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Original motivation

Problem

Given a family XN = (XN
1 , . . . ,XN

d ) of self-adjoint random matrices, P a noncommutative poly-

nomial, how does the operator norm of P(XN) behaves asymptotically? I.e. can we compute
limN→∞

∥∥P(XN)
∥∥?

A necessary assumption

There exists a family x = (x1, . . . , xd ) of self-adjoint elements of a C∗-algebra A endowed with a
faithful trace τ such that almost surely, the family XN converges in distribution towards x . That
is for any noncommutative polynomial Q,

lim
N→∞

1

N
Tr
(
Q(XN)

)
= τ(Q(x)).

Problem

Given a family XN = (XN
1 , . . . ,XN

d ) of random matrices, P a noncommutative polynomial, can we
prove that almost surely:

lim
N→∞

∥∥∥P(XN)
∥∥∥ = ∥P(x)∥?
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A lower bound on the limit

We know that for any k ∈ N,

∥∥∥P (XN
)∥∥∥ ≥

(
1

N
Tr

((
P
(
XN
)∗

P
(
XN
))k))1/2k

.

Consequently, thanks to the convergence in distribution,

lim inf
N→∞

∥∥∥P(XN)
∥∥∥ ≥ τ

(
(P(x)∗P(x))k

)1/2k
.

And since it is known that limk→∞ τ
(
(P(x)∗P(x))k

)1/2k
= ∥P(x)∥,

lim inf
N→∞

∥∥∥P(XN)
∥∥∥ ≥ ∥P(x)∥ .
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An upper bound on the limit

One has for any k ∈ N that:∥∥∥P(XN)
∥∥∥2k =

∥∥∥∥(P(XN)∗P(XN)
)k∥∥∥∥ ≤ Tr

((
P(XN)∗P(XN)

)k)
.

Thus heuristically, ∥∥∥P(XN)
∥∥∥ ≤ N1/2k

(
τ
(
(P(x)∗P(x))k

))1/2k
≤ N1/2k ∥P(x)∥ .

Thus one would like to take k ≫ ln(N). However doing so make it way more complicated to
control the error term.
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A few notions of Free probability

Definition

Let A = (a1, . . . , ak ) be a k-tuple of elements of a C∗-algebra. The joint ∗-distribution of the
family A is the linear form

µA : P 7→ τ
[
P(A,A∗)

]
on the set of polynomials in 2k noncommutative variables.

Definition

By convergence in distribution, for a sequence of families of variables (AN)N≥1 = (aN1 , . . . , a
N
k )N≥1

in C∗-algebras
(
AN ,

∗ , τN , ∥.∥
)
, we mean the pointwise convergence of the map

µAN
: P 7→ τN

[
P(AN ,A

∗
N)
]
.
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Random matrix models

Definition

We say that UN is a Haar unitary random matrix of size N if its law is the Haar measure on the
group of unitary matrices of size N.

Theorem (D. Voiculescu, 1991)

Let UN = (UN
1 , . . . ,UN

d ) be independent Haar unitary matrices, u = (u1, . . . , ud ) a d-tuple of free

Haar unitaries. Then almost surely UN converges in distribution towards u. That is almost surely
for any noncommutative polynomial P,

lim
N→∞

1

N
Tr
(
P(UN , (UN)∗)

)
= τ

(
P(u, u∗)

)
.
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Markov Processes in classical stochastic calculus

Let (Xt)t≥0 be a Markov process associated with infinitesimal generator L, then it is known that:

For f in the domain of L, d
dt
E[f (Xt)] = E[Lf (Xt)].

If Z is the invariant law of this Markov process, then Xt converges in law towards Z .

Thus,

E[f (Z)]− E[f (X0)] = lim
t→∞

E[f (Xt)]− E[f (X0)] =

∫ ∞

0
E[Lf (Xt)] dt.

In particular if X0 ∼ Z , then E[f (Xt)] is constant and thus for any t, E[Lf (Xt)] = 0.
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Markov Processes and Free probability

Let (xt)t≥0 be a free Markov process associated with infinitesimal generator L, then it is known
that:

For any polynomial P, d
dt
τ [P(xt)] = τ [LP(xt)].

If z is the invariant distribution of this free Markov process, then xt converges in distribution
towards z.

Thus,

τ [P(x)]− τ [P(x0)] = lim
t→∞

τ [P(xt)]− τ [P(x0)] =

∫ ∞

0
τ [LP(xt)] dt.

In particular if x0 ∼ z, then τ [P(xt)] is constant and thus for any t, τ [LP(xt)] = 0.
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Interpolating between random matrices and free operators

Let us assume that there exists a free Markov process whose invariant distribution is the one
of u. We set

(uN
t )t≥0 such a Markov process started in UN ,

(ut)t≥0 such a Markov process started in u.

Then after showing that this is well-defined, for any polynomial Q,

τ [Q(u)]− E
[
1

N
Tr
[
Q(UN)

]]
=

∫ ∞

0
E
[
τN

[
LQ(uNt )

]]
dt.

Heuristically since we know that UN converges in distribution towards u, then

lim
N→∞

E
[
τN

[
LQ(uNt )

]]
= τ [LQ(ut)] = 0.
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An asymptotic expansion around the dimension

Theorem (P., 2023)

Let the following objects be given,

UN = (UN
1 , . . . ,UN

d ) independent Haar unitary matrices in MN(C),
P a self-adjoint polynomial,

f ∈ C4k+7(R).
Then there exist determinitic constants (αP

i (f ))i∈N such that,

E
[
1

N
TrN

(
f (P(UN))

)]
=
∑

0≤i≤k

1

N2i
αP
i (f ) +O(N−2(k+1)).

Besides, if the support of f and the spectrum of P(u) are disjoint, then for any i , αP
i (f ) = 0.
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Idea of the proof

We want to show the following formula:

E
[
1

N
TrN

(
f (P(UN))

)]
=
∑

0≤i≤k

1

N2i
αP
i (f ) +O(N−2(k+1)).

We set vs a family of free unitary Browian motions started in 1,

E
[
τN

(
Q(UN , vs)

)]
= τ

(
Q(u, vs)

)
−
∫ ∞

0
E
[
τN

(
LQ(uNt , vs)

)]
dt.

Then we show that there is a deterministic operator Tt,s on the space of polynomials such
that

E
[
τN

(
LQ(uNt , vs)

)]
=

1

N2
E
[
τN

(
Tt,s(Q)

(
uNt , vs

))]
.

We can view the polynomial Tt,s(Q) as a polynomial in (UN , ut , vs) and reiterate the process.
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Strong convergence of polynomial with matricial coefficients

Corollary

We define,

UN = (UN
1 , . . . ,UN

d ) independent Haar unitary matrices of size N,

u = (u1, . . . , ud ) free Haar unitaries,

P =
∑

i Qi (U,U∗)⊗ YM
i with Qi a non-commutative polynomial with YM

i ∈ MM(C).

If we assume that the family YM are uniformly bounded over M for the operator norm, then for
any δ > 0,

P

(∥∥∥P (UN
)∥∥∥ ≥ ∥P (u)∥+ δ +O

((
M

N

)1/2

ln(NM)5/4

))
≤ e−δ2N .

Thus, if M ≪ N/ ln5/2(N) and that a family ZM converges strongly in distribution towards a
family of non-commutative variable z, then the family (UN ,⊗IM , IN ⊗ZM) also converges strongly
towards (u ⊗ 1, 1⊗ z).
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Idea of the proof: the moment method

Given n ∈ N, Q = P∗P a self-adjoint polynomial, one has proved that for some operator ∆,

E
[
Tr
(
Qn
(
UN
))]

= NM τ(P(u)) +
1

N2
E
[
Tr
(
(∆Qn)

(
UN
))]

.

One can write

∆Qn(UN) =
∑

i+j+k+l=n−4

α
(
Q i
(
UN
)
,Q j

(
UN
)
,Qk

(
UN
)
,Q l

(
UN
))

,

where
α(A1 ⊗ B1,A2 ⊗ B2,A3 ⊗ B3,A4 ⊗ B4) = A2A1A4A3 ⊗ B1B2B3B4.

However
Tr(B1B2B3B4) = M2E [Tr(B2VB1WB4V

∗B3W
∗)] .

Thus

E
[
Tr
(
Qn
(
UN
))]

≤ NM ∥P(u)∥n +
Cn4M2

N2
E
[
Tr
(
Qn−4

(
UN
))]

≤ NM ∥P(u)∥n ×
1

1− C ′n4M2

N2

.

Finally

E
[∥∥∥Q (UN

)∥∥∥] ≤ E
[
Tr
(
Qn
(
UN
))]1/n

≤ ∥P(u)∥ (1 + o(1)).
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A link with Weingarten calculus

Problem

How do you compute the following quantity:

X =

∫
UN

Ui1,j1 . . .Uid ,jdU i′1,j
′
1
. . .U i′

d
,j′
d
dU,

where the integral is with respect to the Haar measure.

Given a Haar unitary matrix U of size N, one has

X = E
[
TrN

(
UEj1,i2U . . .Ejd−1,idUEjd i

′
1
U∗Ej′1,i

′
2
. . .U∗Ej′

d
,i1

)]
.

Thus one wants to compute

NE
[
1

N
Tr
(
P(U,U∗,ZN)

)]
,

with ZN = (Ei,j )i,j∈[1,N].
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d
,i1

)]
.

Thus one wants to compute

NE
[
1

N
Tr
(
P(U,U∗,ZN)

)]
,

with ZN = (Ei,j )i,j∈[1,N].
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A link with Weingarten calculus

However with τN = N−1 Tr, in the process of proving the asymptotic expansion, we have proved
that there exist an operator ∆ such that

E
[
τN

(
P
(
UN ,ZN

))]
= τ(P(u,ZN)) +

1

N2
E
[
τN

(
(∆P)

(
UN ,ZN

))]
,

that is,

E
[
τN

((
id−

1

N2
∆

)
(P)

(
UN ,ZN

))]
= τ

(
P
(
u,ZN

))
.

Consequently,

E
[
τN

(
P
(
UN ,ZN

))]
= τ

((
id−

1

N2
∆

)−1

(P)
(
u,ZN

))
.
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