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Abstract We examine the structure of the Levi component M A in a minimal parabolic
subgroup P = M AN of a real reductive Lie group G and work out the cases where
M is metabelian, equivalently where p is solvable. When G is a linear group we verify
that p is solvable if and only if M is commutative. In the general case M is abelian
modulo the center Z;, we indicate the exact structure of M and P, and we work
out the precise Plancherel Theorem and Fourier Inversion Formulae. This lays the
groundwork for comparing tempered representations of G with those induced from
generic representations of P.

Keywords Parabolic subgroup - Plancherel formula - Fourier inversion formula

1 Introduction

Let G be a real reductive Lie group and P = M AN a minimal parabolic subgroup.
Later we will be more precise about conditions on the structure of G, but first we
recall the unitary principal series representations of G. They are the induced represen-
tations 7wy .0 = Indg (y,v,0) defined as follows. First, v is the highest weight of an
irreducible representation 1, of the identity component M° of M. Second,  is an irre-
ducible representation of the M-centralizer Z; (M?) that agrees with 7, on the center
Zy0 = Zyu(M®) N MO of M°. Third, o is a real linear functional on the Lie algebra a
of A, in other words ¢/ is a unitary character on A. Write 7 v for the representation
X ® ny of M, and let n, ., » denote the representation man +—> elo (@)ny,v(m) of P.
These data define the principal series representation 7, , o = Indg(n x.v0) of G.
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Now consider a variation in which an irreducible unitary representation of N is
incorporated. A few years ago, we described Plancherel almost all of the unitary
dual N in terms of strongly orthogonal roots ([16,17]). Using those “stepwise square
integrable” representations ) of N we arrive at representations 1y, y o, of P and
Ty v,oh = Indg (Mx,v,0,2.) of G. The representations , , 5 have notyetbeen studied,
at least in terms of their relation to tempered representations and harmonic analysis
on G. In this paper, we lay some of the groundwork for that study.

Clearly this is much simpler when M is commutative modulo the center Z¢. Then
there is a better chance of finding a clear relation between the 7, , 53 and the tempered
representation theory of G. In this paper, we see just when M is commutative mod
Z¢. That turns out to be equivalent to solvability of P, and leads to a straightforward
construction both of the Plancherel Formula and the Fourier Inversion Formula for
P and of the principal series representations of G. It would also be interesting to see
whether solvability of P simplifies the operator-theoretic formulation [1] of stepwise
square integrability.

It will be obvious to the reader that if any parabolic subgroup of a real Lie group
has commutative Levi component, then that parabolic is a minimal parabolic. For this
reason, we only deal with minimal parabolics.

The concept of “stepwise square integrable” representation is basic to this note and
to many of the references after 2012. It came out of conversations with Maria Laura
Barberis concerning the application of square integrability [10] to her work with Isabel
Dotti on abelian complex structures. The first developments were [16] and [17], and
we follow the notation in those papers.

2 Lie Algebra Structure

Let g be a real reductive Lie algebra. In other words g = g’ & 3, where ¢’ = [g, g] is
semisimple and 3 is the center of g. As usual, g. denotes the complexification of g,
SO go = g(’c ® 3. , direct sum of the respective complexifications of g’ and 3. Choose
a Cartan involution 6 of g and decompose g = £ + s into (£1)-eigenspaces of 6. Fix
a maximal abelian subspace a C s and let m denote the £-centralizer of a. Let t be
a Cartan subalgebra of m, so ) := t + a is a “maximally split” Cartan subalgebra
of g.

We denote root systems by A(g, b), A(mg, t.), and A(g, a). Choose consistent
positive root subsystems AT (g, he), AT(mg, t.), and At (g, a). In other words, if
a € A(ge, he) then a € A+(gc, bc) if and only if either (i) a|q # 0 and | €
At (g, a), or (i) a|q = 0 and ale, € AT (mg, t.). We write W(ge, be), W(mg, t.),
and Y (g, a) for the corresponding simple root systems. Note that

(g, a) ={Yla | ¥ € (g, be) and ¥r|q # 0} and

2.1
W(me, t) = (Yl | ¥ € W(ge. b.) and ] = O). @D

If g is the underlying structure of a complex simple Lie algebra [ then g. = [ ® [and
W(gc, h) is the union of the simple root systems of the two summands. In that case
W (g, a) looks like the simple root system of [, but with every root of multiplicity 2.
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On the group level, the centralizer Zg(a) = Zg(A) = M x A where A = exp(a)
and M = Zg (A).

Lemma 2.1 Thefollowing conditions are equivalent: (1) ifa € W (g., b) thenalq #
0, (2) the Lie algebra m of M is abelian, and (3) m is solvable.

Proof If (1) fails we have ¥ € W(g., he) such that Y|g = 0, so 0 # Wtc €
W(mg, tc). Then m, contains the simple Lie algebra with simple root ¥, and
(3) fails. If (3) fails then (2) fails. Finally suppose that (2) fails. Since m, = t. +
Y we Almg,to) Mo the root system A (m, t.) is not empty. In particular ¥ (m, t.) #
@, and (2.1) provides ¥ € W(g, h) with ¥|q = 0, so (1) fails. O

Decompose the derived algebra as a direct sum of simple ideals, g’ = € g; . Then
the minimal parabolic subalgebras p = m + a + n of g decompose as direct sums
p = 3®E p; where p; = m; +a; +n; is aminimal parabolic subalgebra of g; . Thus m
is abelian (resp. solvable) if and only if each of the m; is abelian (resp. solvable). The
classification of real reductive Lie algebras g with m abelian (resp. solvable) is thus
reduced to the case where g is simple. This includes the case where g is the underlying
real structure of a complex simple Lie algebra.

The Satake diagram for W (g, ) is the Dynkin diagram, using the arrow con-
vention rather than the black dot convention, with the following modifications. If ¥’
and " have the same non-zero restriction to a then the corresponding nodes on the
diagram are joined by a two-headed arrow. In the case where g is complex this joins
two roots that are complex conjugates of each other. If 1|, = O then the correspond-
ing node on the diagram is changed from a circle to a black dot. Condition (1) of
Lemma 2.1 says that the Satake diagram for W (g, h.) has no black dots. Combining
the classification with Lemma 2.1 we arrive at

Theorem 2.2 Let g be a simple real Lie algebra and let p = m + a + n be a minimal
parabolic subalgebra. Let t be a Cartan subalgebra of m, so by := t+ a is a maximally
split Cartan subalgebra of g. Then the following conditions are equivalent: (i) m is
abelian, (ii) m is solvable, (iii) a contains a regular element of g, (iv) g, has a Borel
subalgebra stable under complex conjugation of g, over g, and (v) g appears on the
following list.

1. Cases h = a and m = 0 (called split real forms or Cartan normal forms): g is one
of sl(€ + 1; R), so(€, € + 1), sp(£; R), s0(L, £), 92,4,A,> T4,A,C3> €6,Cy» €7, A7, OF
e8, g - In this case, since ) = a, the restricted roots all have multiplicity 1.

2. Cases where g is the underlying real structure of a complex simple Lie algebra:
g is one of sl(€ + 1; C), s0(2¢ + 1; C), sp(¢; C), s0(2¢; C), g, fa, ¢, €7, OF ¢3.
Here ) = ia + a and m = ia, and the restricted roots all have multiplicity 2.

3. Four remaining cases:

(3a) g = su(, £ + 1) with Satake diagram 0 ) :ﬂ In this case

o . o— -
A(g, a) is of type By, the long indivisible roots have multiplicity 2, the short
indivisible roots have multiplicity 1, and the divisible roots also have multi-

plicity 1.
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o
(3b) g = su(¥, £) with Satake diagram T 0 :ii>@ In this case

O—— e — O . s

A(g, a) is of type Cy, the long restricted roots have multiplicity 1, and the
short ones have multiplicity 2.

(3c) g =s0(f — 1,£ + 1) with Satake diagram © e °<AL In this

case A(g, a) is of type By_1, the long restricted roots have multiplicity 1, and
the short ones have multiplicity 2.

(3d) g = e, 4,45 With Satake diagram 0—0@ In this case A(g, a) is of

type Fy, the long restricted roots have multiplicity 1, and the short ones have
multiplicity 2.

(These real Lie algebras are often called the Steinberg normal forms of their
complexifications.)

Corollary 2.3 Let g be a simple real Lie algebra and let p = m + a + n be a minimal
parabolic subalgebra with w abelian. Let t be a Cartan subalgebra of m, soh := t+a
is a maximally split Cartan subalgebra of g.

If g # su(l, £ + 1) then A(g, a) is non-multipliable, in other words if ¢ € A(g, a)
then 2o ¢ A(g, a).

If g = su,f+ 1) Liﬁ let ay,...,0ay be the simple roots of
A+(gc, bc) in the usual order and ; = a;|q. Then the multipliable roots in At(g, a)
are just the %,BL, = Wy +...%0) = (ay + -+ ag)lafor 1 < u < £ there
Bu =20y + -+ o) =(oy +- - +aze—ut)la-

3 Structure of the Minimal Parabolic Subgroup

As in Section 2, g is a real simple Lie algebra, p = m + a 4 n is a minimal parabolic
subalgebra, and we assume that m is abelian. G is a connected Lie group with Lie
algebra g and P = MAN is the minimal parabolic subgroup with Lie algebra p. In this
section, we work out the detailed structure of M and P, essentially by adapting the
results of K. D. Johnson ([5,6]). We move the commutativity criteria of Theorem 2.2
from m to M when G is linear and describe the metabelian (in fact abelian mod Z )
structure of M for G in general.

We use the following notation. G is the connected simply connected Lie group
with Lie algebra g; G, is the connected simply connected complex Lie group with
Lie algebra g.; G’ is the analytic subgroup of G with Lie algebra g; and G and G_
are the adjoint groups of G and G.. G’ is called the algebraically simply connected
group for g. We write P = 1\7IAN CG, P =MAN CcG.,and P = MAN C G
for the corresponding minimal parabolic subgroups, aligned so that G —> G maps
M—>M,A=A and N = N'; G’—)GmapsM — M, A=A, and N = N;
and G — GmapsM—>M,A_A,andN_N.
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3.1 The Linear Case
In order to discuss M /MO, we need the following concept from [5].

r = r(g) is the number of white dots in the Satake diagram of g (3.1
not adjacent to a black dot and not attached to another dot by an arrow.

However, we only need it for the case where m is abelian, so there are no black dots.
In fact, running through the cases of Theorem 2.2, we have the following.

Proposition 3.1 Let G be a connected Lie group with Lie algebra g, let P = M AN
be a minimal parabolic subgroup of G, and assume that m is abelian. Then r(g) is
given by

1. Cases h = aand m = 0: then r(g) = dim b, the rank of g.
2. Cases where g is the underlying real structure of a complex simple Lie algebra:
then r(g) = 0.
3. Four remaining cases:
(3a) Caseg=su(l,f+ 1): thenr(g) = 0.
(3b) Case g = su(¥, £): thenr(g) = 1.
(3c) Caseg=s0(l —1,£+ 1): thenr(g) =€ — 2.
(3d) Case g = eg, 4,45 thenr(g) =2.

The first and second assertions in the following Proposition are mathematical folk-
lore; we include their proofs for continuity of exposition. The third part is from [5].
Recall that g satisfies the conditions of Theorem 2.2.

Proposition 3.2 Let G be a connected Lie group with Lie algebra g, let P = M AN
be a minimal parabolic subgroup of G, and assume that m is abelian. Let G’ be the
algebraically simply connected group for g.

(1) G is linear if and only if G' — G factors into G' - G — G,

(2) if G is linear with minimal parabolic P = M AN, then M = F x M° where
F C (exp(ia) N K) is an elementary abelian 2-group, and

(3) M' = F' x M where F' = 7%, and if G is linear then F is a quotient of F'.

Proof 1If G is linear it is contained in its complexification, which is covered by G . ;
(1) follows.

Let G be linear. The Cartan involution € of G extends to is complexification G
and defines the compact real forms g, := £ + is and G, of g, and G.. Here the
complexification M.A. of M A is the centralizer of a in G.. Its maximal compact
subgroup is the centralizer of the torus exp(i a) in the compact connected group G, , sO
itis connected. Thus M° exp(ia) is the centralizer of exp(ia) in G,. Now the centralizer
M ofain K is (M° exp(ia)) NK = Mo(exp(ia) NK). Thus M = (exp(ia)NK)- MO,

By construction, 6 preserves exp(ia) N K. If x € (exp(ia) N K) then O(x) = x
because x € K and 6(x) = x~! because x € exp(ag),sox = x~ ' Now exp(ia) N K
is an elementary abelian 2-group, so exp(ia) N K = F x (exp(ia) N M?) for an
elementary abelian 2-subgroup F, and (2) follows.

Statement (3) is Theorem 3.5 in Johnson’s paper [5]. O
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772 J. A. Wolf

Now we have a characterization of the linear case.

Theorem 3.3 Let G be a connected real reductive Lie group and P = MAN a
minimal parabolic subgroup. If G is linear, then M is abelian if and only if m is
abelian, and the following conditions are equivalent: (1) M is abelian, (2) M is
solvable, and (3) P is solvable.

Proof Since G islinearithas form G’/ Z where G’ is its algebraically simply connected
covering group, the analytic subgroup of G for g. If M’ is abelian then its Lie
algebra m is abelian. Conversely suppose that m is abelian. Then M? is abelian and
Proposition 3.2(2) ensures that M is abelian. We have proved that if G is linear then
M is abelian if and only if m is abelian.

Statements (1) = (2) = (3) are immediate so we need to only prove (3) = (1).
If P is solvable then M is solvable so m is abelian by Theorem 2.2, and M is abelian
as proved just above. O

3.2 The Finite Groups D, and Dy

In order to deal with the non-linear cases, we need certain finite groups that enter into
the description of the component groups of minimal parabolics. Those are the D,, for
g classical or of type g2, and Dy for the other exceptional cases.

Let {eq, ..., e,} be an orthonormal basis of R”. Consider the multiplicative sub-

group
D, ={xej, ...ei | 1Zi1 <+ <z < n} (3.2)

of decomposable even invertible elements in the Clifford algebra of R". It is con-
tained in Spin(n) and has order 2", and we need it for g classical. Denote D, =
{diag(x1, ..., £1) | detdiag(£l1,...,£1) =1} = Z’Zl_l. Then D, is the image of
D,, in S O (n) under the usual map (vector representation) v : Spin(n) — SO(n).Here
{#£1} is the center and also the derived group of D,,, and D, = D, /{%1}. Also, D,
is related to the 2-tori of Borel and Serre [3] and to 2-torsion in integral cohomology
[2]. Note that D3 is isomorphic to the quaternion group {£1, +i, +j, +k}.

As usual we write ﬁn for the unitary dual of D,,. It contains the 27=1 characters
that factor through D,, . Those are the 1-dimensional representations

Eiy,....in - diag(al, ey an) = ajaj, . ..a4p,. (3.3)
There are also representations of degree > 1:

If n = 2k even let o4 denote the restriction of the half-spin representations from
Spin(n) to Dy, .

If n = 2k 4+ 1 odd let o denote the restriction of the spin representation from
Spin(n) to D, .

(3.4)
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Note that degoyr = Zk_lior n = 2k and dego = 2F for n = 2k + 1. These
representations enumerate D,,, as follows. We will need this for the Plancherel formula
for P.

Proposition 3.4 ([6, Section 3]) The representations o+ of Doy and o of Daj41 are
irreducible, and

If n = 2k even then D, = {o4,0-,¢;
0= ¢ < k).

Ifn=2k—|—loddthenﬁ\,,={U,<9,-1
0= ¢ <k}

iy | 101 <+ <iy Snand

,,,,,

. . (3.5)
i | 1501 <+ <iy Snand

.....

Now we describe the analogs of the D,, for the split exceptional Lie algebras of types
fa, €6, ¢7, or eg. Following [6, Section 8] the natural inclusions, f4 C ¢¢ C ¢7 C ¢g
exponentiate to inclusions

ZEs pg C Facic3 C Eo.cy € KEq 4, C Eg Dy

where Z Es.pg is the center of E&DS and the others are split real simply connected
exceptional Lie groups. For the first inclusion, note that the maximal compact sub-
groups satisfy

EF4.C1C3 C EEG.C4 - EE7,A7 C EE&DS given by
(Sp(1) x Sp(3)) C Sp(4) C SU(8) C Spin(16)

and Z Espg = {1,e1-ep----- e16} = Z, in the spin group using Clifford multiplication.

Let U7 denote the group of permutations of {1, 2, ..., 8} generated by products
of 4 commuting transpositions, e.g., by v = (12)(34)(56)(78) and its conju-
gates in the permutation group, viewed as a subgroup = Z% of SU(8). Let V7
be the group generated by w; := il, wp := diag(—1,—-1,1,1,1,1,—1,—1),
w3 = diag(—1,—-1,1,1, -1, -1, 1, 1), and w4 := diag(—1,1, -1, 1, —1,1, -1, 1),
viewed as a subgroup = Z4 X Zg of SU(8). Now let Ug denote the subgroup
{1, (13)(24)(57)(68), (15)(26)(37)(48), (17)(28)(37)(48)} C U7, so Us = Z% and
let Vi denote the subgroup of V7 generated by wjws, @y, and w3 . Finally, let Wy
denote the group generated by {tw , w2, w3, Tw4}.

Proposition 3.5 ([6, Section 9] Define Wg = UgVe U t01Ue Vs, W7 = U7 V7, and
Wg = W7 U tW5. Then

1. Wy is a group oforder25 with [Wa, Wa] = {1} = Zo, Wy /[Wy, Wy] = Z‘Z‘, and
Wy has center Zy, = {£1, £w;, w3, twrws}. The action of W4 on C8, asa
subgroup of Sp(4), breaks into the sum of 4 irreducible inequivalent 2-dimensional
subspaces (C?, distinguished by the action of Zw,. Thus the unitary dual Wy =
{wa,1,wa2,Wa3,Wa4,€1,...,€16}, where the wy j are the representations on
the C? andthe € ; are the (1-dimensional) representations that annihilate [ Wy, Wy4].
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774 J. A. Wolf

2. We is a group of order 27 with [We, We] = {£1} = Zs and We/[We, W] = Z5.
Let wg = w|wg,, where w is the (vector) representation of Sp(4) on C8. Then wg
is irreducible and ‘//V\G = {we, €1, ..., &ca} where the & are the (1-dimensional)
representations that annihilate [Wg, Ws].

3. Wy is a group of order 28 with derived group [W7, W7] = ZE&Dg , and
W7/IW7, W7] = Zg. Let w7 = wl|w,, where w is the (vector) representation
of SU(8) on C3. Then w7 and wj are inequivalent irreducible representations
of W7, and the unitary dual Wr = (w7, w3, &), ..., &,4} where the S} are the
(1-dimensional) representations that annihilate [W7, W7].

4. Wg is a group of order 29 with [Wg, Wg] = ZES,DS and Wg/[Wg, W] = Zg. Let
wg = W|wg, Where w is the (vector) representation of Spin(16) on C1°. Then wg
is irreducible and Wy = {wg,ef, ..., &5} where the 8}/ are the (1-dimensional)
representations that annihilate [Wg, Wg].

3.3 The General Case

As before, G is a connected real simple Lie group with minimal parabolic P = M AN
such that m is abelian. Recall that G is the universal covering group of G; G’ is the
algebraically simply connected Lie group with Lie algebra g; and G is the adjoint
group. Also, P, P, P,and P are the respective minimal parabolics. We specialize the
summary section of [6] to our setting.

(a) AZ = f X A?O, where F is discrete, and if g is the split real form of g then
M = F discrete,

(b) F is infinite if and only if G/K is a tube domain (hermitian symmetric space of
tube type),

(©) r(g) =0« M is connected < M’ is connected,

(d) ifr(g) = 1 then G/K is a tube domain and Fx=7, ~ ~

(e) if r(g) > 1 and G/K is a tube domain then G’ = Sp(n;R) and M = F
Zr(g) Iy Z, and

f) 1f r(g) > 1 and G/K is not a tube domain then F is a non-abelian group of order
or(@+1

12

Now we combine this information with Theorems 2.2 and 3.1, as follows. We use
su(l, 1) = sp(1; R) = sl(2; R), and s0(2, 3) = sp(2; R).

Proposition 3.6 Let G be a connected simple Lie group with Lie algebra g, let P =
MAN be a minimal parabolic subgroup of G, and assume that m is abelian. Retain
the notation G P and M = F x M° as above.

1. Cases t) = a, where G is a split real Lie group and r(g) = rank g. Then M=F.
(1a) IfM is lnﬁmte then g = sp(n; R), where n 2 1 and r(g) = n. In that
case M = Z"_
(1b) If M is ﬁnlte then F is a non-abelian (but metabelian) group of order
2r@+L [ those cases
*s5l(n; R), n =3 0rn > 4: M= Dy, from [6, Proposition 17.1].
*50(L, ¢+ 1) and so(¢, L), £ = 3: M= Dy from [6, Proposition 17.5].
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xg2.4,4,° K = Sp(1) x Sp(1) and M = Dj from [6, Proposition 10.4].
*fa.4,c;° K = Sp(1) x Sp(3) and M = W, (Proposition 3.5 above) from
[6, Proposition 9.6].
* e6,Cy" K = Sp(4) and M = We (Proposition 3.5 above) from
[6, Proposition~9.5].
= SU) and M = W; (Proposition 3.5 above) from
[6, Proposition 9.3].
* eg pg- K = Spin(16) and M = Wy (Proposition 3.5 above) from
[6, Proposition 9.4].
2. Cases where g is the underlying real structure of a complex simple Lie algebra.
Thenr(g) =0, F = {1}, G = G’ (so G is linear), and M = M’ is a torus group.
3. The four remaining cases: ~ ~
Ba)g=su(l, L+ 1):r(g) =0 F = {1} and M = U1 x R from
[6, Proposition 17.3].
Bb)g = sull,0):r(g =1, F = Zand M = UMD x Z from
[6, Proposition 17.4].
Be)g=so—1,L+ 1), #1:r(g) =€ —2, and
xif € # 3then F = Dy_1 and M = Dy_; x R from [6, Proposition 17.5],
* if £ = 3 and then F=Zand M =7 x R from [6, Proposition 17.6].
(d) g = e6.a,45-7(g) =2, F = D3 and M = D3 x Spin(8) from [6, §16]
and [5, Theorem 3.5]

=1

* €7 A4

4 Stepwise Square Integrable Representations of the Nilradical

In this section, we recall the background for Fourier Inversion on connected simply
connected nilpotent Lie groups, and its application to nilradicals of minimal parabolics.
In Section 5, we use it to describe “generic” representations and the Plancherel Formula
on the minimal parabolic. Then in Section 6 we come to the Fourier Inversion Formula
on the parabolic. In the last section (the Appendix), we will run through the cases of
Theorem 2.2 making explicit the Plancherel Formula and Fourier Inversion Formula
for those nilradicals.

The basic decomposition is

N=LL,...L,, where
(a) each factor L, has unitary representations that are square integrable
modulo its center Z,,
(byeach L, = L{L> ... L, is anormal subgroup of N with
N, = N,_1 x L, semidirect,
(c) decompose [, = 3, + v, and n = s + v as vector direct sums where
s=@®j3 andv = Dv,; then[l,, 3] =0and [[,, (] Coforr >s. (4.1)
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We will need the notation

(@) dy = § dim(l, /3,) so 3 dim(n/s) = dj + -+ + dy , and

c =20t Fdngdy L dy,
(b) by, : (x,y) = A([x, y]) viewed as a bilinear form on [, /3,
S=212,...Zy, =21 X --- X Z,, Where Z, is the center of L, “4.2)
(d) P : polynomial P(X) = Pf(b,,)Pf(b;,)...Pf(b;,) on 5"
e t'={res" | P(1) #£0}
) m, € N where . € t* : irreducible unitary rep. of N = L1Ly... L, .

Asexp : n — N isapolynomial diffeomorphism, the Schwartz space C(N) consists
of all C* functions f on N such that f - exp € C(n), the classical Schwartz space
of all rapidly decreasing C* functions on the real vector space n. The general result,
which we will specialize, is [16]

Theorem 4.1 Let N be a connected simply connected nilpotent Lie group that satisfies
(4.1). Then Plancherel measure for N is concentrated on {[m;] | A € t*} where [1,]
denotes the unitary equivalence class of ). If A € t*, and if u and v belong to the
representation space Hy, of m;, then the coefficient f, ,(x) = (u, m,(x)v) satisfies

IISICIS

2
”f“’UH[,Z(N/S) - W (43)

The distribution character Oz, of m satisfies
Or (f) ="' PO)™! /O()\) FE)dvi (&) for f € C(N), (4.4)

where c is given by (4.2)(a); C(N) is the Schwartz space; fi is the lift f1(§) =
fexp(§)); ﬁ is its classical Fourier transform; O(L) is the coadjoint orbit
Ad*(N)A = v* + A, and dvy,_is the translate of normalized Lebesgue measure from
v* to Ad*(N)A. The Plancherel Formula on N is

L3(N) = / Hx, ®H;km |P(X)|dX where Hy, is the representation space of ),
t*
4.5)

and the Fourier Inversion Formula is
fx) = c/ O, (ry HIP(N)|dA for f € C(N) with c as in (4.2)(a). (4.6)
t*

Definition 4.2 The representations i, of (4.2(f)) are the stepwise square integrable
representations of N relative to (4.1). O
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Nilradicals of minimal parabolics fit this pattern as follows. Start with the Iwasawa
decomposition G = KAN. Here we use the root order of (2.1) so n is the sum of
the positive a-root spaces in g. Since A(g, a) is a root system, if y € A(g., h.) and
Yla € At(g, a) then y € AT(ge, h.). Define B; to be the maximal root, B4 a
maximum among the positive roots orthogonal to {8y, ..., B,}, etc. This constructs
a maximal set {8, ..., B} of strongly orthogonal positive restricted roots. For 1 <
r < m define

AT ={a e At(g,0) | B1 —a € AT(g,a)} and

Al ={ae AT (@@ oA U---UAD) | fr1 —a € AT(g, ). @D
Then
ATU{B)=lae AT |a L B fori <rand (a, B,) > 0}. (4.8)
Note: if B, is divisible then %,B, € A} See Corollary 2.3. Now define
[r=gﬂ,+zﬂga for1 <r <m. (4.9)
Thus n has an increasing foliation by ideals
n=hLh+hLh+---+Lforl <r<m. (4.10)

The corresponding group level decomposition N = LiL; ... L, and the semidirect
product decompositions N, = N,_1 x L, satisfy all the requirements of (4.1).

5 Generic Representations of the Parabolic

In this section, G is a connected real reductive Lie group, not necessarily linear, and
the minimal parabolic subgroup P = M AN is solvable. In other words, we are in the
setting of Theorems 3.3 and 4.1. Recall t* = {A = (A1 +--- + A,;) € s* | each A, €
g, with Pf; (1) # 0}. For each A € t*, we have the stepwise square integrable
representation 1, of N. Now we look at the corresponding representations of M AN.
As before, the superscript © denotes identity component.

Theorem 3.3 shows that Ad(M A) is commutative. Also, Ad(M°A) acts C irre-
ducibly on each complexified restricted root space (gy)- by [14, Theorem 8.13.3].
But Ad(M 0A) preserves each gy, so it is irreducible there. Thus, foreacha € A(g, a),
either Ad(M?) is trivial on g, and dimy go = 1, or Ad(M 9 is non-trivial on g, and
dim, go = 2. In the latter case Ad(MY)| g, must be the circle group of all proper
rotations of g, . A glance at Theorem 2.2 makes this more explicit on the gg, .

Lemma 5.1 In cases (1) and (3) of Theorem 2.2, each dimy gg, = 1, so Ad*(M 0y
is trivial on each gg, . In case (2) each dimy gg. = 2, so Ad* (M) acts on gp, as a
circle group SO (2).
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Recall the notation M F x M° from Section 3.1 where p: G—Gi is the universal
coverand P = MAN is p_l(P) Note M = F - M° where F = p(F) Combining
[17, Lemma 3.4] with [17, Proposition 3.6] and specializing to the case of m abelian,
we have

Lemma 5.2 When m is abelian, Ad*(I? ) acts trivially on s*. Then in particular,
Ad*(F)|s+ is trivial and Ad*(M)|g = Ad* (M) g+ .

Now combine Lemmas 5.1 and 5.2:

Proposition 5.3 In cases (1) and (3) of Theorem 2.2, Ad* (M) is trivial on s*. In case
(2) of Theorem 2.2, Ad* (M) acts non-trivially as a circle group on each g;‘;r , thus acts
almost effectively as a torus group on s*.

Fix A € t*. By Proposition 5.3 its Ad*(M)-stabilizer is all of M in cases (1) and
(3) of Theorem 2.2, and in case (2) it has form

My = FM? where M = {x € M° | Ad(x)|s = 1}. (5.1)

This is independent of the choice of A € t*. Thus the kernel of the action of Ad(M?)
on s* is the codimension m subtorus of M° with Lie algebra m, = +/—1{& € a |

every B, (§) = 0}.
Since Ad*(A) acts on gg, by positive real scalars, given by the real character ePr,
we have a similar result for A: the Ad*(A)-stabilizer of any A € t* is

Ao = {exp(§) | § € aand every f,(§) = 0}. (5.2)

Its Lie algebra is a, = {§ € a | every ,(§) = 0}. Combining (5.1) and (5.2) we
arrive at

Lemma 5.4 The stepwise square integrable representations ;. of N all have the same
M A-stabilizer M, A, on the unitary dual N.

Specialize [17, Lemma 3.8] and [17, Lemma 5.4] to 7, and M,A,N. The Mackey
obstruction ([7], [9], or see [8]) vanishes as in [11] and [13]. Now 7, extends to an
irreducible unitary representation 77 of M,AoN on the representation space Hy, of
7, . Compare [4]. Consider the unitarily induced representations

Ty —IndM v (X ® €' @ ;) for x € My, ac af, and » € t".  (5.3)
Note that y is a (finite-dimensional) unitary representation of the metabelian group M.,
and that the representation space of x ®e'* @17, is Hy, ® (C@Hn~A . So the representation

space of 7y 4,5, 1S

Hoy o ={L? functions f : MAN — H,®Hy, |
f(xman) = 8(a)~2e 02D (5 m) ™! @ 7 (man) 1) (f(x)), (5.4)
x € MAN,man € M ,A,N}.
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—1/2

Unitarity of 7, 4, requires the §(a) term, as we will see when we discuss

Dixmier—Pukdnszky operators.

Definition 5.5 The 7, 4 ; of (5.3) are the generic irreducible unitary representations
of MAN.

Now, specializing [17, Theorem 5.12],

Theorem 5.6 Let G be a connected real reductive Lie group and P = MAN a minimal
parabolic subgroup. Suppose that P is solvable. Then the Plancherel measure for MAN
is concentrated on the set of all generic unitary representation classes [y 4] € MAN
and

L2(MAN) =f N (f < an‘a,@H;HAP(A)m) da) deg(x)dx.
XEM, acal AEt* "

6 Fourier Inversion on the Parabolic

In this section, as before, G is a connected! real reductive Lie group whose minimal
parabolic subgroup P = M AN is solvable. We work out an explicit Fourier Inversion
Formula for M AN . It uses the generic representations of Definition 5.5 and an operator
to compensate non-unimodularity. That operator is the Dixmier—Pukanszky Operator
on M AN and its domain is the Schwartz space C(M AN) of rapidly decreasing C*®
functions.

The kernel of the modular function § of M AN contains M N and is given on A as
follows.

Lemma 6.1 [17, Lemmas 4.2 & 4.3] Let £ € a. Then S(dim |, + dim3,) € Z for
15 r<mand

(i) the trace of ad (§) on I is %(dim I + dim 3,) 8- (&),
(i) the trace of ad (§) onnand on p is % >, (diml, 4+ dim 3,)B,(§), and

(iil) the determinant of Ad(exp(§)) on nand on p is ||, exp(B: (E))%(dim r+dim 3,),
The modular function § = Det - Ad : man — [, exp(8,(log a))%(dim lrtdim ;)

Recall the quasi-center determinant Detgs (1) := [],.(Br (A)9m8s Tt is a poly-
nomial function on s*, and ([17, Proposition 4.7]) the product Pf - Detg+ is an
Ad(M AN)-semi-invariant polynomial on s* of degree % (dim n4-dim s) and of weight
equal to that of the modular function §.

! These results extend mutatis mutandis to all real reductive Lie groups G such that (a) the minimal parabolic
subgroup of GV is solvable, (b) if g € G then Ad(g) is an inner automorphism of g, and (c) G has a closed
normal abelian subgroup U such that (c1) U centralizes the identity component GY; (c2) UG has finite
index in G; and (¢3) U N G is co-compact in the center of GO. The extension is relatively straightforward
using the methods of [12] as described in [ 12, Introduction] and [12, Section 1]. For continuity of exposition,
we the leave details on that to the interested reader.
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Our fixed decomposition n = v + 5 gives N = VS where V = exp(v) and § =
exp(s). Now define

D : Fourier transform of Pf - Detg+, acting on MAN = MAVS by acting on S.
6.1)

See [17, Section 1] for a discussion of the Schwartz space C(MAN).

Theorem 6.2 ([17, Theorem 4.9]) D is an invertible self-adjoint differential opera-
tor of degree %(dim n + dims) on L2(MAN) with dense domain C(MAN), and it is
Ad(MAN)-semi-invariant of weight equal to the modular function §. In other words,
|D| is a Dixmier—Pukdnszky Operator on MAN with domain C(MAN).

For the Fourier Inversion Formula we also need to know the Ad* (MA)-orbits on t*.

Proposition 6.3 The Ad*(MA)-orbits on t* are the following.
In cases (1) and (3) of Theorem 2.2, the number of Ad(MA)*-orbits on t* is 2™.
Fix non-zero v, € gg, . Then the orbits are the

O(Sl ,,,,, Em) — {)_:)\_1 ++)‘-m | )‘-r €R+srv,f0r
1 £ r < m where each ¢, = £1}.

In case (2) of Theorem 2.2, there is just one AA(MA)*-orbit on t*, i.e., Ad(MA)* is
transitive on t*.

Proof The assertions follow from Proposition 5.3, as follows. In case (2) of Theo-
rem 2.2, where dim gg, = 2, Ad*(M) acts on s* by independent circle groups on the
g while Ad*(A) acts on s* by independent positive scalar multiplication on the g
In cases (1) and (3) of Theorem 2.2, where dim gg, = 1, Ad*(M) acts trivially on 5*
while Ad*(A) acts on s* by independent positive scalar multiplication on the g% B -

We combine Lemma 5.4, Theorem 5.6, Theorem 6.2, and Proposition 6.3 for the
Fourier Inversion Formula. We need notation from Proposition 6.3. For cases (1) and
(3) of Theorem 2.2 we fix non-zero v, € gg, ; then for each ¢ = (¢1, ..., &,) we have
the orbit O,. As usual we write £, for left translate, (¢xh)(y) = h(x~'y) and ry for
right translate (ryh)(x) = h(xy). Using the structure of M as a quotient of M by a
subgroup of the center of G, from Proposition 3.6, [17, Theorem 6.1] specializes as
follows.

Theorem 6.4 Let G be a real reductive Lie group whose minimal parabolic subgroup
P = M AN is solvable. Given a generic representation wy o € MAN, its distribution
character is tempered and is given by

O, i (f) = trace wy o 5 (f)

= / trace x (m) f 18D @ (Lq)-1 f)dadm for f € C(MAN).
M A
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where O, is given by Theorem 4.1. In Cases (1) and (3) of Theorem 2.2 the Fourier
Inversion Formula is

ro=cf ( / Z( / @W<D<r<x>f>>|Pf<x>|dx) da) deg(x) dx
xeM \Jaeal 7 1€0

where ¢ > 0 depends on (4.2)(a) and normalizations of Haar measures. In Case (2)
of Theorem 2.2, the Fourier Inversion Formula is

f) = szeﬂ:( f ( A . ®nx,a,x<D(r<x>f)>|Pf<x)|dx> da)
<&

where again, ¢ > 0 depends on (4.2)(a) and normalization of Haar measures.

Acknowledgements Research partially supported by a grant from the Simons Foundation.

7 Appendix: Explicit Decompositions

One can see the decompositions of Section 2 explicitly. This is closely related to the
computationsin[15, Section 8]. As noted in Corollary 2.3, the only case of Theorem 2.2
where there is any divisibility is g = su({, £ 4 1), and in that case the only divisibility
is given by the { 1B, ﬂr} C AT (g, a). For ease of terminology we say that A(g, a)
is non-multipliable if o € A(g, a) implies 2« ¢ A(g, a), multlphable 0therw1se

We first consider the multipliable case g = su(€, £+ 1) i o j Here

Vi = ail|q, Wwhere {a, ..., az¢} are the simple roots of A+(gc, bc) in the usual order.
The multipliable roots in A* (g, a) are just the %,Br =(+ - ta)a, 1 Sr 4,
where B, = 2(Y, + -+ + ¥¢) = (& + - + @2¢—r41)]a. f @ + &' = B, then,
either « = o/ = %,Br, or one of &, & has form y., = ¥ + Yry1 + -+ + Yy,
while the other is Vr/,u =Y + Y1+ Y + 2001 + -+ ). Now [ =
gs +9 1p, + ngugn(gw,u + gy,,)- The conditions of (4.1) follow by inspection.

For the rest of this section, we assume that g # su({, £ + 1), in other words,
following Corollary 2.3, that A(g, a) is non-multipliable.

First suppose that A(g, a) is of type Ag_1: g1 y2 @—2“. 4%’271. Thenm =
(¢/2)and B, = Y + Y1 + -+ Ve fa,a € A+(9’ a) with o + o’ = B,
then one of o, «’ must have form y.s := ¥, + -+ + ¥, and the other must be
Vis = Wsg1+ -+ Yo Thus [ = gg +>° <o, (gy,, +8y;,) - The conditions
of (4.1) follow by inspection.

Next suppose that A(g, a) is of type By: gl Qz gn—1 ?n Then g =
Vi+20Wn+- -+ Yn). B2 =Y, B3 = Y3+ 2(a+ -+ ¥n), Ba = Y3, ete. If ris
even, B, = Y,_1and [, = gg, .

Now letr be odd, B, = ¥ +2(Yr 41+ -+ Yn). lfa, o’ € AT (g, a) witha+a’ =
By then one possibility is that one of « , o’ has form y,., := ¥, + Y41 + -+ + Yy
and the other is yr’,u =Y+ -+ Yy +2Wu1 + -+ Yp) withr < u < n.
Another possibility is that one of &, & is ¥, — V¥, while the other is v/, + ¥ .
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A third is that one of o, &’ iS yrp := ¥ + Yrq1 + -+ + ¥y, while the other is
yr”n ‘= Y,4+1+ -+ ¥, . Then |, is the sum of gg, with the sum of all these possible
@« + 8o’ and the conditions of (4.1) follow by inspection.

Let A(g, a) be of type C,,: Y1 W Yn—1  Yn.Then B, = 2(Y, +
oY) +yYpforl S r <nyand B, = Yy, If o + @’ = B, with r < n then
one of @, o« has form y,, = ¥ + ¥r41 + -+ + ¥, while the other is y/, =
Y+ Vg + o VY 200 o ) Y, § u < n. Note that
Yrn—1 = Yr + Yrq1 + -+ + ¥y and yr/,n—l = Y +VYr41 + - + Yy Now
lr = 88, + 2, <u<n(8y., + 8y;,)- The conditions of (4.1) follow by inspection.

Let A(g, a) be of type D,: Wi —%Zz_l. Then g1 = Y1 +2(Y2 +
"'+¢n—2)+¢n—l+¢mﬁ2ZWI’IB_’) =W3+2(1/f4+"'+%—2)+%—1+1ﬁn,

Ba = Y3, etc., untilr = n — 3.

If nis eventhenm = n, B,—3 = Yu-3 + 2¥n—2 + Yu—1 + ¥u, B2 = ¥n-3,
Bu_1 = V¥n_1,and B, = ¥, . Then, if r < n — 2 is even we have B, = ¥,_1 . Thus
I, = gp, for n even and either r evenorr =n — 1.

Ifnisoddthenm =n —1, B2 = Yu—2 + Yu—1 + ¥y, and B,—1 = Y2 . Thus
Br = ¥r—1 and [, = gg, for n odd and r even.

That leaves the cases where r is odd and r # n — 1, s0 B = ¥ + 2(Yr41 +
oo+ Yn2) +F Y1 + ¥y If @ + o/ = B, one possibility is that one of «, o
is of the form y;, := ¥ + (Y1 + - + Yy) withr + 1 < u < n — 2, while
the other is ¥/, = (Wry1 + -+ 4+ ¥u) + 2(Wur1 + -+ ¥u2) + Yu_1 + ¥,
or that one of &, &' is of the form y,., — ¥, while the other is ¥, + ¥, . A third
possibility is that one of &, &’ i Y y—1 := ¥y + Y41 + - - - + Yy—1, while the other
is yr’,nfl ‘= Y11 + -+ + Yu_2 + ¥y . The fourth possibility is that one of a, ' is
Yrn—1 — ¥n—1 + ¥, while the other is yr”nfl + Y¥u—1 — ¥y, . Then [, is the sum of
gp, with the sum of all these possible g, + g4/, and the conditions of (4.1) follow by
inspection.

Let A(g. a) be of type Gy &y, Then f1 = 31 + 2y and 5 = Y. If
a + o’ = By then either one of «, «’ is 3v/| + V¥, and the other is v/, , or one of &, o
is 241 + ¥ and the other is Y1 + 2. Thus [} = gg, + (83 +vn + 0v) + (@29 4y +
gy,+w,) and [ = gg, . The conditions of (4.1) follow.

Suppose that A(g, a) is of type Fy ¢:1 ¢:2 ¢I3 ¢I4. Then 81 = 2y +

3y + 4g + 294, Bo = Yo + 203 + 24, B3 = Yo + 23, and B4 = V. Thus
[r = gﬁr + Z(V,V/)GS, (gy + gy’), where

St = {1, Y1 + 32 + 43 + 294), (Y1 + Y2, Y1 + 292 + 43 + 29),
1+ V2 + Y3, Y1+ 292 + 393 + 294), (Y1 + Y2 + 293, Y1+ 290 + 293 + 294),
(1 + V2 + Y3+ Ya, Y1+ 292 + 393 + Ya), (Y1 + 290 + 293, Y + Y2 + 293 + 29),
(1 + V2 + 293 + Ya, Y1+ 292 + 293 + Ya);

2 = {{a, Yo+ 293 + Yult, (Y3 + Ya, Y2 + Y3 +Yath S3={y¥3, Y2+ ¥3} and Sy =0.

The conditions of (4.1) follow.
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1 Y3 Y4 U5 Yo
Suppose that A(g, a) is of type Eg . Then the strongly orthogonal

2
roots f; are given by B1 = Y1 +2¢2 +2¢3+3Yu +2¢s5+ V6, fo = Y1+ Y3+ Y+
Vs + Ve, B3 = Y3+ Ya+Ysand fu = Yu. Now [, = gg, + D, ,es, (8y + 8y,
where

St ={(W2, Y1 + V2 + 22 + 3Va + 25 + ¥6), (V2 + Va, Y1 + V2 + 293 + 294 + 295 + Y6),
(Y2 + Y3 + Va, Y1+ V2 + V3 + 204 + 295 + Y6), (V2 + Ya + ¥s, U1 + Y2 + 293 + 294
+¥s + Ve6), (1 + V2 + V3 + Ya, Yo + 3+ 294 + 295 + Y6), (Y2 + Y3 + Ya + s, Y
+ Y2+ 3+ 2% + Vs + Ye), (V2 + Va + s + e, Vi + Y2 + 293 + 294 + s),
W1+ 2+ Y3+ Ya+ s, Vo + 3+ 294 + s + Ye), (Y2 + 3 + 29 + Us, Y1 + Y
+ Y3+ s+ Us + Ye), (W2 + V3 + Y+ s + Ve, Y1+ Y2 + Y3+ 29 + Ys)h;

Sy ={(W1, Y3 + Va + Vs + Y6, Ve, Y1 + V3 + Va + ¥s), (U1 + V3, Ya + s + Ve,
s + Y6, Y1 + Y3 + Ya)};

Sz ={(V3, Y4 + ¥s), (¥s, ¥3 + ¥4)}; and S4 = 0.

The conditions of (4.1) follow.
1 Y3 Y4 W5 We P71
Next, suppose that A(g, a) is of type E7 . Then the strongly

2
orthogonal roots are 81 = 2y + 2¢n + 3¢z + 4vs + 3¥s + 26 + Y7, B2 =
Yo+ Y3+ 294 + 295 + 26 + Y7, B3 = Y7, Ba = Yo+ Y3+ 2¢u + Y5, Bs = Y2,
Bo = V3, and B7 = 5. Now [, = gg, + >, ,)cs, (8 + 9)7), where

St = {(¥1, Y1+ 2¢2 + 3¥3 + 4 + 3¢s + 296 + ¥7),
(1 + Y3, Y1+ 290 + 23 + 494 + 3¢5 + 26 + Y1),
(Y1 + V3 + Ya, Y1+ 292 + 293 + 3¢ + 395 + 296 + V1),
Y1+ Y2 + Y3+ Yu, Y1+ Y2+ 293 + 394 + 3¢5 + 296 + Y1),
(1 + Y3+ Y+ ¥s, Y1+ 292 + 293 + 394 + 295 + 296 + Yr7),
Y1+ Y2+ Y3+ Yu + ¥s, Y1+ Y2+ 293 + 3Yu + 295 + 296 + ¥7),
(Y1 + Y3+ Ya+ s + Ve, Y1+ 2% + 293 + 3¢ + 295 + Y6 + Y1),
W1+ V2 + Y3+ 2% + s, Y1+ Y2+ 293 + 294 + 295 + 296 + Y1),
W1+ Y2+ Y3+ Ya+¥s + Ve, Y1+ Y2 + 293 + 394 + 295 + Y6 + Y1),
W1 + Y3+ Ya+ Vs + Y6 + Y7, Y1+ 292 + 293 + 3¢a + 295 + Vo),
Y1+ Y2 + 293 + 2% + Y5, Y1 + Y2 + Y3 + 294 + 295 + 296 + Y1),
(W1 + V2 + Y3 + 294 + ¥s + Y, Y1+ Yo + 293 + 294 + 295 + Y6 + ¥7),
(Y1 + V2 + Y3+ Ya + s + Ve + 7, Y1+ V2 + 293 + 3% + 295 + ),
Y1+ Y2 + 293 4+ 2%4 + s + Y6, Y1+ V2 + Y3 + 294 + 295 + Y6 + Y7,
Y1+ Y2 + Y3+ 29 + 295 + Y6, Y1+ V2 + 293 + 29 + ¥s + Y6 + Y1),
W1+ v+ Y3+ 2%+ s + Ve + Y7, Y1+ Y2 + 293 + 294 + 295 + Yo) )
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while

S = {6, V2 + V3 + 24 + 295 + Y6 + V1), (¥s + Ve, Vo + V3 + 294 + ¥s + Y6 + ¥7),
(Y6 + Y7, Y2 + Y3 + 294 + 295 + Vo), (Va + s + Ve, Y2 + Y3+ va+vs+ve+¥7),
(Ws+ve+v7, Yo+¥3+2%a+Ys+ve6), (Y2 + Ya + s + Ve, ¥3 + Ya + ¥s + e + Y1),
(Y3 +Ya + Vs + Ve, V2 + VYa + Vs + Y6 + V1), (Ya + Vs + Ve + Y7, Y2 + Y3
+¥a + ¥s + Yo}

Sa ={(a, Yo+ Y3+ Vs +V¥s), (V2 + VY, Y3+ Vs + ¥s), (V3 + Ya, Yo+ Ya + ¥s),

(Vs + s, v2 + Y3 +Ya));

and S3 = S5 = S¢ = S7 = @. The conditions of (4.1) follow.
1 3 4 5 6 7 8
Finally, suppose that A(g, a) is of type Eg " . Then B =
2

291 + 3¢ + 4Ys + 6Yu + Ss + de +3Y7 + 25, B2 = 291 +2¢2 + Y3 +
Ay + 3Ys + 2¢6 + Y7, B3 = Y2 + Y3+ 2¥a + 295 + 26 + Y7, Ba = Y7,
Bs = VY2 + Y3+ 2%4 + V¥s, Be = Y2, B7 = ¥3,and Bg = ¥s. Now [, = gg, +
2 (v.yhes, @y + 8y7), where

Sy =8¢ =87 =83 =0,

Ss = {(Ya, Yo+ V3 + Va +V¥s), (Y2 + Ya, Y3+ Ya + ¥s),
Y3+ Ya, Vo +VYa+Ys), (Ya+¥s, Yo+ ¥3+ 9Pk

83 = {(Ye, Yo+ V3 + 294 + 25 + Y6 + ¥7), (s + Ve, Y2+ ¥3 + 294 + Vs + Y6 + Y1),
(Y6 + V7. V2 + 93 + 294 + 295 + Y6), (Va + ¥s + Y6, V2 + Y3 + Yu + ¥s + Y6 + ¥7),
(W5 + V6 + V7, Yo+ 93+ 294+ ¥s + Ve), (V2 + Ya + Vs + Ve, ¥3 + Y4
+ Vs + Ve + 7)),
Y3+ Y+ ¥s + Ve, Y2+ Y+ ¥s+ Ve + Y1), (Ya+¥s+ Y6+ V7, v2+ Y3
+Ya+ ¥s + ve)};

St =A{(Wg, 2¥1 + 3¥2 +4Y3 +6Ys + 55 + 4¥6 + 3Y7 + ¥3),
(7 + Vs, 291 + 3y +4Y3 + 6Ys + 5¥5 + 46 + 297 + Yg),
(e +¥7 +¥s, 291 + 3y +4¥3 + 6Y4 + 5¥s5 + 3% + 2¥7 + Yg),
(Y5 + V6 + V7 + Y8, 2V + 3¢ + 493 + 6Y4 + 45 + 36 + 297 + ¥g),
(W + s+ Y6+ Y7 +¥8, 291 + 392 +4¥3 + 594 + 45 + 396 + 297 + ¥g),
W2 +va+¥s+ve+v7+ s, 291 + 292 + 493+ 5S¢ +4Ys + 3Y6 + 297 + ¥),
W3 +va+¥s+ve+v7+¥s, 291 + 3% + 393 + 5¥4 + 495 + 36 + 297 + ¥),
W1+ Y3+ Vs +¥s+ Ve + 7+, Y1+ 3%+ 3Y3 4+ 5¢s +4Ys + 3Y6 + 297 + ¥),
W2+ V¥3+¥a+¥s+ Ve +¥7+vs, 2¢1 + 22 +3¥3 + 594 + 4Ys + 3Y6 + 297 + ¥3),
W1 +v2+¥3+va+vs+ve+v7+ s, Y1 +2y2+3Y3+59a +4¢s + 36
+2y7 +¥8), (Y2 + Y3+ 294 + ¥s + Yo + Y7 + Y8, 291 + 292 + 3¢z + 44 + 4Ys
+3V6 +2¥7 +¥8), (W1 + V2 + Y3+ 294 + ¥s + Y6 + Y7 + Y8, Y1+ 22 +3Y3
+4y4 +4Ys + 396 + 297 + Y8), (V2 + Y3 + 294 + 295 + e + Y7 + Y8, 2¥1 + 2y
+3y3 +4¥4 + 3¢5 + 36 + 2¥7 + ¥g), (Y1 + V2 + 293 + 204 + Y5 + Y6 + Y7 + U,
Y1+ 292 + 293 + 4y + 4Ys + 396 + 297 + ¥g), (Y1 + Y2 + Y3 + 294 + 295 + Y6
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+Y7+Y8, Y1+ 292 +3Y3 4+ 4 + 3Ys + 36 + 297 + g), (V2 + Y3 + 294 + 295
+2%6 + V7 + Vs, 291 + 292 + 3Y3 + 4s + 395 + 296 + 297 + ¥),

W1+ 2+ 293 + 294 + 295 + Y6 + Y7 + ¥, Y1+ 292 + 293 + 44 + 3¢5 + 36
+2y7 +¥8), (Y1 + Y2 + Y3 + 294 + 295 + 296 + Y7 + Y8, Y1 + 292 +3Y3 +4Ys
+3Ys + 26 + 297 + ¥8), (V2 + V3 + 294 + 295 + 296 + 297 + Y8, 291 + 292 + 3Y3
+4y4 + 3Ys + 296 + Y7 + ¥8), (Y1 + Y2 + 293 + 3% + 295 + Y6 + Y7 + U3,

V1 + 292 + 293 + 394 + 395 + 36 + 297 + g), (U1 + 2 + 293 + 294 + 295 + 296 + Y7
+yg, Y1+ 292 + 293 +4%4 + 3Ys + 296 + 297 + ¥8), (Y1 + Y2 + Y3 + 294 + 295
+2y6 +2¢7 + Y8, Y1+ 2¥2 +3Y3 + 4y + 395 + 296 + Y7 + ¥8), (V1 + 292 + 213
+3V4 +2¥s + Y6 + Y7 + Y8, Y1+ Y2+ 293 + 3Y4 + 3Ys + 36 + 297 + ¥),

Y1+ Y2+ 293 + 3% + 295 + 296 + Y7 + Y8, Y1 + 292 + 293 + 34 + 3¥s5 + 296
+297 +¥8), (Y1 + V2 + 293 + 294 + 295 + 296 + 297 + g, Y1+ 292 + 293 +4yYy
+3%s5 +2y6 + Y7 +¥8), (Y1 + 290 + 293 + 394 + 295 + 2y + Y7 + Y8, Y1+ Y2
+2v3 + 3% + 395 + 296 + 297 + ¥g), (Y1 + P2 + 293 + 39y + 35 + 206 + Y7 + Vs,
Y1 + 292 + 293 + 3Yg + 205 + 296 + 27 + ¥g), (V1 + Y2 + 23 + 34 + 295 + 296
+2¥7 + Y8, Y1+ 2% + 293 + 3%4 + 395 + 296 + Y7 + YR}

while

S = {1, Y1+ 292 + 393 + 4 + 395 + 2¢6 + Y1),
Y1+ Y3, Y1+ 292 + 293 + 49 + 3¢5 + 296 + ¥7),
Y1+ Y3+ Vs, Y1+ 292 + 293 + 39 + 3¢s + 296 + ¥7),
W1+ Y2+ V3 +va, Y1+ Y2+ 293 4 3% + 39s + 296 + ¥7),
W1+ Y3+ va+ s, Y1+ 2¢2 + 293 + 3%a + 295 + 296 + Y1),
W+ Y2+ Y3+ va+ s, Y1+ v+ 293 + 394 + 295 + 296 + ¥7),
W1+ Y3 + Vs + s + 6, Vi + 292 + 293 + 3¥4 + 295 + Y6 + Y1),
W1+ Y2+ Y3 +2%a + ¥s, Y1+ Yo+ 293 + 204 + 295 + 296 + Y7),
W1+ Y2+ Y3+ Ya+ s + Ve, V1 + Y2+ 2%3 + 3%a + 295 + Y6 + Y1),
W+ Y3+ Vs + s+ e+ Y7, Y1 +2%2 + 293 + 3%4 + 295 + Ye),
W1+ Y2 + 293 + 204 + VU5, Y1+ Yo + V3 + 204 + 295 + 296 + ¥7),
U1+ Y2 + Y3 + 204 + Y5 + Y6, Y1+ Y2 + 293 + 2% + 25 + Ve + ¥7),
W+ Y2+ ¥3+va+ s+ ve+ V7, Y1+ Yo+ 293 + 394 + 295 + Ye),
(Y1 + Y2 + 293 + 2% + Us + Y6, V1 + V2 + Y3+ 204 + 295 + Y6 + Y1),
(Y1 + V2 + V3 + 294 + 205 + Y6, Y1+ V2 + 293 + 29 + s + Y6 + ¥7),
W+ 2+ ¥3+2%a+¥s + Y6+ V7, Y1+ Y2 + 293 + 29 + 295 + Ye) )

References

1. Beltita, I, Beltita, D.: Coadjoint orbits of stepwise square integrable representations. Proc. Am. Math.
Soc. 144, 1343-1350 (2016)

2. Borel, A.: Sous-groupes commutatifs et torsion des groupes de Lie compacts connexes. Tohoku Math.
J. 13, 216-240 (1961)

3. Borel, A., Serre, J.-P.: Sur certains sous-groupes des groupes de Lie compacts. Comment. Math. Helv.
27, 128-139 (1953)

@ Springer



786 J. A. Wolf

4. Duflo, M.: Sur les extensions des représentations irréductibles des groupes de Lie nilpotents. Ann. Sci.
Ecole Norm. Super. 5, 71-120 (1972)
. Johnson, K.D.: A strong generalization of Helgason’s theorem. Trans. Amer. Math. Soc. 304, 171-192
(1987)
. Johnson, K.D.: The structure of parabolic subgroups. J. Lie Theory 14, 287-316 (2004)
. Mackey, G.W.: Induced representations of locally compact groups, I. Ann. Math. 55, 101-139 (1952)
. Mackey, G.W.: Theory of Group Representations. University of Chicago, Chicago (1955). lecture notes
. Mackey, G.W.: Unitary representations of group extensions. I. Acta Math. 99, 265-311 (1958)
. Moore, C.C., Wolf, J.A.: Square integrable representations of nilpotent groups. Trans. Am. Math. Soc.
185, 445-462 (1973)
11. Satake, L: Unitary representations of a semidirect product on d-cohomology spaces. Math. Ann. 190,
117-202 (1971)
12. Wolf, J.A.: The action of a real semisimple group on a complex flag manifold, II: Unitary representations
on partially holomorphic cohomology spaces. Memoirs of the American Mathematical Society, vol.
138 (1974)
13. Wolf, J.A.: Representations of certain semidirect product groups. J. Funct. Anal. 19, 339-372 (1975)
14. Wolf, J.A.: Spaces of Constant Curvature, 6h edn. American Mathematical Society, (2011). The result
referenced in this paper is the same in all editions
15. Wolf, J. A.: Plancherel Formulae associated to Filtrations of nilpotent Lie groups, arXiv:1212.1908
16. Wolf, J.A.: Stepwise square integrable representations of nilpotent Lie groups. Math. Annal. 357,
895-914 (2013)
17. Wolf, J.A.: The Plancherel Formula for minimal parabolic subgroups. J. Lie Theory 24, 791-808 (2014)

wn

[=ENoNe I B

—_

@ Springer


http://arxiv.org/abs/1212.1908

	Solvability, Structure, and Analysis for Minimal Parabolic Subgroups
	Abstract
	1 Introduction
	2 Lie Algebra Structure
	3 Structure of the Minimal Parabolic Subgroup
	3.1 The Linear Case
	3.2 The Finite Groups Dn and Dgg
	3.3 The General Case

	4 Stepwise Square Integrable Representations of the Nilradical
	5 Generic Representations of the Parabolic
	6 Fourier Inversion on the Parabolic
	Acknowledgements
	7 Appendix: Explicit Decompositions
	References




