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Abstract

The tempered representations of a real reductive Lie group G are naturally partitioned into
series associated with conjugacy classes of Cartan subgroups H of G. We define partial Dirac
cohomology, apply it for geometric construction of various models of these H-series
representations, and show how this construction fits into the framework of geometric

quantization and symplectic reduction.
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1. Introduction

Let G be a real reductive Lie group. Then every conjugacy class of Cartan subgroups H C G
defines a series of unitary representations that enters into the Plancherel formula in an
essential manner. For simplicity of exposition we assume that G is of Harish—Chandra class,
and later we will relax that condition to include groups such as the universal covering group of’
SU(p, g). Then the Cartan subgroup H defines a cuspidal parabolic subgroup MAN C G,
meaning that H = T'A where T is a compact Cartan subgroup of M and A is split over R, so M
has discrete series representations. The H—series of unitary G-representations consists of the

unitarily induced Ind$,, (7 ® € ® 1) where 5 € M 4,. (unitary equivalence classes of discrete

series representations of M), and o € a* (so that €% is a unitary character on A). Dirac
cohomology was studied in [15], settling Vogan's Conjecture. Dirac cohomology reveals the
infinitesimal characters of Harish-Chandra modules attached to the H-series for H as compact
as possible, i.e. for the situation where T is a Cartan subgroup of a maximal compact subgroup
K C G. That is usually called the fundamental series of G, and it is the discrete series just when
H=T.

Here we study the partial Dirac cohomology with respect to H in general, and express it as a
direct integral of H-series representations. We say “partial” because we are using Dirac
cohomology of representations of the subgroup M for the purpose of constructing
representations of G. As an application, we incorporate partial Dirac cohomology into
geometric quantization [19] to construct unitary G-representations, and we show that the

occurrences of H-series representations are controlled by the image of the moment map.

There are two approaches. One is to work directly with the class of general real reductive Lie
groups introduced and studied in [26] and updated in [29]. The other is to first work with
groups of Harish—Chandra class, and then show how the results extend mutatis mutandis to
general real reductive Lie groups. For clarity of exposition we do the second of these. Thus, in
Sections 3 through 7, G will be of Harish—Chandra class. In Sections 8 through 10, G will be a
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general real reductive Lie group.

Our main results are stated in Section 2 as Theorem 2.9, Theorem 2.10, Theorem 2.12 and as

their extensions to the class of general real reductive Lie groups.
The sections of this article are arranged as follows.

In Section 2 we develop the background material, give a detailed introduction, and formulate

our main results.

In Section 3 we study the Plancherel decomposition of L?(G/N) and use it to prove
Proposition 3.8. In Section 4 we use Proposition 3.8 to prove Theorem 2.9.

In Section 5 we study several L?-function spaces and prove Proposition 5.6. In Section 6 we use
Proposition 5.6 to prove Theorem 2.10.

In Section 7 we perform symplectic reduction and prove Theorem 2.12.

In Section 8 we formulate the extension of the theorems from groups of Harish-Chandra class

to general real reductive Lie groups.

In Section 9 we develop a method of reducing questions of general real reductive Lie groups G
to the case where G' has compact center. In Section 10 we use the tools of Section 9 to reduce
the proofs of the theorems of Section 8, to the arguments used for groups of Harish—Chandra

class.

2. Statement of results

As usual we use the lower case Gothic letters for the real Lie algebras, and add the subscript C
for their complexifications. So for example g is the Lie algebra of G, and g is its

complexification.

If L is a Lie group then I denotes its unitary dual. If = € I then %, denotes its representation
space. If Z is a central subgroup of L and ¢ € Z is a unitary character then
L¢ = {m € L|n|, is a multiple of ¢}.

The Harish—Chandra class of Lie groups consists of all real reductive Lie groups G such that

the identity component G° has finite index in G, (2.1)

the derived group G’ = [G®, G°] of G° has finite center, and
if g € G then Ad(g) is an inner automorphism of g¢.

The Lie algebra of Gis g = ¢’ ® 3 where ¢’ = [g, g] is the semisimple part and 3 is the center.
The second condition in (2.1) is that the semisimple part of G° (the connected subgroup of G°
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with Lie algebra g’ = [g, g]) has finite center.

Let H be a Cartan subgroup of G and 0 a Cartan involution that stabilizes H. See [26] (or [29)])
for existence of Cartan involutions of groups of Harish—Chandra class. Then the fixed point
set K = G’ is a maximal compact subgroup of G. The Lie algebra g of G is the sum g = £ + p of
+1 eigenspaces of 6. We have decompositions h = t + a of the Lie algebra, t =hnéanda=hNp
,and H =T x A on the group level where T'= H N K and A = exp(a). The centralizer

Zg(A) = M x Awhere T is a compact Cartan subgroup of M. Further, M is of Harish—Chandra
class. Choose a positive a-root system %, on g. Let n denote the sum of the positive a-root
spaces and let N = exp(n). Then the parabolic subgroup P = M AN of G is a cuspidal parabolic
subgroup associated to H. Cuspidal parabolics are characterized by the fact that M has a compact

Cartan subgroup, in other words that M has discrete series representations.

When G has discrete series representations, in other words when G has a compact Cartan
subgroup T, we avoid dealing with projective representations as follows. Replace G by a double
covering if necessary so that e is a well defined unitary character on 7°, where

Py =3 Eaezgo‘c a. Then we say that G is acceptable. Acceptability is independent of the choice
of compact Cartan subgroup T because any two are Ad(G°)-conjugate, and independent of the
choice of positive t-root system because any two such p, differ by a linear combination of t

—roots. See [26] for the construction of acceptable double covers.

We now assume that all our groups M (including G when it has a compact Cartan subgroup)
are acceptable. Thus for each M, e~ is a well defined unitary character on T° where p,; is half

the sum over a positive tc—root system of m¢.

Since M has the compact Cartan subgroup T it has discrete series representations 7, ,

parameterized as follows. A € it* belongs to the weight lattice for finite dimensional
representations of M. In other words it satisfies the integrality condition that e* is a well
defined character on T°. Further, A is regular in the sense that (), ) # 0 for every root

@ € Ty te- Let Ay denote the Weyl denominator, Ay = Haez%‘c (e*/? — e=%/2). The

corresponding discrete series representation for M° and its distribution character are
e . "
7} € M 4isc with Op = iﬁzweWMo det(w)e*™ on (M%) NT° (2.2)

where (M° )” is the M-regular set in M°. The representation 7} has infinitesimal character
with Harish-Chandra parameter A and central character e* = | Zyn* This last is why we require
M to be acceptable. See Harish—Chandra [9, Theorems 13 and 16, or [26, Theorem 3.4.7] (|29,

Theorem 3.4.4]) for an extension to general real reductive Lie groups.

Define w()) := Haez% . (o, A). Then 73 has formal degree deg(n) = |w(A)|. This replaces the
degree that appears in the Peter—Weyl Theorem for compact groups.
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Suppose that x € Zy (M°) agrees with 7 on the center Zp, s0 x € Zy (M), and } € X/I\OC for

the same ( = e*#»|, = € Zyp. Define M' := Z3(M°)M°. Then

17;,/\ =X @1} € M s, with 6, . (2m) = trace x(2)©, (m) (2.3)
X

for z € Zy (M) and m € M. It has infinitesimal character of Harish-Chandra parameter 4,

central character e’ #x | Zyo? and formal degree deg(n;; 5) = deg(x)|@(A)].

The discrete series representations of M are the 7, , := Ind%t (17;,)‘) € M 4. Their distribution

characters are supported in M, where

fyx == Ind}, (17;,/\) with @ | (2m) =3, artepr/art trace x(z7'22)0,p (z7 mz) (2.4)

for z € Zy(M°) and m € M°. The representation 7, has infinitesimal character of Harish-
Chandra parameter A and formal degree deg(n, ) = |M/M f| deg(x)|w(\)|. Every discrete series
representation of M is one of the 0, ,. Further n, , ~ n,, y just when they have equivalent

restrictions to M.

Let o € a*. Then € is a unitary character on A, and
:= Ind§ 0 ®1)=md%,, (1, ®e®1 2.5
Tx, Ao * Ndpran (nx,/\ Qe ® ) i MTAN (77X,>\ ®e” ® ) ( . )

is a unitary representation of G. These representations form the H-series. The H-series
depends only on the G-conjugacy class of H. The discrete series is the case where H is compact
(ie. H = T, and the principal series is the case where H is as noncompact as possible. Let
Car(G) denote the set of G-conjugacy classes of Cartan subgroups. It is finite. Each

{H} € Car(G) contributes a term in the Plancherel and Fourier Inversion formulae of G, and
those formulae are the sums of those terms. See Harish-Chandra ([10], [11], [12]).

The various H—series representations , ), are called the standard tempered representations of G.
Plancherel-almost-all of them are irreducible. For example if o is regular relative to the a—roots
of g then 7, is irreducible. In any case, every standard tempered representation of G is a
finite sum of'irreducibles, and every tempered representation of G is a summand of a standard
tempered representation.

Since Adg (V) is a unipotent group of linear transformations of g, it preserves Haar measure
dg and thus defines a G-invariant measure d(¢/N) on G/N. Consider

L*(G/N) = {f :G/N — C

[ 1#(g)* d(gN) < 00}-

G/N

Since M normalizes N, it acts on G/N from the right, and it preserves d(gN). So the action of
G x M on G/N leads to a unitary representation of G x M on L?(G/N). We now show how the
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Plancherel decomposition of L?(M) as an M x M module induces a Plancherel decomposition
of L?(G/N) as G x M module.

Since g is real reductive, it has a non-degenerate symmetric Ad(G)-invariant bilinear form b.

We choose b to be the Killing form on [g, g], negative definite on ¢ and positive definite on p.

Let m¢ = t¢ @ s¢, orthogonal direct sum. Let S be the spin module for the Clifford algebra
C(sc). Let

Dy =D (me,menec) T z'Ddiag;(mcrﬂ%c,t«:) (2-6)

be the modified Dirac operator as defined in [5, (1.1)]. It induces a densely defined symmetric

operator, whose closure is a symmetric operator
Dy : L*(G/N)® S — L*(G/N) ® S. (2.7)

Since M is of Harish—-Chandra class, T' = Z3;(M°)T?, so every irreducible unitary

representation of H = T' x A has form

Xoo =X®€ ®e A €it',0 € a,x € Zy (M) agrees with e* on Z0. (2.8)

If G is a linear group then H is commutative and H is the set of all unitary characters on H. In

any case these representations are finite dimensional.

The intersection K N M is a maximal compact subgroup of M. Denote its Weyl group by Wxnu
. Then Winy = W(M,T) = Ny (T)/ Zy (T) =2 Ngrme (T)/ Zgrne (T). In general if  is a unitary
representation we write ., for its representation space. If /4 and 5% are separable Hilbert

spaces we write S ® J% for their projective tensor product. If one or both of the ## is finite
dimensional then it is the ordinary tensor product. Also note that if x € Z3;(M?) then % is the

same as the dual x*. Further the action of Wxnyr on Za(M°) is w: x — x - wt.
Theorem 2.9

Let G be a real reductive Lie group of Harish—Chandra class. Recall the notation (2.4) and (2.5) for the
representations 1, , of M and my 5, of G. Then Dys has kernel

Eﬂx,xeﬁ disc ( f %rx)«ﬂ dO’) ® (Z'LUGWKnM jﬁi'ﬂ)*@&‘"”‘)) ’
gea

and the natural action of G x T on that kernel is the direct integral

EWX,AEM\disc ( f ﬂ-X’AaU do-) ® (E’wEWKnM (X ° w_l ® e—wk)) .

gear
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We shall incorporate partial Dirac cohomology into the setting of symplectic geometry. In

particular, we consider geometric quantization on
X=GxW,

where a symplectic manifold (X,w) with symmetry leads to a unitary representation m(x ) [19].

For our case, compare [27].

There is a natural action of G x G on X given by the left and right actions of G. In Theorem
6.2, we recall a systematic construction of some (G x H)-invariant symplectic forms o on X.
There is a complex line bundle L over X whose Chern class is the cohomology class of w,
equipped with a connection whose curvature is w, and also equipped with an invariant
Hermitian structure. One may use the Hermitian structure and the invariant measure on X to
construct a unitary representation of G x T on the Hilbert space of L?-sections of L. That
space of L?-sections is too big to yield an irreducible representation, so extra conditions are
imposed, a process called polarization that cuts the number of variables in half. For example
holomorphic sections of L would be considered if X is complex. Here X is not complex, but it

has a partial complex structure in the sense that the fibers of’
w: X — G/H

are complex (see (5.1)). A section of L is called m—holomorphic or partially holomorphic if it is
holomorphic on each fiber of m. In [4], using the partial Dolbeault cohomology introduced by
one of us ([25], [26], or see [29]), this idea is applied to construct some of the unitary
representations m,, ® (X - w™! ® e7**) on higher degree cohomology. We shall apply the
Dirac operator as in [28] to simplify the polarization process, constructing #x,, without

involving higher degree Dolbeault cohomology.
Consider the inclusion

1:G— X, 4(g) = (9,0).

N
Then # L is a line bundle on G. Let L?(L)" (resp. L?(+'L) ) denote the right N-invariant
sections fof L (resp. +* L) such that (£, f) is integrable over [, /vy (0) d(gN) da (resp.

N
Je/n(*) d(gN)). As in (2.7), we have a Dirac operator D, on L*(vL) ® S.Define

Hxw) = {f € L? (L)Y ® 8]+ f € Ker Dy, and £ is =holomorphic},

T(xw) : Datural representation of G on H#{x ).

The action of G x H on the symplectic manifold (X, w) is Hamiltonian. In particular the right

H action has a canonical moment map |8]
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X — b
We modify it by i so that the image set satisfies Im(i®) C ih*.

By Theorem 6.2 and (6.3), each A + i € Im(¢®) is MA-regular, so it determines the family of all
representations 7, y ® €7 € M g.c ® A as described in (2.4). Thus it determines the family of all
H-series representations m, ), of G, as in (2.5). Recall p,, half'the sum of positive a-roots

relative to N. Let dA be the counting measure.
Theorem 2.10

Let G be a real reductive Lie group of Harish—Chandra class. As a unitary representation space for G x T,

Hx,w) = — Ind€ (2 —ictp, @ 1 A d\d

exp(/\-i-ia)efi'?
where Zy(M?), denotes the elements of Zyr (M) that agree with e on Z .
In Corollary 6.11, we use the case A =1 of Theorem 2.10 to correct an error in [5, Theorem B].

According to Gelfand, a model of a compact Lie group is a multiplicity-free unitary
representation which contains every equivalence class of irreducible representation [6]. This
notion has been extended to models of various series of unitary G-representations, including
the H-series [4, (4]. In Remark 6.12, we recall this idea and briefly sketch how Theorem 2.10
leads to models of H-series.

We perform symplectic reduction [20]. Let p € Im(¢®) C ih*. There exists a unique v € h such
that 7 (u) = G x {v}. Let

1: 9 1(u) = Xandj: & (u) — G/H® (2.11)

respectively be the natural inclusion and fibration by H°. Then there is a unique G-invariant

symplectic form w, on G/H" such that 5w, = »*w. Write X,, = G/H". The process
(X’w) ~ (X#’wu)
is called symplectic reduction with respect to p, and (X, w,) is called the symplectic quotient.

Suppose that e# € HY. We use the spinor bundle and Dirac cohomology to construct a unitary
representation 7y, ,,) of Gin (7.4). Let /#x ) be the representation space and #x ) , its
p-component in the direct integral decomposition of #x ). The next theorem says that our
construction satisfies the principle quantization commutes with reduction proposed by Guillemin

and Sternberg [7].
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Theorem 2.12

Let G be a real reductive Lie group of Harish—Chandra class. Suppose that y € Im(i®) with e# € HY. As
unitary representations of G,

T(Xi,) = T(X ) O H(X,0,) = KX w)0

Finally, we show how our results extend from the Harish-Chandra class of Lie groups G to the

class of general real reductive groups introduced in [26].

(a) the Lie algebra g of G is reductive, (2.13)
(b) if g € G then Ad(g) is an inner automorphism of g, and
(c) G has a closed normal abelian subgroup Z such that

(i) Z centralizes G° , i.e. Z C Zg(GP)
(i) |G/ZG°| < oo and
(i4i) Z NG is co-compact in Zgpo .

These conditions are inherited by reductive components of cuspidal parabolic subgroups, and

the class of groups that satisfy them includes both Harish—-Chandra’s class and all connected
real semisimple Lie groups. See [26, (0.3] for details.

3. A Plancherel decomposition for L?(G/N)

In this section, we obtain a Plancherel decomposition of L?(G/N) as G x M module. More
precisely, we show that parabolic induction from M to G on the left side Plancherel
decomposition of L? (M) (as a M x M module) gives a G x M module Plancherel
decomposition of L?(G/N).

We first recall the general setting of induced representations. Let X be a Lie group. Let dx be
the left invariant measure on X, and it is unique up to positive scalar multiplication. For each
z € X, we let R, be the right action by x. So R,dx is again a left invariant measure on X, and
there exists a positive number dx(z) such that R,dz = §x(z)dz. The resulting multiplicative

group homomorphism
) x: X — R*

is the modular function of X. If X is abelian, discrete, compact, nilpotent or reductive, then it is

unimodular, namely é6x = 1.
Let Y be a closed subgroup of X. Define

55 :Y — R by & (y)=dv(y)ox(y)
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Ifn € ¥ then the (unitarily) induced representation = = Inds () is the natural left translation
action of X on the space 7%, given by

{f: X = 5| f(zy) = & (y)my(f(2)) foralle € X,y € Y and ||f|| € L*(X/Y, )}

Note that 6 compensates any failure of left Haar measure on X to define an X-invariant

Radon measure on X/Y. Of course
if &5 = 1,1i.e. if 6x|y = dy, then S, ~ L}(X/Y) & H . (3.1)

We now consider our setting, namely G, K, M, A, N, T, P and H as given in the Introduction.

Consider the direct product G x M, with subgroups

Here My, is the diagonal subgroup isomorphic to M, so NMy;,, consists of (nm,m) where
n € N and m € M. Note that NMy,, is a well defined subgroup of G x M because M
normalizes N. We write the elements of the quotient (G x M)/NMy;q, as [g,m]. There is an
action of G x M on (G x M)/N Mgieg, where the right action of M is given by

R, [9,m] = [g,mym] for all my € M and [g,m] € (G x M)/ N Mgiqg.

Consider the exponential map exp : a — A. As usual p, € a* denotes half'the sum of positive a
—roots determined by N, so 2p, (v) = trace (ad(v) : n — n) for v € a. It defines the quasi-

character

e’ : A — R* by e« (exp(v)) = e for all v € a.

Proposition 3.2

We have a (G x M )-equivariant diffeomorphism

¢ : (G x M)/NMysy — G/N defined by ¢([g,m]) = gm™! N,
and it equips (G x M) /N M., with a (G x M)—invariant measure.
Proof

Since M normalizes N, we have a transitive action 1 of G x M on G/N, given by

T(gm)TN = grm~1N. We have T(g,m)eN = eN if and only if (g,m) € NMjjq,, so the stabilizer of
the identity coset eN € G/N is NMj;,,. This leads to the (G x M)-equivariant diffeomorphism
¢ of this proposition.

We have G = KMAN. Let dg, dk, dm, da and dn be their Haar measures. Then
dg = €%« dk dm da dn [18, Proposition 8.44]. The G-invariant measure on G/N is e*« dk dm da,
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and it is invariant under the right action of M. Therefore, ¢ induces a (G x M)-invariant
measure on (G x M)/NMgiqg. O

Since G and M are unimodular, their direct product G x M is also unimodular. The left

invariant measure on P = M AN is
e dm da dn. (3.3)

The subgroup NMy;,, of G x M is isomorphic to the subgroup NM of G. By (3.3), NM has Haar

oy . GxM _
measure dn dm, so it is unimodular. Hence § Nild@ag =1, and by (3.1),
Ind§32!, (1) = L*((G x M)/NMgiag)- (3.4)

The modular function of Pis §p(man) = %= (a) [18, VIII-4], so its restriction to MN is trivial.
Therefore,

oM =1and 6%%:5" =1. (3.5)
We apply induction in stages and get (see for example [16, Thm.2.47))

Ind337s (1) = Indg;3fInd}7, Indyay <Y (1) by [16, Thm.2.47] (3.6)
= Ind$ M al XM (L (M) ®1) by (3.1) and (3.5)
= Ind$M(L%(4,L2(M))®1). by (3.1) and (3.5)

By the Plancherel theorem (see for example [22, Thm.7.9)),

L*(A: L*(M))= [ L*(M)®e” do,

o4

where do is Lebesgue measure on a*. Therefore, (3.6) becomes

Ind7s (1) = [ Ind§51(L* (M) ® € ® 1)do. (3.7)

ocar

Proposition 3.8
As the Hilbert spaces for unitary representations of G x M,

L}(G/N) = [ IndE(L2(M) ® €7 ® 1) do.

oea’

Proof

This follows from Proposition 3.2, (3.4) and (3.7). O
4. Partial Dirac cohomology of L?(G/N)
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In this section we calculate the partial Dirac cohomology for the representation of G x M on
L?(G/N) with respect to Dy = Dme menic) + i Daiagi(mente ic)» the modified Dirac operator of
(2.6). We then apply it to prove Theorem 2.9.

If N =1and M = G, it reduces to the calculation of Dirac cohomology of L?(G) with respect to
the Dirac operator D 4_.). That was done in [5]. Therefore, we use the phrase “partial Dirac
cohomology” for the case when N # 1. The essential part is the calculation of the Dirac

cohomology of discrete series representations of M.

Now we recall the relevant results of Dirac cohomology of discrete series representations. Let
M be an acceptable real reductive Lie group of Harish—-Chandra class, for example the group M
in the Iwasawa decomposition P = M AN of a cuspidal parabolic subgroup of our group G. We
described the discrete series M 4,. of M in the discussion leading up to (2.4). It consists of the
representations 7, , = Ind% (77;; ,) specified there. The parameterization is that 79 is a compact
Cartan subgroup of M?, A belongs to the M°-regular subset of the lattice A = {v € t'|e" € 0 +
and x € Zy(M") agrees with e**#» on Z,,0. Harish-Chandra's construction and

characterization of the discrete series (for acceptable groups of Harish-Chandra class) is
Theorem 4.1

The discrete series M g, consists of the equivalence classes of representations T where A runs over the
set of M—reqular elements in the lattice A C t* and x € Z M/(J\\l 0) agrees with e’ on the center of M°.
Discrete series representations n, 5 ~ n,, v if and only if (x, A) and (x/, X') are in the same orbit of the
Weyl group Wk.

We denote by V,x the Harish-Chandra module of the (K N M)-finite vectors in 5%, . The
elements of V, , are O vectors (in fact real analytic vectors), and Vy » is dense in J¢, . Thus

the modified Dirac operator D = D y_4) is a densely defined symmetric operator
D:J, , ®S— ®S.

We recall a standard fact in functional analysis that a densely defined symmetric operator is

closable and its closure is also symmetric. If A* denotes the adjoint of a densely defined

symmetric operator A, then the closure c/(A) = (A~ ) and ¢f(A) is also symmetric [21, Lemma
20.1]. Thus, D is closable and its closure ¢£(D) is also symmetric. It follows that Ker ¢/(D) is a
closed subspace of the Hilbert space 5%, | ® S. We define the Dirac cohomology Hp (4% ,) of
an irreducible unitary representation 7, , to be Ker ¢£(D). The following proposition shows
that the Dirac cohomology of an irreducible representation is equal to the Dirac cohomology
of'its Harish-Chandra module. It was proved in [5, Prop. 3.2] for the case of connected

semisimple Lie groups of finite center.
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Proposition 4.2

The kernel of (D) : A, , ® § — 24, , ® S coincides with the kernel of D : V, x ® S — Vya ® S. Thus
Ker c/(D) = Hp(Vy2) =D wewyon Poxwt ® Cun-

Proof

If M is connected and semisimple the assertion is [5, Prop. 3.2]. But the argument of |5, Prop.
3.2] goes through without change, and without requiring semisimplicity because 7} restricts to
the center Z,,0 as a multiple of some fixed unitary character {. Thus the assertion holds for

connected M.

Consider the case M = Zy/(M°)M°. The argument of [5, Prop. 3.2] still shows that
Ker c/(D) = Ker D, and conjugation by elements of Z»;(M°) makes no change in D, so
Hp(Vyn) ZZweWm o -t ® Cyy. That gives us the assertion for M = M f,

Finally consider the general case. There n, ;|51 = 3" st car/art because 7, , is

1,
M- Ad(z)\-Ad(z)
induced from the normal subgroup M. We use the result for M' to write this as

M|t = 2wewyn Fexwt ® Cua. The assertion follows. O
Recall that the Dirac operator D is in U(m¢) ® C(sc). We first consider
D:C*°(M)®@S —C*(M)Q®S.

Then D induces a densely defined symmetric operator on the Hilbert space L?(M) ® S, and

the closure of D defines a closed symmetric operator
D:L*(M)®S — L*(M)® S.

Then Ker D is a closed subspace in L?(M) ® S. We define the Dirac cohomology Hp (L?(M)) of
L?(M) to be Ker D. Tt follows from the fact that D is T-invariant that Ker D is a (M x T)
-module. The following theorem was proved for the case of connected M as |5, Theorem 3.3].

Since M is of Harish—Chandra class, the argument there goes through to prove

A

T, A

Ker D = Enme T
Theorem 4.3

® Hp(V, ,). Using Proposition 4.2, now,

We have the following orthogonal sum decomposition as representation space of (M x T)):
Ker D =E¢7X’)‘€ﬁd¢,¢ ‘%?790,\ ®Zw€WKnM (% a1 ® C—w')\)'

Now we calculate the partial Dirac cohomology of L?(G/N). We are working with a Cartan
involution 8 of G, K = G? is a maximal compact subgroup, H = T x A is a f-stable Cartan
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subgroup, P = M AN is an associated cuspidal parabolic subgroup so M has compact Cartan
subgroup T and MA = Z3(A), and G = KMAN.

Let m¢ = t¢ @ s¢c where sc is the sum of the tc—root spaces in m¢. It is the orthogonal
decomposition of m¢ with respect to an invariant form of g. Let S be the spin module for the
Clifford algebra C(sc). Then

Dy =D Jfcnme T+ iDJ;{?cﬂmc,fc

is the modified Dirac operator as defined in [5, (1.1)]. It induces a densely defined symmetric

operator,
Dy : L*(G/N)® S — L*(G/N) ® S.
Proof of Theorem 2.9

By Proposition 3.8, the representation space of the regular representation of G x M on

L?(G/N) has direct integral decomposition

L}(G/N) = [ IndE(L2(M) ® € ® 1) do.

ogea’

This decomposition splits into a discrete spectrum and a continuous spectrum. The discrete
part corresponds to the discrete spectrum of the Plancherel decomposition of L? (M) with

summation over all discrete series of M,

L2 (G/N)disc =an’/\eﬁdm ( f Indg ((%x«\ ® %h,x) ® eia ® 1) dd) deg(ﬂx,,\) :

gca’

Here deg(n, ,) is the formal degree of 7, ). The continuous spectrum corresponds to a direct
integral of other tempered (i.e. H-series) representations of M.

Lemma 4.4
Only the discrete spectrum in L* (M) contributes to Ker Dyy.
Proof

It follows from the Plancherel decomposition that

Ker Dy = [ ( [ IndE (54 ®€° ® 1) do) @ Ker {Dys : 54" ® S — 54, ® S}du(n)

neEM gen

where p is Plancherel measure on M. Therefore, the representation n ® 7 of M x M

contributes to Ker Dy, if and only if the Dirac operator Dy, acts on /%, ® S with nonzero

https://www.sciencedirect.com/science/article/pii/S002...
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kernel. This condition is equivalent to the Harish-Chandra module of %, having nonzero

Dirac cohomology, as we showed in Proposition 4.2. It follows that %, must have a real
infinitesimal character &, in the sense that if § is in the dominant chamber then 6(¢) = &.
Therefore, only the discrete series can contribute to Ker Dy, since other tempered
representations with real infinitesimal characters have Plancherel measure 0 by Harish-
Chandra's Plancherel Theorem. O

From Lemma 4.4 we obtain the orthogonal sum decomposition

Ker Dy = ) ( [ IndZ (A, , @€ ®1) do) deg(n,») ® Hp (%, ,)-

M AEM dise €’

Then by substituting the Dirac cohomology Hp (5%, ) of the discrete series representation
jﬁm of M, we obtain

c ‘ (4.5)
Ker Dyy = Y J Indz (5% , ® € ®1)do | deg(n,»)

MAEM dise \gea’

® ( Z jf;‘ a1 ® (C—'w)\)-

weEWgnM

This completes the proof of Theorem 2.9. 0

We note that Dy is G x T-invariant, so (4.5) is an orthogonal decomposition of (G x T')

—modules.

5. L?-functions

In this section, we study certain L?-function spaces. The key result is Proposition 5.6, which

will be used later.

Recall some notation. We fix a Cartan involution 0 of G and the (+1)-eigenspace
decomposition g = £ + p; ¢ is the Lie algebra of the fixed point set K = G’. We fix a f—stable
Cartan subgroup H =T x Awhere T = HN K and A = exp(a), a = h N p. Then

H® =T° x exp(a) = T° x a, and it = exp(it) (group isomorphisms), and h = t + a 2 i = it x 4a
(real vector space isomorphism), leading to identification of T¢ = T° x exp(it) with (C/Z)",

n = dimg T, and of a¢c with C™, m = dimg A.

From that, there is a unique complex structure on H° x h such that the map
(texpw,z +y) — (texpiz,v+iy) forallt e T®,z € tand v,y € a (5.1)

is a holomorphic diffeomorphism of H? x h onto T¢ x ac = (C/Z)" x C™. This uses
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texpv € H, z +y € b, texpiz € T3 and v + iy € ac.

Let {0,y denote the resulting space of holomorphic functions on H % x b. The space HO of

unitary characters on H® consists of the e*, u € ih*, that are well defined on H®. Any such e*

extends uniquely to a holomorphic homomorphism

ec : H O xph—C*,

and eg € H{ppoy)- We write C,, for the 1-dimensional space spanned by eg.
Fix a strictly convex function

F:h—R.

Namely Fis a smooth function such that under any linear coordinates (z;) on h, the Hessian

&PF
Bz, 0;

and a G-invariant function on G/N x . For functions on b, H° x h and G/N x b, the L?-norm

matrix ( ) is positive definite. We also identify it with an H-invariant function on H® x b,

||-||* refers to square-integration against e ¥ times invariant measure. For instance we define

the weighted Bergman space

jﬁlz{“xb,e—p) - {f < ‘;ﬁHf’xh) [ (R, $)|26_F(z)dh dz < 00} )
H® xh

where dx is the Lebesgue measure on h. The holomorphic functions form a closed subspace in

the L?-space, so jfé,oxb or isa Hilbert space.

Let F' : h — b* be the gradient mapping of F. The image Im(% F") C ih*. (The factor i is added
so that the image lies in éh*.) Since Fis strictly convex, Im(% F') is a convex open set. Let du be
the product of counting measure on {\ € it* |e* € 0 } and Lebesgue measure on ja*. Itis a

normalization of Haar measure on H°.
Theorem 5.2

2, Thm.1.2] We have an isomorphism of unitary H® -representations

2
Ko xpeF) = f Cy dps.
p€lm( 3 F')
e“G?IF
We next study functions on Y = G/N x . There is a natural embedding and a fibration

1:G/N—Y , 7:Y — G/H°N. (5.3)

Here 3(g9) = (g,0) for all g € G/N and nis the natural quotient. Given f: Y — S, we let
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v f: G/N —s S be its pullback to G/N. Each fiber of is diffeomorphic to H° x b, so by (5.1),
it has a complex structure. We say that fis n—holomorphic or partially holomorphic if it is
holomorphic on each fiber of m. It is the same to consider holomorphic properties on the
fibers of Y — G/H°N and Y — G/HN, because their fibers have the same connected

components. Let

Hy) ® S ={f:Y — S|v f € Ker Dy and f is m-holomorphic}.

Recall that Fis a strictly convex function on . Let

Hom@s={1ctns SL{ ) e T dlgN) do < oo} >4
The right H®-action on G/N leads to the direct integral decomposition
Ker Dyy = [ (Ker Dy), dp. (5.5)

etcH®

No single integrand (Ker Dyy), is contained in Ker Dy (it is only weakly contained) because it

has dy-measure 0. Thus f, € (Ker Dy), is generally not square-integrable over G/N. It

transforms by e under the right H%-action, namely R, f, = e*(h){,.
Proposition 5.6
The map v : .%’(lz,,e_p) ® S — Ker Dy is injective. It defines a G x T°—equivariant isomorphism

Ky o) ® S =2 [ (Ker Dy), dp.
p€Im( % F'),e# cHY

Proof

We first show that +* is injective. Suppose that f;, f, € .}?&e_p) ® S satisfy +* f; = ¢ f,, namely f;
and f, agree on G/N. Fix g € G/N, and we have

f1(gh,0) = £,(gh,0) for all h € H". (5.7)

Being n~holomorphic, f,, f, are holomorphic on the fiber (gH”, ) of . So together with (5.7),

we have
fi(gh,z) = f,(gh,z) for all (h,z) € H® x §. (5.8)

Since (5.8) holds for all g € G/N, it follows that f; = f,. So ¢* is injective. It is clear that +*

intertwines with the action of G x T°. It remains to prove that
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v (K2 ) ® S) = [ (Ker Dyy), dps. (59)
ueIm(%F'), ereH®
We first check the c part of (5.9). Let f € .%’&,e_p) ® S. Then * f € Ker Dy, so by (5.5), we write

f(9,0)= [ f.(9)dn,

etcHO

where f, € (Ker Dys), transforms by e* under the right action of H 0. We claim that

fgo)= [ f.()ed? du (5.10)
ek GHO

The function f,(g)eg ®) transforms by el under the right action of H® x b, so it is holomorphic
on the fiber (gH?, §) of . Hence for each g € G/N, both sides of (5.10) agree on (gH?,0) and are
holomorphic on (gH?, h), so they agree on (gH", ). This holds for each g, which proves (5.10)
as claimed.

The restriction of fto H® x § belongs to ,%”zoxb o) ® 8. By Theorem 5.2, it is a direct integral
over {4 € Im(3 F’)} —5.S0in (5.10), f, = 0 for p & Im(£ F"). This proves the c part of (5.9).

Next we prove the O part of (5.9). Pick

= [f,dp € [ (Ker Dy), du C Ker Dy C L*(G/N) ® 8, (5.11)
J J

where J C Im(% F') is Borel-measurable and e’ C H. We may assume that J is bounded, as
the members of Ker D), are Hilbert space sums of such elements. Let
f:Y — S defined by f(g,z) = [ f,(9)e” du

J

Here ( f)(g) = £(g,0) = f°(g), so v f € Ker Dys. Also, (g,z) > f,(g)els #) is a n-holomorphic
function for each , so fis n-holomorphic. Hence f € sy ® S. We want to show that

ffer (.9?@2/’6_17) ® S) in (5.9), so it remains to check that

117 = [ 15(g, ) e d(gN) da < co. (5.12)

The condition " f € Ker Dy implies that, in particular,
f(-,0) € L*(G/N) ® S. (5.13)

The holomorphic homomorphism e @) HY x - C maps the H? and h components to S*
and R* respectively. Fix z € §. Since J is bounded, the set {ez” (z)} e 1 bounded above by some

m = mg. We have
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VG = [y 15l d = f Jom | (@) P2 dlaN) dp (5.14)
<mf; fon 1. (9)d(gN) dp = m [, ||f, P dp = ml| £(-, 0)|*.

By (5.13) and (5.14), for all z € b,

f(-,z) € L*(G/N)® S. (5.15)
Let 7 denote the analytic functions on §. By (5.15), we can define

Hy) ® S — Hy) ® L*(G/N)® Sby f+ f, (5.16)

where f(z) = f(-,z) forall z € h. Let
Hpry ® L(G/N)® S = {k € ) @ L*(G/N)® S { k(z)?e F@ de < oo} .

For f € Hy) ® S, we have
171> = fy 1f(g:2)Pe F@d(gN) de = [, (fgn |F(9:2)* d(gN))e T da (5.17)
20 N2 —F(o 12
= [ If @I e " @ dz = || .
Hence (5.16) leads to a norm preserving map
Hyer)®S — Hg . r)® L*(G/N)®S.

Write f = k ® v, where k € 5 and v € L*(G/N) ® S. Since (5.16) intertwines with the right b
-action, we have k = [, k, du, where k, € C,. By Theorem 5.2, the function

(hyz) = [} ku(2)e# (h) du is square integrable over [, (-)e"*)dh dz because J C Im(3 F"). So
k is square integrable over [ (-)e F*)dz. It implies that || f|| < co, and hence || f|| < co by (5.17).

We have proved (5.12), and therefore f* =+ f € ©* (jlezf,e_p) ® §) in (5.11). This proves the >
part of (5.9). The proposition follows. O

6. Geometric quantization

In this section, we incorporate partial Dirac cohomology into symplectic geometry, and prove

Theorem 2.10. The intended symplectic manifold is
X=GxH.
We first recall some results from [4, (3] on the symplectic geometry of X.

Let Q° denote the de Rham complex of differential forms. Superscript denotes group

invariance. So for example Q' (H® x [))HO consists of the H?-invariant 1-forms on H° x .
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Let F : h — R be a smooth function, and let F’ be its gradient map. We may also regard F as a
function on H® x h or G x h by invariance on the first component. As in (5.1) and (5.3), each
fiber of

m:X — G/H® (6.1)

inherits a complex structure from HZ = H? x h. As usual § and 8 denote its Dolbeault

operators. Let
B=—i(0—B)F c Q'(H x b)" .

Let h* — g* be the inclusion whose image consists of all linear functionals on g that annihilate

all the root spaces of . It leads to the inclusion
2 E x )T < aL(x)C.
Theorem 6.2

[4, Thm.3.1] The 2-form w = d(38) € 2*(X )GXH0 is symplectic if and only if F' is a local

diffeomorphism and its image Im(F') C Breg.

Here b, consists of the elements of h* that are not perpendicular to any root. We shall fix a

strictly convex function F whose gradient has image Im(F") C hyeg. The strictly convex

condition implies that F’ is a local diffeomorphism, so the 2-form w constructed above is

symplectic.

The G x H’-action on X preserves w and is Hamiltonian, and the right H®-action has a

canonical moment map |8, (11]
®: X — b given by &(g,z) = %F'(w) (6.3)

for all (g,z) € G x h = X [4, Prop.3.2]. The conventions in here and [4] differ by a factor 2,
namely [4] uses 8 = —i(8 — 0)F and ®(g,z) = F'(=z).

We next perform geometric quantization [19] on the symplectic manifold (X, w). There is a
complex line bundle L — X whose Chern class of L is the cohomology class [w]. The
construction in Theorem 6.2 shows that w is exact, so [w] = 0 and L is topologically trivial.
However, L has interesting geometry, as it has a connection V whose curvature is w, as well as
an invariant Hermitian structure. If W C X is a submanifold with a complex structure, we say
that a section fof L is holomorphic on Wif V. f vanishes on W whenever ¢ is an anti-
holomorphic vector field on W. Each fiber of m of (6.1) is complex, and we say that fis
n—holomorphic or partially holomorphic if it is holomorphic on each fiber of m.
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There is a natural action of G x G on X, given by the left and right actions on the

G-component. It lifts to a representation of G x G on the sections of L. — X.
Proposition 6.4

[4, Cor.3.4] There exists a (G x G)—invariant non-vanishing section f, of L. which is n-holomorphic,
and (an fO)(g’ w) = e—F(z) fO?’ all (ga :1:) € G x b =X.

RecallY = G/N x h.If'a section fof L is invariant under the right action of N, then so is (f, f),
and we identify (f, f) with a function on Y. Let

L2 (]L)N _ {N in . . } (6'5)
= { N-invariant sections fof L| [ (f, f)(g,z)d(gN)dz < o0 7.
G/Nxbh

Then the action of G x T° on L*(L)" is a unitary representation.

Let f, denote the section in Proposition 6.4. For all f € C*(G x b)Y, we have

J(Ffor 1) (0,2) d(gN) de = [ |fg,2) " e ) d(gN) de,

so the trivialization ff, + f defines a (G x T°)-equivariant isometry

ALY = L3 (Y,e ). (6.6)

Let 1 denote both embeddings G < X and G/N — Y, where #(g) = (g,0). So #*L is a line
bundle on G. Since f, is G-invariant, we can normalize it so that (f;, f;)(9,0) =1 forallg € G.
Then for all f € C*(G)",

[ (f(v fo), £(v £o))(9) d(gN) = [ |£(9)| d(gN),

G/N G/N
so the trivialization ff; — f leads to an isometry

2 N 2 (6.7)
L*(vL)  S2L*(G/N)®S. :
Since (6.7) is (G x M)—equivariant, it induces an operator

N N

Dy, : L*(rL) ® S — L*(+L) ®8
such that (6.7) intertwines D, and Dy,. Let

ALV eSs={fec?*L)" S

»* f € Ker Dy, and f is mholomorphic}.

Since (6.7) also preserves the n—holomorphic property, together with (6.6), they imply
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AL @S2 HE, 5 ®S. (6.8)

Proof of Theorem 2.10

By Proposition 5.6, (6.3) and (6.8),

Hx) 2L @S2 Ay, ry®S= [ (Ker Dy),du. (6.9)
pelm(i®)

etcH®

Write u = A + io € Im(i®), where e* € 0, By Theorem 6.2 and (6.3), p is MA-regular. Let p, be
half'the sum of positive a—roots relative to N. Set w = 1 and replace A by -A in Theorem 2.9,

then pick out the integrand which contains e=*#: and e* to get

(Ker Dir)ypip = 2 nd%, (6, ® e ©1) @ Hgee). (6.10)
XGZM(MO)/\

The p,-shift in (6.10) is due to the definition of unitarily induced representation; see for
example [17, VII (1]. The theorem follows from (6.9) and (6.10). O

We take this opportunity to revise an error in [5]. For G connected and with compact Cartan
subgroup, [5, Thm.B] has a false expression

%X,w) = (Z)\elm(i),m\e@dm %u) ® (E'UIGWK (C_w,\) )

as the summation over Wx should not appear.

Corollary 6.11

(Erratum to [5, Thm.B]) If G is connected and has a compact Cartan subgroup, then
Hx) gZ,\elm(ids),eAef"E ., @ Ca.

Proof

Suppose that G has a compact Cartan subgroup. Then A = 1, so the A + ic of Theorem 2.10
becomes A, and y does not occur because G is connected, so Ind$ (., ® et @ 1) @ Hzger)
becomes %, , ® Cy.O

Remark 6.12

Models of tempered representations. According to Gelfand, a model of a compact Lie group is a
unitary representation which contains every equivalence class of irreducible representation
once [6]. For non-compact reductive Lie groups, this notion extends to models of discrete

series [1| and principal series [3]. We briefly sketch the construction of models of standard
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tempered representations in [4, (4], taking advantage of the fact that we make similar

construction in Theorem 2.10.

There exist (G x H®)-invariant symplectic forms wy, ... ,w,, on X with moment maps

®4,...,®, : X — ib*, such that the image of

m . —
U{) +io € Im(®,) e € H'}/Wg — {sum of tempered representations}

=1

given by A +io —) Ind$ (A, , ®e P ®1)

XGZM/(EO),\

is multiplicity-free and contains every equivalence class of standard tempered representations
(thus almost every tempered representation — the missing tempered representations have
Plancherel measure zero). By Theorem 2.10, > " #{x,.,) is a model of tempered

representations in the sense that every standard tempered representation occurs once.

7. Symplectic reduction

Let w be a (G x H)-invariant symplectic form on X = G x §. Let 4 € Im(i®) C ih* where

e € HO. In this section, we carry out symplectic reduction [20] for the right action of H® to
obtain the symplectic quotient (X, w,). Then we apply geometric quantization to (X,,w,) and
prove Theorem 2.12.

Recall symplectic reduction from [4, (5]. The moment map (6.3) of the right action of H? is
& : X —s b*. There is a unique v € b such that (i®) (1) = @ x {v} C X. Let 1and j be the

maps in (2.11). Then there is a unique G-invariant symplectic form w, on G/H® such that

7wy = v"'w. We have
w, = dp € Q2 (G/HY)C. (7.1)

As p € b, dp € A%h C A2gr =~ Q%(G)®. Furthermore dy lies in the image of the natural
injection Q*(G/H O)G — 0%(@)¢, which explains (7.1). The notation dyu does not imply that Wy
is exact (for example if G/H is compact, it cannot have an exact symplectic form) because p

does not lie in the image of Q' (G/H O)G s 0}(@)¢. We obtain the symplectic quotient
(X,u’wu) = (G/Hoadﬂ')°

We shall incorporate Dirac cohomology into the geometric quantization of (X, w,), so we
modify the line bundle for the spinor bundle over G/H°N,

B, = G x,, S defined by [ghn, s] = [g,x,"(h)s] € B,

forall g € G, hn € H'N and s € S. Here S is the same spinor as (6.7). A section fof B, can be
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identified with a function ¢ : G/N — S such that ¢(gh) = e*(h)y(g) for all h € H, given by
f(g) = [g,%(9)]- This gives a Hermitian structure on the sections by (f, f) = (¥, %).

Recall that G = KMAN. Here G/H° N has no G-invariant measure because H° N is not
unimodular, nevertheless G/H° N has a measure d(gH° N) which is K and M-invariant ([18,
Prop.8.44], [4, p.2748]). Let

L*(B,) = {sections fof B,

[ (f,f)d(gH’N) < 00}-

G/H°N
The above correspondence f +— 9 leads to a G-equivariant map
L*(B,) = (L*(G/N)® S),,. (7.2)

In (7.2), (L*(G/N) ® S) , is the p-component of the direct integral decomposition of

L*(G/N) ® S. It is not a subspace, but is only weakly contained there. In (2.7), Dy, stabilizes
each (L*(G/N) ® S) ,» and we let Dy, denote the resulting operator. It induces an operator Dy,
on L*(B,), such that (7.2) intertwines D, with Djy,,. Hence

Ker D, =~ Ker Dyy,,. (7.3)
We define the quantization on the symplectic quotient as

%Xu,w,,) =Ker D,,. (7.4)
Proof of Theorem 2.12

Let 4 = A + io belong to the image Im(i®), where e € HY. Then

Hxwu = er 21, Indg (s, , ® e+ ®1) by Theorem 2.10
& Ker D,y by Theorem 2.9
=~ Ker D, by (7.3)
= HX,,)- by (7.4)

This proves the theorem. O

8. Background for general real reductive groups

In this section we extend Theorem 2.9, Theorem 2.10, Theorem 2.12 from groups of Harish-
Chandra class to general real reductive Lie groups. Recall that the latter class, introduced in

[26], is given by
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(a) the Lie algebra g of G is reductive, (8.1)
(b) if g € G then Ad(g) is an inner automorphism of g¢, and
(c) G has a closed normal abelian subgroup Z such that

(i) Z centralizes G° , i.e. Z C Zg(G")
(i) |G/ZG°| < oo and
(i11) Z N G° is co-compact in Zgo .

Without loss of generality we always assume Zg C Z, so (iii) becomes ZN G° = Z .

As Z centralizes G° it centralizes g. Thus Z centralizes every Cartan subalgebra of g and so it is
contained in every Cartan subgroup of G. The point is that, by definition, “Cartan subgroup”
means the centralizer of a Cartan subalgebra. We have to be careful here because it can happen

that two G-conjugate Cartan subgroups of G may fail to be G’~conjugate.

Given a unitary character ¢ € Z, define

G, = {r € G|n(g2) = ¢(2)(g) for g € G and z € Z} (8.2)
and

f is measurable (8.3)
L(G/Z;¢) = f: G~ C|f(92) =(()) " flg)a.e. 2€ Z,g€G

Jo,21f(92)*d(92) < o0
Induction by stages gives L*(G/Z;() = Ind5C¢ and L*(G) = [,z L*(G/Z;{)d(. But this is a bit
redundant for G. If g € G and ¢’ = Ad* (g)¢ then Ad* (g) : @C - @C’ is a bijection (and

homeomorphism for the hull-kernel topology) from G, onto @Cr, sending n’ € @c to an
equivalent representation 7 € G¢. This depends only on gZG° € G/ZG°. Thus

Ad (g) : IX(G/2:¢) 2 I*(G/ZQ) and G =U _ 5 1 /700, o

Here note that Z/Ad* (G/ZG") is finite by (8.1)(ii).
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If Z is noncompact the coefficients of a representation 7 € G, cannot be square integrable over
G. So we consider square integrability over G/Z. This is well defined because G/ZG" is finite.
More precisely, consider a coefficient f, , ,(9) = (u,7(g9)v), u,v € H#;. Then

Frinn (9 = €)™ Fr0(9), 50 £1100 (9] = | (9)| for g € G and z € Z, and |, | is defined on
G/Z.We say that f, ., is square integrable or square integrable modulo Z if f, ,,, € L*(G/Z). The
following are equivalent for = € G¢.

(a) there exist nonzero u, v € J% with £, , € L*(G/Z)
(b) fruw € L*(G/Z) for every u,v € L*(G/Z)

(c) 7 is a (discrete) summand of the left regular representation of G on L?(G/Z;¢)

Then we say that mis a relative discrete series representation of G. The relative discrete series

representations in @C form the subset denoted @C,disc-

From Harish—Chandra's famous result, G has relative discrete series representations if and
only if G/Z has a compact Cartan subgroup. When G satisfies (8.1), Levi components of
cuspidal parabolic subgroups also satisfy (8.1). Thus we can construct the various tempered
series more or less in the same way as when G is of Harish—Chandra class. Further, the
Plancherel formula depends only on these tempered series. See [26], or [29] for an update, or
[13] and [14] for a short direct proof.

Let H be a Cartan subgroup of G. As for Harish—Chandra class it is stable under a Cartan
involution 6, leading to a decomposition H = T' x A and cuspidal parabolic subgroup MAN.
Here T is a Cartan subgroup of M, Z C T, and T'/Z is compact. Thus, given ¢ € Z we have the

part M, ¢ disc of the relative discrete series of M that transforms by ¢, as follows. Let A € it* such
that (i) e* is well defined on T, (ii) A is regular for % ¢, and (iii) ¢| ;0 = €} .. Then as in

ZNT°"
(2.2) we have
m € XJ\OC,dm with ©,p = :I:ﬁEuEm”O det(w)e*® on (M°)" N T, (8.4)

as in (2.3), where we avoid clutter by writing { instead of (| ;). Now we have

17;’/\ =x®M €M fc,disc with @’7;,,\ (zm) = trace X(z)@nﬁ (m), (8.5)

and as in (2.4) we have 7, , € M ¢ gise given by
Ny o= Ind}; (17;,/\) with @, | (2m) =3, sstcpr/art trace x(z7'22)0,p (z 7 ma). (8.6)

As before, 7, , has infinitesimal character of Harish-Chandra parameter A and formal degree
deg(n, ) = [M/M f| deg(x)|w(\)|, and M = My x just when their M f_restrictions are
equivalent. Every representation in M 4. is one of the n,,,» just described, and the relative

discrete series M gisc = |J ez M ¢ gise.
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Similarly, if o € a*, s0 €% € A,
Ty o= Indly 4y (n, ®€e”®1) = Indflf AN (77;,>\ ®e“ ®1) (8.7)

is a unitary representation of G, and these representations (¢ fixed, x and A variable) form the
H-series part of G,. That H-series part depends only on the G-conjugacy class of (H, ¢), and as

these vary we sweep out all but a set of measure zero in G.

As usual we fix a Cartan involution 6 on G, a splitting g = £ + p into (+1)-eigenspaces of df,
and a nondegenerate Ad(G)-invariant symmetric bilinear form b on g that is negative definite
on ¢, positive definite on p and satisfies b(¢, p) = 0. Our 6—stable Cartan subalgebrah =t+a
and we have the corresponding cuspidal parabolic subalgebra m + a 4+ n of g, with an
orthogonal direct sum decomposition m = t + s. Using the spin module S for the Clifford
algebra C(sc) the modified Dirac operator Dy = D terme) + tDdiag;(tcrme,tc) Of (2.0) is defined
asin [5, (1.1)] and its closure Dy, as in (2.7). This is possible because Dy, is defined in terms of’
the Lie algebra, so its construction is the same as the construction for groups of Harish—

Chandra class.

To be precise, note that Z centralizes N because N C G° and Z centralizes G°. Further Z

centralizes s and thus also the spin module S. Now

I*(G/N) = [ L*(G/NZ;{)d¢and (8.8)
ez
L*(G/N)® S= [ {L*(G/NZ;¢)® S} d¢
ez

as unitary G-module, and

Dy = [ D¢ard¢ where D¢ s : L2(G/NZ;¢) ® S — L*(G/NZ;¢) ® S. (8.9)
4

Using T' = Zy(M°) every irreducible unitary representation of H has form x, , := x ® €* ® €

as in (2.8). In particular each such y, , is finite dimensional.

The extension of Theorem 2.9 to general real reductive Lie groups has both a relative
formulation and an absolute formulation. The relative formulation is
Theorem 8.10

Let G be a general real reductive Lie group as in (2.13). Let ¢ € Z. In the notation of (8.8) and (8.9),

Ker(DC’M) :an,)\eﬁ(,disc ( ‘f %Xv)"” dO') ® (E’U)EWKQM‘%X"W_1®6_‘”)‘))
gEQ

and the natural action of G x T on Ker(D¢ ar) is
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Enx,)\eﬁ(,diac ( f ﬂ-X,A,U do-) ® (ZwEWKnM ()_C . w—l ® e_w)\)) )

gca’

The absolute formulation of our extension of Theorem 2.9 is
Corollary 8.11

In the notation of (8.8) and (8.9),

Ker(DM) - ‘f {an,keﬁf1diac ( f %rx,)\,o do-)
gea

ez

® (EWGWKHM ‘;ﬁi‘w_l ®6_"’)‘)) }dC

and the natural action of G x T on Ker(Djy) is

f {Enx,,\eﬁ ¢ disc ( f e da) ® (EwGWK”M (X v ® e—wA)) } *

14 €a’

Corollary 8.11 is an immediate consequence of Theorem 8.10; one just integrates over Z
modulo the conjugation action of G/ZG°. We will prove Theorem 8.10 in Section 10. This will

use an extension, in Section 9, of a reduction method developed in [26].

The discussion leading to the statement of Theorem 2.10, and also Theorem 6.2, is valid for
general real reductive Lie groups with essentially no modification. We have (G x H)-invariant

symplectic forms w on X = G x §. For each such w we have a complex line bundle . —+ X with

¢1(L) = w. The inclusion 2 : G — X, 1(g) = (g,0), pulls L back to a line bundle +*L. — G. Fix
¢ € Z. Then we have

r? (]L)évz measurable sections f of L. — X such that

flgnz,z) = ({(2) " f(g,z) and [ |f(g,2)|*d(gNZ)dz < 00, and
G/NZxh

N
L*(vL) ¢ - measurable sections f of 1'L — G such that

flgnz) ={(2) ' flg)and [ |f(g)I*d(gNZ) < co.
G/NZ

N
Let D¢y, denote the Dirac operator on L?(+*L), ® 8. Then we have a unitary representation

¢ (xw) With representation space
Hxw) ={f € L? (]L)év|z* f € Ker D¢, and f is mholomorphic}.

Now recall that the action of G x H on (X, w) is Hamiltonian, so the right action of H has

moment map & : X — h* as in the case where G is of Harish—Chandra class. The relative

version of the extension of Theorem 2.10 is
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Theorem 8.12

Let G be a general real reductive Lie group as in (2.13). Fix ¢ € Z. The unitary representation space
AL (xw) Jor G x T is

- G - —i0+p,
A+itr€f£1(i¢) EXGZM (M), (IndP (%‘8”7‘; ®e ® 1) ® jfix@e»\)) d\do

exp(A+io) EE?

where Zyr (M), denotes the elements of Zas(M°) that agree with €* on Z, 0, and thus agree with { on
Z.

N N
Now we sum over Z. Let Dy, denote the Dirac operator on L*(»L) ® S and mx,, the

corresponding representation on

Hxwy ={f e PL)Y

v f € Ker D, and f is mholomorphic}.

The absolute version of the extension of Theorem 2.10 is
Corollary 8.13

The unitary representation space H(x ) for G x T'is

. If @ 2 ez, (Indf"o (S, @€ Q1) ® %{XW)) d\do
1oelm(2

exp(/\+ia')€7-IF
where Zy(M°), denotes the elements of Zy (M) that agree with e on Zy.

Again, we will prove Theorem 8.12 in Section 10, using an extension, from Section 9, of a

reduction method developed in [26].

Theorem 2.12, the principle that quantization commutes with reduction, is valid as stated for

general real reductive Lie groups. We will go over the argument toward the end of Section 10.

9. Reduction to the case of compact center

In this section we state and prove Theorem 9.5, which will reduce the proofs of Theorem 8.10,
Theorem 8.12 to the case where G' = Z¢(G®)G? has compact center, so that we can identify

discrete series representations by lowest K-type.

Since Z centralizes G° we have Zp CZC Zg (G?). Let ¢ e Z,x € Z;(EO)O F its
representation space, and U = U(4%,) the unitary group of 5%, . Recall that dim /% < oo, so Uis
compact. Of course we have the defining representation 1y € U. It is the usual representation
of U(44,) on 5, given by 1y(z) = 2. If L is any closed subgroup of G of the form Zg(G°)L°
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then we denote

Llx] = (U x L)/{(x(2) ™, 2)|z € Z&(G°)}. (9.1)

In particular we have the quotient groups

G'x] = (U x @Y /{(x(2) 7, 2)lz € Z6(C°)}, (9:2)
Gl = (U x &) {(x(), 2|z € Za(G")}-

Note that G'[x] is the identity component of G[x]. They are general real reductive Lie groups as
in (2.13). We write p for the restriction to G of the projection (U x G) — G|x] and also for the
restriction to G' of (U x G') — G'[x]. Then p induces an isomorphism G/G' =~ G[x]/G'[x]-

Lemma 9.3

G'[x] is a connected reductive Lie group with Lie algebra u @ (g'/3). It has compact center U. For
appropriate normalizations of Haar measures, f — f - p defines an equivariant isometry of
L*(G'[x]/U, 1) onto L*(G'/ Za(G"), X)-

Proof

We follow the proof of [26, Lemma 3.3.2], which is the case G' = ZG°. There x = ¢ and U is the
circle group U(1). If f € L2(G'[x]/U, 1v), z € Zg(G®) and g € G' then

(f-p)(92) = f(1,92) = f(x(2),9) = x(2) " f(1,9) = x(2) " (F - P)(g)

and
[ (£ p)(9)d(9Zc(G")) = J | f(u, 9)|*d(uU x 9Zc(G°))
G'/Z5(G%) (UxGY)/(UxZa(G))
= [ |f(@*d@V).
Glx|/U

Thus f ~ f- p is an isometric injection of L?(G'[x]/U, 1y) into L*(G' / Z¢(G°), x). It is
surjective because any ' € L*(G'/Z¢(G°), x) has inverse image f(z,g) = x(2) ™ f'(9). O

Let P = M AN be a cuspidal parabolic subgroup of G associated to a Cartan subgroup
H =T x A.Recall some properties of M' = Z;(M°)M°. First, MT consists of the ¢ ® 1° where

¢ € Zp(M®) agrees with ° € M on Z 20 - Here we write ¢ instead of x to avoid the possibility

of confusion in Section 10, but to avoid cluttered notation we continue to use U for U(J%,).
M1, denotes the subset of M corresponding to a fixed . The relative discrete series of M'
consists of the ¢ ® n° where 1° € M, i.e. the representations nL,)\ =@ ®n} of M' as in (8.5),
and M%disc = Mf¢ N M gige. As in (9.2) we have
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Mip] = (U x MY) /{(¢(2) ™, 2)|2 € Za (M)}, (9.4)
Mlp) = (U x M)/{(¢(2) ", 2)|z € Zar (M°)}.

The key observation of this section is this extension of [26, Theorem 3.3.3].

Theorem 9.5

The map €, : C?[;] w = Gt » given by el () = 1 - p, is a well defined bijection and maps C?[;]lmdm

—

onto G, gisc. It carries Plancherel measure of GT[x] 1, to Plancherel measure of G',. Distribution

characters satisfy Ot () = Ou - P-

Similarly, €}, : J\?‘[\go]lv — K/I\f(p, given by eL (¢) =1 - p, is a well defined bijection and maps

Mt[yp] 1y disc 00 M T, disc- It carries Plancherel measure of M [p] 1, to Plancherel measure of M fo.
Distribution characters satisfy © w) = ©y P
©

Our argument for Lemma 9.3 was a perturbation of the proof of the special case [26, Lemma
3.3.2). Similarly, the proof of 26, Theorem 3.3.3], which occupies most of [26, Section 3.3], goes
through with no serious change, yielding the argument for Theorem 9.5. One needs only be

careful about noncommutativity of U when dim 5%, > 1 or dim 4%, > 1.

10. Proofs for general real reductive groups

Recall that K denotes the fixed point set of the Cartan involution 6 of G, so

Zw C Z C Zg(G°) C K. K/Z is a maximal compact subgroup of G/Z and K/Z¢(G°) is a
maximal compact subgroup of G/Zg(G"). Since K is the normalizer of'its Lie algebra € it meets
every component of G. Also, K NG’ = K® and K N G' = Z5(G%)K°. We will write K for this
group Zg(G®)K®. The construction (9.1) gives us

K'[x] = (U x K"/{(x(z) 7, 2)|z € Za(G")}, (10.1)
K[ = (U x K)/{(x(z) 7, 2)|z € Zs(G")}-

Lemma 10.2

K'[x] is a maximal compact subgroup of G'[x], K[x] is @ maximal compact subgroup of G[x], and p
induces isomorphisms G/G' = G[x]/G'[x] = K[x]/K"[x].

Denote Ky = KN M and K. = K n M, so KL = Zy(M°)K3,. Now

K[l = (U x K})/{(e(2) ", 2)|z € Zar (M)}, (10.3)
Kulo] = (U x Ku) [{(p(2) ", 2)|2 € Ze (M)}

Applying the character formulas of (8.4) and (8.5), and using the map ¢}, of Theorem 9.5, we
have the following.
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Lemma 10.4

Let ¢ € Zpr (M°), such that 17];,’,\ € MY, gise. Let 1/)‘;,/\ e M! [¢l1, disc SUch that 63; (1/;;’,\) = 17:[0,)\ Then
the restriction of the character of 1,0:;’ \ from M'[g] to K}VI [¢] is equal to the character of the restriction of
1/)];, J Jrom M[¢] to K]Tw [¢]. In other words the relative discrete series characters satisfy

O |wti1 =6t
"/’%)‘ |KM[‘P] ¢¢’A|K}\w["’]
and thus
o) =6 .
ke = Crllg

We use Theorem 9.5 and the character formula in (8.6) to carry the result of Lemma 10.4 from
Mp] to M.

Proposition 10.5
Let o € Zp(M°), such thatn, , € My gise. Let Yor € M@y, 4ise SUch that e, 5 =, . Then

Oy, nlKrrle) = 6‘/’¢,A|KM[¢1

and thus

@77¢,A |KM = @7]¢,A|KM :

By Kj—type of n,, , we mean, as usual, an irreducible summand 7 of 5, , |, - It has form
T= Indgg 7t where 71 = p ® 70 with 7° € K3,. With respect to a positive root system 7° has

some highest weight v, and v also is the highest weight of 71 = ¢ ® 77. The restriction of 7 to
KL is the sum over M/M" of conjugates 71 - Ad (m)™! of r!. For brevity we will say that v is the
highest weight of ©.

We use the character formulas of (8.4), (8.5) and (8.6), or we can rely on [23] or [24], for the
following corollary. It extends a case of Theorem [15, Theorem 5.3].

Corollary 10.6

Let ¢ € Zpr(M°), such that Mo\ € M o.disc; Where we choose the positive root system so that (a, Al;) = 0
or all h—roots of n. Le enote half the sum of the noncompact roots of n. Then as lowest Ky

I t Let p,,,,,. denote half th th t root Then n,,, has | tK
—type of highest weight A + 2p,,,..-

Proof of Theorems 8.10 and 8.12

The delicate point in the proofs of Theorem 2.9, Theorem 2.10 is their dependence on [15,
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Proposition 5.4]. The argument of [15, Proposition 5.4] relies on [23] (or see [24]) for the

existence of a K-type of a certain highest weight A + p,,,,. in Dirac cohomology modules of’
groups of Harish—Chandra class. Corollary 10.6 provides the corresponding existence result
for the groups M. Now our arguments for Theorem 2.9, Theorem 2.10 go through with only

minor changes for G and the representations in the G;. Theorem 8.10, Theorem 8.12 follow. [
Proof of Theorem 2.12 for general real reductive Lie groups

The discussion in Section 7 goes through with only trivial changes for general real reductive
Lie groups. The point is that Z € Zg(G") c H because they centralize b, so we can replace H®
by ZH® in the integration that defines L?(B,,). Then we proceed relative to ¢ € Z as usual with
e’ = ¢on ZNH® and A = p + io. That gives us relative versions of (7.3) and (7.4), and now the

proof goes as in Section 7:

A xw)u = er 2 (300), Ind3 (4, , ®e ™ ®1) by Theorem 8.12
= Ker Dy, by Theorem 8.10
= Ker D, by the extension of (7.3)
= J(X,w,) - by the extension of (7.4)

As before, this proves the theorem. O

Recommended articles

Data availability

No data was used for the research described in the article.

References

[1] M.K. Chuah
Holomorphic discrete models of semisimple Lie groups and their symplectic
constructions
J. Funct. Anal., 175 (2000), pp. 17-51
Article L Download PDF  View Record in Scopus ~ Google Scholar

2] M.K. Chuah
The direct integral of some weighted Bergman spaces
Proc. Edinb. Math. Soc., 50 (2007), pp. 115-122

View Record in Scopus ~ Google Scholar

3] M.K. Chuah

33 of 37 1/5/23, 22:14


https://www.sciencedirect.com/science/article/pii/S0022123622004426?dgcid=coauthor#bbr0010
https://www.sciencedirect.com/science/article/pii/S0022123622004426?dgcid=coauthor#bbr0010
https://www.sciencedirect.com/science/article/pii/S0022123622004426?dgcid=coauthor#bbr0020
https://www.sciencedirect.com/science/article/pii/S0022123622004426?dgcid=coauthor#bbr0020
https://www.sciencedirect.com/science/article/pii/S0022123622004426?dgcid=coauthor#bbr0030
https://www.sciencedirect.com/science/article/pii/S0022123622004426?dgcid=coauthor#bbr0030
https://www.sciencedirect.com/science/article/pii/S0022123622004426?dgcid=coauthor#br0150
https://www.sciencedirect.com/science/article/pii/S0022123622004426?dgcid=coauthor#br0150
https://www.sciencedirect.com/science/article/pii/S0022123622004426?dgcid=coauthor#br0150
https://www.sciencedirect.com/science/article/pii/S0022123622004426?dgcid=coauthor#br0150
https://www.sciencedirect.com/science/article/pii/S0022123622004426?dgcid=coauthor#br0230
https://www.sciencedirect.com/science/article/pii/S0022123622004426?dgcid=coauthor#br0230
https://www.sciencedirect.com/science/article/pii/S0022123622004426?dgcid=coauthor#br0240
https://www.sciencedirect.com/science/article/pii/S0022123622004426?dgcid=coauthor#br0240
https://www.sciencedirect.com/science/article/pii/S0022123622004426?dgcid=coauthor#en0350
https://www.sciencedirect.com/science/article/pii/S0022123622004426?dgcid=coauthor#en0350
https://www.sciencedirect.com/science/article/pii/S0022123622004426?dgcid=coauthor#en0010
https://www.sciencedirect.com/science/article/pii/S0022123622004426?dgcid=coauthor#en0010
https://www.sciencedirect.com/science/article/pii/S0022123622004426?dgcid=coauthor#en0020
https://www.sciencedirect.com/science/article/pii/S0022123622004426?dgcid=coauthor#en0020
https://www.sciencedirect.com/science/article/pii/S0022123622004426?dgcid=coauthor#en0250
https://www.sciencedirect.com/science/article/pii/S0022123622004426?dgcid=coauthor#en0250
https://www.sciencedirect.com/science/article/pii/S0022123622004426?dgcid=coauthor#en0270
https://www.sciencedirect.com/science/article/pii/S0022123622004426?dgcid=coauthor#en0270
https://www.sciencedirect.com/science/article/pii/S0022123622004426?dgcid=coauthor#se0070
https://www.sciencedirect.com/science/article/pii/S0022123622004426?dgcid=coauthor#se0070
https://www.sciencedirect.com/science/article/pii/S0022123622004426?dgcid=coauthor#fm0960
https://www.sciencedirect.com/science/article/pii/S0022123622004426?dgcid=coauthor#fm0960
https://www.sciencedirect.com/science/article/pii/S0022123622004426?dgcid=coauthor#fm0970
https://www.sciencedirect.com/science/article/pii/S0022123622004426?dgcid=coauthor#fm0970
https://www.sciencedirect.com/science/article/pii/S0022123622004426?dgcid=coauthor#se0070
https://www.sciencedirect.com/science/article/pii/S0022123622004426?dgcid=coauthor#se0070
https://www.sciencedirect.com/science/article/pii/S0022123600935869
https://www.sciencedirect.com/science/article/pii/S0022123600935869
https://www.sciencedirect.com/science/article/pii/S0022123600935869/pdf?md5=c01cd356059c8766457b8e75a326a12e&pid=1-s2.0-S0022123600935869-main.pdf
https://www.sciencedirect.com/science/article/pii/S0022123600935869/pdf?md5=c01cd356059c8766457b8e75a326a12e&pid=1-s2.0-S0022123600935869-main.pdf
https://www.sciencedirect.com/science/article/pii/S0022123600935869/pdf?md5=c01cd356059c8766457b8e75a326a12e&pid=1-s2.0-S0022123600935869-main.pdf
https://www.sciencedirect.com/science/article/pii/S0022123600935869/pdf?md5=c01cd356059c8766457b8e75a326a12e&pid=1-s2.0-S0022123600935869-main.pdf
https://www.sciencedirect.com/science/article/pii/S0022123600935869/pdf?md5=c01cd356059c8766457b8e75a326a12e&pid=1-s2.0-S0022123600935869-main.pdf
https://www.sciencedirect.com/science/article/pii/S0022123600935869/pdf?md5=c01cd356059c8766457b8e75a326a12e&pid=1-s2.0-S0022123600935869-main.pdf
https://www.sciencedirect.com/science/article/pii/S0022123600935869/pdf?md5=c01cd356059c8766457b8e75a326a12e&pid=1-s2.0-S0022123600935869-main.pdf
https://www.sciencedirect.com/science/article/pii/S0022123600935869/pdf?md5=c01cd356059c8766457b8e75a326a12e&pid=1-s2.0-S0022123600935869-main.pdf
https://www.scopus.com/inward/record.url?eid=2-s2.0-0346109387&partnerID=10&rel=R3.0.0
https://www.scopus.com/inward/record.url?eid=2-s2.0-0346109387&partnerID=10&rel=R3.0.0
https://scholar.google.com/scholar_lookup?title=Holomorphic%20discrete%20models%20of%20semisimple%20Lie%20groups%20and%20their%20symplectic%20constructions&publication_year=2000&author=M.K.%20Chuah
https://scholar.google.com/scholar_lookup?title=Holomorphic%20discrete%20models%20of%20semisimple%20Lie%20groups%20and%20their%20symplectic%20constructions&publication_year=2000&author=M.K.%20Chuah
https://www.scopus.com/inward/record.url?eid=2-s2.0-34249656683&partnerID=10&rel=R3.0.0
https://www.scopus.com/inward/record.url?eid=2-s2.0-34249656683&partnerID=10&rel=R3.0.0
https://scholar.google.com/scholar_lookup?title=The%20direct%20integral%20of%20some%20weighted%20Bergman%20spaces&publication_year=2007&author=M.K.%20Chuah
https://scholar.google.com/scholar_lookup?title=The%20direct%20integral%20of%20some%20weighted%20Bergman%20spaces&publication_year=2007&author=M.K.%20Chuah

Partial Dirac cohomology and tempered representations...

34 of 37

[10]

Regular principal models of split semisimple Lie groups
J. Reine Angew. Math., 623 (2008), pp. 195-211

View Record in Scopus ~ Google Scholar

M.K. Chuah

Partially harmonic forms and models of H-series

J. Funct. Anal., 266 (2014), pp. 2740-2764

Article L Download PDF  View Record in Scopus  Google Scholar

M.K. Chuah, J.-S. Huang
Dirac cohomology and geometric quantization
J. Reine Angew. Math., 720 (2016), pp. 33-50

View Record in Scopus ~ Google Scholar

I.M. Gelfand, A. Zelevinski
Models of representations of classical groups and their hidden symmetries
Funct. Anal. Appl., 18 (1984), pp. 183-198

View Record in Scopus ~ Google Scholar

V. Guillemin, S. Sternberg
Geometric quantization and multiplicities of group representations
Invent. Math., 67 (1982), pp. 515-538

View Record in Scopus ~ Google Scholar

V. Guillemin, S. Sternberg

Symplectic Techniques in Physics
Cambridge Univ. Press, Cambridge (1984)
Google Scholar

Harish-Chandra
Discrete series for semisimple Lie groups. II. Explicit determination of the characters
Acta Math., 116 (1966), pp. 1-111

View Record in Scopus ~ Google Scholar

Harish-Chandra

Harmonic analysis on real reductive groups I

J. Funct. Anal., 19 (1975), pp. 104-204

Article L Download PDF  View Record in Scopus ~ Google Scholar

Harish-Chandra
Harmonic analysis on real reductive groups II
Invent. Math., 36 (1976), pp. 1-55

https://www.sciencedirect.com/science/article/pii/S002...

1/5/23, 22:14


https://www.sciencedirect.com/science/article/pii/S0022123622004426?dgcid=coauthor#bbr0040
https://www.sciencedirect.com/science/article/pii/S0022123622004426?dgcid=coauthor#bbr0040
https://www.sciencedirect.com/science/article/pii/S0022123622004426?dgcid=coauthor#bbr0050
https://www.sciencedirect.com/science/article/pii/S0022123622004426?dgcid=coauthor#bbr0050
https://www.sciencedirect.com/science/article/pii/S0022123622004426?dgcid=coauthor#bbr0060
https://www.sciencedirect.com/science/article/pii/S0022123622004426?dgcid=coauthor#bbr0060
https://www.sciencedirect.com/science/article/pii/S0022123622004426?dgcid=coauthor#bbr0070
https://www.sciencedirect.com/science/article/pii/S0022123622004426?dgcid=coauthor#bbr0070
https://www.sciencedirect.com/science/article/pii/S0022123622004426?dgcid=coauthor#bbr0080
https://www.sciencedirect.com/science/article/pii/S0022123622004426?dgcid=coauthor#bbr0080
https://www.sciencedirect.com/science/article/pii/S0022123622004426?dgcid=coauthor#bbr0090
https://www.sciencedirect.com/science/article/pii/S0022123622004426?dgcid=coauthor#bbr0090
https://www.sciencedirect.com/science/article/pii/S0022123622004426?dgcid=coauthor#bbr0100
https://www.sciencedirect.com/science/article/pii/S0022123622004426?dgcid=coauthor#bbr0100
https://www.sciencedirect.com/science/article/pii/S0022123622004426?dgcid=coauthor#bbr0110
https://www.sciencedirect.com/science/article/pii/S0022123622004426?dgcid=coauthor#bbr0110
https://www.scopus.com/inward/record.url?eid=2-s2.0-46649100244&partnerID=10&rel=R3.0.0
https://www.scopus.com/inward/record.url?eid=2-s2.0-46649100244&partnerID=10&rel=R3.0.0
https://scholar.google.com/scholar_lookup?title=Regular%20principal%20models%20of%20split%20semisimple%20Lie%20groups&publication_year=2008&author=M.K.%20Chuah
https://scholar.google.com/scholar_lookup?title=Regular%20principal%20models%20of%20split%20semisimple%20Lie%20groups&publication_year=2008&author=M.K.%20Chuah
https://www.sciencedirect.com/science/article/pii/S0022123613004795
https://www.sciencedirect.com/science/article/pii/S0022123613004795
https://www.sciencedirect.com/science/article/pii/S0022123613004795/pdfft?md5=f71ad97a0ae272b0524c8bd5a07fd995&pid=1-s2.0-S0022123613004795-main.pdf
https://www.sciencedirect.com/science/article/pii/S0022123613004795/pdfft?md5=f71ad97a0ae272b0524c8bd5a07fd995&pid=1-s2.0-S0022123613004795-main.pdf
https://www.sciencedirect.com/science/article/pii/S0022123613004795/pdfft?md5=f71ad97a0ae272b0524c8bd5a07fd995&pid=1-s2.0-S0022123613004795-main.pdf
https://www.sciencedirect.com/science/article/pii/S0022123613004795/pdfft?md5=f71ad97a0ae272b0524c8bd5a07fd995&pid=1-s2.0-S0022123613004795-main.pdf
https://www.sciencedirect.com/science/article/pii/S0022123613004795/pdfft?md5=f71ad97a0ae272b0524c8bd5a07fd995&pid=1-s2.0-S0022123613004795-main.pdf
https://www.sciencedirect.com/science/article/pii/S0022123613004795/pdfft?md5=f71ad97a0ae272b0524c8bd5a07fd995&pid=1-s2.0-S0022123613004795-main.pdf
https://www.sciencedirect.com/science/article/pii/S0022123613004795/pdfft?md5=f71ad97a0ae272b0524c8bd5a07fd995&pid=1-s2.0-S0022123613004795-main.pdf
https://www.sciencedirect.com/science/article/pii/S0022123613004795/pdfft?md5=f71ad97a0ae272b0524c8bd5a07fd995&pid=1-s2.0-S0022123613004795-main.pdf
https://www.scopus.com/inward/record.url?eid=2-s2.0-84893712847&partnerID=10&rel=R3.0.0
https://www.scopus.com/inward/record.url?eid=2-s2.0-84893712847&partnerID=10&rel=R3.0.0
https://scholar.google.com/scholar?q=Partially%20harmonic%20forms%20and%20models%20of%20Hseries
https://scholar.google.com/scholar?q=Partially%20harmonic%20forms%20and%20models%20of%20Hseries
https://www.scopus.com/inward/record.url?eid=2-s2.0-85009932207&partnerID=10&rel=R3.0.0
https://www.scopus.com/inward/record.url?eid=2-s2.0-85009932207&partnerID=10&rel=R3.0.0
https://scholar.google.com/scholar_lookup?title=Dirac%20cohomology%20and%20geometric%20quantization&publication_year=2016&author=M.K.%20Chuah&author=J.-S.%20Huang
https://scholar.google.com/scholar_lookup?title=Dirac%20cohomology%20and%20geometric%20quantization&publication_year=2016&author=M.K.%20Chuah&author=J.-S.%20Huang
https://www.scopus.com/inward/record.url?eid=2-s2.0-34250133456&partnerID=10&rel=R3.0.0
https://www.scopus.com/inward/record.url?eid=2-s2.0-34250133456&partnerID=10&rel=R3.0.0
https://scholar.google.com/scholar_lookup?title=Models%20of%20representations%20of%20classical%20groups%20and%20their%20hidden%20symmetries&publication_year=1984&author=I.M.%20Gelfand&author=A.%20Zelevinski
https://scholar.google.com/scholar_lookup?title=Models%20of%20representations%20of%20classical%20groups%20and%20their%20hidden%20symmetries&publication_year=1984&author=I.M.%20Gelfand&author=A.%20Zelevinski
https://www.scopus.com/inward/record.url?eid=2-s2.0-34250231714&partnerID=10&rel=R3.0.0
https://www.scopus.com/inward/record.url?eid=2-s2.0-34250231714&partnerID=10&rel=R3.0.0
https://scholar.google.com/scholar_lookup?title=Geometric%20quantization%20and%20multiplicities%20of%20group%20representations&publication_year=1982&author=V.%20Guillemin&author=S.%20Sternberg
https://scholar.google.com/scholar_lookup?title=Geometric%20quantization%20and%20multiplicities%20of%20group%20representations&publication_year=1982&author=V.%20Guillemin&author=S.%20Sternberg
https://scholar.google.com/scholar_lookup?title=Symplectic%20Techniques%20in%20Physics&publication_year=1984&author=V.%20Guillemin&author=S.%20Sternberg
https://scholar.google.com/scholar_lookup?title=Symplectic%20Techniques%20in%20Physics&publication_year=1984&author=V.%20Guillemin&author=S.%20Sternberg
https://www.scopus.com/inward/record.url?eid=2-s2.0-0001549346&partnerID=10&rel=R3.0.0
https://www.scopus.com/inward/record.url?eid=2-s2.0-0001549346&partnerID=10&rel=R3.0.0
https://scholar.google.com/scholar_lookup?title=Discrete%20series%20for%20semisimple%20Lie%20groups.%20II.%20Explicit%20determination%20of%20the%20characters&publication_year=1966&author=Harish-Chandra
https://scholar.google.com/scholar_lookup?title=Discrete%20series%20for%20semisimple%20Lie%20groups.%20II.%20Explicit%20determination%20of%20the%20characters&publication_year=1966&author=Harish-Chandra
https://www.sciencedirect.com/science/article/pii/0022123675900348
https://www.sciencedirect.com/science/article/pii/0022123675900348
https://www.sciencedirect.com/science/article/pii/0022123675900348/pdf?md5=618e82778c5a6480332ba61777ae4025&pid=1-s2.0-0022123675900348-main.pdf
https://www.sciencedirect.com/science/article/pii/0022123675900348/pdf?md5=618e82778c5a6480332ba61777ae4025&pid=1-s2.0-0022123675900348-main.pdf
https://www.sciencedirect.com/science/article/pii/0022123675900348/pdf?md5=618e82778c5a6480332ba61777ae4025&pid=1-s2.0-0022123675900348-main.pdf
https://www.sciencedirect.com/science/article/pii/0022123675900348/pdf?md5=618e82778c5a6480332ba61777ae4025&pid=1-s2.0-0022123675900348-main.pdf
https://www.sciencedirect.com/science/article/pii/0022123675900348/pdf?md5=618e82778c5a6480332ba61777ae4025&pid=1-s2.0-0022123675900348-main.pdf
https://www.sciencedirect.com/science/article/pii/0022123675900348/pdf?md5=618e82778c5a6480332ba61777ae4025&pid=1-s2.0-0022123675900348-main.pdf
https://www.sciencedirect.com/science/article/pii/0022123675900348/pdf?md5=618e82778c5a6480332ba61777ae4025&pid=1-s2.0-0022123675900348-main.pdf
https://www.sciencedirect.com/science/article/pii/0022123675900348/pdf?md5=618e82778c5a6480332ba61777ae4025&pid=1-s2.0-0022123675900348-main.pdf
https://www.scopus.com/inward/record.url?eid=2-s2.0-33646929588&partnerID=10&rel=R3.0.0
https://www.scopus.com/inward/record.url?eid=2-s2.0-33646929588&partnerID=10&rel=R3.0.0
https://scholar.google.com/scholar_lookup?title=Harmonic%20analysis%20on%20real%20reductive%20groups%20I&publication_year=1975&author=Harish-Chandra
https://scholar.google.com/scholar_lookup?title=Harmonic%20analysis%20on%20real%20reductive%20groups%20I&publication_year=1975&author=Harish-Chandra

Partial Dirac cohomology and tempered representations...

35 of 37

[12]

[13]

[15]

[16]

[17]

[18]

[19]

[20]

View Record in Scopus ~ Google Scholar

Harish-Chandra
Harmonic analysis on real reductive groups III
Ann. Math., 104 (1976), pp. 117-201

CrossRef ~ Google Scholar

R. Herb, J.A. Wolf’
The Plancherel theorem for general semisimple groups
Compos. Math., 57 (1986), pp. 271-355

View Record in Scopus ~ Google Scholar

R. Herb, J.A. Wolf’
Rapidly decreasing functions on general semisimple groups
Compos. Math., 58 (1986), pp. 73-110

View Record in Scopus ~ Google Scholar

J.-S. Huang, P. Pandzi¢
Dirac cohomology, unitary representations and a proof of a conjecture of Vogan
J. Am. Math. Soc., 15 (2002), pp. 185-202

View Record in Scopus ~ Google Scholar

E. Kaniuth, K.F. Taylor

Induced Representations of Locally Compact Groups
Cambridge Univ. Press, Cambridge (2013)

Google Scholar

A.W. Knapp
Representation Theory of Semisimple Groups, an Overview Based on Examples
Princeton Univ. Press, Princeton (1986)

Google Scholar

A.W. Knapp

Lie Groups Beyond an Introduction

(2nd. ed.), Progr. Math., vol. 140, Birkhiuser, Boston (2002)
Google Scholar

B. Kostant

Quantization and Unitary Representations

Lecture Notes in Math., vol. 170, Springer (1970), pp. 87-208
Google Scholar

J. Marsden, A. Weinstein

https://www.sciencedirect.com/science/article/pii/S002...

1/5/23, 22:14


https://www.sciencedirect.com/science/article/pii/S0022123622004426?dgcid=coauthor#bbr0120
https://www.sciencedirect.com/science/article/pii/S0022123622004426?dgcid=coauthor#bbr0120
https://www.sciencedirect.com/science/article/pii/S0022123622004426?dgcid=coauthor#bbr0130
https://www.sciencedirect.com/science/article/pii/S0022123622004426?dgcid=coauthor#bbr0130
https://www.sciencedirect.com/science/article/pii/S0022123622004426?dgcid=coauthor#bbr0140
https://www.sciencedirect.com/science/article/pii/S0022123622004426?dgcid=coauthor#bbr0140
https://www.sciencedirect.com/science/article/pii/S0022123622004426?dgcid=coauthor#bbr0150
https://www.sciencedirect.com/science/article/pii/S0022123622004426?dgcid=coauthor#bbr0150
https://www.sciencedirect.com/science/article/pii/S0022123622004426?dgcid=coauthor#bbr0160
https://www.sciencedirect.com/science/article/pii/S0022123622004426?dgcid=coauthor#bbr0160
https://www.sciencedirect.com/science/article/pii/S0022123622004426?dgcid=coauthor#bbr0170
https://www.sciencedirect.com/science/article/pii/S0022123622004426?dgcid=coauthor#bbr0170
https://www.sciencedirect.com/science/article/pii/S0022123622004426?dgcid=coauthor#bbr0180
https://www.sciencedirect.com/science/article/pii/S0022123622004426?dgcid=coauthor#bbr0180
https://www.sciencedirect.com/science/article/pii/S0022123622004426?dgcid=coauthor#bbr0190
https://www.sciencedirect.com/science/article/pii/S0022123622004426?dgcid=coauthor#bbr0190
https://www.sciencedirect.com/science/article/pii/S0022123622004426?dgcid=coauthor#bbr0200
https://www.sciencedirect.com/science/article/pii/S0022123622004426?dgcid=coauthor#bbr0200
https://www.scopus.com/inward/record.url?eid=2-s2.0-33646888522&partnerID=10&rel=R3.0.0
https://www.scopus.com/inward/record.url?eid=2-s2.0-33646888522&partnerID=10&rel=R3.0.0
https://scholar.google.com/scholar_lookup?title=Harmonic%20analysis%20on%20real%20reductive%20groups%20II&publication_year=1976&author=Harish-Chandra
https://scholar.google.com/scholar_lookup?title=Harmonic%20analysis%20on%20real%20reductive%20groups%20II&publication_year=1976&author=Harish-Chandra
https://doi.org/10.2307/1971058
https://doi.org/10.2307/1971058
https://scholar.google.com/scholar_lookup?title=Harmonic%20analysis%20on%20real%20reductive%20groups%20III&publication_year=1976&author=Harish-Chandra
https://scholar.google.com/scholar_lookup?title=Harmonic%20analysis%20on%20real%20reductive%20groups%20III&publication_year=1976&author=Harish-Chandra
https://www.scopus.com/inward/record.url?eid=2-s2.0-0000137169&partnerID=10&rel=R3.0.0
https://www.scopus.com/inward/record.url?eid=2-s2.0-0000137169&partnerID=10&rel=R3.0.0
https://scholar.google.com/scholar_lookup?title=The%20Plancherel%20theorem%20for%20general%20semisimple%20groups&publication_year=1986&author=R.%20Herb&author=J.A.%20Wolf
https://scholar.google.com/scholar_lookup?title=The%20Plancherel%20theorem%20for%20general%20semisimple%20groups&publication_year=1986&author=R.%20Herb&author=J.A.%20Wolf
https://www.scopus.com/inward/record.url?eid=2-s2.0-0002903093&partnerID=10&rel=R3.0.0
https://www.scopus.com/inward/record.url?eid=2-s2.0-0002903093&partnerID=10&rel=R3.0.0
https://scholar.google.com/scholar_lookup?title=Rapidly%20decreasing%20functions%20on%20general%20semisimple%20groups&publication_year=1986&author=R.%20Herb&author=J.A.%20Wolf
https://scholar.google.com/scholar_lookup?title=Rapidly%20decreasing%20functions%20on%20general%20semisimple%20groups&publication_year=1986&author=R.%20Herb&author=J.A.%20Wolf
https://www.scopus.com/inward/record.url?eid=2-s2.0-0036001761&partnerID=10&rel=R3.0.0
https://www.scopus.com/inward/record.url?eid=2-s2.0-0036001761&partnerID=10&rel=R3.0.0
https://scholar.google.com/scholar_lookup?title=Dirac%20cohomology%2C%20unitary%20representations%20and%20a%20proof%20of%20a%20conjecture%20of%20Vogan&publication_year=2002&author=J.-S.%20Huang&author=P.%20Pand%C5%BEi%C4%87
https://scholar.google.com/scholar_lookup?title=Dirac%20cohomology%2C%20unitary%20representations%20and%20a%20proof%20of%20a%20conjecture%20of%20Vogan&publication_year=2002&author=J.-S.%20Huang&author=P.%20Pand%C5%BEi%C4%87
https://scholar.google.com/scholar_lookup?title=Induced%20Representations%20of%20Locally%20Compact%20Groups&publication_year=2013&author=E.%20Kaniuth&author=K.F.%20Taylor
https://scholar.google.com/scholar_lookup?title=Induced%20Representations%20of%20Locally%20Compact%20Groups&publication_year=2013&author=E.%20Kaniuth&author=K.F.%20Taylor
https://scholar.google.com/scholar_lookup?title=Representation%20Theory%20of%20Semisimple%20Groups%2C%20an%20Overview%20Based%20on%20Examples&publication_year=1986&author=A.W.%20Knapp
https://scholar.google.com/scholar_lookup?title=Representation%20Theory%20of%20Semisimple%20Groups%2C%20an%20Overview%20Based%20on%20Examples&publication_year=1986&author=A.W.%20Knapp
https://scholar.google.com/scholar_lookup?title=Lie%20Groups%20Beyond%20an%20Introduction&publication_year=2002&author=A.W.%20Knapp
https://scholar.google.com/scholar_lookup?title=Lie%20Groups%20Beyond%20an%20Introduction&publication_year=2002&author=A.W.%20Knapp
https://scholar.google.com/scholar_lookup?title=Quantization%20and%20Unitary%20Representations&publication_year=1970&author=B.%20Kostant
https://scholar.google.com/scholar_lookup?title=Quantization%20and%20Unitary%20Representations&publication_year=1970&author=B.%20Kostant

Partial Dirac cohomology and tempered representations...

https://www.sciencedirect.com/science/article/pii/S002...

Reduction of symplectic manifolds with symmetry

Rep. Math. Phys., 5 (1974), pp. 121-130
Article L Download PDF

[21]  R. Meise, D. Vogt

Introduction to Functional Analysis

View Record in Scopus

Google Scholar

Oxford Graduate Texts in Mathematics, Clarendon Press, Oxford (1997)

Google Scholar

[22]  W.Rudin
Functional Analysis
McGraw Hill, Columbus, OH (1973)
Google Scholar

[23] D.A. Vogan

Unitarizability of certain series of representations

Ann. Math., 120 (1984), pp. 141-187

CrossRef  View Record in Scopus

[24]  D.A. Vogan, G.J. Zuckerman

Google Scholar

Unitary representations with non-zero cohomology

Compos. Math., 53 (1984), pp. 51-90
Google Scholar

[25]  J.A. Wolf

Geometric Realization of Representations of Reductive Lie Groups
Proc. Sympos. Pure Math., vol. XXVI, Amer. Math. Soc., Providence (1973), pp. 313-316

CrossRef  View Record in Scopus

261 TA Wolf

§ &f@ Copyright © 2023 Elsevier B.V. or its licensors or contributors.

ScienceDirect® is a registered trademark of Elsevier B.V.

ELSEVIER

Hiroshima Math. J., 4 (1974), pp. 619-628

View Record in Scopus

28]  J.A. Wolf

Google Scholar

Google Scholar

RELX™

Partially harmonic spinors and representations of reductive Lie groups

36 of 37

1/5/23, 22:14


https://www.sciencedirect.com/science/article/pii/S0022123622004426?dgcid=coauthor#bbr0210
https://www.sciencedirect.com/science/article/pii/S0022123622004426?dgcid=coauthor#bbr0210
https://www.sciencedirect.com/science/article/pii/S0022123622004426?dgcid=coauthor#bbr0220
https://www.sciencedirect.com/science/article/pii/S0022123622004426?dgcid=coauthor#bbr0220
https://www.sciencedirect.com/science/article/pii/S0022123622004426?dgcid=coauthor#bbr0230
https://www.sciencedirect.com/science/article/pii/S0022123622004426?dgcid=coauthor#bbr0230
https://www.sciencedirect.com/science/article/pii/S0022123622004426?dgcid=coauthor#bbr0240
https://www.sciencedirect.com/science/article/pii/S0022123622004426?dgcid=coauthor#bbr0240
https://www.sciencedirect.com/science/article/pii/S0022123622004426?dgcid=coauthor#bbr0250
https://www.sciencedirect.com/science/article/pii/S0022123622004426?dgcid=coauthor#bbr0250
https://www.sciencedirect.com/science/article/pii/S0022123622004426?dgcid=coauthor#bbr0260
https://www.sciencedirect.com/science/article/pii/S0022123622004426?dgcid=coauthor#bbr0260
https://www.sciencedirect.com/science/article/pii/S0022123622004426?dgcid=coauthor#bbr0270
https://www.sciencedirect.com/science/article/pii/S0022123622004426?dgcid=coauthor#bbr0270
https://www.sciencedirect.com/science/article/pii/S0022123622004426?dgcid=coauthor#bbr0280
https://www.sciencedirect.com/science/article/pii/S0022123622004426?dgcid=coauthor#bbr0280
https://www.sciencedirect.com/science/article/pii/0034487774900214
https://www.sciencedirect.com/science/article/pii/0034487774900214
https://www.sciencedirect.com/science/article/pii/0034487774900214/pdf?md5=c1f962ff70c1c88cead8d007e8f997fd&pid=1-s2.0-0034487774900214-main.pdf
https://www.sciencedirect.com/science/article/pii/0034487774900214/pdf?md5=c1f962ff70c1c88cead8d007e8f997fd&pid=1-s2.0-0034487774900214-main.pdf
https://www.sciencedirect.com/science/article/pii/0034487774900214/pdf?md5=c1f962ff70c1c88cead8d007e8f997fd&pid=1-s2.0-0034487774900214-main.pdf
https://www.sciencedirect.com/science/article/pii/0034487774900214/pdf?md5=c1f962ff70c1c88cead8d007e8f997fd&pid=1-s2.0-0034487774900214-main.pdf
https://www.sciencedirect.com/science/article/pii/0034487774900214/pdf?md5=c1f962ff70c1c88cead8d007e8f997fd&pid=1-s2.0-0034487774900214-main.pdf
https://www.sciencedirect.com/science/article/pii/0034487774900214/pdf?md5=c1f962ff70c1c88cead8d007e8f997fd&pid=1-s2.0-0034487774900214-main.pdf
https://www.sciencedirect.com/science/article/pii/0034487774900214/pdf?md5=c1f962ff70c1c88cead8d007e8f997fd&pid=1-s2.0-0034487774900214-main.pdf
https://www.sciencedirect.com/science/article/pii/0034487774900214/pdf?md5=c1f962ff70c1c88cead8d007e8f997fd&pid=1-s2.0-0034487774900214-main.pdf
https://www.scopus.com/inward/record.url?eid=2-s2.0-49549151837&partnerID=10&rel=R3.0.0
https://www.scopus.com/inward/record.url?eid=2-s2.0-49549151837&partnerID=10&rel=R3.0.0
https://scholar.google.com/scholar_lookup?title=Reduction%20of%20symplectic%20manifolds%20with%20symmetry&publication_year=1974&author=J.%20Marsden&author=A.%20Weinstein
https://scholar.google.com/scholar_lookup?title=Reduction%20of%20symplectic%20manifolds%20with%20symmetry&publication_year=1974&author=J.%20Marsden&author=A.%20Weinstein
https://scholar.google.com/scholar_lookup?title=Introduction%20to%20Functional%20Analysis&publication_year=1997&author=R.%20Meise&author=D.%20Vogt
https://scholar.google.com/scholar_lookup?title=Introduction%20to%20Functional%20Analysis&publication_year=1997&author=R.%20Meise&author=D.%20Vogt
https://scholar.google.com/scholar_lookup?title=Functional%20Analysis&publication_year=1973&author=W.%20Rudin
https://scholar.google.com/scholar_lookup?title=Functional%20Analysis&publication_year=1973&author=W.%20Rudin
https://doi.org/10.2307/2007074
https://doi.org/10.2307/2007074
https://www.scopus.com/inward/record.url?eid=2-s2.0-0000219003&partnerID=10&rel=R3.0.0
https://www.scopus.com/inward/record.url?eid=2-s2.0-0000219003&partnerID=10&rel=R3.0.0
https://scholar.google.com/scholar_lookup?title=Unitarizability%20of%20certain%20series%20of%20representations&publication_year=1984&author=D.A.%20Vogan
https://scholar.google.com/scholar_lookup?title=Unitarizability%20of%20certain%20series%20of%20representations&publication_year=1984&author=D.A.%20Vogan
https://scholar.google.com/scholar_lookup?title=Unitary%20representations%20with%20non-zero%20cohomology&publication_year=1984&author=D.A.%20Vogan&author=G.J.%20Zuckerman
https://scholar.google.com/scholar_lookup?title=Unitary%20representations%20with%20non-zero%20cohomology&publication_year=1984&author=D.A.%20Vogan&author=G.J.%20Zuckerman
https://doi.org/10.1090/pspum/026/0369621
https://doi.org/10.1090/pspum/026/0369621
https://www.scopus.com/inward/record.url?eid=2-s2.0-84893647750&partnerID=10&rel=R3.0.0
https://www.scopus.com/inward/record.url?eid=2-s2.0-84893647750&partnerID=10&rel=R3.0.0
https://scholar.google.com/scholar_lookup?title=Geometric%20Realization%20of%20Representations%20of%20Reductive%20Lie%20Groups&publication_year=1973&author=J.A.%20Wolf
https://scholar.google.com/scholar_lookup?title=Geometric%20Realization%20of%20Representations%20of%20Reductive%20Lie%20Groups&publication_year=1973&author=J.A.%20Wolf
https://www.scopus.com/inward/record.url?eid=2-s2.0-84956224197&partnerID=10&rel=R3.0.0
https://www.scopus.com/inward/record.url?eid=2-s2.0-84956224197&partnerID=10&rel=R3.0.0
https://scholar.google.com/scholar_lookup?title=The%20action%20of%20a%20real%20semisimple%20Lie%20group%20on%20a%20complex%20flag%20manifold%20II%3A%20unitary%20representations%20on%20partially%20holomorphic%20cohomology%20spaces&publication_year=1974&author=J.A.%20Wolf
https://scholar.google.com/scholar_lookup?title=The%20action%20of%20a%20real%20semisimple%20Lie%20group%20on%20a%20complex%20flag%20manifold%20II%3A%20unitary%20representations%20on%20partially%20holomorphic%20cohomology%20spaces&publication_year=1974&author=J.A.%20Wolf
https://www.scopus.com/inward/record.url?eid=2-s2.0-84972498447&partnerID=10&rel=R3.0.0
https://www.scopus.com/inward/record.url?eid=2-s2.0-84972498447&partnerID=10&rel=R3.0.0
https://scholar.google.com/scholar_lookup?title=Orbit%20method%20and%20nondegenerate%20series&publication_year=1974&author=J.A.%20Wolf
https://scholar.google.com/scholar_lookup?title=Orbit%20method%20and%20nondegenerate%20series&publication_year=1974&author=J.A.%20Wolf
https://www.elsevier.com/
https://www.elsevier.com/
https://www.relx.com/
https://www.relx.com/

Partial Dirac cohomology and tempered representations...

37 of 37

J. Funct. Anal., 15 (1974), pp. 117-154
Article L Download PDF  View Record in Scopus ~ Google Scholar

[29]  J.A. Wolf
Representations on partially holomorphic cohomology spaces, revisited
Contemp. Math., 714 (2018), pp. 253-303

CrossRef  View Record in Scopus ~ Google Scholar

Cited by (0)

Research supported in part by the Ministry of Science and Technology of Taiwan.

2 Research supported in part by Hong Kong SAR grant GRF 16302521 and China NSFC general grant 12271460.

Research partially supported by a Simons Foundation grant.

View Abstract

© 2022 Elsevier Inc. All rights reserved.

https://www.sciencedirect.com/science/article/pii/S002...

1/5/23, 22:14


https://www.sciencedirect.com/science/article/pii/S0022123622004426?dgcid=coauthor#bbr0290
https://www.sciencedirect.com/science/article/pii/S0022123622004426?dgcid=coauthor#bbr0290
https://www.sciencedirect.com/science/article/pii/0022123674900159
https://www.sciencedirect.com/science/article/pii/0022123674900159
https://www.sciencedirect.com/science/article/pii/0022123674900159/pdf?md5=fb5a7769e3d4b41c2ec4673f07a62b83&pid=1-s2.0-0022123674900159-main.pdf
https://www.sciencedirect.com/science/article/pii/0022123674900159/pdf?md5=fb5a7769e3d4b41c2ec4673f07a62b83&pid=1-s2.0-0022123674900159-main.pdf
https://www.sciencedirect.com/science/article/pii/0022123674900159/pdf?md5=fb5a7769e3d4b41c2ec4673f07a62b83&pid=1-s2.0-0022123674900159-main.pdf
https://www.sciencedirect.com/science/article/pii/0022123674900159/pdf?md5=fb5a7769e3d4b41c2ec4673f07a62b83&pid=1-s2.0-0022123674900159-main.pdf
https://www.sciencedirect.com/science/article/pii/0022123674900159/pdf?md5=fb5a7769e3d4b41c2ec4673f07a62b83&pid=1-s2.0-0022123674900159-main.pdf
https://www.sciencedirect.com/science/article/pii/0022123674900159/pdf?md5=fb5a7769e3d4b41c2ec4673f07a62b83&pid=1-s2.0-0022123674900159-main.pdf
https://www.sciencedirect.com/science/article/pii/0022123674900159/pdf?md5=fb5a7769e3d4b41c2ec4673f07a62b83&pid=1-s2.0-0022123674900159-main.pdf
https://www.sciencedirect.com/science/article/pii/0022123674900159/pdf?md5=fb5a7769e3d4b41c2ec4673f07a62b83&pid=1-s2.0-0022123674900159-main.pdf
https://www.scopus.com/inward/record.url?eid=2-s2.0-0012972401&partnerID=10&rel=R3.0.0
https://www.scopus.com/inward/record.url?eid=2-s2.0-0012972401&partnerID=10&rel=R3.0.0
https://scholar.google.com/scholar_lookup?title=Partially%20harmonic%20spinors%20and%20representations%20of%20reductive%20Lie%20groups&publication_year=1974&author=J.A.%20Wolf
https://scholar.google.com/scholar_lookup?title=Partially%20harmonic%20spinors%20and%20representations%20of%20reductive%20Lie%20groups&publication_year=1974&author=J.A.%20Wolf
https://doi.org/10.1090/conm/714/14327
https://doi.org/10.1090/conm/714/14327
https://www.scopus.com/inward/record.url?eid=2-s2.0-85059752650&partnerID=10&rel=R3.0.0
https://www.scopus.com/inward/record.url?eid=2-s2.0-85059752650&partnerID=10&rel=R3.0.0
https://scholar.google.com/scholar_lookup?title=Representations%20on%20partially%20holomorphic%20cohomology%20spaces%2C%20revisited&publication_year=2018&author=J.A.%20Wolf
https://scholar.google.com/scholar_lookup?title=Representations%20on%20partially%20holomorphic%20cohomology%20spaces%2C%20revisited&publication_year=2018&author=J.A.%20Wolf
https://www.sciencedirect.com/science/article/pii/S0022123622004426?dgcid=coauthor#gsp0020
https://www.sciencedirect.com/science/article/pii/S0022123622004426?dgcid=coauthor#gsp0020
https://www.sciencedirect.com/science/article/pii/S0022123622004426?dgcid=coauthor#gsp0040
https://www.sciencedirect.com/science/article/pii/S0022123622004426?dgcid=coauthor#gsp0040
https://www.sciencedirect.com/science/article/abs/pii/S0022123622004426
https://www.sciencedirect.com/science/article/abs/pii/S0022123622004426
https://www.sciencedirect.com/science/article/abs/pii/S0022123622004426
https://www.sciencedirect.com/science/article/pii/S0022123622004426?dgcid=coauthor#bfn0010
https://www.sciencedirect.com/science/article/pii/S0022123622004426?dgcid=coauthor#bfn0010
https://www.sciencedirect.com/science/article/pii/S0022123622004426?dgcid=coauthor#bfn0020
https://www.sciencedirect.com/science/article/pii/S0022123622004426?dgcid=coauthor#bfn0020
https://www.sciencedirect.com/science/article/pii/S0022123622004426?dgcid=coauthor#bfn0030
https://www.sciencedirect.com/science/article/pii/S0022123622004426?dgcid=coauthor#bfn0030

