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Free cumulants and Voiculescu transform

Theorem (Voiculescu, 1986)

The generating function of a distribution µ on CrX s

Rµpzq “
8
ÿ

n“1

rnz
n´1

expressed in terms of the Cauchy transform of µ by

Rµpzq “ G´1
µ pzq ´

1
z

satisfies the linearization property

Rµ‘ νpzq “ Rµpzq ` Rνpzq,

where µ‘ ν is the distribution of x ` y for x , y free.
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Noncrossing partitions and interval partitions

NCpnq „ noncrossing partitions

r r r r r r r r r r r r r r r
Intpnq „ interval partitions

r r r r r r r r r r r r r r r r
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Combinatorial definition of free cumulants

Definition (Speicher, 1994)

Free cumulants are multilinear functionals prnq defined by

ϕpa1 ¨ ¨ ¨ anq “
ÿ

πPNCpnq

rπra1, . . . , ans,

where a1, . . . , an P pA, ϕq - NPS, and

rπra1, . . . , ans :“
ź

VPπ

rV ra1, . . . , ans

and
rV ra1, . . . , ans :“ r|V |pai1 , . . . , aik q

when V “ ti1 ă ¨ ¨ ¨ ă iku.
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Boolean cumulants

Definition (Speicher and Woroudi, 1997)

Boolean cumulants are multilinear functionals pβnq defined by

ϕpa1 ¨ ¨ ¨ anq “
ÿ

πPIntpnq

βπra1, . . . , ans,

where
βπra1, . . . , ans :“

ź

VPπ

βV ra1, . . . , ans

and
βV ra1, . . . , ans :“ β|V |pai1 , . . . , aik q

when V “ ti1 ă ¨ ¨ ¨ ă iku. Again: a1, . . . , an P pA, ϕq - NPS.
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Free vs boolean cumulants

Example

ϕpa1a2a3q “ r3pa1, a2, a3q ` r2pa1, a2qr1pa3q

` r2pa1, a3qr1pa2q ` r1pa1qr2pa2, a3q

` r1pa1qr1pa2qr1pa3q

ϕpa1a2a3q “ β3pa1, a2, a3q ` β2pa1, a2qβ1pa3q

` β1pa1qβ2pa2, a3q ` β1pa1qβ1pa2qβ1pa3q

Difference
There is no β2pa1, a3qβ1pa2q since tt1, 3u, t2uu R Intp3q.
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Relations between free and boolean cumulants

Theorem (Lehner, 2002; Belinschi and Nica, 2008)

The following combinatorial relations hold:

βnpa1, . . . , anq “
ÿ

πPNCirrpnq

rπra1, . . . , ans

rnpa1, . . . , anq “
ÿ

πPNCirrpnq

p´1q|π|´1βπra1, . . . , ans,

for any a1, . . . , an P A and any n P N. Here: NCirrpnq stands for
irreducible noncrossing partitions.
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The lattice NCirrp4q (diamond)

NCirrp4q with reversed refinement order

r r r rA “ “ tt1, 2, 3, 4uu

r r r rB “ “ tt1, 3, 4u, t2uu

r r r rC “ “ tt1, 4u, t2, 3uu

r r r rD “ “ tt1, 2, 4u, t3uu

r r r rE “ “ tt1, 4u, t2u, t3uu

NCirrp4qr
r
r

rr
A “ 1̂4

C

E “ 0̂4

DB

A
A
A
A
A

�
�
�
�
�

�
�
�
�
�

A
A
A
A
A
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Free vs boolean cumulants

Examples
Using Lehner-Belinschi-Nica formula, we get

r1pa1q “ β1pa1q,

r2pa1, a2q “ β2pa1, a2q,

r3pa1, a2, a3q “ β3pa1, a2, a3q ´ β2pa1, a3qβ1pa2q,

r4pa1, a2, a3, a4q “ β4pa1, a2, a3, a4q ´ β3pa1, a2, a4qβ1pa3q

´ β3pa1, a3, a4qβ1pa2q ´ β2pa1, a4qβ2pa2, a3q

` β2pa1, a4qβ1pa2qβ1pa3q.

We are interested in the blue terms. We would like to describe
them using sums of ‘elementary cumulants’.
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Decomposition of free cumulants

Main objective
We would like to decompose free cumulants

rnpa1, . . . , anq “
ÿ

wPW

kw pa1, . . . , anq

where kw pa1, . . . , anq are ‘elementary cumulants’ and W is a set.
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Motzkin paths

Motzkin paths
By Motzkin paths we understand lattice paths which

1 start from p0, 0q and end at pn, 0q,
2 consist of three steps: U “ p1, 1q,H “ p1, 0q, D “ p1,´1q,
3 do not go below the x-axis.

Notation: Motzkin paths: M , Motzkin paths of lenght n ´ 1: Mn.

Examples

�� @@r r r r P M4 ��
��@@

@@r r r r r r r P M7
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Reduced Motzkin words

Reduced Motzkin words
Identify M with the set of reduced Motzkin words

w “ j1 ¨ ¨ ¨ jn

where j1, . . . , jn P N, j1 “ jn “ 1 and jk ´ jk´1 P t´1, 0, 1u.

Examples

�� @@r r r r ” 1221 ��
��@@

@@r r r r r r r ” 1232211
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All Motzkin words

All Motzkin words
Identify Motzkin subpaths with the set AM of words

w “ j1 ¨ ¨ ¨ jn

where j1, . . . , jn ě j , j1 “ jn “ j and jk ´ jk´1 P t´1, 0, 1u. The
number j is called the height of w , hpwq “ j .

Example

��
��@@

@@r r r r r r r 2322 P AM 4
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Partitions Mpwq

Definition
Monotone noncrossing partitions adapted to w “ j1 ¨ ¨ ¨ jn P M are
pairs

π “ pπ0,wq ” tpV1, v1q, . . . , pVk , vkqu

where
1 π0 :“ tV1, . . . ,Vku P NCpnq,
2 each vi is a constant subword of w ,
3 nesting is monotone:

dpVi q “ hpvi q

4 Notation: Mpwq and Mirrpwq.
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Examples

Mpwq for w “ 1231

Mpwq“
 

1 2 2 2 1

1̂w

,
1 2 2 2 1

q ,
1 2 2 2 1

q ,
1 2 2 2 1

q q q
0̂w

(

Mpwq for w “ 12321

Mpwq“
 

1 2 3 2 1
q

1̂w“0̂w

(
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Extending pA, ϕq

Definition

Let pA, ϕq be a NPS and let p2 “ p. By the p-extension of pA, ϕq
we understand the pair p rA, rϕq, where

rA “ A ‹ Crps

and rϕ is the linear extension of

rϕppαa1pa2p ¨ ¨ ¨ pamp
βq “ ϕpa1qϕpa2q ¨ ¨ ¨ϕpamq,

where α, β P t0, 1u and a1, . . . , am P A.
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Tensor product NPS pA,Φq

Definition

Let p rA1, rϕ1q be a p-extension of pA1, ϕ1q and let p rA2, rϕ2q be a
q-extension of pA2, ϕ2q. Let

A :“ rAb81 b rAb82 and Φ :“ rϕb81 b rϕb82

and consider the noncommutative probability space pA,Φq.
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Orthogonal replicas

Definition
Elements of pA,Φq of the form

xpjq “ p¨ ¨ ¨ b x
loomoon

site j

b ¨ ¨ ¨ q b p¨ ¨ ¨ b qK
loomoon

site j´1

b q b ¨ ¨ ¨ q,

ypjq “ p¨ ¨ ¨ b pK
loomoon

site j´1

b p b ¨ ¨ ¨ q b p¨ ¨ ¨ b y
loomoon

site j

b ¨ ¨ ¨ q

will be called orthogonal replicas of x P A1 and y P A2 of color
j P N and labels 1 and 2.
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Orthogonal Replicas

Explicitly

xp1q “ px b 11 b 11 b 11 ¨ ¨ ¨ q b pq b q b q ¨ ¨ ¨ q

xp2q “ p11 b x b 11 b 11 ¨ ¨ ¨ q b pq
K b q b q ¨ ¨ ¨ q

xp3q “ p11 b 11 b x b 11 ¨ ¨ ¨ q b p12 b qK b q ¨ ¨ ¨ q

. . .

and

yp1q “ pp b p b p ¨ ¨ ¨ q b py b 12 b 12 b 12 ¨ ¨ ¨ q

yp2q “ ppK b p b p ¨ ¨ ¨ q b p12 b y b 12 b 12 ¨ ¨ ¨ q

yp3q “ p11 b pK b p ¨ ¨ ¨ q b p12 b 12 b y b 12 ¨ ¨ ¨ q

. . .
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Free independence from replicas

Theorem (1998)

The mixed moments of families

txk “
8
ÿ

j“1

xkpjq : k P K1u and tyk “
8
ÿ

j“1

ykpjq : k P K2u

are free with respect to Φ.
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Properties of mixed moments

Theorem (2020)

Let ak P Aik , where k “ 1, . . . , n. Then we have
1 orthogonality: akpjkq K ak`1pjmq if ik “ ik`1 and jk ‰ jk`1,
2 freeness condition:

Φ pa1pj1q ¨ ¨ ¨ anpjnqq “ 0

if each ak P Kerpϕik q, i1 ‰ ¨ ¨ ¨ ‰ in, and j1, . . . , jn P N
3 reduction condition:

Φ pa1pj1q ¨ ¨ ¨ 1ir pjr q ¨ ¨ ¨ anpjnqq “ Φ
`

a1pj1q ¨ ¨ ¨ 1̌ir pjr q ¨ ¨ ¨ anpjnq
˘

if ak P Kerpϕik q for k “ 1, . . . r ´ 1, i1 ‰ ¨ ¨ ¨ ‰ in and
pj1, . . . , jr q “ p1, . . . , rq, and otherwise LHS “ 0.
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Decomposition of free moments

Theorem (2020)

Let pA1, ϕ1q, pA2, ϕ2q be NPS and let a1, . . . , an P A1 YA2.
Then ϕ : A1 ˚A2 Ñ C given by

ϕpa1 ¨ ¨ ¨ anq “
ÿ

w“j1¨¨¨jnPM

Φpa1pj1q ¨ ¨ ¨ anpjnqq

where a1 P Ai1 , . . . , an P Ain and i1 ‰ ¨ ¨ ¨ ‰ in, satisfies

ϕ “ pϕ1 ‹ ϕ2q ˝ τ

where τ is the unit identification map.
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Boolean cumulants of replicas

Theorem (2020)

The Boolean cumulants of the orthogonal replicas with respect to
Φ take the form

βnpa1pj1q, . . . , anpjnqq “
ÿ

πPMirrpwq
alternating labels

βπra1, . . . , ans

where a1 P Ai1 , . . . , an P Ain and w “ j1 ¨ ¨ ¨ jn P M . By abuse of
notation, we use β for Boolean cumulants associated with Φ.

Remark
This is a refinement of the formula for Boolean cumulants of free
random variables of Fevrier, Mastnak, Nica, Szpojankowski (2019).
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Free independence in terms of Boolean cumulants

Theorem (Fevrier, Mastnak, Nica, Szpojankowski, 2019)

The Boolean cumulants of free random variables can be expressed
in terms of marginal Boolean cumulants:

βnpa1, ¨ ¨ ¨ , anq “
ÿ

πPNCirrpnq
alternating labels

βπra1, . . . , ans

where a1 P Ai1 , . . . , an P Ain .

Alternating labels

1 1 2 3 2 1
x x y x y x

q
1 2 1 2 2 1
x y x y y x

q
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New devices

Observation
To decompose free cumulants, we need

1 larger lattices: NCpwq
2 conditional expectation: E
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Partitions NCpwq

Definition
Noncrossing partitions adapted to w “ j1 ¨ ¨ ¨ jn P M are pairs

π “ pπ0,wq ” tpV1, v1q, . . . , pVk , vkqu

where
1 π0 :“ tV1, . . . ,Vku P NCpnq,
2 v1, . . . , vk are Motzkin subwords of w ,
3 nesting is appropriate:

dpblockq ď hpblockq ě hpbridgeq

4 neighboring blocks of same depth have equal heights.
5 Notation: NCpwq and NCirrpwq.
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Examples

Examples of π P NCpwq

1 2 3 4 3 3 3 3 3 2 1 1 2 3 4 3 2 2 1 1 2 1

It holds that

dpblockq ď hpblockq ě hpbridgeq

For instance, in the first partition:

V3 “ t3, 4, 5u, v3 “ 343, bpv3q “ 23

dpV3q “ 3, hpv3q “ 3, hpbpv3qq “ 2
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Examples

Examples of π R NCpwq

q q
1 2 2 3 2 2 2 3 3 2 1

q q q q
1 2 3 2 3 2 2 3 4 3 2 1

For at least one block it is not true that

dpblockq ď hpblockq ě hpbridgeq

For instance:

V3 “ t3, 4, 5u, v3 “ 232, bpv3q “ 22

dpV3q “ 3, hpv3q “ 2, hpbpv3qq “ 2
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Horizontal and vertical mergings

Horizontal and vertical mergings

Partitions π P NCpwq can be constructed from the least element
0̂w by horizontal and vertical mergings. Let w “ 123321.

q r s s s r q Ñ
0̂w

q r s s s r q
π1

Ñ q r s s s r q Ñ
π2

q r s s s r q
π

The sequence
0̂w ă π1 ă π2 ă π

is a chain in NCpwq.
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Vorbidden mergings

Forbidden mergings

We cannot merge blocks of the same depth that are not neighbors.
Let w “ 123321.

q r s s s r q Ñ
0̂w

q r s s s r q
ρ1

Ñ q r s s s r q
ρ2

Ñ q r s s s r q
ρ

The sequence
0̂w ă ρ1 ă ρ2 ă ρ

is not a chain in NCpwq.
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Lattices NCpwq

Lemma 1
For any w P M , the set NCpwq consists of noncrossing partitions
that can be obtained from 0̂w by a finite number of horizontal and
vertical mergings.

Lemma 2
For any w P Mn, the set NCpwq is a lattice with the partial order
induced from NCpnq.
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Examples of NC irrpwq

w NCirrpwq

r r r r r r r r r r
��@@r r r r r r r r s r r r r s r

��@@r r r r r r r s r r r r s r r
��@@r r r r r r s r r r r s r r r
��@@��@@r r r r r r s r s r r s r s r r s r s r r s r s r
�� @@r r r r r r r s s r r r s s r r r s s r r r s s r r r s s r
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Examples of NC irrpwq

w NCirrpwq

�� @@r r r r r r s s r r r s s r r r s s r r r s s r r r s s r r
�� @@r r r r r r s s s r r s s s r r s s s r r s s s r r s s s r

r s s s r r s s s r r s s s r r s s s r r s s s r
r s s s r r s s s r r s s s r excludedr s t s r

��
��@@

@@r r r r r r s t s r r s t s r r s t s r r s t s r
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The Hasse diagram of NCirrp4q ˆM4.

q q q qA“ q q q qB“ q q q qC“ q q q qD“ q q q qE“

NCirrp4qrrr rr A

C

E

DB

�
�
A
A
�
�
A
A

M4

�
�
@
@

@
@
�
�

rr r r1221

1211

1111

1121

NCirrp4q ˆM4r
r
r

rr
u
u
u

uu
�
�
�

A
A
A
�
�
�

A
A
A

�
���

��

@
@
@
@@@

@
@
@@��

��
��

r
r
r

rr
u

u
�
�
�

A
A
A
�
�
�

A
A
A

r
r
r

rr
u

�
�
�

A
A
A
�
�
�

A
A
A

r
r
r

rr
u

u
�
�
�

A
A
A
�
�
�

A
A
A

���
���

��
����

���
���

���
���

��
����

�
���

��

�
���

��

�
���

��

@
@
@
@@@

@
@
@@

@
@
@
@@

@
@
@
@@@

@
@
@@@

@
@
@@

@
@
@
@@

@
@
@
@@

Subposet NCirrpM4q –
Ů

wPM4
NCirrpwq (10 vertices).
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Interval partitions adapted to w

Definition
By interval partitions of w P AM , where hpwq “ j , adapted to w
we understand the set

Intpwq “ tpv1, . . . , vkq : w “ v1 ¨ ¨ ¨ vk , v1, . . . , vk P AM u,

where v1 ¨ ¨ ¨ vk is a concatenation of Motzkin words of height j .

Example: Intpwq for w “ 121121 consists of 2 partitions

r s r r s r r s r r s r
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w -Boolean cumulants

Definition
Let pC,B,E q be an operator-valued NPS. By w -Boolean cumulants
we understand the family tBw : w P AM u of multilinear functions

Bw : Cn Ñ B

defined by

E pa1 ¨ ¨ ¨ anq “
ÿ

πPIntpwq
Bπra1, . . . , ans,

where w “ j1 ¨ ¨ ¨ jn P AM , a1, . . . , an P C, and Bπ “
ś

vPπ Bv ,
where Bv is the analog of βV . In particular, Bv :“ B1̂v .
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Inversion formula

Proposition
If w “ j1 . . . jn P AM n, then

Bw pa1, . . . , anq “
ÿ

πPIntpwq
p´1q|π|´1Eπra1, . . . , ans,

where a1, . . . , an P C, and

Eπra1, . . . , ans “
ź

vPπ

Ev ra1, . . . , ans,

where Ev ra1, . . . , ans “ E pai1 ¨ ¨ ¨ aik q for the block v “ ji1 ¨ ¨ ¨ jik .
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Motzkin cumulants

Definition
Define Motzkin cumulants, using similar notations:

Bw pa1, . . . , anq “
ÿ

πPNC irrpwq

Kπra1, . . . , ans

where a1, . . . , an P C. In particular, Kw “ K1̂w .

Remark
This definition is a refinement of the formula

βnpa1, . . . , anq “
ÿ

πPNCirrpnq

rπra1, . . . , ans.

where a1, . . . , an P A.
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Nesting

Remark
In operator-valued case, if π is represented by the diagram

1 2 3 3 2 2 3 2 1

then the corresponding partitioned cumulant is nested:

Kπra1, . . . , a9s “ K11pa1K232pa2, a3K3pa4q, a5qK22pa6K3pa7q, a8q, a9q
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Example

Using the definition, we get Kw for |w | “ 4 (10 terms):

K1111pa1, . . . , a4q “ B1111pa1, . . . , a4q,

K1211pa1, . . . , a4q “ B1211pa1, . . . , a4q ´ B111pa1B2pa2q, a3, a4q,

K1121pa1, . . . , a4q “ B1121pa1, . . . , a4q ´ B111pa1, a2B2pa3q, a4q,

K1221pa1, . . . , a4q “ B1221pa1, . . . , a4q ´ B121pa1B2pa2q, a3, a4q

´ B121pa1, a2B2pa3q, a4q

´ B11pa1B22pa2, a3q, a4q

` B11pa1B2pa2qB2pa3q, a4q.

Together they resemble

r4pa1, a2, a3, a4q “ β4pa1, a2, a3, a4q ´ β3pa1, a2, a4qβ1pa3q

´ β3pa1, a3, a4qβ1pa2q ´ β2pa1, a4qβ2pa2, a3q

` β2pa1, a4qβ1pa2qβ1pa3q.
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Dedication = nesting + orthogonality

Definition
Let a1, . . . , an P C, w “ j1 ¨ ¨ ¨ jn P AM . If

1 if v , v 1 P Bpwq and hpvq “ hpv 1q, then

Bv pak , . . . , apBv 1pap`1, . . . , aqq, aq`1, . . . , amq “ 0,

2 if v , v 1 P Bpwq and hpvq ‰ hpv 1q, then

Bv pak , . . . , apqBv 1pap`1, . . . , aqq “ 0,

then the family tBv : v P Bpwqu is dedicated to pa1, . . . , anq, where
Bpwq is the set of all blocks of NCpwq.
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Inversion formula

Theorem (2023)

If w “ j1 ¨ ¨ ¨ jn P AM and the family tBv : v P Bpwqu is dedicated
to pa1 . . . , anq P Cn, then

Kw pa1, . . . , anq “
ÿ

πPNCirrpwq

p´1q|π|´1Bπra1, . . . , ans.

Remark
This formula is a refinement of the Lehner-Belinschi-Nica formula

rnpa1, . . . , anq “
ÿ

πPNCirrpnq

p´1q|π|´1βπra1, . . . , ans.

where a1, . . . , an P A.
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Projections

Definition
Return to pA,Φq, where we distinguish:

1 the sequence of projections penqnPN:

en :“ p1bpn´1q
1 b pb8q b p1bpn´1q

2 b qb8q,

2 the sequence of associated orthogonal projections:

pn “ en ´ en´1

where we set e0 “ 0 so that p1 “ e1,
3 the unital commutative algebra

B “ Crp1, p2, p3, . . .s “ Cre1, e2, e3, . . .s.
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Family F

Definition
Define a more general family of projections

F “ tepε, ηq : ε, η P t0, 1u8u,

where

epε, ηq :“ ppε1 b pε2 b ¨ ¨ ¨ q b pqη1 b qη2 b ¨ ¨ ¨ q

and ε “ pε1, ε2, . . .q, η “ pη1, η2, . . .q.

Definition
If e “ epε, ηq, let

jpeq :“ mintj : εj “ 1 or ηj “ 1u.
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Conditional expectation

Remark
The unital subalgebra Arep generated by orthogonal replicas is
spanned by elements of the form

eaf ,

where e, f P F and a P S , where S is the set of simple tensors with
no p or q on the left or on the right.

Proposition
The linear extension of E : Arep Ñ B given by

E peaf q “ ejpeqΦpaqejpf q.

is a conditional expectation.
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w -Boolean cumulants of replicas

Theorem (2023)

If a1, . . . , an are orthogonal replicas with labels and colors encoded
by ` “ i1 ¨ ¨ ¨ in and w “ j1 ¨ ¨ ¨ jn P AM , where hpwq “ j , then

Bw pa1, . . . , anq “

¨

˝

ÿ

πPMirrpw ,`q

βπra1, . . . , ans

˛

‚pj .

where the Bw are w -Boolean cumulants associated with E . For
identical labels and non-identical colors, Bw pa1, . . . , anq “ 0.
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Example

Example
1 If x1, x2, x3 are replicas of label 1 and colors 1, 2, 1, then

E px1x2x3q “ Bw px1, x2, x3q “ 0,

by orthogonality, thus

Kw px1, x2, x3q “ ´β2px1, x3qβ1px2qp1 ‰ 0.

2 If x1, y , x2 are replicas of labels 1, 2, 1 and colors 1, 2, 1, then

E px1y2x3q “ Bw px1, y2, x3q “ β2px1, x3qβ1py2qp1 ‰ 0,

thus
Kw px1, y2, x3q “ 0.
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Properties of Bw for replicas

Lemma 1
Let a1, . . . , an be orthogonal replicas with labels and colors encoded
by ` “ i1 ¨ ¨ ¨ in and w “ j1 ¨ ¨ ¨ jn P AM .

1 The family tBv : v P Bpwqu is dedicated to pa1, . . . , anq.
2 In particular, if hpwq “ j , then

Bw pa1, . . . , akpj , ak`1, . . . , anq “ 0.

3 Moreover, if hpwq “ jk “ jk`1 “ j and ik ‰ ik`1, then

Bw pa1, . . . , akpj`1, ak`1, . . . , anq “ 0.
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Properties of Bw for replicas

Lemma 2
Let the same assumptions be satisfied.

1 If the labels are identical and pjk , jk`1q “ pj , jq, then

Bw pa1, . . . , akpj`1, ak`1, . . . , anq “ Bw pa1, . . . , anq.

2 If ik ‰ ik`1 and pjk , jk`1q P tpj , j ` 1q, pj ` 1, jqu, then

Bw pa1, . . . , akpj`1, ak`1, . . . , anq “ Bw pa1, . . . , anq.
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Properties of Kw for replicas

Lemma 3
Under the same assumptions, with hpwq “ j .

1 If the labels are arbitrary, then

Kw pa1, . . . , akpj , ak`1, . . . , anq “ 0.

2 If the labels are identical and
pjk , jk`1q P tpj , jq, pj , j ` 1q, pj ` 1, jqu, then

Kw pa1, . . . , akpj`1, ak`1, . . . , anq “ Kw pa1, . . . , anq.
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Motzkin cumulants of replicas

Theorem (2023)

If a1, . . . , an are orthogonal replicas with identical labels and colors
encoded by w P AM , where hpwq “ j , then

Kw pa1, . . . , anq “

¨

˝

ÿ

πPMirrpwq

p´1q|π|´1βπra1, . . . , ans

˛

‚pj .

If their labels are not identical, then Kw pa1, . . . , anq “ 0.
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Sketch of proof

Sketch of proof for identical labels

By Lemma 1, the family tBv : v P Bpwqu is dedicated to
pa1, . . . , anq. Now, by the theorem on Bw , the cumulants
Bv pak1 , . . . , akpq vanish whenever the labels of ak1 , . . . , akp are
identical and the colors are not. Therefore, we can conclude that
the summation over NC irrpwq in the Inversion Formula reduces to
that over Mirrpwq. Then it suffices to use Lemma 2 repeatedly to
obtain

Bπra1, . . . , ans “ βπra1, . . . , anspj

for π PMirrpwq, which completes the proof in this case.
If labels are not identical, we use induction and Lemma 3. l
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Summary of properties of Bw and Kw

Corollary
Let a1, . . . , an be orthogonal replicas with labels i1, . . . , in and
colors j1, . . . , jn and let w “ j1 ¨ ¨ ¨ jn P AM .

1 If i1, . . . , in are not identical, then

Kw pa1, . . . , anq “ 0.

2 If i1 “ ¨ ¨ ¨ “ in and j1, . . . , jn are not identical, then

Bw pa1, . . . , anq “ 0.

3 If i1 “ ¨ ¨ ¨ “ in and j1 “ . . . “ jn, then

Kw pa1, . . . , anq “ Bw pa1, . . . , anq.
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Scalar-valued Motzkin cumulants

Definition
Let pA1, ϕ1q and pA2, ϕ2q be noncommutative probability spaces
and let A˝ be the vector space sum of A1 and A2. Multilinear
functionals

kw : A˝ ˆ ¨ ¨ ¨ ˆA˝ Ñ C

where w “ j1 ¨ ¨ ¨ jn P M defined as the multilinear extensions of

kw pa1, . . . , anq “ ζpKw pa1pj1q, . . . , anpjnqqq,

where a1, . . . , an P A1 YA2 and ζ : B Ñ C is the linear extension
of ζppkq “ δk,1, will be called scalar-valued Motzkin cumulants.

Romuald Lenczewski Decomposition of free cumulants



Decomposition of free cumulants

Theorem (2023)

Let a1, . . . , an P A1 YA2 and let τpa1q, . . . , τpanq be their
canonical embeddings in A1 ‹A2. Their mixed cumulants
associated with ϕ1 ‹ ϕ2 have the decomposition

rnpτpa1q, . . . , τpanqq “
ÿ

wPMn

kw pa1, . . . , anq,

where

kw pa1, . . . , anq “
ÿ

πPMirrpwq

p´1q|π|´1βπra1, . . . , ans

if all ai P A1 or all ai P A2 and otherwise kw pa1, . . . , anq “ 0.
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Sketch of proof

Sketch of proof
If the variables have identical labels, by theorem on Kw we have

kw pa1, . . . , anq “
ÿ

πPMirrpwq

p´1q|π|´1βπra1, . . . , ans

Using the natural bijection η : NCirrpnq Ñ
Ů

wPMn
Mirrpwq

ηptV1, . . . ,Vpuq “ tpV1, v1q, . . . , pVp, vpqu,

where vk “ d
|Vk |

k and dk “ dpVkq and summing over w P Mn, we
get rnpτpa1q, . . . , τpanqq for identical labels. By theorem on Kw

kw pa1, . . . , anq “ ζpKw pa1pj1q, . . . , anpjnqqq “ 0

if labels are not identical. l
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Example

Example
First few free cumulants can be decomposed as

r1pa1q “ k1pa1q,

r2pa1, a2q “ k11pa1, a2q,

r3pa1, a2, a3q “ k111pa1, a2, a3q ` k121pa1, a2, a3q

r4pa1, a2, a3, a4q “ k1111pa1, a2, a3, a4q ` k1211pa1, a2, a3, a4q

` k1121pa1, a2, a3, a4q ` k1221pa1, a2, a3, a4q
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Univariate case

Example
Setting a1 “ . . . “ an “ a, we obtain

rn “
ÿ

wPMn

kw “
ÿ

wPMn

ÿ

πPMirrpwq

p´1q|π|´1βπ.

For instance,

r1 “ k1 “ β1,

r2 “ k11 “ β2,

r3 “ k111 ` k121 “ β3 ` p´β2β1q,

r4 “ k1111 ` k1121 ` k1211 ` k1221

“ β4 ` p´β3β1q ` p´β3β1q ` p´β
2
2 ` β2β

2
1q,
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Standard Young Tableaux

Bijection Mn – T p3qn

For each n P N, there is a bijective correspondence Mn – T p3qn ,
where T p3qn is the set of Standard Young Tableaux with n cells and
at most three rows (Eu, Fu, Hou, Hsu, 2013). Examples:

w Yw kw

r r r r r 1 2 3 4 β
` r r r r r˘

��@@r r r r r 1 2 3
4 ´β

` r r r s r˘

��
��@@

@@r r r r r 1 2
3 4 β

` r s t s r˘
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Motzkin homogenous parts of µ1 ‘ µ2

Definition
The Motzkin homogenous part of µ1 ‘ µ2 associated with w P M
we understand the linear functional on Hn given by the linear
extension of

pµ1 ‘w µ2qpXk1 ¨ ¨ ¨Xknq

“ Φppak1,1pj1q ` ak1,2pj1qq ¨ ¨ ¨ pakn,1pjnq ` akn,2pjnqqq

when |w | “ n, and we set µ1 ‘∅ µ2 “ IdC1. The family

H pµ1, µ2q :“ tµ1 ‘w µ2 : w P M u

is called the family of Motzkin homogenous parts of µ1 ‘ µ2.
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Convolutions in terms of Boolean cumulants

Proposition
It holds that

pµ1 ‘w µ2qpXk1 ¨ ¨ ¨Xknq “
ÿ

πPMpwq

ÿ

`PL0pπq

βπrak1,i1 , . . . , akn,ins

for any k1, . . . , kn P I ,where L0pπq denotes the set of labelings ` to
which π is monotonically adapted.
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Example

Let f “ Xk1Xk2Xk3Xk4 . For simplicity, denote xk “ ak,1, yk “ ak,2.
We obtain

pµ1 ‘w1 µ2qpf q “ pµ1 Z µ2qpf q,

pµ1 ‘w2 µ2qpf q “ β3pxk1 , xk2 , xk4qβ1pyk3q ` β1pxk1qβ2pxk2 , xk4qβ1pyk3q

` β1pyk1qβ2pxk2 , xk4qβ1pyk3q ` x Õ y ,

pµ1 ‘w3 µ2qpf q “ β3pxk1 , xk3 , xk4qβ1pyk2q ` β2pxk1 , xk3qβ1pyk2qβ1pxk4q

` β2pxk1 , xk3qβ1pyk2qβ1pyk4q ` x Õ y ,

pµ1 ‘w4 µ2qpf q “ β2pxk1 , xk4qpβ2pyk2 , yk3q ` β1pyk2qβ1pyk3qq ` x Õ y ,

where w1 “ 14, w2 “ 1221, w3 “ 1212, w4 “ 1221.
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Convolutions in terms of Kw

Proposition
For any k1, . . . , kn P I and any w “ j1 ¨ ¨ ¨ jn P Mn, it holds that

pµ1 ‘w µ2qpXk1 ¨ ¨ ¨Xknq

ÿ

πPNCpwq

ÿ

`PLpπq
ζpKπrak1,i1pj1q, . . . , akn,inpjnqsq,

where Lpπq is the set of labelings to which π is adapted.

Romuald Lenczewski Decomposition of free cumulants



Example

Example

Let w “ 1231. In the computation of pµ1 ‘w µ2qpf q, where
f “ Xk1Xk2Xk3Xk4Xk5 , the contribution associated with the
partition π “ pπ0,wq, where π0 “ tt1, 2, 4, 5u, t3uu, is of the form

ζpK1221pxk1 , xk2pK2pxk3q ` K2pyk3qq, xk4 , xk5q

` ζpK1221pyk1 , yk2pK2pxk3q ` K2pyk3qq, yk4 , yk5q

which, due to the fact that K2pxk3q ` K2pyk3q is proportional to p2,
cannot be written in the usual product form.
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Thank you

Thank you for your attention!
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