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limit distributions of random matrices

« {Ay}y is an ensemble of random matrices, Tr =
un-normalized trace and tr = N~ 1Tr = normalized trace

« for a polynomial p, uy(p) = E(tr(p(Ax)))

- if py converges pointwise on polynomials to |, we say the
ensemble {Ay}y has the limit distribution u

« let p\ = N(puy — p), py, is linear on polynomials and
ui(1) =0

. we say the pair (wy, 1) is an infinitesimal law on A = C[t]
(polynomials in f) and the triple (A, py, ;) is an
(infinitesimal probability space)

« if ), converges pointwise to i’ we have that (, 1’) is an
infinitesimal law on A and we say that {Ay}y has the
infinitesimal limit distribution (p, p')
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examples (Johansson (1998), Dumitriu & Edelman (2006))

* G = (&ij);j—1 with {gj};; real independent N(0,1)

o Ay :\/%T\](G + G') = N x N Gaussian Orthogonal Ensemble
« it has the limit infinitesimal distribution (u, u’) where p is
Wigner’s semi-circle law and p’ = %(vl — V7) is a signed
measure with v; = %(64 + &7) (Dirac masses at +2) and

dvy(t) = % 417t2 (arcsine law on [—2,2])

« G = (gijj)i-r.n (N x M), {gjj};; real independent N(0, 1)
j=1,..,M

e Wy = %GGt, N x N real Wishart matrix

. if % — ¢ then {Wy}y has the limit distribution u = the
Marchenko-Pastur Law with parameter c

« if N (% —¢) — ¢’ then {Wy}y has the infinitesimal limit
distribution p’ = with parameter ¢’
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Infinitesimal Marchenko-Pastur (details)
+ t (Where M/N — ¢ > 0)
ea=(1— )2 and b= (1+ V2)2

(b—t)(t—a)
27t

o duc(t) =(1—c)oo+ dt

e wl=3(vi—v2)—c'(p1—p2)
= 1(8, + &), dva(t) = ——L— on [a,b]
2% i/ (b—t) (t—a) ’
. = - tl-c
p1 = dp and py o0 0 [a, ]

« p1 is absent when c > 1
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Finite Rank Ex. (Shlyakhtenko (2018), Collins, Hasebe, Sakuma (2018))

« A a fixed finite matrix padded with 0 to N x N.

+ u =9y (because we normalize the trace)

« w(p) =Tr(p(A) —p(0))

« if Ais k x k and normal, then p’ = 85, +dx, +- - - +dx, —kdo
where the eigenvalues of A are Aq,..., A,

— = a figure from Shlyakhtenko

= (2018) showing a perturbed
ﬁ GUE with a spike of mass 1/100
at 0.4, orange shows predicted
eigenvalue density using
infinitesimal freeness
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Infinitesimal Freeness: Belinschi & Shylakhtenko
(2012), Fevrier, Nica (2010), Tseng (2019)

c @' A linear C, ¢'(1) =0, (A, @, ') infinitesimal probability
space

cA={[§7]laa' €A}, C={[3%]laua’eC}
[ ], @:A%C

+ (A, @) is an algebraic probability space
« Ay,..., As C A are infinitesimally free if A, ..., As are -free

« Ay,...,As C Ainfinitesimally free & Ay, ..., As @-free and
whenever
o ay,...,a;, € Awith ¢(a;) =0,1 <i<n,and
o aiefllwuh]l Fjp F o Fn
we have ¢'(ay---a,) = @(ay - -- (p/(anTH) -+ -ay) for n odd
and 0 otherwise

5/23



asymptotic freeness

{AxJy and {By}y two random matrix ensembles with joint
distribution py : C(s, t) — C are asymptotically free if py
converges pointwise to a distribution for which C(s) and
C(t) are free

{Ay}yv and {By}y two random matrix ensembles with joint
distribution py : C(s, t) — C are asymptotically
infinitesimally free if (py, 1f;) converges pointwise to a
distribution for which C(s) and C(t) are infinitesimally free

independent GOE random matrices are asymptotically free
but not asymptotically infinitesimally free (M. 2019)

a unitarily invariant ensemble and a fixed finite rank
matrix are asymptotically infinitesimally free
(Shlyakhtenko (2018), Collins, Hasebe, Sakuma, (2018))
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infinitesimal operators
+ (A, @, @’) is an infinitesimal probability space
 a € A is infinitesimal if e(d) =0fork=1,2,3,...

« the infinitesimal cumulants of infinitesimal operators are
particularly simple

« in a C*-probability space a self-adjoint infinitesimal will
have spectral measure §y (Dirac mass at 0) with respect to ¢

- if a and b are infinitesimally free and a is infinitesimal then
ab is infinitesimal

« if a and b are infinitesimally free and both 2 and b are
infinitesimal then a + b is infinitesimal
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free cumulants (Speicher)
K1(x1) = @(x1), Gz)=o(z—X)™)
K2(x1,%2) = @(x122) — @(x1) @(x2) R(z) =GO (x) —z 7!
K| (%1, %2, x3) = K1 (x1) K2 (X2, %3)  R(z) = K1 + Koz + K3z2 + - - -

@xrxoxs) =k j+K) HKL g FR FKR

@(x1xox3Xa) = K| | | F K| R R R
TRy Koy
TRyt RK LR g R g PR g R
TR

Q- xn) = > Kelxy,..., %)

neNC(n)

where NC(n) is the set of non-crossing partitions of
nl ={1,2,...,n}
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infinitesimal cumulants, Fevrier & Nica (2010)

ol m) = Y kel )

eNC(n)

@' xy) = Y dkalxy,. ., x)

eNC(n)

» where 0k (x1---xy)

= Z Ky (X1, X0 | V) H Kiw (X1, ..., X0 | W)

Ven WV
« where 0k is defined by the Leibniz rule, for example
when 7t = {(1,3), (2), (4)}
Ok (o1, X2, X3, x4) = (k2 (x1, x3) K1 (x2)K1(x4))
= Ky (21, x3) K1 (x2) Kk (x4) + Ko (21, x3) K7 (x2) K (x4)
+ ka1, x3) K1 (22) K1 (x4)
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higher orders
Fixm>1 ForO<k<m—1,let {K,Elk)}n>1 be an infinitesimal
cumulant sequence of order m — 1. We are following the

notation of calculus and writing k.M for K, and k2 for K, . In

this notation K,(lo) = K. We define a derivation, 9, by setting

okl = kY for all k and n and extend to sums by linearity

and to products by the Leibnitz rule. Then by the Leibnitz rule

(*) al(Kll Klz e Klk) _ Z Kll Klz . Klk
i A T SR
Jireejk 20
kit =i

Given a partition 7t € P(n) with blocks {V73, ..., Vi} of size
l1,..., ki respectively, we set, as usual, k; = K, - - - ;.. By the
Leibnitz rule we have

/ / /
aKn:KllKlz...Klk _|_ KllKlz‘”Klk _|_ _|_ KllKlz'”Klk'
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Let us define a m x m upper triangular matrix K, by

0)

1 m—1) =
© S
0! 1! (m—1)! Kn 11 T (m—1)!
kY k2 "2k
0 (’)1' PPN 1 o 0 Ky PN 72"1
K, = ! (m=2)!'| — (m—2)!
(0)
Kn 0 0 s K
L 0 0 PN o n

We extend this to partitions in the usual way and set

Kn =K}, - - - K. Note that the matrices K, ..., K; commute so
the order of the blocks does not matter, and thus the extension
is well defined. Then by (*) we have

K ok, . oMy .

7 1! (m—1)!

0 K am72Kn
7T

(LEMMA) Ky =
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ForO<k<m—1,let {m,gk)}n% be an infinitesimal moment
sequence of order m — 1, using the same convention as with

cumulants. We let

mﬁl()) mr(zl)
of 10
0 m
Mn — 0!
0 0
olm
Mr ="
0 mgy
M, =
0 0

(m—1)

my olm "1y
Rl I K N ]
my 0 L9 my
m=—2) | _ Mn (m—2)!
my” o 0 - my
of

am—]mﬂ

(m—1)!

amme7T

—21

m=2)1 and M, = Z K

mteNC(n)
My
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For zg,...,z,y_1 € C, let

20 71 Zm—1

0 =z Zm—2
Z = . ,

0 o --- Z(

G(Z)=) MyZ "™VandR(Z) =) K,Z".
n=0 n=1
Then

G(Z) '+ R(G(Z2) =Z =G(Z '+ R(2)).
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when m =2 we have Z = [Z(;) 2]
Glz0) G'(z0)z1 +g(z0) M
G(Z) = [ OZO ZOGZ(lZO)g 0 } where g(zp) = ; zgﬂ
. R(Z) = [R(go) R (Zol)zz(lz(jg V(Zo)] where r(zg) = ’; Kz

« G(Z) ' +R(G(Z2)) = Z = g(z) = —1(G(2)) G'(2)
if (x") =0 forn > 1 (i.e. x is infinitesimal) then
G(z) =z 'and

z7g(z7Y) = zr(z)

in particular m,, = «;, forn > 1
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commutators and anti-commutators

(A, @) algebraic probability space, x1, x; € A freely
independent

g = i(x1x2 — x2x1) is the commutator of x; and x

p = x1x2 + xpx71 the anti-commutator of x; and x;

Nica & Speicher found the distribution of p and g in terms
of x; and x», many subsequent investigations: Daniel
Perales and Jacob Campbell

Collins, Hasebe, Sakuma (2018) considered the spectrum of

PN - BNAN + ANBN al’ld QN - I(BNAN - ANBN) Wlth BN a

unitarily invariant ensemble and Ay trace class operators,
D D

Py —pand Qy — ¢

generalization: (A, @, ¢’) infinitesimal probability space,

x1, X2 € A infinitesimally freely independent, x,

infinitesimal

find the distribution of p and g
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main

THM.

THM.

THM.

THM.

results (M. & Tseng)

+ (A, @, ') infinitesimal probability space, x1,x, € A
infinitesimally freely independent, x; infinitesimal

« g =i(x1x2 — x2x1)
Kh(q) = ), (wx2) + k) (—wxz) for n even and 0 otherwise,

where w = /Kkz(x7)

q 2 wxy B —wxy (this means that g has the same
distribution as the free additive infinitesimal convolution
of two operators each of which is a scaled version of xy)
P =X1X2 + XX

Kj(p) = k) (ox2) + K, (Bx2) where o = @(x1) + 4/ @(x?) and
B =w(x1) — \/o(x?) and £ |/ @(x?) are the two square
roots of (p(x%)

D . . .
p ~ oxp Bp Bxp (this means that p has the same distribution
as the free additive infinitesimal convolution of two
operators each of which is a scaled version of x;)

16/23



moment calculations

/
@ (i, Xy Xiy X, Xis Xi X Xig ) = E 0K (Xiy, Xiy, Xiy, Xiy, Xis, Xig, Xy Xig)

TteNC(8)

« for each [ the pair {xy;,_1, xp;} contains one x; and one x

+ by vanishing of mixed cumulants, no block can connect an

x1 to an xp

« by infinitesimality of x,, only one x;-block
Xiy Xiy  Xig Xiy  Xis Xig Xi, Xig

L =1 |

T = {{1/ 8}1 {2/ 3/ 6/ 7}/ {4/ 5}}/
h=ig=i5=1g=1, h=1i3=lg =17 =2

Oy (Xi,, Xiy, Xy, Xiy, Xis, Xi, Xiy = K2 (1)K} (X2)
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operator valued cumulants

e ai,...,an,b1,...,b, € (A @, ¢)

« {a1,...,a,} infinitesimally free from {by, ..., b,}
e a11,...,a, infinitesimal operators

o X =bia1bj + - - - + byaub;,

ay - 0
« A= | . 1|, B=(Bilij=1,..n where $; = @(b;b})
0 e 4y
- X=+VBAVB
tam. @' (x™) = Tr(K],(AB,AB,...,AB)) =Tr(K, (X, X, ..., X)) =
Tr® ¢'(X™)

« K! is the n'" infinitesimal cumulant with values in M,,(C)

18/23



an infinitesimal manifesto

« Borot, Charbonnier, Garcia-Failde, Leid, and Shadrin
(2022) found a connection between topological recursion
and higher order freeness

1

« in this model infinitesimal freeness corresponds to genus 5

(i.e. planar but not orientable)

« independent GUE random matrices are asymptotically free
(Voiculescu, 1991) and have trivial infinitesimal laws , and
thus are asymptotically infinitesimally free

« Fevrier (2012) defined higher order freeness (think 3 x 3
matrices), but independent GUEs are not asymptotically
second order infinitesimally free (Harer, Zagier 1986)

« independent GOE random matrices are not asymptotically
infinitesimally free, but there is a universal rule (M. 2019)
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a connection to Boolean independence

+ (A, @, ¢’) an infinitesimal probability space, j € A is
infinitesimal and idempotent, and ¢’(j) # 0

« Ay,...,As C A, unital subalgebras with {A;,..., A}
infinitesimally free from j

« definep : A — Cby p(a) = ¢’ (a))/¢’(j).

« fora € A; we have @' (aj) = 0kx(a,j) with = {{1},{2}}, so
@'(aj) = @' (@)o(j) + e(a)@’(j) = @(a)@’(j). Thus on A; we
havel = ¢

e J(A) = alg{j(ellalj(ez) .. .j(enfl)an_lj(en) lay,...a,_1 € Ag)
where j1) =1 —jand j(-V) =j

* Ja(Ag) is the sub-algebra generated by the same words as
above but we require that the €’s alternate in sign

o If {A4, ..., As} infinitesimally free from j, then the
subalgebras jJ(A1)j, . .., jd(As)j are Boolean independent

« If {A4,...,As} infinitesimally free from j, and ¢-free
amongst themselves, then then the subalgebras J,(A1), ...,
Ja(As) are Boolean independent
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key relation

. recalljV) =1 —jand ji=V =

. given €y, ..., e € {—1,1} we let 0. € P(n) be the interval
partition (i.e. all blocks are intervals) where we start a new
block at  whenever €; = —1, here we assume that k < n.

« For example, suppose n =9 and k = 6 and
e2=—1,e3=1,e4=1,e5 =—1,e4 = —1; then
o ={(1),(2,3,4),(5),(6,7,8,9)}.

« Given two strings (e,...,€;) and (n2,n3,...,My) in
{(—1, 1)1, we say that e <nifex <mpfork=2,...,n.
Then e <M & o < oy. Inaddition 0_¢ = 0p(,.) Where
B(o) is the Boolean complement of o, namely the smallest
meI(n)suchthat Vo =1,.
ﬂ)(jﬂlj(€2) .. ,]'(en)an]') — Ll)(ja1j(€2) .. ,]'(en)an) —
Bo.(a1,...,a,) where 3, is the Boolean cumulant
corresponding to the interval partition oe.
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