisting of all (Ay, ..., Ap) in Mk(C)" such that

I(At..., An) = (B, Bo)llz < w.

Definition 2.4

Suppose that ¥ is a set in M, (C)". We define v»(X,w) to be
the minimal number of w-|| - ||2-balls that consist a covering of *
in Mg(C)".

Junhao Shen On Voiculescu’s Topological Free Entropy for C*-algebras
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Then, we define successively, Vw > 0,

So (Xt X )
| CR(X1, ...\ Xn; M, K
_ inflim sup 108 2(TAR(X: L UL ,€),w)
e k—oo —k?logw
do(X1, -, Xn)

= limsup sup do(X1, ..., Xn; R,w).
w—0t R>0

do(x1,...,Xxn) is called Voiculescu’s free entropy dimension
(here we use an equivalent definition by K. Jung).
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Some other Results

@ Absence of simple masa in free group factor by Ge;
Absence of an abelian subalgebra with finite multiplicity in
in free group factor by Dykema.

@ Voiculescu (1999) showed that do(x1, ..., Xn) < 1, where
X1, ..., Xn is a family of natural generators for L(SLzn.1(Z))

@ Ge and Shen (2002) showed that dp(x1, ..., Xn) < 1, where

X1, ..., Xn is any family of generators for L(SLon11(Z))
@ Jung and Shlyakhtenko (2007) showed that
do(X1,...,%n) < 1,where xq, ..., Xnis any family of

generators for Proprty T factors.
@ Many more by Jung, Shlyakhtenko and etc....

Junhao Shen On Voiculescu’s Topological Free Entropy for C*-algebras
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Free orbit diemnsion for finite von Neumann algebras

Let M be a von Neumann algebra with a tracial state , and
X1,...,Xp be elements in M. For any positive R and ¢, and any
m, k in N, recall that I'g(x1, ..., Xn; m, k, €) is the subset of

M (C)" consisting of all (Ay, ..., Ap) in Mk(C)" such that

|All <R, 1<j<n,and

(AT AT — (x| < e,

forall1 <i,....ig < nalng,...,ngin {1,x}, and all g with
1<g<m

Observation 3.1

Assume (A, ..., An) € Tr(X1,...,Xn; M, K, €). For unitary matrix
w,
(WA W™, ..., WAW™) € Tgr(Xq,...,Xn; M, K,e).

Junhao Shen On Voiculescu’s Topological Free Entropy for C*-algebras
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Let M,(C) be the k x k full matrix algebra with entries in C.
For every w > 0, we define the w-orbit-ball 4/(B;, . .., By, w)
centered at (By, ..., By) in Mk(C)" to be the subset of M, (C)"
consisting of all (A4, ..., Ap) in M (C)" such that there exists
some unitary matrix W in (k) satisfying

1(A1,...,An) — (WBW*, ..., WB,W")|2 < w.

Junhao Shen On Voiculescu’s Topological Free Entropy for C*-algebras
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For w > 0, we define the w-orbit covering number

02(Tr(Xq, ..., Xn; M, K, €),w) to be the minimal number of
w-orbit-balls that cover I'g(x1, ..., Xn; M, k, €) with the centers of
these w-orbit-balls in I'g(x1, ..., Xn; m, k,€). Now we define,
successively,

Iog(og(l',:,(x1 y ooy Xy M, k, 6),0.)):

Ro(X1,,....,Xn;w,R) = inf limsu
(Xt Xni o, ) meN,e>0 k%oop —k2logw
Ro(X1y, ..oy Xmw) = sup Ro(Xq,,..., Xn w, R)
R>0
ﬁg(X1,,...,Xn): sup .ﬁg(Xh,...,Xn;w),
O<w<1

where Ra(x1,, ..., Xn) is called the free orbit-dimension of
X1 g ooy Xn .

Junhao Shen On Voiculescu’s Topological Free Entropy for C*-algebras
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Definition 3.2 (Hadwin & Shen (2007))

Suppose M is a finitely generated von Neumann algebra with a
tracial state . Then the free orbit-dimension £2(M) of M is
defined by

Ro(M) = sup{Ra(X1,...,Xn) | X1,...,Xn generate M
as a von Neumann algebra} .

Junhao Shen On Voiculescu’s Topological Free Entropy for C*-algebras



Introduction  Free entropy dimension of a finite von Neumann algebra  Free orbit-dimension of a finite von Neumann algebra Voicu
000000 000000 0000800000 000C

Key Properties of 1,

Lemma 3.3 (Hadwin & Shen (2007))

Let x4, ..., X, be self-adjoint elements in a von Neumann
algebra M with a tracial state t. Let 6o(X1,...,Xn) be
Voiculescu’s free entropy dimension. Then

00(X1,. ..y Xn) < Rao(Xq,...,Xn) + 1.

Junhao Shen On Voiculescu’s Topological Free Entropy for C*-algebras
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Theorem 3.4 (Hadwin & Shen (2007))

Suppose M is a von Neumann algebra with a tracial state T
and is generated by a family of elements {x1,...,Xxn} as a von
Neumann algebra. If

ﬁZ(X‘I?"'aXn) :07

then
RKo(M) =0.

In particular,

M2 L(F(n)), forn>2.

Junhao Shen On Voiculescu’s Topological Free Entropy for C*-algebras
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Theorem 3.5 (Hadwin & Shen (2007))

If M is a hyperfinite von Neumann algebra with a tracial state t,
then f2(M) = 0.

Theorem 3.6 (Hadwin & Shen (2007))

If Ro(N7) = R2(N2) = 0 and Ny N N> is diffuse, then
Ro((NV1 UNR)") = 0.

Theorem 3.7 (Hadwin & Shen (2007))

If M ={N,u}" where N is a von Neumann subalgebra of M
with R2(N) = 0 and u is a unitary element in M satisfying, for
a sequence {v,} of Haar unitary elements in N/,

diSt||||2 (UVnU*,N) — 0, then Ro( M) = 0.

.

Junhao Shen On Voiculescu’s Topological Free Entropy for C*-algebras
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Theorem 3.8 (Hadwin & Shen (2007))

If {N;}?2, is an ascending sequence of von Neumann

subalgebras of M such that Ro(N;) =0 foralli > 1 and

=U N,SOT then fo(M) = 0.

Theorem 3.9 (Hadwin & Shen (2007))

Let M is a ll; factor with trace state r. Assume that N1, N> are
von Neumann subalgebra of M with f2( N7) = Ra( N2) =
and¢q,...&n € L2(M, 1) with

spanl 2 (N1 {xi, ..., €n}N2) = LB(M, 7).
Then 6p(M) <2+ 2n.

Junhao Shen On Voiculescu’s Topological Free Entropy for C*-algebras
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Definition 3.10 (Hadwin, Li, & Shen (2011))

Let M be a finite von Neumann algebra with a faithful tracial
state r. Assume xq,...,Xn are in M. Let

Fe(X1,..., Xn;m, K, € 7)

be defined as previous. We define

ﬁéz)(xh,...,xn;w;T)

log(oo(TR(X1, ..., Xn; M, K, €, 7),
=sup inf limsup og(02(T (X, ’2'7 6 7),w))
R>0 MeN,e>0 gk k
2)

3

. 2
(Xtyyeees Xy 7) = Imsupﬁé )(X1,,...,Xn;w;7),
w—0t

where 8% (x4, ..., xn; 7) is called the modified free
orbit-dimension of xi, ..., x, with respect to the tracial state r.

Junhao Shen On Voiculescu’s Topological Free Entropy for C*-algebras
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The concept of “strongly 1-bounded von Neumann algebra”
was independently introduced by K. Jung. Though the
definitions of “free orbit diemsnion” and “strongly 1-bounded”
are different, they share many similar properties.

Junhao Shen On Voiculescu’s Topological Free Entropy for C*-algebras
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Voiculescu’s Topological Free Entropy Theory

Assume that A is a unital C*-algebra. Let x1, ..., x, be
self-adjoint elements in A. Let C(Xj,..., X,) be the unital
noncommutative polynomials in the indeterminates X, ..., X,.
Let {P,}22, be the collection of all noncommutative polynomials
in C(Xj, ..., Xn) with rational complex coefficients.

Junhao Shen On Voiculescu’s Topological Free Entropy for C*-algebras
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Let M, (C) be the k x k full matrix algebra with entries in C. For
every w > 0, we define the w-|| - ||-ball Ball(By, ..., Bnw,| - ||)
centered at (B, ..., B,) in M,(C)" to be the subset of M(C)”
consisting of all (A, ..., An) in M(C)" such that

(A1, ..., Ap) — (Bi,....Bp)|| < w.

Definition 4.1

Suppose that ¥ is a set in My(C)". We define v (X, w) to be
the minimal number of w-|| - ||-balls that consist a covering of ¥
in ./\/lk(C)n .

Junhao Shen On Voiculescu’s Topological Free Entropy for C*-algebras
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For all integers r, k > 1, real numbers R, e > 0 and
noncommutative polynomials Py, ..., P, we define

FP) (.. XK, e, Py Py)

to be the subset of (M7:4(C))" consisting of all these
(A1,...,Ap) € (MF2(C))" satisfying max{||A1]],...,]|An]|} < R
and |[|Pj(As, ..., An)ll — [1Pi(x1,. ... xa)|l] <, vi<j<r.
Define

Voo TSP (. X Ky, Py, P, w)

to be the covering number of the set
I'g"p)(xh...,xn; ke, Py,....P)

by balls with radius w in the metric space (M3#(C))"” equipped
with operator norm.

Junhao Shen On Voiculescu’s Topological Free Entropy for C*-algebras
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Define

Stop(X1, .-, Xpjw) =sup inf limsup
R>0 €0,reN g,
log (Voo (TYP (X1, ..., Xp K, €, Py, ..., Pr),w))

—k2logw

The topological free entropy dimension of xq,..., x, is
defined by

5top(x1 gee ey Xn) - ||m Sup 5top(x17 e 7)(n; U.))
w—0F

Junhao Shen On Voiculescu’s Topological Free Entropy for C*-algebras
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Voiculescu discussed many important properties of topological
free entropy dimension, some of which are listed as follows.

Lemma 4.2 (Voiculescu)

(i) If X1, ..., Xn is a family of free semicircular elements in a
unital C* algebra with a tracial state, then

5top(x1 9oeo aXn) =n

(i) If x1, . .., Xp Is the universal n-tuple of self-adjoint
contractions, then

510p(X1 g oo ,Xn) =nNn.

Junhao Shen On Voiculescu’s Topological Free Entropy for C*-algebras
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One variable case

We study the topological free entropy dimension of a single
self-adjoint element.

Theorem 4.3 (Hadwin & Shen (2009))

Suppose that x is a self-adjoint element in a unital C*-algebra
A. Then

1
Stop(X) =1 — E;

where n is the cardinality of the set of the spetrum of x in A.

Junhao Shen On Voiculescu’s Topological Free Entropy for C*-algebras
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Finite dimensional C*-algebras In the case of finite dimensional
C*-algebra, we obtain

Theorem 4.4

Suppose that A is a finite dimensional C*-algebra with a family
of self-adjoint generators x1, . .., Xn. Then

1

(Stop(X'],...,Xn) = 1 _W’

where dimc. A is the complex dimension of the C*-algebra A.

Junhao Shen On Voiculescu’s Topological Free Entropy for C*-algebras
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Topological orbit dimension ﬁ%},

Define
Oz(r(RtOP)(x1 vee s Xm K e, Py, Pr)yw)
to be the covering number of the set
I_gop)(xh...,xn; K,e,Py,...,Pr)

by w-orbit-|| - ||o-balls in the metric space (M3-3(C))" equipped
with the trace norm.

Definition 4.5 (Hadwin, Li & Shen (2011))

Define

7@

top(X15 - > Xniw)

log(0o(T°P)(xy. ... X k.e.Py..... P
— sup e Iimsup Og( 2( R ( 1 s Xny K, €, 77, 5 I’)?w)

R>0 €0,reN  y_, o k2
b

Junhao Shen On Voiculescu’s Topological Free Entropy for C*-algebras

000C¢



Introduction  Free entropy dimension of a finite von Neumann algebra  Free orbit-dimension of a finite von Neumann algebra Voicu
000000 000000 0000000000 000c

Definition 4.6
The topological orbit dimension of x1, ..., x, is defined by
ﬁg};(m sy Xp) = lim supﬁggi))(m yee s XmiW)

w—0t+

Remark 4.7

In the notation ﬁggl),, the subscript “top" stands for the
norm-microstates space and superscript “(2)" stands for the
using of unitary-orbit-|| - ||o-balls when counting the covering
numbers of the norm-microstates spaces.

| o
\

.

Junhao Shen On Voiculescu’s Topological Free Entropy for C*-algebras
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Theorem 4.8 (Hadwin, Li & Shen (2011))

Suppose that A is a unital C*-algebra and x4, . .., xn is a family
of self-adjoint elements in A. Then

Stop(X1, -, Xn) < max{Rep(X1, .., Xn), 1}.

In particular, if
ﬁgﬁ),(m y.osXn) =0,
then

5top(X1,7Xn) S 1

Junhao Shen On Voiculescu’s Topological Free Entropy for C*-algebras
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Theorem 4.9 (Hadwin, Li & Shen (2011))

Suppose that A is a unital C*-algebra and {x1, ..., Xn},

{»1,...,yp} are two families of self-adjoint generators of A.
Then
/@

2
top(X17 cee 7Xn) = ﬁgo,);(}/h- o ayp)‘

Junhao Shen On Voiculescu’s Topological Free Entropy for C*-algebras
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Theorem 4.10 (Hadwin, Li & Shen (2011))

Suppose that A is a unital C*-algebra and x4, . .., xn is a family
of self-adjoint elements in A. Then

Kigp(Xt, -+, Xn) < ESTHSI?A)ﬁ(zZ)(Xu...,Xn;T)

The proof of the result follows the ideas developed by
Voicuelescu in his proof that

Xtop(X1 oo Xn) < osup o X(Xq,. o, Xni T).
rETS(A)

Junhao Shen On Voiculescu’s Topological Free Entropy for C*-algebras
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In the case of nuclear C*-algebra, we proved the following
result.

Theorem 4.11 (Hadwin, Li & Shen (2011))

Suppose A is a finitely generated nuclear C*-algebra with a
family of self-adjoint generators xy, . .., x,. Then

(Stop(X1,,Xn) S 1

Example 4.12

Let A = K + Cl where K is the algebra of compact operators on
a separable Hilbert space. Then

dtop(X1, ..., Xn) = 0, for each family of generators x, ..., Xp in A.

Junhao Shen On Voiculescu’s Topological Free Entropy for C*-algebras
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MF algebras

A separable C*-algebra A is an MF-algebra if A can be
embedded into [[,~1 Mm,(C)/ > 4~ Mn, (C) for some
increasing sequence {my} of positive integers.
Let x4,..., X, be a family of self-adjoint elements in A. The
C*-algebra C*(xq, ..., Xn) is an MF-algebras if and only if there
are an increasing sequence {my} of positive integers and
sequences {Aj k}, ..., {An} with Ay k, ..., Apk in Mp, (C) such
that

im QA1 k.- Ani)ll = Q031 - Xa) |

k—o0

for every polynomial Q(t,...,t,). l.e., for sufficiently large k,
I'g"p)(xh...,xn;k,e, Pi,...,P)

is nonempty.

Junhao Shen On Voiculescu’s Topological Free Entropy for C*-algebras
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MF trace

Definition 4.13

Suppose that A = C*(x1, ..., Xn) is an MF-algebra. A tracial
state T on A is an MF-trace if there are an increasing sequence
{my} of positive integers and sequences {A1 k}, ..., {Anx} with
A17k, e ,A,Lk in Mmk (C) such that

° k“_)"T;o||Q(A1,ka---,An,k)H = ||Q(X1, ..., Xn)|| for every
polynomial Q(ty,. .., t).

° I|m ka(Q(A1 ks--Ank)) = T(|Q(Xy, ..., Xn)) for every
polynom/al Q(ty,..., t).

We let Tyr(A) denote the set of all MF-traces of A.

Junhao Shen On Voiculescu’s Topological Free Entropy for C*-algebras
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Upper bound of topological free entropy

Theorem 4.14 (Hadwin, Li, Li & Shen (2020))

Let A be a unital C*-algebra and x, . .., x, be a family of
self-adjoint generating elements of A. Then

IC%;(X1 50006 ,Xn) < sup ICéz)(X1 0006 ,Xn).
TETMF(A)

The proof of the result follows the ideas developed by
Voicuelescu in his proof that

Xtop(X1, -, Xn) < sup x(Xq,...,Xn; 7).
reTS(A)

Junhao Shen On Voiculescu’s Topological Free Entropy for C*-algebras
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Lower bound of topological free entropy

Theorem 4.15 (Hadwin, Li, Li & Shen (2014))

Let A be a unital C*-algebra and x, . .., x, be a family of
self-adjoint generating elements of A. If A is MF-nuclear, then

5top(X1,,Xn) Z Sup 50(X1,,Xn,7—)
TETMF(A)

Recall that A is MF-nuclear if 7-(.A)" is hyperfinite for each
7 € Tur(A), where . is the GNS representation of A
associated with .
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Theorem 4.16 (Hadwin, Li, Li & Shen (2014))

Let A be a unital C*-algebra and x, . .., x, be a family of
self-adjoint generating elements of A. If A is an MF algebra
and 7 € Tyr(A). Then

Stop(X1, - -+, Xn) > 6o(b; T), Vb e m(A)"

where 7, is the GNS-representation of A associated with .
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Some classes of C*-algebras

Definition 4.17

A separable C*-algebra is inner QD if and only if it has a
separating family of quasidiagonal irreducible representations.

Theorem 4.18 (Hadwin, Li, Li & Shen (2020))

Suppose that A = C*(x1, ..., Xn) is an MF-algebra and inner
quasidiagonal, then Siop(X1, ..., Xp) =1 — m.

Junhao Shen On Voiculescu’s Topological Free Entropy for C*-algebras



Introduction  Free entropy dimension of a finite von Neumann algebra  Free orbit-dimension of a finite von Neumann algebra Voicu
000000 000000 0000000000 000c

Theorem 4.19 (Hadwin, Li, Li & Shen (2020))

Suppose that A = C*(x1, ..., Xn) is an MF-algebra with no
finite-dimensional representations. If A has property c*-I', then

5top(x17,Xn) = 1

A separpable C*-algebra A has property c*-T, if 7(A)" is a Il
factor of Property I for each Il factor representation = of A.
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Free orbit-dimension for non-separable C*-algebras

Suppose that A is a unital C*-algbera. Let G C A. Define

o 0if RE)(Xt, .., X0 Y1, Ym) =0
ﬁtop(X1,.--,Xn1}/1,---7ym): )

oo if Rigp(Xt, - Xn 1 Y1, Ym) > 0

)y — NP P
Ri0p(9) finitseugggﬁ"ianFgg op(E : F)

Many similar results can be obtained.
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