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Abstract Let G be a complex simple direct limit group, specifically SL(co; C), SO (oco; C)
or Sp(oo; C). Let F be a (generalized) flag in C*®. If G is SO (oo; C) or Sp(oo; C) we
suppose further that F is isotropic. Let Z denote the corresponding flag manifold; thus
Z = G/Q where Q is a parabolic subgroup of G. In a recent paper (Penkov and Wolf in
Real group orbits on flag ind-varieties of SL~,(C), to appear in Proceedings in Mathematics
and Statistics) we studied real forms Go of G and properties of their orbits on Z. Here
we concentrate on open Go-orbits D C Z. When Gy is of hermitian type we work out
the complete Go-orbit structure of flag manifolds dual to the bounded symmetric domain
for Go. Then we develop the structure of the corresponding cycle spaces M p. Finally we
study the real and quaternionic analogs of these theories. All this extends results from the
finite-dimensional cases on the structure of hermitian symmetric spaces and cycle spaces (in
chronological order: Wolf in Bull Am Math Soc 75:1121-1237, 1969; Wolfet al. in Ann Math
105:397-448, 1977; Wolf in Ann Math 136:541-555, 1992; Wolf in Compact subvarieties
in flag domains, 1994; Wolf and Zierau in Math Ann 316:529-545, 2000; Huckleberry et al.
in Journal fiir die reine und angewandte Mathematik 2001:171-208, 2001; Huckleberry and
Wolf in Cycle spaces of real forms of SL, (C), Springer, New York, pp 111-133,2002; Wolf
and Zierau in J Lie Theory 13:189-191, 2003; Huckleberry and Wolf in Ann Scuola Norm
Sup Pisa ClI Sci (5) 9:573-580, 2010).

Keywords Infinite dimensional symmetric space - Bounded symmetric domain - Cycle
space - Direct limit group - Direct limit symmetric space

1 Introduction

The object of this paper is the study of certain infinite dimensional bounded symmetric
domains and the related cycle spaces for open real group orbits on complex flag manifolds.
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The cycle space theory is well understood in the finite-dimensional setting (in chronological
order: [12], [17], [14], [15], [18], [16], [4], [5], [19], [6]). Here we initiate its extension to
infinite dimensions. Specifically, we look at the action of real reductive direct limit groups, Go
such as SL(oo; R), SO(00, 00), Sp(00, q), or Sp(oo; R), on a class of direct limit complex
flag manifolds Z = G/Q, where G is the complexification of Go. While the classical finite-
dimensional setting [ 12] is the guide, the results in infinite dimensions are much more delicate,
and often different. See [7], as indicated below. In fact there are even stringent requirements
for the existence of open Gg-orbits on Z. In all cases where Gy is the group of an hermitian
symmetric space, we work out a complete structure theory for the cycle spaces of open orbits
in our class of flag manifolds. That structure is explicit in terms of the bounded symmetric
domains of the Gy.

In Sect. 2 we review the basic facts about our class of infinite dimensional complex Lie
groups, their construction, their flag manifolds, and their real forms. We note [7] that every
Go-orbit on Z is infinite dimensional, and we describe just when the number of Gg-orbits
on Z is finite.

In Sect. 3 we concentrate on the cases where Gy is a special linear group or is defined by a
bilinear or hermitian form. We then recall foundational results from [7] and describe a notion
of nondegeneracy for flags 7 € Z (evenin the cases Go = SL(co; R) and Go = SL(oco; H)).
We use nondegeneracy to determine which G-orbits are open, and in fact and whether there
are any open Gg-orbits.

In Sect. 4 we develop a complete structure theory for the finitary infinite dimensional
bounded symmetric domains. The results are similar to the classical finite-dimensional results,
but one has to be careful about the details. We obtain complete extensions of the orbit structure
(in particular the boundary structure) from the finite-dimensional cases ([8,11,12]).

Then in Sect. 5 we initiate the study of cycle spaces of the open Go-orbits on Z. We
start with the important case of Gy = SU(00, g), ¢ < 00, using an idea from the finite-
dimensional setting. We show how that idea leads to a precise description of the cycle space
more generally. This is the start of a program to extend results of [3] to infinite dimensions.
This study raises many important questions and initiates several promising lines of research.
Compare [3].

One could carry out the considerations of Sects. 4 and 5 in a more unified way, but there
are many small differences of technical detail, so it would not be advantageous.

Finally, in Sect. 6 we carry some of the results of Sects. 4 and 5 over to certain real and
quaternionic bounded symmetric domains. As noted in [10] this has some physical interest.

This study grew out of a joint project [7] with Ivan Penkov and Mikhail Ignatyev, where
we studied real forms G of S L (co; C) and the basic properties of their orbits on flag varieties
Z. I thank Ivan Penkov for important discussions on early versions of this manuscript, and I
thank the referee for comments and observations that led to improvements in this paper.

2 Basics

In this section we review some basic facts about our class of infinite dimensional real and
complex Lie groups, complex flag manifolds, and real group orbits.

2.1 Direct limit groups

Let V be a countable-dimensional complex vector space and E a fixed basis of V. We fix
a linear order on E, specifically by N = ZT, where E = {ej, e2, ...}. When we come to
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flags and parabolics we will consider other orders on E, but we use the given order by ZT to
define our groups and our exhaustions of V.

Let V, denote the span of the dual system {e’f, e§, ... }; we view V, as the restricted dual
of V. The group GL(V, E) is the group of invertible linear transformations on V that keep
fixed all but finitely many elements of E. It is easy to see that GL(V, E) depends only on
the pair (V, V,) as long as Vi is constructed from E.

Express the basis E as an increasing union E = | J E,, of finite subsets. That exhausts V by
finite-dimensional subspaces V,, = Span{E,}, V = h_r)n Vi, and thus expresses GL(V, E)
as h_r)n GL(V,) and SL(V, E) as h_r)n SL(V,). When we write GL(oco; C) or SL(o0; C) we
must have in mind such an associated exhaustion of V by finite-dimensional subspaces.

For the orthogonal and symplectic groups, V is endowed with a nondegenerate symmetric
or antisymmetric bilinear form b that is related to E as follows: We can choose the increasing
union E = | J E, sothatthe V,, = Span { E,,} are nondegenerate for b and so that b(e,, V,,) =
Ofore,, ¢ E,.Thus O(V, E,b) = h_r)n O(V,, bly,) when b is symmetric,and Sp(V, E, b) =
h'_n)1 Sp(Vy, bly,) when b is antisymmetric. Again, when we write O (co; C), SO(o0; C) or
Sp(oo; C) we must have in mind such an associated exhaustion of V by finite-dimensional
b-nonsingular subspaces.

2.2 Flags

We now recall some basic definitions from [2]. A chain of subspaces in V is a set C of distinct
subspaces such that if F, F’ € C then either F C F’ or F' C F. We write C’ (resp. C”) for
the subchain of all F' € C with an immediate successor (resp. immediate predecessor). Also,
we write CT for the set of all pairs (F’, F”) where F” € C” is the immediate successor of
F' eC.

Let F be a chain, and let 7" and F” be defined as just above. Then F is a generalized
flagif 7 = 7' U F" and V\{0} = U pryert (F"\F'). Note that 0 # v € V determines
(F',F"y = (F!,F) € ' such that v € F""\F'. If F is a generalized flag then each of F’
and F” determines F:

if (F',F"ye F' then F’:U G" and F”:ﬂ G

C D
G”G]—w.G”¢F” G’E.’F’,G/¢F/

A generalized flag F is maximal if it is not properly contained in another generalized
flag. This is equivalent to the condition that dim F,//F, = 1 forall0 #£ v € V.

A generalized flag is a flag if, as a linearly ordered set, the proper subspaces of F are
isomorphic to a linearly ordered subset of Z so that we do not have to deal with limit ordinals.

In the orthogonal and symplectic cases, we say that a generalized flag F in V is isotropic
(relative to b) if b(F, F) = 0 for every F € F. This is equivalent to the notion in [7], where
“isotropic” is defined tomeanthatt : F +— F -+ (relative to b) is an order-reversing involution
of F, so that (F', F") € F' if and only if (F”)*, (F))%) € F'. In effect, if F = (Fy) is
isotropic in the sense of this paper, then F U FL := F U{FJ- | F € F} is isotropic in the
sense of [7], and if 7 = {Jg} is isotropic in the sense of [7], then {J, | Jo C JQL} is isotropic
in the current sense.

A partial order < on a basis E of V is called strict if 8 < o implies B # o, and B < «
means that either 8 < « or B = «. We emphasize that this is only a partial order, not a
linear order, and there may be elements of the index set that are not comparable under <. In
particular < need not be the same as any order with which E is presented. See Example 2.2
below.
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Definition 2.1 A generalized flag F is compatible with E if there exists a strict partial order
< on E for which every pair (F’, F”) is a pair (Span {eg | B < «}, Span{eg | B < a})ora
pair (0, Span {eg | B < a}). If F is isotropic in the sense that each Fy, is either isotropic or
coisotropic, then in addition we require that E be isotropic.

A generalized flag F is weakly compatible with E if it is compatible with a basis L of
V where E\(E N L) is finite.

A subspace F C V is (weakly) compatible with E if the generalized flag (0, F, V) is
(weakly) compatible with E.

Generalized flags 7 and G are E-commensurable if they are both weakly compatible
with E and there is a bijection ¢ : F — G and a finite-dimensional U C V such that each
FCoF)+U,p(F)CF+U,anddim(FNU) =dim(¢e(F) NU). E-commensurability
is an equivalence relation. <&

Example 2.2 This is the example that we will need to discuss bounded symmetric domains.
Let F = (0 C F C V). We divide the index set A of the basis E as A = A; U A, where
A = {a | eq € F}. Let < be any partial order on A such that (i) 1 < oy whenever o) € A
and ap € Aj and (ii) A; has a maximal element y; in the sense that « < 3; whenever
vi #a € A;. Then, (0, F) = (0, Span{eg | B < y1}) (by convention on pairs with F'=0)
and (F, V) = (Span{eg | B < 2}, Span {eg | B < y2}), so F is compatible with E.

This example extends to generalized flags of the form (0 C F; C --- C Fy C V), with
only the obvious changes. <

Fix a generalized flag F compatible with E. If E is b-isotropic suppose that F is isotropic.
Then Z = Z#  denotes the flag manifold G/ Q where Q is the parabolic {g € G | g(F) =
F forall F € F}. If E is isotropic we will write Z = Zr ; g for G/Q where Q = QF
is the stabilizer of F in G. As noted in Sect. 2.3, Zx g is a holomorphic direct limit of
finite-dimensional complex flag manifolds, so Z# g has the structure of complex manifold.

Theorem 6.2 in [2] says the following:

Lemma 2.3 Let F be a generalized flag that is weakly compatible with E. If G =
SO(V,E,b) or G = Sp(V, E, b) suppose further that F is isotropic. If g € G, then
g(F) is E-commensurable to F. If F and L are E-commensurable, then there is an element
g € G such that L = g(F).

Proof (Compare with Theorem 6.1 of [2]) If g € G then V = U + W where g is the identity
on W, g(U) =U,anddim U < oo.If F, € F then g(F,) C Fy + U. In particular, g(F) is
weakly compatible with E. This proves the first statement.

Let F and £ be E-commensurable and let U be a finite-dimensional subspace of V, such
thateach F C ¢(F) + U, o(F) C F + U, and dim(F NU) = dim(p(F) + U). They are
weakly compatible with E so they are compatible with bases X and Y such that E\(E N X)
and E\(E NY) are finite. Now E\(E N (X U Y)) is finite; let U denote its span and let W
be the span of its complement in E. Let g € G be the identity on W, and define g : U — U
by g(xq) = yq for @ an index of E\(E N (X UY)). ]

2.3 Flag manifolds

Let F be a generalized flag weakly compatible with E. If G = SO(V,E,b) or G =
Sp(V, R, b), suppose that F is isotropic. In view of Lemma 2.3.

Remark 2.4 The flag manifold Zr g consists of all generalized flags in V that are E-
commensurable to F. <
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Lemma 2.3 says that Zx g is a homogeneous space for the complex group G. Realize
V = h_r)n V,, according to an exhaustion E = | J E,, by finite subsets. Denote 7, = FNV,.In
other words, if F = {Fy}yca}, then F, is {Fy, NV, }oca } with repetitions allowed. Now F, is
aflag in V,, so we have the flag manifold Zz, g, . Note thatthe Fy, NV, < Fo NV, m 2 n,
define maps Zr, g, — ZF, E, and give us a direct system {Zr, g,} for which Zf g =
li_r)n{Zy:mEn}. Since the finite-dimensional flag manifold Z#, g, has the natural structure
of homogeneous projective variety under the action of G,, and the Zx, g, — ZF, E,
are equivariant rational maps and equivariant for G, < G, the infinite dimensional flag
manifold Zr g is a G-homogeneous ind-variety. We emphasize the connection with the
(finite-dimensional) Z, g, by viewing Zz g as a complex ind-manifold referring to it
simply as a complex flag manifold.

2.4 Real forms of the complex groups

Corresponding to the complex classical groups G mentioned above, we have their real forms
as follows. Here note that a local isomorphism to one of the groups on the following list
implies an isomorphism of Lie algebras, so the local isomorphism is compatible with the
ind-structure specified as direct limit of finite-dimensional Lie groups.
IfG = SL(o0; C), then Gy is locally isomorphic to one of
SL(oco; R) = lim,_, o SL(n; R) the real special linear group,
SL(oco; H) = lim,,—, oo SL(n; H) the quaternion special linear group,
SU(p, 00) = lim,_, o SU (p, n) the complex special unitary group of finite real rank p,
and
SU(00,00) = limy 400 SU(p, q) the complex special unitary group of infinite real
rank.
IfG = G L(o0; C), then G is locally isomorphic to one of
GL(00; R) = limy,—c GL(n; R) the real general linear group,
GL(oo; H) = lim;,,—, o, GL(n; H) = SL(0co0; H) x R the quaternion general linear group,
U(p,o0) = lim,— U(p, n) the complex unitary group algebra of finite real rank p,
and
U(o0, 00) =limp 400 U(p, g) the complex unitary group of infinite real rank.

IfG = SO(o0; C), then Gy is locally isomorphic to one of

SO (p, 00) =1lim,_ SO(p, n) the real orthogonal group of finite real rank p,
§0 (00, 00) =1lim), ;.00 SO(p, q) the real orthogonal group of infinite real rank, and
Caveat: when we write S O(—) we mean the topological identity component of O (—).
S0*(00) = lim,—0o(SO*(2n) = {g € SL(n; H) | g preserves k (x, y) := > xliyt =
'xiy}).

IfG = Sp(oo; C), then Gy is locally isomorphic to one of
Sp(oo; R) = lim,_, o Sp(n; R) the real symplectic group,
Sp(p, 00) = lim, s Sp(p, n) the quaternion unitary Lie algebra of finite real rank p,
and
Sp(00, 00) = lim, 400 Sp(p, q) the quaternion unitary Lie algebra of infinite real
rank.

As usual we use Roman letters for the Lie groups and the corresponding lower case fraktur
for their Lie algebras. In order to be precise about the real groups we must be careful about
two notions: nondegeneracy of subspaces, and the role of V and E in complex conjugation
T of g over go and G over Go.
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3 Basis and exhaustion

We run through the real groups of Sect. 2.4, defining some particular bases, flags and signa-
tures relevant to our results on cycle spaces.

3.1 SU(00,q),q = ©

In this case V = C°9 with ¢ < oo and we start with an ordered basis

E={..,e2e1,e1,e,...,e) if g <oo, G0
E={..,e,e_1,e1,er,...} if qg=o0, ’
where G is defined by the hermitian form
h(ei,ej) = 31"]' for i <0 and h(e,',ej) = —(Sl',j for i >0. (32)

The corresponding exhaustion V = |J V,, realizes Gg as limg ¢— 0o SU (k, £) or limg_, 0o SU
(k. q).

F is a flag in V compatible with the ordered basis E of (3.1). The partial order < for
this compatibility is not necessarily the order of (3.1); it is a property of F relative to E
rather than a property of the ordering (3.1) of E. To each flag F( e Zr g we assign the
signature sequence {sxy = si(FDy = (posk(f(l)), negk(f(l)), nulk(}'(l)))}, where pos;,
is the dimension of the maximal positive definite subspace of F, k(l) , negy, is the dimension
of the maximal negative definite subspace, and nul is the nullity. If nul; = 0 we write
(pos;, (FDy, neg; (FWD)y) for (posy (FDy, neg; (FM), 0. If the Fy all are finite-dimensional,
then pos;, neg; and nuly all are finite. If ¢ < o0, i.e. if G has finite real rank ¢, then every
nul; £ ¢g.However, when one or more of the Fy is infinite dimensional the signature sequence
is not always useful.

3.2 50(00,9),q = 00

Again V = C°4. In terms of an ordered basis E' = {elf} as in (3.1), Gy is defined by a
symmetric bilinear form b together with a hermitian form 4, as follows:

b(e], e;.) =468, = h(e}, e;.) for i <0, b(elf,e;) =-8;;= h(e;,e}) for i >0,
the other b(e}, €;) = 0 = h(ey, €)).
(3.3)
To see that (3.3) defines SO (o0, g), we note that SO(oo, g) consists of all finitary real
matrices (relative to the basis E’) in the SO (oco; C) defined by b, and also consists of all
real matrices in the SU (oo, ¢) defined by h. Write B and H for the matrices of b and #,
s0 SO (o0; C) is given by gB /g = B and SU(co, q) is given by gH ‘g = H. Since
B =H,now g € SO(00; C) N SU (00, q) implies g = g so g € SO (00, q), and obviously
g € SO(00, q) implies g € SO(o00; C) N SU (00, q). For k, £ < 0o we have verified

SOk, 0)=8S0k+¢;C)NSU(k, ), SO(k+L;C) definedby b, SU(k,£) definedby bh.
34

A b-isotropic flag in V cannot be compatible with E” because a subspace of V spanned
by some of the ¢] neither contains nor is contained in its b-orthocomplement. So we define

E={.,en,e_1,e1,e2,...,¢4) if g <00,
E=/{..

.,e_,e_y,el, e, ...} if g=o0, (3-5)
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where

h(ej,ej) =6;; for i <0, h(e,ej)=—6; for i>0 and 3.6)
b(ej,ej) =6;; for i< —q, b(ej,ej)=200,1; for i2—q. ’
The transformation e, — e¢; is not finitary when ¢ = oo, but nonetheless every g € G
is finitary relative to the basis E. F is an E-commensurable isotropic flag in V. We use h
for the signature sequence {s;y = sp(FDy = (posk(]-'“)), negk(}'(l)), nulk(]-'(”))} for a
flag F1 € Zx , where pos, is the dimension of the maximal A-positive definite subspace
of Fk(l) , neg; is the dimension of the maximal &-negative definite subspace, and nuly is
the h-nullity. As in Sect. 3.1 above, if nuly = 0 we write (pos;(F1), neg, (F1)) for
(posy (FDy, neg; (FD)y, 0), and if the Fy, all are finite-dimensional, then posy, neg; and nuly
all are finite, and if ¢ < oo, then every nul; < g.

Remark 3.1 Orientation can be a consideration for SO (oo, ¢g). Following [1, Theorem 2.8],
the stabilizer of a b-isotropic flag F determines all the subspaces in F except when some
there is an isotropic subspace L € F with dim L+ /L = 2. In that case there are two maximal
isotropic subspaces M1 and M, of (V, b) that contain L, and there are three flags with the
same stabilizer as F, and of course F is one of them. We list them with ad hoc designations.
(i) (undecided orientation) {FV € F | F < L or L+ ¢ FW} and neither of the M; is
contained in F, (ii) (positive orientation) (FOeF | FO cLor Lt ¢ FOYU M), ie.
M, € F, and (iii) (negative orientation) {F" € F | F c Lor Lt ¢ FD}U (M}, ie.
M, € F. Signature does not distinguish these three flags, for example (ii) and (iii) have the
same signatures for all ¢, and sometimes all three have the same signature with ¢ = oo.

3.3 Sp(00,q), g < 0

Here V = €24 and we use the basis (3.1) with ¢ replaced by 2g. Then Gy is defined by
both an antisymmetric bilinear form b and an hermitian form 4.

b(ezi—1,e2) =—1, b(ezy,ezi—1)=+1, for i>0,
b(ezit+1,e2) =+1, b(ez,eziy1) =—1 for i <0, allotherb(e,,ep) =0;
h(ei,ej)=06;; for i <0 and h(ej,ej)=—06;; fori >0, allother h(eq,ep)=0.
3.7
To see this we need the analog of (3.4), and for that we need to find the quaternion algebra
that realizes C272" as HP" .

Lemma 3.2 Sp(p,r) = Sp(p +r; C) N SUR2p, 2r) where SO(p + r; C) is defined by b
as in (3.7) and SU (2p, 2r) is defined by h as in (3.7).

Proof We work in matrices relative to the portion E = {e_3p, ..., ez} of (3.1). Then b
has matrix B = diag{J, ..., J} where J = (?‘01) and h has matrix H = (If]” 7(1)2 ) So

Sp(p +r; C)is givenby gB’g = B and SU(2p, 2r) is given by g H'g = H. Define R-linear
transformations of V by

IZw)y=+—1lv and J(@w)=+—-1BHv for veV.
Compute

TP=—1, J*=—1 and IJ+JI=0
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so Z and J generate a quaternion algebra; call it H. If g € Sp(p +r; C) N SU(2p, 2r), so
e =B lg7!'Band’g = H '¢g7'H, then B~! = —B, H~! = H, and we compute

(W=1BH)(g)(—~/—1HBv) = —BHZHBv
=—BH-Hg'H-HBv=B'go'Bu=B-BgB™'-Bv=gv

TJeT v

for v € V. Thus J commutes with every g € Sp(p +r; C) N SU(2p, 2r); in other words,
every g € Sp(p+r; C)NSU (2p, 2r) is H-linear. That shows Sp(p+r; C)NSU(2p, 2r) C
Sp(p,r).

On the other hand, o : g —> JgJ ! is an involutive automorphism on the underlying real
structure of Sp(p + r; C). The latter is simply connected, so its fixed point set is connected.
But o fixes every element of Sp(p, r), which is maximal among the connected subgroups
of Sp(p + r; C). So now Sp(p,r) C Sp(p + r;C) N SU(2p, 2r). That completes the
proof. O

Now take the limit on p, or on p and r, to see how Gy is defined by the two forms b and &
of (3.7). Let F be a b-isotropic flag in V compatible with the basis E of (3.1). For that, note
that Span {e; | i even} and Span {e; | i odd} are b-isotropic subspaces. As in the previous
cases one can discuss signature for flags 7\ € Zr .

3.4 SO* (o)

This case is similar to the case of SO (oo, 00), except that we use a different bilinear form b.
The basis is

E={..e-3,e_2,e_1,e1,e2,€3,...} = U E, where E,={e_,,...,e;}. (3.8)
G is defined by the symmetric bilinear form b and the hermitian form A:

bei,ej) =08iyj0, h(ei,ej)=06;; for i<0 and h(e,ej)=—5; for i>0.
3.9)

Thus V = |JV, where V,, = Span{E,} and Gy = SO*(c0) = 11_1’1)1 SO*(2n) where
S O0*(2n) is the subgroup of SL(2n; C) defined by the forms b and /4 of (3.9). To check this,
note that the subgroup of SL(2n; C) itself has maximal compact subgroup isomorphic to
U(n).

3.5 Sp(oos R)

This case is similar to that of SO*(0c0), except that the bilinear form b is antisymmetric. We
use the same basis (3.8), with bilinear form » and hermitian form #4:

b(e,',ej) :5,'+j7() for i <0 and b(ei,ej) = —5,'4,]',0 for i > 0;

h(ei,ej) =6;; for i <0 and h(e,e;)=—6;; for i>0. (3.10)

Here G = Sp(oo; C) is defined by b. One can view Gy as the real (relative to Spanr(E))
elements of G, but for our purposes it is better to view it as G N SU (oo, o) where U (0o, 00)
is defined by the hermitian form A. For that, it suffices to check that Sp(n; R) = Sp(n; C) N
U (n, n), and to check that it suffices to note that Sp(n; C) N SU (n, n) contains a U (n) in the

form (‘3 %(11 )
As in the previous cases one can discuss signature for flags (I € Z F.E-
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3.6 SL(o00; R) and SL(oo; H)

Fix a real form Vy of V and an ordered basis £ = {ey, €2, e3, ...} of V. Then SL(oc0; R)
is defined by complex conjugation t : v + v of V over a real form Vj, while SL(co; H) is
defined by a conjugate linear map t : v — (PI (I)) von V.Interms of E,

Case F = R: each te, = ¢,, so E is an R-basis of a real form Vj of V
Case F = H: ter,—1 = —ep, and Tep, = e24—1, SO €ach {exq—1,ie2q4—1, €24, 1€24} 18
an R-basis of an H-subspace of V

In the finite-dimensional case the signature for a generalized flag M is {si,j =sij(F (y}

where s; j (F (M) is the dimension of the maximal complex subspace of Fi(l) nrr® [4,5].
In the infinite dimensional cases we will have to be more precise [7, Section 5].

3.7 Nondegeneracy and open orbits

Fix a basis E of V as in Sects. 3.1 through 3.6 and a flag F in V that is compatible with E.
Except in the cases of SL(oco; R) and SL(oco; H), we use signatures of generalized flags to
distinguish real group orbits on Z £ g, as follows:

Definition 3.3 Let G be defined by a nondegenerate bilinear form b or an hermitian form
h or both. Then we say that a flag FO e Zr g is nondegenerate if (i) for SU (o0, q),

SO (00, q) or Sp(co, q) each Fo((l) is h- (or b-) nondegenerate; and (ii) for Sp(n; R) or
S0*(o0) each FOEI) is h-nondegenerate. &

Theorem 3.4 Let Gy be SU (00, ¢), SO (00, q), Sp(00, q), SO*(00) or Sp(co; R) and con-
sider aflag F e Zr . Then Go(FM)Yisopenin Zr o ifand only if FD s nondegenerate.

Proof An orbit Go(F() in Z F.,e 1s open just when one stays inside the orbit under any
sufficiently small perturbation of a finite number of the F! in F(, Using the direct limit
topology on Zr . and the finite-dimensional analog [3,12], the assertion follows. This is the
same argument as that of the first part of [7, Proposition 5.1]. O

Corollary 3.5 There are open Gg-orbits on Zr g if and only if Zx g contains a nondegen-
erate flag. In particular, if Go is SU (00, q), SO (00, q) or Sp(c0, q) with q < 00, then there
are open Go-orbits on Zr .

The matter is subtler for the special and general linear groups, where we do not have b- or
h-nondegeneracy for subspaces of V, and where if dim V = oo then the dim(Fl.(]) NtF ;]))
do not suffice. Instead we use [7, Definition 5.1] as follows:

Definition 3.6 Let G be SL(co; F),F = RorH. Then Go(FV) ¢ Zr . isnondegenerate
e (1 1. ) 2 1 1

1fFl.( )ﬂrF; ) fails to properly contain Fi( )ﬂrF; ),Whenever]-'(z) € Zr pand Fl.( ), F; ) e
F <&

The first consequence of this definition is

Theorem 3.7 ([7, Proposition 5.3]) Let Go be SL(o0; R) or SL(oo; H), and consider a flag
F e Zr.E. Then the orbit Go(FD) is open in Zr. g if and only if FOU is nondegenerate.
In particular, if each F,gl) N ‘L'F,Sl) =0, then Go(]-'(l)) isopenin ZF E.
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Ifnisodd, orif n = 2m and dim F # m for all F € F N C", then G, o = SL(n; R) has
only one open orbit on a flag manifold G,/ Q, in C"; if n = 2m even, and some F € FNC"
has dimension m, then there is an orientation question and G, o = SL(n; R) has two open
orbitson G,/ Q. See [4, Corollary 2.3]. Further G, o = SL(n; H) has a unique open orbit on
a flag manifold G,,/Q, in C2", See [5, Proposition 3.14]. This extends to infinite dimensions
as follows:

Corollary 3.8 Let Gy be SL(00; R) or SL(oo; H). Then there is an open Gy-orbit on Zr
if and only if Zx g contains a nondegenerate flag, and in that case there is exactly one open
Go-orbiton Zr .

Proof The first assertion is immediate from Theorem 3.7. For the second, let O = Go(F )]
and Or = Go(FP) be open Go-orbits on Z£ g. Then

ZrEg = h_r)n Zr, g, Where, for n in a cofinal subset S C Z7,
E is an increasing union of finite subsets E,,,
Vo =Span{E,} and F,, = FNV, = (Fxy NV,),
Z7, E, = Gu/Q, flag manifold in V,, with Q,, parabolic in G,, and
Or N Zg, g, isanopen G, o— orbiton Zg, g, fork =1, 2.

In the SL(oo; R) case we modify S. If n € Sisevenandn 4+ 1 ¢ S we replace n by n + 1.
If n € Sisevenand n + 1 € S we delete n. Thus we may assume that every element of S is
odd. In the SL (oco; H) case we do not modify S. Thus, in both cases, if n € S then G, o has
aunique open orbit on Z, g,, s0 (O1 N Zx, g,) = (02N Z£, g,). Thus O1 meets O3, so
01 =0,. O

Combining the argument of the proof of Corollary 3.8 with the uniqueness of closed orbits
in the finite-dimensional case [12], we have the related result:

Proposition 3.9 (Compare [7, Proposition5.6]) Let Go be SL(0c0; R) or SL(oco; H). Then
there is closed Go-orbit on Zr g if and only if each T F; = F;, and in that case there is
exactly one closed Gy-orbit on Zr .

4 Complex bounded symmetric domains

The bounded symmetric domains are important cases of the orbits considered in Sect. 3. In
finite dimensions they play a pivotal role in complex analysis, moduli theory, cycle space
theory, automorphic function theory, and both riemannian and complex differential geometry.
In this section we extend parts of the finite-dimensional bounded domain theory to our infinite
dimensional setting, following the lines of the classical examples in [13].

In the classical theory one has the bounded symmetric domain Dy = G(zp), its compact
dual hermitian symmetric space Z, the Borel embedding Dy < Z, and the Harish-Chandra
embedding £~!|p, : Dy < m*. In the Harish-Chandra embedding, m™ C g is a com-
mutative subalgebra that represents the holomorphic tangent space and & : m* — Z
by £(X) = exp(X)zo. A maximal set of strongly orthogonal noncompact positive roots
{o1, ..., ar}, r = rank Dy, defines a set {cq, ..., ¢} of partial Cayley transforms, and the
Gy-orbits on Z are exactly the Go(cq . . .ckc,%Jrl . C;%HZO) where k, £ =2 Oand k + € < r.
The open orbits are the Go(cf ... C%Z()), i.e. the ones with k = 0, and Go(cy ... c,zp) is the
Bergman-Shilov boundary of Dy. See [12]. It is not so difficult to verify that this theory goes
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through mutatis mutandis for the infinite dimensional bounded symmetric domains as well,
with the one restriction that k 4+ £ < oo.

There are only four classes of (finitary) infinite dimensional complex bounded symmet-
ric domains: the SU (o0, ¢)/S(U(c0) x Ul(g)) with ¢ < oo, the Sp(oco; R)/U (c0), the
SO*(00)/ U (00), and the SO (00, 2)/[SO(c0) x SO(2)]. Their respective symmetric space
ranks are g, 0o, oo and 2. In the all four cases it is easier to use some linear algebra, as in the
examples worked out in [13], than to stick to the general theory. But of course we indicate
the connection. The fourth case, however, where Z is a quadric in an infinite dimensional
complex projective space, is not as straightforward as the others. Now we run through the
cases.

4.1 The complex bounded symmetric domain for SU (o0, q).

We study the bounded symmetric domain Dy associated with Gy = SU (00, q), g < oo.
Start with

E={. ,e3,e,e_15e1,e2,...,¢4} for g <oo
E={..,e3,e_2,e_1;e1,er,e3,...} for g =o0,
where the hermitian form 4 is given by

h(e,',ej-) = (Si,j for i< 0, h(e,',ej) = —8,',]' for i > 0.

Let F = Span{e; | i > 0}. As in Example 2.2, F = (0, F, V) is compatible with E. Also,
Go(F)isopenin Zr . The bounded symmetric domain is Dy = Go(F) € Zr, . Note that
Z g is a complex Grassmann manifold and the domain is

Dy = {}"(1) =(0, F(l), V)e ZrE | FY' is a maximal negative definite subspace of V}.
4.1)
We go on to see why it is a bounded symmetric domain.

We will use the h-orthogonal decomposition V = V. @ V_, where V; = Span {e; | i < 0}
and V_ = Span {¢; | i > 0} and the orthogonal projections 7+ : V — V.. The kernel of w_
is h-positive definite so it has zero intersection with F M for any F M =, FV, V) e Dy.
Thus 7 : FV = V_ is injective. Since F(!) is a maximal negative definite subspace
m_ : FO = V_ is surjective as well. Now we have a well-defined linear map

Zpw i Vo =V, definedby 7_(x) — 7 (x) for xeFW, (4.2)

Since F(I is weakly compatible with E, the matrix of F(1) relative to E has only finitely
many nonzero entries. In other words, Z r.q) is finitary. Using 7_ : F!) = V_ and the basis
{e; | i > 0} of F = V_ we have a basis {¢'} of FW) defined by 7_ (e) = e;. Write ¢ =
e + Zj<0 zj,iej; then (z; ;) is the matrix of Z ). The fact that F ig h-negative definite,
In other words, (h(e], e;)) < 0, translates to the matrix condition  — (z;,;)*(z;,;) > 0 and
equivalently the operator condition / — Z;(,)Z rn > 0.

Conversely, if Z : V_ — V. is finitary and satisfies I — Z*Z > 0, then the column
span of its matrix relative to E is a maximal negative definite subspace F(, and 7 =
0, FY, V) e Dy.

The block form matrices of elements of Go actby (& 5) : (%) — (2Z12 ), which has the
same column span as ((AZJFB)(ICZJFD)*] ) So Gy acts by linear fractional transformations,

(AB):Z— (AZ+ B)(CZ + D). Now we summarize.
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Proposition 4.1 Dy is realized as the bounded domain consisting of all finitary Z : V_ —
Vi such that I — Z*Z > 0. In that realization the action of G is (é g) 1 Z — (AZ +
B)(CZ + D)~

Orbits
There are ¢ + 1 open Gop-orbits on Zr g:

Dy = Go((0, Fg), V)) where Fgy)=Span{e_¢,...,e_1;eks1,...,e4) if g < oo,
Fuy =Span{e_i,...,e_1; eiy1, €x42,...1 if g =00,

If ¢ = 1 then D and Dy are the upper and lower “hemispheres” in an infinite version of the
Riemann sphere; they are related by the square of a Cayley transform. If ¢ > 1 then Dy is the
only convex Dy, but the others are reached by squares of partial Cayley transforms applied
to F = Fpasin [8,11,13].

In this bounded symmetric domain setting, the Go-orbits on Zx g of signature (a, b, ¢) =
(pos, neg, nul) have a and c finite and < ¢ because each FO =, FD,v) e ZrEis
weakly compatible with E. We denote those orbits by

Dape = Go((0, (Fy + F_ + Fy), V)) where
Fo =Span{e_. +ec,...,e_1 + e} (null)
Fy =Span{e_.—4, ..., e_c—1} (positive)
F_ = Span{ecy1,...,ec+p}if g < 00, Span{ec+1, ec42, ...} if ¢ = 0o (negative).
4.3)

The open orbits are the D, = D, p0,a < oo and a + b = g. In other words, they are
the ones for ¢ = 0. If ¢ < oo there is a unique closed orbit, Dy o 4, consisting of the
FO = (Fy ¢ Zz g for which FM js null. It is in the closure of every orbit. If g = oo
there is no closed orbit.

One goes from the initial orbit Do 4,0 = Go(F) to any Dy p . by applying a product of
partial Cayley transforms to F'. Specifically, D, p . = Go(cq - .. cccfH .. c§+c.7-") where the
partial Cayley transforms c; (corresponding to 0 — 1 — oo — —1 — 0 in one variable)
are given by

cklek) = ek —e). crle) = J5lex+er). culej) =e; for j#xk. (44)

Here | £ k £ g wheng < ooand 1 £ k < oo when ¢ = oo. In particular, one reaches
the boundary (of Dy = Dy 4,0) orbits by a product without repetition of < g partial Cayley
transforms, and if g < oo the closed orbit is Do 0,4 = Go(cy ...cyF). If ¢ < oo the closed
orbit is the Bergman-Shilov boundary of Dy.

4.2 The complex bounded symmetric domain for Sp(oco; R)

Now let Go = Sp(oo; R). It is defined relative to the basis £ = {...,e_3,e_3,e_1; €1, €2,

e3, ...} by the hermitian form % and the antisymmetric bilinear form b
h(ei,ej) =46;; for i <0, h(e,e;)=—6;; for i>0 and
b(ei, ej) = 8i+j,0 for i< 0, b(e,', ej) = —51'_;,_]'!() fori > 0.

The domain Dy consists of the maximal /#-negative definite b-isotropic subspaces of V in
Zr . In other words, let F = Span{e; | i > 0}. Evidently, 7 = (0, F, V) is compatible
with E and G (F) is open in Z# g. The bounded symmetric domain is

Dy :=Go(F) C Zr.E.

@ Springer



Ann Glob Anal Geom (2016) 50:315-346 327

Note that Zx g is contained in the complex Grassmann manifold of Sect. 4.1 for g = oo.

In Lie group terms, Dy = Sp(oo; R)/ U (0c0) where U (00) is the stabilizer of F. Let both
F and F(oy denote the flag (0, F, V), so Do = Go(F(0)). The open Go-orbits on Zx g are
the Dy = Go(F)), where

Fu) = Span{e_g,e_gq1,...,e_1; €k+1,€x42,...} and  Fguy = (0, Fy, V)

for integers k = 0. Note that Dy = Sp(oco; R)/ U (k, oo — k) where the oo — k refers to the
action on Span {e+1, €k42, - .. }. Also, F(Jk-) = F) relative to b, so f(t) = Fu)-

The corresponding Do, is the h-orthocomplement of Dy, orbit of (0, F, V) where
F(oo) := Span{e; | i < 0}.

As in the SU setting, the partial Cayley transforms c; are given by (4.4) and one passes
from Dy to Dy by Fyy = c%c% ... c,% F(0y. Compare [13]. Similarly, as in [11], the boundary
of Dy is the union of the orbits Go(cica ... cyF(p)), but here there is no closed Go-orbit on
Fky, k < 00, and thus no Bergman—Shilov boundary of Dy.

The calculations for Dy to be a bounded symmetric domain are essentially the same as
those in Sect. 4.1. The result is as follows:

Proposition 4.2 Dy is realized as the bounded domain consisting of all finitary Z : V_ —
V4 such that the matrix of Z is symmetric and 1 — Z*Z > Q. In that realization the action
of Gois (A8):Z — (AZ+B)(CZ+ D).

Corollary 4.3 The bounded symmetric domain for Sp(oo; R) is a totally geodesic subman-
ifold of the bounded symmetric domain for SU (00, 00).

As in Sect. 4.1 for SU (00, 00), the Go-orbit of signature (pos, neg, nul) = (a, b, c), a
and c finite, is the following:

Dape = Go((0, (Fy + F- + Fp), V)) where
Fy = Span{(e_. + e¢), ..., (e—1 + e1)} (h-null),
F. = Span{e_._g4, ..., e_c—1} (h-positive definite),
F_ = Span{ec+1, ec+2, - ..} (h-negative definite),

and every Go-orbit on Zf r is one of those Dy j, .. We always have b = dim F_ = oo. The
open orbits are the case ¢ = 0 mentioned above: Dy = Dy p.0.

4.3 The complex bounded symmetric domain for S O*(c0)

Next,welet Go = SO*(00). Itisdefinedrelativetothebasis E = {...,e_3,¢e_72,e_1; €1, €2,
e3, ...} by the hermitian form % and the symmetric bilinear form b,

h(ei,ej)=8,~,j for i<0, h(ei,e]')=—5i’j for i>0, and b(ei,e]')=5i+j,() for all i,j.

The domain Dy consists of the maximal z-negative definite b-isotropic subspaces of V that
are weakly compatible with E. In other words, let F = Span{e; | i > 0}. Evidently,
F = (0, F, V) is compatible with E and Go(F) is open in Z g. The bounded symmetric
domain is

Dy :=Go(F) C ZFE.

Again, Zr r is contained in the complex Grassmann manifold of Sect. 4.1 for g = oco.

In Lie group terms, Dy = SO*(00)/ U (00) where U (00) is the stabilizer of F. Let both
F and F(oy denote the flag (0, F, V), so Dy = Go(F (). The open Go-orbits on Zr g are
the Dy = Go(F)), where
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Fuy = Span{e_k, e_xq1,...,€_1; €41, €12, ...} and Fyy = (0, Fy, V)

for integers k = 0. Note that Dy = SO*(00)/U (k, 00 — k), where the co — k refers to the
action on Span {ey 41, €k42, - .. }. Also, F(i) = F) relative to b, so ]-'(i) = F)-

The corresponding Do := Go(F(0)) Where F() is the h-orthocomplement Span {e; |
i < 0} of Fy.

Here the partial Cayley transforms are not given by (4.4), but rather by

ckle—ar) = %(Q—Zk —ex), ckle—zky1) = %(e—zk“ + ex—1),
cklear—1) = %(—e—ﬂﬁ-l +exn—1), ckley) = ﬁ(é—zk + ex), 4.5)
crlej) =ej for j¢{(—2k —2k+1,2k—1,2k).

As in the SU and Sp settings, one passes from Dy to Dy using Fy) = c%c% e c,%F(o)
where the ¢; are partial Cayley transforms defined by (4.5), as in [13]. Similarly, as in [11],
the boundary of Dy is the union of the orbits Go(cicz . .. c¢ F(p)), but here there is no closed
Go-orbit on Fx), k < oo and thus no Bergman—Shilov boundary of Dy.

The calculations for Dy to be a bounded symmetric domain are essentially the same as
those in Sect. 4.1. The results are as follows:

Proposition 4.4 Dy is realized as the bounded domain consisting of all finitary Z : V_ —
Vi such that the matrix of Z is antisymmetric and I — Z*Z > 0. In that realization the
action of Gy is (é g) :Z > (AZ+ B)(CZ+ D)~ L.

Corollary 4.5 The bounded symmetric domain for S O*(o0) is a totally geodesic submani-
fold of the bounded symmetric domain for SU (0o, 00).

As in Sect. 4.2 for Sp(oco; R), the Go-orbit of signature (pos, neg, nul) = (a, b, c), a
and c finite, is as follows:

Dy = Go((0, (Fy + F_ + Fp), V)) where
Fo = Span{(e_. +e.), ..., (e_1 + e1)} (h-null),
Fy =Span{e_.—4, ..., e_c—1} (h-positive definite),
F_ = Span{ec+1, ec42, ...} (h-negative definite),

and every Go-orbit on Zx r is one of those D, j, .. We always have b = dim F_ = oo. The
open orbits are the case ¢ = 0 mentioned above: Dy = Dy p.0.

4.4 The complex bounded symmetric domain for SO (oo, 2)

This one is more delicate because the bounded domain for SO (0o, 2) does not sit as an eas-
ily described totally geodesic submanifold of the bounded domain for any of the SU (o0, q).
Specifically, it is a bounded domain in a nondegenerate complex quadric in an infinite dimen-
sional complex projective space.
We use a basis
E={..,e_3,e_p,e_1,e1,e2} 4.6)

of V.Gop = SO (00,2) = SO(oc0; C)NU (o0, 2) is the connected real semisimple Lie group

defined by the following hermitian form / and the symmetric bilinear form b:

h(e,', ej)=8i7j for i < O, h(e,’, ej) = —(Si,j for i>0, b(ei,ej) = ‘Si,j for all i, ]

4.7)
This is a finitary change from (3.5) and (3.6). The only effect of the change is to facilitate
our study of bounded domains and cycle spaces for SO (oo, 2).
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Forn > Owehave E, = {e_,, e_p+1,...,€_1, €1, €2}, the (n+2)-dimensional subspace
Vu = Span (E,) of V, the (n + 1)-dimensional complex projective space Pl = p(v,),
and the nondegenerate complex quadric Z, = {[v] € P"T! | b(v, v) = 0}. They define the
infinite dimensional complex projective space P> = P(V) = lim P"*! and the nondegen-
erate complex quadric Z = {[v] € P> | b(v, v) = 0} = lim Z, in P*°. Note that everything
here is finitary. The complex group G = SO (oo; C) is transitive on Z because SO (n+2; C)
is transitive on Z,,.

Our bounded symmetric domain will be Dy = Go(z0) C Z where z9 = [e] + J=T1e].
We now look at the Harish-Chandra embedding of Dy in its holomorphic tangent space. The
Lie algebra

o~ (42)

and the isotropy subalgebra at z( is the parabolic
p= {(:?Bg) €g ’ B=(B" ﬁB”)} where B’ € Co%1.
The holomorphic tangent space to Z at zg is
mt={(%8)| B=w=TB" 5" wih B ec>I}.

We view m™ as C* (column vectors) Z under the correspondence

A =_—A, D= —D} where A€ C®X®, B (C®X2 peC2x?

Z Z:= (_E’Z, %’) where Z' = (/—=1Z,Z) € C®*2,

Computing as in [13], the composition § : C*° — m™ — Z corresponding to the Harish-
Chandra embedding is
~ 2/-12
&§(Z) = (exp(Z)(z0) = |: 1+Z 7 ] e ZCP).
J=1(1-Z27)
Now h(E(Z),E(2)) =22* - 2Z — |1 +'ZZ|> = |1 ='Z Z|*> < 0, s0
hEZ),E6(Z) <0 1+1Z22)7-22*Z>0 (1—2*2)° > (Z2*2)* - 'Z Z|*.

Using Z* Z = |'"Z Z| = 0 we take positive square roots to see

{Z e C® | h(&(2),£(Z)) < 0} = D) U D} (disjoint),

where D is the nonempty bounded domain star shaped from 0,

D) = {z eC®|1-2"2> (2" 22—z z)"? }
and D) is the nonempty unbounded domain star shaped from oo,

D) = {z €eC®|Z2*Z—1> (222 -2 zP)" }

Using Witt’s Theorem on the finite-dimensional approximations, £ ~' (Dg) is the topological
component of {Z € C® | h(§(Z),&(Z)) < 0} containing 0 so D(’) = £~ 1(Dp). We have
proved

Proposition 4.6 The bounded symmetric domain Dy for SO (o0, 2) is given by

£71(Dy) = [ZE(COO |11—-Z*Z > ((Z*Z)Z—ItZZ|2)1/2}
Z{ZE(COOI1+|’ZZ|2—ZZ*Z>Oandz*Z<1}.
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Shortly we will see this in terms of partial Cayley transforms, but for the moment we
mention that Di = g_l(Dl) where z; = [e] — v/ —1e2] and D1 = Go(z1) is given by

D) ={zec®|zv 21> ((2*2)* - |’ZZ|2)1/2}
ZeC®|1+|ZZP?-22*Z>0and Z* Z > 1}.
The action of G on Dy is somewhat complicated because of the quadratic term g : C*° —
Cgivenby q(Z2) ='ZZ.1f Z € £~ 1(Dp) the Z* Z < 150 |¢(Z)| < 1, and the formula for
§(Z) says

~ 2J/=12
ifg=¢q(Z) #1 then &(Z) = (exp(Z)(z0) = [ 14+4(Z) ] e ZCP(V).
1-V/=1q(2)

Now, by straightforward computation,

Proposition 4.7 The action g(Z) = £~ g&(Z) of G on the open orbit Dy is given by

2J/=12
ifg=(25) and (2) =( 14+4(2) ) then g(Z) =

1-v=1¢(2)

is 1 x 1 and is viewed as a complex number.

1
GV ncznzy A2+ B2,

Here & 777

Express V = V. @ V_ where V. = Span{e; | i < 0} and V_ = Span {ej, e2}. Then
h(Vyi,V_)=0=>b(Vy,V_).Let[v] € Z C P(V) with Go([v]) open in Z, in other words
with 21(v, v) # 0. If 7_(v) = a(e; + v/—1e2) + b(ey — +/—1e3) then 0 = b(v, v) = 2ab.
Replacing v within [v] now the only possibilities are (i) 7_(v) = (e; + ~/—1e2), (ii)
7_(v) = (e; — /—1e>), and (iii) v € V4. The domains Dy = Go([e; + ~/—1e2]) and
D = Go([e; — ~/—1ea]), so the possibilities (i) and (ii) correspond to Dy and Dj. They
are equivalent under complex conjugation and each has signature (0, 1, 0). See Remark 3.1.
The bounded symmetric domains Dy and D are of tube type.

The Gy-stabilizer of V., which is SO (c0) x SO(2), is transitive on the projective light
cone in V ; thus the possibility (iii) corresponds to the domain Dy = Go([e—1 + J=T1e_s]),
signature (1, 0, 0). This completes the verification of the following:

Lemma 4.8 There are three open orbits for the action of S O (00, 2) on Z: the two h-negative
definite orbits Do = Go([e1 + v —1e2]) and D1 = Go([e1 — ~/—1 e2]), and the h-positive
definite orbit D> = Go([e—1 + v/ —1e_2]).

Now we do this more carefully with the partial Cayley transforms. Each c;(e;) = e;
for j ¢ {2, —1, 1, 2}. In the basis {e_2, e_1, e1, €2} of Span {e_2, e_1, ey, e2}, the ¢; have

matrices
(40 (b8
‘=5 —1010) and 62=f(_101_0). (4.8)
V2 70 Jioi V2 0101
Thus there are six Gg-orbits on Z. Their base points are
20,0 = 20 =[e; ++/—1e2] (negative)
201 =clz0 =lea+~/—Te_1] (positive)
202 = cie3z0 = [e1 — /=1 ea] (negative) 4.9)

211 =c120 =le2+~—le_1+e1++—1ea] (isotropic)

212 = C]C%Z() =le_y —+/—le_1 —e1 +/—1ea] (isotropic)

222 =c10220 = [e—2 +/—1e3] (isotropic)
That giVCS 3 open orbits Dy = G()(Z(),()), D, = G[)(ZO,l) and D; = G()(Z(),z); it gives two
intermediate orbits Go(z1,1) and Go(z1,2); and it gives one closed orbit G(z2,2).
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4.5 Bounded symmetric domains for SL(oco; R) and SL (oo; H)

There are no complex bounded symmetric domains for these SL(m; F), m < oo, except the
unit disk in C, corresponding to SL(2; R) = SU (1, 1) = SL(1; H). In particular there is no
complex bounded symmetric domain for SL(co; R), and there is none for SL (co; H).

5 Cycles and cycle spaces

In the finite-dimensional setting, where D is an open Go-orbit (flag domain) in Z = G/Q, a
maximal compact subgroup Ko C Go has justone orbit Y on D thatis a complex submanifold
[12]. The G-translates of Y that are contained in D form the cycle space M p. That cycle
space is sometimes called the universal domain or crown of the flag domain. It has many
uses in harmonic analysis and algebraic geometry; see [3]. It also has remarkable complex—
geometric and function—analytic properties; for example, it is a contractible Stein manifold,
it has an explicit geometric description, and it is the key ingredient for the double fibration
transform of which one special case is the Penrose Transform. Here we extend some of the
basic results on cycle spaces to an infinite dimensional setting.

5.1 Basic results

We fix an open Go-orbit D in the complex flag manifold Zg r = G/Q with E as described
in Sect. 3 and F compatible with E (The results of Sect. 3.7 show when there are open
Gy-orbits in Zg, 7). Let Ko be a maximal lim-compact subgroup of Go and let K C G be
its complexification. As in the finite-dimensional case [3, Theorem 4.3.1],

Theorem 5.1 there is a unique orbit Ko(z) C D such that Ky(z) is a complex submanifold
of the flag manifold Zr g. Further, K N Q; is a parabolic subgroup of K and Ko(z) =
K@) = K/(KNQ;),so Ky(z) is a complex flag manifold.

If C C D is a lim-compact complex submanifold then the following are equivalent: (i) C
is a Kg-orbit, (ii) C is a K -orbit, and (iii) C = K (2).

Proof The idea is to use the bases of Sect. 3 together with the results of [2, Section 6] to take
a direct limit using the finite-dimensional flag domain result of [3, Theorem 4.3.1].

We run through the cases of Sect. 3. In each case, the basis E of V is a disjoint union of
finite sets £, where (i) if there is a hermitian form % then the Span { E,} are h-nondegenerate
and mutually %-orthogonal, (ii) if there is a bilinear form b, then the Span{E,} are b-
nondegenerate and mutually b-orthogonal as well. Further, we may assume that ¢ runs over
the positive integers,

Denote E@ = g~y Ex and Vy = Span {E@}. In view of (i) and (ii) just above, Gy =
lim G40 where G0 ={g € Go | gV¢ = Vi}lv, is afinite-dimensional real simple Lie group,
real form of the finite-dimensional complex simple Lie group Gy = {g € G | gVi = Villy,.
Further, Q = lim Q, where Qy is the G¢-stabilizer of F.

We need a result of Dimitrov and Penkov [2, Proposition 6.1]. They assume that Q
contains a splitting Cartan subgroup of G, but the argument is valid, as in our case, when
each Oy contains a splitting Cartan subgroup H; of G, with Hy C H,, for £ < m. Denote
E/ = k<e Ex-Then Zz p = lim Zz, 7, where we either eliminate or ignore repetitions
in the 7 N V.

Since D is open in Zr g, the flag F is nondegenerate in V, so by construction of the E;
each flag 7 NV, is nondegenerate in V. Thus G 0(F N V;) is open in Zfﬂwfz for each £.
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It follows [12, Theorem 2.12] that, for each ¢, Q, contains a fundamental Cartan subgroup
T;.0 of G¢,0. Any two fundamental Cartan subgroups of G ¢ are conjugate, and if k < £ then
any fundamental Cartan subgroup of Gy o is contained in a fundamental Cartan subgroup of
Gy,0. Thus we may assume Ty o C Ty fork < £.

The fundamental Cartan 7} ¢ determines a maximal compact subgroup Ky o of G ¢ such
that Ty 0 N K¢,o is a compact Cartan subgroup of Ky o. Let K, denote the complexification of
K¢0.Now Ky o C Kgoand Ky C K, fork < £. Following [3, Theorem 4.3.1], K¢ o(FN V)
is the unique Ky o-orbit in G4 o(F N V) that is a complex submanifold of Z}'ﬂVz, B and
Ko o(FNVe) = Ke(FN V).

Suppose for the moment that Ko = lim Ky o. Then Ko(F) is the unique Ko-orbit in D
that is a complex submanifold of Z# g and Ko(F) = K (F). Theorem 5.1 follows for this
particular maximal lim-compact subgroup K¢ in Gg. But any two maximal lim-compact
subgroups of Gg are conjugate, so Theorem 5.1 follows for every choice of Kj. O

Let K¢ be the maximal lim-compact subgroup of G constructed above in the proof of
Theorem 5.1. We will use the notation

Y =Ko(F), G{¥}={geG|grcD), Gy={geG|gl=Y}, Mp=G(Y}Y,

5.1
where Y is the complex K-orbit in the open Go-orbit D C Zx . We refer to Y as the base
cycle in D. Note that the elements of G{Y} do not have to map D into itself; G{Y'} simply
is the set of all elements in the complex group that keep the base cycle Y inside D. Further,
M/D := G{Y} Y is the set of all such G-translates of Y.

Lemma 5.2 G{Y} is an open subset of G, Gy is a closed complex subgroup of G, and
's = G{Y}/Gy is an open subset of the complex manifold G/Gy. In particular My is
an open complex submanifold of G/ Gy.

Proof For each £, Gy N Gy is a closed complex subgroup of G, and G{Y'} N G is an open
subset of Gy. It follows that Gy is a closed complex subgroup of G and G{Y} is an open
subset of G. Now G{Y'}/ Gy is open in the complex homogeneous space G/Gy. O

The complex manifold structure of M, specifies its topology, and we define as follows:

Definition 5.3 Let M p denote the topological component of ¥ in M/,. Then Mp is the
cycle space of the flag domain D.

Note that M p is not always the same as the Barlet cycle space [9] from the theory of
complex analytic spaces. See [3, Part IV] for the comparison. Next, we discuss several cases
where we can really pin down the structure of M p.

5.2 Cycle spaces for SU (00, q), q < 00

In this section Gg = SU (00, ¢) and its maximal lim-compact subgroup is as follows:

Ko=SWU(0) x U(g)) =lim,cSW(p)xU(g)) if g < oo,
Ko =SWU(0) x U(0)) =limy 500 S(U[T) x U(s)) if g =o0.

This corresponds to an k-orthogonal decomposition

C>*4% =V, ® V_where V. =Span{...,e_3,¢_2,e_1}, V_ =Spanfiey,..., eq} or
C>>® =V, ® V_ where V, = Span{...,e_3,e_2,e—1}, V_ = Span{ej,ez,e3,...}.
(5.2)
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Here we use the related orthogonal basis E given by (3.1) and the hermitian form £ of (3.2)
that defines Go. Let 7 = (Fy) be a generalized flag in V = C°7 that is weakly compatible
with E. Let 7D e Zr psothat D = Go(FD) is an open Go-orbit. Then we may assume
that 7 is compatible with our choice of E, so it fits the decomposition (5.2) in the sense
that

FO = (F) whereeach FV =(FPnvye @ nvo). (5.3)

Then Ko(FD) is the unique Ko-orbitin D that is a complex submanifold of the flag manifold
Zr . Concretely, Ko(F M)y is the product of “smaller” complex flag manifolds,

Y =Y x Y, where
Y1 = Ko(FY NV =Ueo)(FY NVy)in Vy and (5.4)
Yr = Ko(FY NV =U@FD NV_)in V_,

where (1) NV, is the generalized flag of the (F k(l) N Vy)and FU N V_ is the generalized
flag of the (Fk(l) N V_), ignoring repetitions. The signature sequence {(ax, br)}, where A has

signature (ay, by, 0) on F, k(l), specifies the open orbit in Zx g and the factors of Y.

As in the finite-dimensional case, this shows that the G-translates of Y contained in D
correspond to the decompositions V. = W’ @& W”, where (i) W' is a maximal positive definite
subspace such that V; N W’ has finite codimension in both in V. and in W’, and (ii) W”
is a maximal negative definite subspace such that V_ N W has finite codimension in both
in V_ and in W”. If 7O = FU 0 v, the correspondence depends only on W’, and if
FO = 7 N V_ it depends only on W”. Any two such decompositions V = W’ @ W are
G-equivalent.

Definition 5.4 The positive bounded symmetric domain BE associated with (V, E) is the
space of all maximal positive definite subspaces W' C V such that W' N V. has finite
codimension in both W’ and V.. The negative bounded symmetric domain B}, associated
with (V, E) is the space of all maximal negative definite subspaces W’ C V such that
W” N V_ has finite codimension in both W” and V_.

As constructed, each element W' € BE is in the G-orbit of V. Relative to the basis E we
look at g = (é g) € G such that gW' € Bg: in other words, such that the column span of
( é ) is positive definite. The column span is preserved under right multiplication by A, so the

*
positive definite condition is (_ CIA—I ) . ( c 4_1 ) > 0. In other words, gW’ € BZC simply
means that gW’ is the column span of an infinite matrix (le ) such that I — Z{Z; > 0.
Similarly, gW” € B, simply means that gW" is the column span of an infinite matrix (Z2 )

I
such that I — Z>Z3 > 0. The distinction is that the G-stabilizer of V. € BZZ is the parabolic
P consisting of all (‘3 g), while the G-stabilizer of V_ € By is the opposite parabolic
P = P9PP consisting of all (é g) Thus they have conjugate complex structures: BZC has
holomorphic tangent space represented by the matrices (g 8) € g, while the holomorphic

tangent space of B, is represented by the (8 g ) €g.
In other words we have the following lemma.

Lemma 5.5 Suppose that Gy = SU (00, q), ¢ < o0. Then the positive bounded symmetric
domain associated with the triple (V, Go, E) is Bg ={Z1 eC® | I -Z{Z; > O} in
G/ P, and the negative bounded symmetric domain for (V, Go, E) is the complex conjugate
domain By ={Zy € C1*® | I — Z3Z> > 0} in G/ P°PP.

The action of G on these bounded symmetric domains is described in Sect. 4.1.
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Now we are ready to prove the following theorem:

Theorem 5.6 Let Gy = SU (00, q) with ¢ < oo. Let D be an open Gy-orbit G(FM)
in Zg g. In the notation of (5.2), the positive definite bounded symmetric domain B"E' for
(V, Go, E) is the set of all positive definite G-translates of Vi and the negative definite
bounded symmetric domain By, for (V, Go, E) is the set of is the set of all negative definite
G-translates of V_. The BjE[ are antiholomorphically diffeomorphic, in other words, each is
the complex conjugate of the other. There are three cases for the structure of the cycle space,
as follows:

Ifevery Fk(l) e FW is positive definite then M p is holomorphically diffeomorphic to BE.
Ifevery Fk(l) e FW isnegative definite then M p is holomorphically diffeomorphic to Bg.
If some Fk(l) e FWD js indefinite then M p is holomorphically diffeomorphic to BE x B.

Proof Directly from Definition 5.4, gV, is h-positive definite if and only if gV € BJEF, gV_
is h-negative definite if and only if gV_ € B, and both properties hold for gV if and only
if (gV4,gVo) € Bf x Bj.

First suppose that }_(1§2= FONV,, geGandk € Ko. Note kV = V. If gV, is
positive definite then gk (F My e D because gk(FWN) is nondegenerate and D is the only
open Go-orbit in Zx g consisting of positive definite subspaces. Thus g¥Y C D, in other
words, g¥ € M7,. Conversely, if g¥ € M7, so g¥ C D, then gY consists of positive
definite subspaces. If 0 # F( e FU) then Span Ko(F") = V,, so SpangY = gV, is
positive definite. Now g¥ € M), if and only if gV € Bf.

Similarly, if 7' = 7' N V_and g € G then g¥ € M/, if and only if gV_ € Bj.

In the general case FV NV, # FU £ FDAV_ the arguments just above show that gV,
is positive definite if and only if g Ko(F" N V) consists of positive definite subspaces, and
gV_ is negative definite if and only if g Ko(F) N V_) consists of negative definite subspaces.
Thus gY € M, if and only if gV is positive definite and g V_ is negative definite, in other
words, if and only if (gV,, gV_) € Bf x By.

In all three cases we note that M/, is connected, so M, = Mp.

Finally, h-orthocomplementation is antiholomorphic and interchanges BE with B;. O

5.3 Cycle Spaces for Sp(oco; R)

The case Gog = Sp(oo; R) = Sp(oo; C) N U(oo, oo) differs from the SU (o0, g) cases
mainly in that we use b-isotropic flags where b is the antisymmetric bilinear form that
defines Sp(oo; C). Specifically, we use the basis and forms described in Sect. 3, given by
(3.8) and (3.10), where b defines Sp(oco; C) and h defines U (0o, 00).

The maximal lim-compact subgroup Ky of Go = Sp(o0; R) is the U (co) constructed as
follows. Relative to &,

V =V, @& V_ where V; =Span{...,e_3,e_2,e_1} and V_ = Span{ej, ez, e3,...}.
(5.5)

The maximal lim-compact subgroup of U (oo, 00) is U(V4) x U(V_) = U(oco) X
U (00), and Ky is the subgroup Go N (U(oo) X U(oo)) = U(00). In the ordered basis
{fe_1,e_2,...;e1,e2,...}it would be diagonally embedded in U (c0) x U(c0).

Let F be a b-isotropic generalized flag compatible with E. Let 7' € Zz g so that
D = Go(FD) is open in Zx . Again, we may assume that (1) is compatible with E; in
other words, it fits the splitting (5.5) in the sense that
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FO = (FD) whereeach F" =" nvpeE nv).

In particular () is h-nondegenerate, corresponding to the fact that D = Go(F) is open in
Zr kg, and Ko(F ()Y is the unique Ko-orbit in D that is a complex submanifold of Zr .

Lemma 5.7 Define F) NV, = (Fk(l) NV and FONV_ = (Fk(l) N V_), and spaces
Wi = Uk(Fk(l) NVy)and W_ = Uk(Fk(l) N V_). Then the complex lim-compact group
orbit Y = Ko(FWV) is the subvariety of

Y =Y x Yawhere Y| = Ko(FD NVy) = U(co)(FD NV in Vy and
Yo = Ko(FONV) =U@)FD NV in V_

defined by b(kiyW, koW_) = 0 for k1, ky € Ko. The signature sequence {(ax, by)}, where
h has signature (ay, by, 0) on F(]), specifies the open orbit in Zr g and the factors of Y.

Proof The projections r; : Ko — U(Vy) and rp : K9 — U(V_) are isomorphisms. Define
n:V — Vbyue) = e_; and pu(e—;) = —e; fori > 0. Since FD g b-isotropic
and compatible with E, each F, k(l) is spanned by a subset Sy C E that never contains a pair
{e;, e_;}. Thus each (F, ,El) NV +u(F ,gl) NV,) is b-nondegenerate and #-nondegenerate, and
is orthogonal to (}.151) nv_) —HL(}',E]) NV_) relative to both b and . Now the action of r{ (K)
on (J’-',El) nvy) +/L(]-',fl) M V,) and the action of r2(Ko) on (]-',fl) nv_) —HL(]-',EI) NV_) only
involve disjoint subsets of Sy U —Si. Thus Y C Y and b(ki W4, koW_) = O for k1, ko € Ko.

Conversely, if (k1 (Fy" NV4), ko (FLV NVy)) € Y, soithas form (k(FL ) NV, k(FC N
V.)), then ky Wy = kW, Ly kW_ = koyW_. Given kW, L, kW_, Ko moves (F." N V)
freely within V. N (W_)* and moves (]—',gl) N V_) freely within V4 N (W)L, That proves
the first assertion. The signature sequence assertion is contained in Theorem 3.4. m]

These considerations show that the G-translates of Y contained in D correspond to decom-
positions V = W’ @ W"” where (i) W’ and W” are maximal b-isotropic subspaces of V/, (ii)
W' is a maximal h-positive definite subspace such that W' N V4 has finite codimension in
both W’ and V., and (iii) W” is a maximal h-negative definite subspace such that W” N V_
has finite codimension in both W” and V_. If () = 7 N V,_the correspondence depends
only on W', and if F(' = F(U' N V_ it depends only on W”. Any two such decompositions
V =W & W are G-equivalent.

Definition 5.8 The positive bounded symmetric domain BE associated with (V, b, E) is the
space of all maximal b-isotropic h-positive definite subspaces W' C V such that W' N V.
has finite codimension in both W’ and V.. The negative bounded symmetric domain B,
associated with (V, b, E) is the space of all maximal b-isotropic #-negative definite subspaces
W” C V such that W’ N V_ has finite codimension in both W” and V_.

As constructed, each element W' € BE is in the G-orbit of V. Relative to the basis E we
look at g = (é g) € G such that gW' € Bg: in other words, such that the column span of
(é) is h-positive definite. That span is b-isotropic by definition of G, and the column span
is preserved under right multiplication by A. Let Z; = CA~!. Then the h-positive definite
condition is ( 7, )>k - (Z,) = 0:in other words, I — Z{Z, > 0. Let Z; = (z; ;) where
i, j > 0. The column span of (ZI1 ) has basis consisting of the z; = e_; + >;_(zi jeis
Compute b(z, z¢) = zj,¢ — z¢, . So the b-isotropic condition is Z; =' Z;. In other words,
gW' € B} simply means that gW' is the column span of an infinite matrix ( 7, ) such that
I —Z7Zy > 0and Z; is symmetric.
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Similarly, gW” € B simply means that gW” is the column span of an infinite matrix
(212 ) such that I — Z>Z3 > 0 and Z; is symmetric. The distinction is that the G-stabilizer of
Vi e B is the parabolic P consisting of all ( ) in g while the G-stabilizer of V_ € By
is the opposne parabolic ‘P = P°PP consisting of all ( ) in gc. Thus they have conjugate
complex structures: B+ has holomorphic tangent space represented by the matrices (g 8)
with C symmetric while the holomorphic tangent space of B is represented by the ( 00 )
with B symmetric.

In other words,

Lemma 5.9 let Gy = Sp(oo; R). Then the positive bounded symmetric domain associated

with the triple (V, G, E) is B'g Z{Z,eC®*® | [ —-ZiZ > 0and Z; ="Z1} in G/ P,

and the negative bounded symmetric domain for (V, Go, E) is the complex conjugate domain
Bp Z{Zy e C®**® | I —Z3Zy > 0and Z) ="Z,} in G/ PPP.

The action of G on these bounded symmetric domains is described in Sect. 4.2.
In any Kyp-invariant Riemannian metric on Y, Y| and Y, are the factors in the de Rham

decomposition. The spaces k(F, [( DA V) of the elements of Y| generate V (or are zero), so
either Y determines Y; determines V., or the F [(l) N V4 = 0. Similarly, either Y determines
V_, or the F, K(l) N V_ = 0. Now apply g~! whenever g € G{Y} to see that g¥ determines

g V4 or gV_ or both, as appropriate. Exactly as in the proof of Theorem 5.6 we arrive at the
following structure theorem:

Theorem 5.10 Let Gy = Sp(oco; R) and let D be an open Gg-orbit G(FWV) in Zr . Inthe
notation of (5.5), the positive definite bounded symmetric domain Bzf for (V, Gy, E) is the
set of all positive definite G-translates of V and the negative definite bounded symmetric
domain By for (V, Gy, E) is the set of is the set of all negative definite G-translates of
V_. The B are antiholomorphically diffeomorphic; in other words, each is the complex
conjugate of the other. There are three cases for the structure of the cycle space, as follows:

If every Fk(l) e FW is positive definite then Mp is holomorphically diffeomorphic to

Bj.

If every Fk(l) e FU is negative definite then Mp is holomorphically diffeomorphic to

Bg.

If some F, k(l) e FW is indefinite then M p is holomorphically diffeomorphic to BE x B.
5.4 Cycle spaces for SO*(c0)

The case SO*(c0) = SO(o00; C) N U (o0, 00) is very similar to the case of Sp(oco; R). The
main difference is that the bilinear form b is symmetric rather than antisymmetric. Concretely,
we have

E={.. ek, e_ft1,...,€6-1;€1,...,€—1,€k,...} ,orderedbasisof V;

b(ei,ej) = diyjo0,h(ej,ej) =6 ; for i <0 and h(e,ej)=—4; for i>0.
Again we use the h-orthogonal splitting

V=Vy,@V_ where V. =Span{...,e_3,e_2,e_1} and V_=Span{ej,er,e3,...}.

(5.6)

The maximal lim-compact subgroup of U (oo, 00) is U(Vy) x U(V_) = U(oco) x U(00).
Exactly as in the Sp(00; R) case, K is the subgroup GoN (U(oo) X U(oo)) = U(00). Inthe
ordered basis {e_1, e_»>, ...; €1, €2, ... }itwould be diagonally embedded in U (c0) x U (00).
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Let F be a b-isotropic generalized flag compatible with E. Let #) € Zx g such that
D = Go(FWV) is open in Zx g. We may assume that  is compatible with E, so

FO = (F) whereeach FV =P nvyeE" nv).

In particular, () is 2-nondegenerate and Ko(F 1) is the unique Ko-orbit in D that is a
complex submanifold of Z £ g. With only trivial changes the argument of Lemma 5.7 proves
the following Lemma.

Lemma 5.11 Define 7V N Vi = (Fk(l) N Vy) and FOny. = (Fk(l) N V_), and spaces
Wi = Uk(Fk(l) NVy)and W_ = Uk(Fk(l) N V_). Then the complex lim-compact group
orbit Y = Ko(FW) is the subvariety of

Y =Y x Ya where Y; = Ko(FD N Vy) = Uo)(FD NVy)in Vo and
Yo = Ko(FO NV =U@FDYNVo)inV_

defined by b(ky Wy, koW_) = O for k1, ko € Ko. The signature sequence {(ax, by)}, and
(where relevant—see Remark 3.1) the orientation, specify the open orbit in Zr g and the
factors of Y.

Now the G-translates of Y contained in D correspond to decompositions V = W/ & W”
where (i) W’ and W” are maximal b-isotropic subspaces of V, (ii) W' is a maximal h-positive
definite subspace such that W’/ N V. has finite codimension in both W’ and V., and (iii) W” is
amaximal h-negative definite subspace such that W” N V_ has finite codimension in both W”
and V_.If F = FD NV, the correspondence depends only on W/, and if F(V = F(Dny_
it depends only on W”. Any two such decompositions V = W’ @& W" are G-equivalent.

Definition 5.12 The positive bounded symmetric domain ZS'JEr associated with (V, b, E) con-
sists of all maximal b-isotropic h-positive definite subspaces W' C V such that W' N V.
has finite codimension in both W’ and V.. The negative bounded symmetric domain B
associated with (V, b, E) consists of all maximal b-isotropic h-negative definite subspaces
W’ C V such that W’ N V_ has finite codimension in both W and V_.

Let g = (é g) € G relative to E, such that gW’ € B;f. Computing as for Sp(co; R),
with Z; = CA~!, we see that gW’ € B} if and only if gW" is the column span of an infinite
matrix ( 7, ) such that I — Z}Z; > 0 and Z; is antisymmetric. Similarly, gW” € By if and
only if gW” is the column span of an infinite matrix (le) such that I — Z>Z5 > O and Z»
is antisymmetric. The G-stabilizer of V. € BZZ is the parabolic P consisting of all (‘3 g)
in g, and the G-stabilizer of V_ € By is the opposite parabolic ’P = P°PP consisting of
all (é g) in gc. Thus they have conjugate complex structures: Bzf has holomorphic tangent

space represented by the matrices (2 ) with C antisymmetric while the holomorphic tangent

space of By, is represented by the matrices (8 g ) with B antisymmetric.

In other words,

Lemma 5.13 let Gy = SO*(00). Then the positive bounded symmetric domain associated
with the triple (V, Go, E) is B'g ={Z eC®*® | I -Z{Z1 > 0and Z, +'Z; =0} in
G/ P, and the negative bounded symmetric domain for (V, Go, E) is the complex conjugate
domain By, ={Z, € C®1*® | I — Z5Zy > 0and Z1 +'Z = 0} in G/ P°P?.

The action of G on these bounded symmetric domains is described in Sect. 4.3.
Arguing just as for Theorems 5.6 and 5.10, we arrive at the following structure theorem:
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Theorem 5.14 Let Gy = SO*(00) and let D be an open Go-orbit G(FWV) in Zr . Inthe
notation of (5.6), the positive definite bounded symmetric domain B;f for (V, Gy, E) is the
set of all positive definite G-translates of V4, and the negative definite bounded symmetric
domain By, for (V, Gy, E) is the set of all negative definite G-translates of V_. The B% are
antiholomorphically diffeomorphic; in other words, each is the complex conjugate of the
other. There are three cases for the structure of the cycle space, as follows:

If every Fk(l) e FW is positive definite then Mp is holomorphically diffeomorphic to
BE.
If every Fk(l) e FU is negative definite then Mp is holomorphically diffeomorphic to
B.
If some Fk(l) e FW is indefinite then M p is holomorphically diffeomorphic to Bg x Bg.

5.5 Cycle Spaces for SO (00, 2)

Now we come to the rather delicate case Go = SO (o0, 2), where the lim-compact dual of
the complex bounded symmetric domain is a nondegenerate quadric in a complex projective
space. We specify G by the basis (4.6) and the forms (4.7). Let

Veven = Span ({ezx + v/ —leaky1 | k < 0} U {e; — v/ —1ea}),
Voaa = Span ({eor — v/ —1leakt1 | k < 0} U {e; + v —1e2}).

They are maximal b-isotropic subspaces of V, paired by b(e; ++/—leji1,e;—+/—lejy1) =
2. This basis E leads to the same splitting of V' as the one based on (3.1):

V =V, ® V_where V; = Span{...,e_3,e_3,e_1}and V_ = Span{ey, ex}. (5.7)
We denote
P is the projective space P(V) and Z is the quadric b(v, v) = 0 in P,

The maximal lim-compact subgroup of Gois Ko = SO(V4) xSO(V-) = SO(c0) x SO (2).
The complex Kg-orbits within the open Gg-orbits on Z (from Lemma 4.8 and (4.9) are

in Dy = Go([er + v/ —1ez]) 1 Ko([er + +/—1ez]) = (single point [e] + +/—1e3]),

in D1 = Go(le;1 —+/—1lea]) : Ko([er — +/—1ez]) = (single point [e] — +/—1ez2]),

in Dy = Go([e—2 ++/—1le—1]) : Ko([e—2 ++/—le_1]) = Z NP(Vy)quadric in P(V5).
(5.8)

Definition 5.15 The positive bounded symmetric domain B}', associated with (V, b, E’)
consists of all maximal b-isotropic h-positive definite subspaces W' C V such that W/ NV,
has finite codimension in both W’ and V.. Those subspaces have codimension 2 in V. The
negative bounded symmetric domain B associated with (V, b, E’) consists of all maximal
b-isotropic h-negative definite subspaces W” C V. (Since dim W” = 2 = dim V_ the finite
codimension condition is automatic.)

Now more generally let 7 = (Fy) be an isotropic generalized flag in V that is weakly
compatible with E’. Let F e Zx g for which D = Go(FD) is an open Go-orbit. We
may assume that () is compatible with our choice of E’, so it fits the decomposition (5.6)
as before:

FO = (Fk(])) where each Fk(l) = (Fk(l) N V+) @ (Fk(]) N V,) . (5.9
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Then Ko(F D) is the unique Ko-orbit in D that is a complex submanifold of the flag manifold
Zz . Somewhat trivially, Ko(F ) is the product of “smaller” complex flag manifolds,

Y =Y x Y, where
Y1 = Ko(FO NVy) = S0(c0)(FD NVy)in V,y and (5.10)
Yo = Kog(FONV)=50Q)(FVNV_)inV_,

where FO NV, = ((Fk(l) NVy))and FONV. = ((Fl(l) N V_)). The signature sequence
{(ax, bx)}, where h has signature (ax, by, 0) on Fk(l), specifies the open orbit in Z£ g and
the factors of Y.

If FO = FO NV, in other words D = D, and the cycles are of the form Ko(gV.)
with ¢ € G, then Mp consists of the maximal b-isotropic h-positive definite subspaces of
V. If FO = FO N V_, in other words D = Dy or D = D; and the cycles are single
points, then Mp consists of the maximal b-isotropic h-negative definite subspaces of V. If
FONvy £ FD £ FONV_ then Mp is the product. Thus

Lemma 5.16 Let Go = SO (00, 2). Then the positive bounded symmetric domain associated
with the triple (V, Go, E') is BY, ={Z € C® | 1 + ['ZZ|* = 2Z*Z > 0 and Z*Z < 1} in
G/ P, and the negative bounded symmetric domain for (V, Gg, E') is the complex conjugate
domain B, ={Z € C* | 1+ 'ZZ|> —=27*Z > 0and Z*Z > 1} in G/ PPP.

The action of G¢ on these bounded symmetric domains is described in Sect. 4.4.

The argument for Theorem 5.6 remains valid here, with one small modification. Recall
Lemma 4.8 and (4.9). There is just one open orbit D, = Go([e—1 + J—1le_3)) consisting
of h-positive definite subspaces, but there are two orbits, Dy = Go([e1 + /—1e3]) and
Di = Go([e1 — /—1ea]), consisting of negative definite subspaces. These last two are
related by complex conjugation of V over the real span of E. Suppose that D is either Dg
or Dy, that F = F' N V_ and that gV_ is negative definite. Then gY C (Do U D).
As gY is connected, either g¥ C Dy or g¥ C Dp. Thus g¥Y € M/, and g¥Y € Mp just
when g¥Y C D. With this adjustment the proof of Theorem 5.6 holds here, and the result is
as follows:

Theorem 5.17 Let Gy = SO (00, 2) and let D be an open Go-orbit G(FV) in Zx p. In the
notation of (5.6), the positive definite bounded symmetric domain BE, for (V, Go, E') is the
set of all positive definite G-translates of V. and the negative definite bounded symmetric
domain By, for (V, Go, E') is the set of is the set of all negative definite G-translates of
V_. The BfEE, are antiholomorphically diffeomorphic; in other words each is the complex
conjugate of the other. There are three cases for the structure of the cycle space, as follows:

If every Fk(l) e FW is positive definite then Mp is holomorphically diffeomorphic to
+

By,

If every Fk(l) e FU is negative definite then Mp is holomorphically diffeomorphic to

By,

If some Fk(]) e FWU isindefinite then M p is holomorphically diffeomorphic to B;;/ X B,

6 Real and quaternionic domains and cycle spaces

In Sect. 4 we worked out the structure of finitary complex bounded symmetric domains, and
in Sect. 5 we applied those results to obtain the structure of cycle spaces on corresponding

@ Springer



340 Ann Glob Anal Geom (2016) 50:315-346

flag domains. In this section we develop a variation on those results for particular real and
quaternionic flag manifolds and cycle spaces based on the groups SO (o0, ¢) and Sp(co, g),
g < oo. Those groups provide real and quaternionic analogs of the complex domains of
SU (00, q). The methods and results are similar to those of Sects. 4.1, 5.2, and the last part
of [10].

6.1 The real bounded symmetric domain for SO (oo, q)

In Sect. 4.1 we looked at the bounded domain of maximal negative definite subspaces of
(V, h) contained in Zr g, where V has basis E given by (3.1) and where the hermitian form
h is given by (3.2). We studied it as an SU (oo, ¢g)-orbit on the complex Grassmann manifold
of g-dimensional subspaces of V weakly compatible with E. Here we look at the real analog,
the (real—not complex) bounded symmetric domain of maximal negative definite subspaces
of (Vy, b) where V) is the real span of E, and the symmetric bilinear form b is the restriction
of h to V. Then we use it to describe real cycle spaces for open orbits on the corresponding
real flag manifolds.

We consider the real group Go = SO(00, g), ¢ < oo and the flag F = (0, F, V) where
F = Spanp{e; | i > 0}. View Gy as a closed subgroup of G := SL(oco + ¢; R). That gives
us the real flag manifold:

XFrE= { subspaces FY c vyl 0, FY, V) is E-commensurable to .7-'} =G(F),
6.1
where the second equality follows as in the argument of Lemma 2.3. Note that X £ is a real
Grassmann manifold. The domain of interest to us in this context is

Dy = {.7-"(1) = (0, FO, Vo) e Xr k| FY maximal negative definite subspace of Vo} .
(6.2)
If r : V — V denotes complex conjugation of V over V), then the domain Dy of (6.2) can
be identified with the fixed point set of T on the complex Grassmannian of Sect. 4.1.
We use the b-orthogonal decomposition Vo = (V)4 @ (Vo) — where (V) = Spang{e; |
i < 0} and (Vy)— = Spangr{e; | i > 0}. Consider the corresponding b-orthogonal projec-
tions 4. The kernel of 7_ is b-positive definite so it has zero intersection with F! for any
FO =0, FD, Vy) € Dy. Thus 7_ : FD = (V)_ is injective, and it is surjective as well
because F( is a maximal negative definite subspace. Now we have a well defined linear
map

Xp : (Vo) — (Vo)y  definedby 7_(x) — 7, (x) for xe FW. (6.3)

As FU is weakly compatible with E, the matrix of X o relative to E has only finitely
many nonzero entries, i.e. X ) is finitary. Further, 7_ : F1) = (Vj)_ defines an R-basis {e/'}
of F by 7_(¢]) = e;. Write €] = e; +3_; g xj.i¢j; then (x;;) is the matrix of X zq). The
fact that FV is b-negative definite translates to the matrix condition / —(x; ;) (x; ;) > 0,and
equivalently the operator condition I —'X 1) X pay > 0. Conversely, if X : (Vo)— — (Vo)+
is finitary and satisfies I — X X > 0, then the real column span of its matrix relative to E
is a maximal negative definite subspace FO and FO = (0, FD, V) € Dy.

The same computation as in Sect. 4.1 shows that the block form matrices of elements
of Go act by (A8) : (¥) — (&§15). which has the same real column span as

((zL\X+1-’3)(IC?H-D)_1 ) So Gy acts by (ég) X > (AX+B)(CX+D)"l.In summary,
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Proposition 6.1 Dy is realized as the bounded domain of all finitary X : (Vo)— — (Vo)+
such that I —'X X > 0, and there the action of G is (é g) X > (AX+B)(CX+D) L

Again, there are g+ 1 open Go-orbits on X r g corresponding to nondegenerate signatures:

Dy = Go((0, F), Vo)) where F) = Spang{e_x,...,e_1;ext1,...,¢4} if g < oo,
F(k) = SpanR{e,k, ey €15 €kt 1, €42, - - } if q = 00,

More generally the Go-orbits on X £ g of signature (a, b, ¢) = (pos, neg, nul) have a and ¢
finite and < ¢. We denote them by

Dypc = Go((0, (F+ + F— + Fp), V)) where

Fy  =Spangfe_.+ec,...,e_1 + e} (null)
Fy = Spanrf{e_c—q4, - .., e_c—1} (positive)
F_  =Spang{ect1,....e4p}, g <00; Spang{ecti,ecta,...}, g = 0o (negative).

(6.4)
As in the complex case, the open orbits are the D, = Dy p0,a < oo anda + b = g, i.e. the
ones for ¢ = 0. If ¢ < oo there is a unique closed orbit, Dg,9,; = {(0, FD vy) e XrE |
b(FM, F) = 0}; it is in the closure of every orbit. If ¢ = oo there is no closed orbit.

The Cayley transforms are given by (4.4): cx(e;) = e; if j # =Zk and, in the basis
{e_k, ex} of Spanp{e_¢, er}, cx has matrix % (_11 %) This sends real subspaces of V to
real subspaces; that is why, in Sect. 4.1, we based (4.4) on the one variable Cayley transform
that sends 0 - 1 — oo — —1 — 0 and maps the unit disk to the right half plane. As a
riemannian symmetric space, the real Grassmannian X x g has rank ¢. Just as in the complex
case the Go-orbits on X r g are the Go(cy ... c;s cfH .. c_%H]-"), and the open ones are those
for which s = 0. If ¢ < oo then Go(cy ... cyF) is the closed orbit, and if g = oo then there
is no closed Gop-orbit on X r .

The maximal lim-compact subgroup of Gy is

Ko = SO(00) x SO(q) = (limp—0SO(p)) x SO(q) if g < oo,
Ko = S50(00) x SO(00) =1limp g (SO(p) x SO(q)) if ¢ = oo0.

This corresponds to the b-orthogonal decomposition R®7 = (V)4 @® (Vp)—. Let F = (Fy)
be a generalized flag in V = R that is weakly compatible with E. Let 7\ € % F.E SO
that D = Go(FD) is an open Go-orbit. Then we may assume that FD is compatible with
our choice of E, so it fits the decomposition R®7 = (Vp)4+ @ (Vp)— in the sense that

FO = (F"y whereeach F” =(F" NV @ FNn(vo)o).  (65)

Then Ko(F(D) is the real analog—in fact a real form— of the base cycle in the complexifi-
cation of D. Concretely, Ko(F() is the product of “smaller” real flag manifolds:

Y =Y x Y, where
Y1 = Ko(FY N (Vo)) = SO (00)(FV N (Vo) 4 ) in (Vo) + and (6.6)
Y, = Ko(FD N (Vo)) = SO (q)(FV N (Vo)) in (Vo)—,

where

FONVo)s = (FV 0 (Vo)) € -+ € (B 0 (Vo)4)),
FON Vo) - = ((F n (Vo)) € -+ c (B N (Vo)-)).

The signature sequence {(ax, br)}, where h has signature (ax, bx, 0) on F, (1), specifies the
open orbit in X 7 g and the factors of Y.
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This shows that the G-translates of Y contained in D correspond to the decompositions
Vo = W@ W{ where (i) W is a maximal positive definite subspace such that (Vo) . N W has
finite codimension in both Wé and (V) +, and (ii) Wé/ is a maximal negative definite subspace
such that (Vo) N W}, has finite codimension in both W and (Vp)+. If 7 = 7 n (V)1
the correspondence depends only on W/, and if F) = I N (Vp)_ it depends only on W
Any two such decompositions Vo = W) @ W, are G-equivalent.

Definition 6.2 The positive real bounded symmetric domain BZ associated with (Vy, b, E)
is the space of all maximal positive definite subspaces W; C Vo such that Wy N (Vo) 4+
has finite codimension in both W}, and (V). The negative bounded symmetric domain B,
associated with (Vp, b, E) is the space of all maximal negative definite subspaces Wy C V
such that Wy’ N (Vp) _ has finite codimension in both W and (Vp)_.

As constructed, each element W0 € BE is in the G-orbit of (Vp)+. Relative to the basis E
we look at g = ( ) € G such that gW € B+ in other words, such that the column span
of ( ) is positive deﬁmte The column span is preserved under right multiplication by A, so

7C’A_, ) . (C/:—l ) > 0. In other words, gW,, € BE simply

means that g W is the column span of an infinite real matrix ( ){ ] ) such that I — X X; > 0.

the positive definite condition is ’(

Similarly, gW € By simply means that g W, is the column span of an infinite real matrix
(’52) such that I/ — X, X, > 0. The G-stabilizer of 0 € BE is the parabolic P consisting of
all (‘8 g), while the G-stabilizer of 0 € BB} is the opposite parabolic ‘P = P°PP consisting
of all (2 9). In other words,

Lemma 6.3 suppose that Go = SO(00, q), g < 00. Then the real positive bounded sym-
metric domain associated with (V, Go, E) is BE =X, eR® | [-XX|; > 0}inG/P,
and the negative real bounded symmetric domain for (V, Gy, E) is By, = {X; € RZ%° |
I — [X2X2 > 0} in G/P"pp.

The action of G on these bounded symmetric domains is linear fractional, as described in
Sect. 4.1 for the complex case. The proof of Theorem 5.6 is valid here, giving us the following
structure theorem:

Theorem 6.4 Let Go = SO(o0,q) with 2 < g < oo. Let D be an open Gg-orbit
G((0, FV, Vi) in the real flag manifold X 7 g. Then the positive definite bounded sym-
metric domain B+ for (V, Go, E) is the set of all positive definite G-translates of (Vp) + and
the negative deﬁmte bounded symmetric domain B for (V, Gy, E) is the set of is the set of
all negative definite G-translates of (Vo)—. The B are diffeomorphic. There are three cases
for the structure of the cycle space, as follows:

If every space Fk(l) e FW is positive definite then Mp is diffeomorphic to B"E'.
If every space Fk(l) e FWU is negative definite then Mp is diffeomorphic to B.
If some space Fk(l) e FW is indefinite then Mp is diffeomorphic to BE X Bg.

6.2 The quaternionic bounded symmetric domain for Sp (oo, q)
We now look at the quaternionic analog of Sect. 6.1. For that, we consider a quaternionic

vector space Vg = H9, one of whose underlying complex structures is that of V =
€24, We look at the bounded symmetric domain of maximal negative definite quaternionic
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subspaces of (V, /). As suggested by Sect. 3.3, the complex basis E of V is replaced by an
H-basis
L={..,v2,v_1;v1,02,...,94} for g < oo,

L={..,v_p,v_1;v],01,03,...} for g=o0. 6.7)

The relation with E is v; = ep; fori < 0 and v; = ep;_1 for j > 0. The H-hermitian form
h is defined by h(v;, v;) = §; j fori < 0and h(v;, v;) = —§; ; fori > 0.

The real group is Go = Sp(oc, q), g < 00. We view Gy as a closed subgroup of the
quaternionic linear group G := SL(oco +¢; H). The flag is 7 = {F'} where F' = Span p{e; |
i > 0}. That gives us the quaternionic flag manifold

XFL = {subspaces FD c vig | (0, FV, Vi) is L-commensurable to ]-'] =G(F),
(6.8)
where the second equality follows as in the argument of Lemma 2.3. Note that X is a
quaternionic Grassmann manifold. The domain of interest to us in this context is the following:

Dy = [(O, FW, V) € Xr 1 | FW is a maximal h-negative definite subspace of VH} .
(6.9)
Now consider the A-orthogonal decomposition Vi = (V)4 @& (Vm)— where (Vi)
denotes Spang{e; | i < 0} and (Viy)_ denotes Spanp{e; | i > 0}. Consider the correspond-
ing orthogonal projections w1 : Vg — (Vi)+ and m— : Vg — (Vi) —, The kernel of w_ is
h-positive definite so it has zero intersection with F M for any F M =, FO, vi) € Dy.
Thus 7_ : F(U = (Vi)_ is injective. Since F(! is a maximal z-negative definite subspace
m_ : FD = (Vg)_ is surjective as well. Now we have a well defined H-linear map

Xpa : (Vi)— — (Vi) defined by 7_(x) > 4 (x) forx € FO. (6.10)

As FU) is weakly compatible with L, the matrix of X () relative to L has only finitely many
nonzero entries, i.e. X pq is finitary. Using w_ : F = Vi, — defines an H-basis {vlf/} of F(U
by m_(v]) = v;. Write v/ = v; + >, _xj,;v;; then (x;;) is the matrix of X ). The fact
that F(U is h-negative definite translates to the matrix condition / — (x;;)* (x;;) > 0 and
equivalently the operator condition / — X ;‘V(l) Xpay > 0.Conversely,if X : (Vi)— — (Vi)+
is finitary and satisfies  — X* X > 0, then the quaternionic column span of its matrix relative
to L is a maximal negative definite subspace FO and FO = 0, FD, Vi) € Dy.

The same computation as in Sect. 4.1 shows that the block form matrices of elements
of Gg act by (é g) : (}I( ) — ( éigig ), which has the same quaternionic column span as

((“‘XJFB)(ICX“))_1 ).So Gy acts by the linear fractional (2 8) : X — (AX+B)(CX+D)™".
In summary,

j<0

Proposition 6.5 Dy is realized as the bounded domain of all finitary X : (Vig)— — (Vi) +
such that I — X* X > 0, and there the action of G is (é g) : X - (AX+B)(CX+D)~ .

Again, there are g+ 1 open Gy-orbits on X £ 1, corresponding to nondegenerate signatures:

Dy = Go((0, Fy, Vi) where Fyy = Spang{v_g, ..., v—1; Vgy1, ..., g} if g < 00,
Fuoy = Spanmg{v_k, ..., v—1; V41, Vk42, ...} if ¢ = 00,

More generally the Go-orbits on X 7, of signature (a, b, ¢) = (pos, neg, nul) have a and ¢
finite and < ¢g. We denote them by
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Dape = Go((0, (Fy + F- + Fp), Var)) where
Fo = Spanyf{v_¢ + ve, ..., v—1 + v1} (null)
Fy = Spanyg{v_¢—gq, ..., v_c_1} (positive) (6.11)
F_ = Spang{vet, ..., vegp} if g < 00,
Span g{ve41, Veta, - .. } if ¢ = 0o (negative).

The open orbits are the D, = D, p0,a < oo and a + b = ¢, i.e. the ones for ¢ = 0. If
q < oo there is a unique closed orbit, Dy 9, = {(0, FO vy € Xr.L| r(FY, FOY = 0},
it is in the closure of every orbit. If ¢ = oo there is no closed orbit.

The Cayley transforms are given by (4.4): ¢x(v;) = v; if j # =k and, in the basis
{v_k, v} of Span m{v_, vk}, cx has matrix % (_1] %) This sends quaternionic subspaces
of V to quaternionic subspaces. As a riemannian symmetric space, the quaternion Grass-
mannian Xz ; has rank g. Just as in the complex case the Go-orbits on X ; are the
Golcy ...cscf_H . ..cSZ_H}'), and the open ones are those for which s = 0. If ¢ < oo,
then Go(cy ... cqF) is the closed orbit, and if ¢ = oo, then there is no closed G-orbit on
XFL-

The maximal lim-compact subgroup of Gy is

Ko = Sp(o0) x Sp(q) = (limp—cSp(p)) x Sp(q) if g < oo,
Ko = Sp(00) x Sp(00) = lim, 400 (Sp(p) x Sp(q)) if ¢ = oo.

This corresponds to the A-orthogonal decomposition H*Y = (V1) & (Vi)—. Let F =
(Fy) be a generalized flag in V = H°>9 that is weakly compatible with L. Let 7 € X £ |
so that D = Go(F(D) is an open Go-orbit. Then we may assume that F() is compatible
with our choice of L, so it fits the decomposition H*? = (Vi)4+ @ (Vi) - in the sense that

FO = (FV) where each F" = (F) n (i) @ (F" N (Vi) ). (6.12)

Then Ko(F(D) is the quaternionic analog—in fact a quaternion form—of the base cycle
when the latter is viewed as a quaternionic manifold. Concretely, Ko(F 1) is the product of
“smaller” quaternionic flag manifolds,

Y =Y xY, where
Y1 = Ko(FD N (Vi) 1) = Sp(oo)(FD N (Vi) 1) in (Vi) and (6.13)
Y2 = Ko(FV N (Vi) o) = Spg)(F D 0 (Ve ) in (Vi) -,

where

FON Vi) = (F 0 (Vi) C--- € (BP0 (Vi) ),
FON W) = (F 0 (Vi) € -~ < (B N (Vi) ).

The signature sequence {(ax, bx)}, where h has signature (a, by, 0) on F (1), specifies the
open orbit in X 7 ; and the factors of Y.

This shows that the G-translates of Y contained in D correspond to the decompositions
Vu = Wi @ Wy where (i) Wy} is a maximal positive definite H-subspace such that (Vi) + N
Wy, has finite codimension in both (Vi); and NWy;, and (ii) Wy; is a maximal negative
definite subspace such that (Vi)— N WH/-1/I has finite codimension in both (Vi) _ and WH/-1/I' If
FO = 7 N (Vi) the correspondence depends only on W/, and if U = FU N (V) _
it depends only on Wj;. Any two such decompositions Vir = Wy @ Wy are G-equivalent.

@ Springer



Ann Glob Anal Geom (2016) 50:315-346 345

Definition 6.6 The positive quaternionic bounded symmetric domain BZ“ associated with
(Va, b, L) is the space of all maximal positive definite subspaces Wj; C Vg such that
W]I’ﬂ N (Vm)+ has finite codimension in both Wﬁ and (V). The negative quaternionic
bounded symmetric domain BB, associated with (Vi, b, L) is the space of all maximal neg-
ative definite subspaces Wﬁl C Vg such that Wﬁ N (Vi) _ has finite codimension in both
Wy and (Vi) —.

As constructed, each element WHQI € Bf is in the G-orbit of (Vi) 4. Relative to the basis L
we look at g = (4 &) € G such that gW}; € B} ; in other words, such that the column span

of ( é ) is positive definite. The column span is preserved under right multiplication by A, so
the positive definite condition is ’( _ ClA’l ) . ( c /(,1 ) > 0. In other words gWy; € BZ’ simply
means that g Wy, is the column span of an infinite matrix ( }gl ) such that 7 — X1 X; > 0.
Similarly, gWyj; € B, simply means that g Wy} is the column span of an infinite matrix ()52 )

such that 7 — X» X, > 0. The G-stabilizer of 0 € Bf is the parabolic P consisting of all
(/3 g), while the G-stabilizer of 0 € B] is the opposite parabolic ‘P = P°PP consisting of

all (2 9). In other words,

Lemma 6.7 suppose that Gy = Sp(00, q), g < 00. Then the quaternionic positive bounded
symmetric domain associated with the triple (V, G, L) is Blf =X e H®*Y | [-1X1 X >
> 0} in G/ P, and the corresponding quaternionic negative bounded symmetric domain for
(V,Go, L) is B, Z{X, € HT*® | I —'X7X, > 0} in G/P°PP.

The action of G on these bounded symmetric domains is linear fractional, as described
in Sect. 4.1 for the complex case. The proof of Theorem 5.6 is valid here, giving us the
following structure theorem:

Theorem 6.8 Let Gy = Sp(oo, g) with g < o0. Let D be an open Gg-orbit G(}'(')) in the
quaternionic flag manifold X 1. Then the positive definite bounded symmetric domain all
positive definite G-translates of (Vi) 4+ and the negative definite bounded symmetric domain
By for (V,Go, L) is the set of all negative definite G-translates of (Vm)-. The Blj‘: are
diffeomorphic. There are three cases for the structure of the cycle space, as follows:

If every space Fk(l) e FW is positive definite then Mp is diffeomorphic to BZ’.
If every space Fk(]) e FW is negative definite then Mp is diffeomorphic to B;.
If some space Fk(l) e FW is indefinite then Mp is diffeomorphic to BZ x By .
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