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Definitions 0

Fori=1,...,m, define the partial non-commutative derivatives 0;
as linear maps:

0; : C(xq,...,xm) = Clay, ..., 2p) @C(xq,...2,) by

811:(), 815632(5”1@1 (forjzl,,m),

and extend by the Leibniz rule, so on monomials 0; is given by

8@( Ti) - -
k

Oik)Li(1) " ** Li(h—1) © Tikt1) " "~ Ti(o).

¢
=1

Also extend 0; for i =1,...,m to C(z1,...,%m, y1,Y2,-..) -
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Definitions |

An element & = (&,...,&,) € LY (W*(A(X)))™ is the free score
function of X with respect to A (also called the conjugate variable of
X w.rt. A), if forall 1 <i <m,

7(&Ep(X) = 7@ 7(0;p(X)) for all p(z) € A{xy,...,xm) .

If the conjugate variable £ € L?(M)™, then we define the relative
free Fisher information of X with respect to A to be

(XA =Elh= 3 1l

1<j<m

Otherwise, we define ®*(X | A) = co. When Y generates A, we also
write O*(X | Y).
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Definitions 1l

Define the relative non-microstates free entropy of X with respect to
A=W*Y) as

_ 1/2 m
X |Y) = 2/ <1+t O (X +t S|Y)>dt—|—210g27re,

where S = (S1,...,5,) is an m-tuple of freely independent standard
semicircular variables which are also free from A (X).
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Free Fisher Information

Theorem (Lemma)
Let X = (X1, X, ..., X,,) be tuple from (M, T)s,. Then

X |A) = sup {|ra7@fX)? : flx) € Alzy,..., 20"}

IF(X)llp<1

Idea of Proof:

(X | A) = [l¢]f? = sup{| (&, FX)) P = £, < 1}
— sup{|r @ TOfX))P ¢ [FX)]l, < 1}
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Free & Classical Fisher Info.: Relationship

Usual assumptions apply:
XeM?

sa’

Y™ ~ Y a fixed sequence of microstates.

Theorem (Jekel, P.)

Suppose that X € M, (C)™ is a sequence of random matrix tuples
with finite moments such that the law of (X, Y (™) converges in
probability to the law of (X,Y) and for each k, we have

lim,,_y Btr, (X)) < 00 and lim,_y Etr, (V™)) < 0.
Then,

1
(X |Y) < lim — Z(X™).

n—U n4
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Main Result

Theorem (Jekel, P.)

Let X = (X7, ..., X,,) be an m-tuple of self-adjoint elements in
(M, ), and fix a tuple of generators Y for a von Neumann
subalgebra A C M. Fix a sequence Y™ € M, (C)Y such that
Y™ ~s Y. Then for any nonprincipal ultrafilter 2/ on N:

XY™ Y) < (X |Y).

Hence, for x*(X | A) := supym .y X4 (X | Y ~ Y),

XX A) <x(X|A).
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Proof Sketch

1. Fix uniformly bounded X™ so that (X, Y™) ~ (X,Y).

Recall:
XYW s Y) = limy RW(X™), and
n—
X | Y) / (—@*X $1/2g Y)dt " 1o 2rre.
X (X =3 1 (X + |'Y) + log2me

2. Relate the integral of ®* with some quantity involving
h(n)(x(n)).

3. Get an upper bound for A (X)) involving
J3 @ (X +u'/2S | Y) du (with some appropriate normalizations
so that the upper bound converges as ¢t — o).
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Proof Step 2

Set S ~- S, an m-tuple of freely independent semicircular random
variables, also freely independent from X and Y.

Apply the relationship between free and classical Fisher information:

1
O*(X +u!?S|Y) < lim — Z(X™ 4 o/28M),

n—U nA

Take £ [5(-) on both sides and use relation between classical entropy
and Fisher information, obtain:

1 t
5/ (X + 028 | Y) du
0

< lim — (A(X® 4 12800 — (X))

T n=UN
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Step 3

From RHS of Step 2: = (h(X(”) + /28 — h(X(”))>
Add 0 and apply subadditivity of entropy to the first term:

1
Bl (h(X(") +¢1/28(m) — h(X(”)))

TL2

< 5 og (E HX( )H2 Jm + t>+2 log(27re)—(nzh(X( )) + mlog n) :

Isolate 2™ (X (™):

R (XY <
(X®) <3

log (E [ fm+ t) + % log(2me)

—i(h(xm £1/28(M) — h(X™))

n2
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Combine Steps 2 and 3

Step 2:

t
1
7/ O*(X +u!/?S | Y) du < lim — (h(X(") + 1728y h(X<”>))
0 n—U N
Step 3:

A0 (X ) < ™ log ( B wa

2
, /m+ t) + % log(2me)

1 n n n
- (h(X( ) 4 $1/28(m)y _ p(x( >)>

™)) < 1im (™ ||
lelirzl/{h (X >§7{%(210g<EHX HQ/m—i-t)>
m 1 rt
+7 log(2me) - 5/ (X +u!/?S | Y) du
0
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Finishing Up

(X | Y™ v Y) = lim 2™(X™)
n—U

E X(n) 2 1 t
< lin;{ <T;10g (HmHQ + t>> + % log(2me) — 5/0 (X +u/?S | Y)du

14+u

E|xX™|?
+ 7}1_1:%{ (7721 (log (HmHz + t) —log(1 + t))) + %log@we)

o 1 [
oo, ,/ mo_ (X +u/?S|Y) | du+ ﬁlog(271'e)
0 1+u 2

t
:%/ ( m —<I>*(X+u1/QS|Y)) du
0

=x"(X1Y).
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Finishing Up

(X | Y™ v Y) = lim 2™(X™)

n—U

E X(n) 2 1 t
< lirril <7;10g (HmHZ +t>> +%log(27re)—§/0 (X +ul/?S | Y) du

14+u

2
m EHX(")H2 m
; 72 —log(1 +t + — log (27
+ gnn (2 (log( +t log(1+1t) > og(2me)

o 1 [
1oee, f/ UL (X +u/?S|Y) | du+ mlog(271'e)
0 1+u 2

t
:%/ ( m —<I>*(X+u1/ZS|Y)) du
0

=x"(X1Y).
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Finishing Up

(X | Y™ v Y) = lim 2™(X™)

n—U

E X(n) 2 1 t
< lirril <7;10g (HmHZ +t>> +%log(27re)—§/0 (X +ul/?S | Y) du

14+u

/ ElIxm >
+ lim | = log M +t] —log(l+1t)] |+ n log(2me)
n—U \ 2 m 2

o 1 [
t%—>7/0 <1TU —<I>*(X+u1/QS|Y)> du—i—%log(%‘e)

t
:%/ ( o —<I>*(X+u1/ZS|Y)) du
0

=x"(X1Y).
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Conclusion

Main Result

An elementary proof of Y/(X | A) < x*(X | A)

Other Things to Take Away

Relationships between classical and free conditional entropy and
Fisher information:
L Y(X | Y™ s Y) is the supremum of lim,, ; h™ (X ™) over
sufficiently nice microstates X (™ satisfying
(XM, Y™ ws (X,Y).

2. (X |Y) < lim,_yyy n*Z(X™) over sufficiently nice X
with law(X™, Y™) — Jlaw(X,Y) in probability.
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