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Abstract In earlier papers we studied direct limits (G, K) = h_r)n (Gp, Ky) of two
types of Gelfand pairs. The first type was that in which the G, /K, are compact
Riemannian symmetric spaces. The second type was that in which G, = N, x K,
with N, nilpotent, in other words pairs (G, K,,) for which G, /K, is a commutative
nilmanifold. In each we worked out a method inspired by the Frobenius—Schur Orthog-
onality Relations to define isometric injections &, : L%(G, /Ky) — L*(G,, /Km)
for m = n and prove that the left regular representation of G on the Hilbert space
direct limit L>(G/K) := li)n L*(G,/K,) is multiplicity-free. This left open questions
concerning the nature of the elements of L%(G/K). Here we define spaces A(G, /K},)
of regular functions on G, /K, and injections vy, , : A(G,/K,) - A(G,;/Kn) for
m 2 nrelated to restriction by vy, ,, (f) |G,/k, = f.Thus the direct limit A(G/K) :=
im{A(G,/K,), vm.n} sits as a particular G-submodule of the much larger inverse
limit l(igl{.A(Gn /Kpy), restriction}. Further, we define a pre Hilbert space structure on

A(G/K) derived from that of L?(G/K). This allows an interpretation of L>(G/K)
as the Hilbert space completion of the concretely defined function space A(G/K),
and also defines a G-invariant inner product on A(G/K) for which the left regular
representation of G is multiplicity-free.
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264 J. A. Wolf

1 Introduction

Gelfand pairs (G, K), and the corresponding commutative homogeneous spaces G /K
generalize both the concept of Riemannian symmetric space and that of a familiar fam-
ily of Riemannian nilmanifolds. Let G be a locally compact topological group and K
a compact subgroup. Then (G, K) is a Gelfand pair, i.e. L' (K\G/K) is commutative
under convolution, if and only if the (left regular) representation of G on L>(G/K) is
multiplicity free.

In two earlier notes [17,18] we looked at certain cases where G and K are not
locally compact, in fact are infinite dimensional of the form lim(G,,, K,) where the
(Gn, Kp) are finite dimensional Gelfand pairs in the usual sense. We showed in those
cases that the multiplicity-free condition is satisfied when L?(G/K) is interpreted as
a certain Hilbert space direct limit of the usual L? (Gn/Ky). That direct limit made use
of renormalizations inherent in the Frobenius—Schur othogonality relations for matrix
coefficients of irreducible unitary representations, so the meaning of the elements of
L?(G/K) was not immediate.

Here we define a ring of regular functions A(G/K) whose nature is transparent. It
is a subalgebra of l(ir_n.A(Gn/Kn) where A(G, /K,) is the ring of regular functions
in the usual sense and l(ln A(G,/K,) is defined by restriction of functions. This is
accompanied by a G-equivariant injective map A(G/K) — L?>(G/K) with dense
image. That leads to the main results of this note, both for the direct limits of com-
pact symmetric spaces of [17] in Sect. 3 and for the direct limits of commutative
nilmanifolds of [18] in Sects. 4 and 5. In both cases the results are that

A(G/K) injects to a dense subspace of L>(G/K), so L>(G/K) defines a G-invariant
inner product on A(G/K), the regular representation of G on A(G/K) is unitarized,

and L?>(G/K) can be interpreted as the Hilbert space completion of A(G/K).
(1.1

2 The ring of regular functions

In this section we describe the general setup needed for constructing the ring of regular
functions on direct systems of Lie groups and commutative spaces, and compare them
with L? direct limits. We will specialize to parabolic direct systems of compact Lie
groups compact Riemannian symmetric spaces in Sect. 3. Then we further specialize
the results of this section to direct systems of certain classes of nilpotent Lie groups
and commutative nilmanifolds in Sects. 4 and 5.

2.1 Direct limit representations
We consider direct limit groups G = h_r)n G, and direct limit unitary representations

7 = lim 7, of them. This means that 77, is a unitary representation of G, on a Hilbert
space Hy,, that the H,, form a direct system whose maps are unitary, and that 7 is
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Infinite dimensional multiplicity free spaces III 265

the representation of G on H,; = ll_r)n Hr, given by

m(g)v = m,(gn)v, forn > 0sothat V, — V and G, — G send v,
—vandg, — g. 2.1)

This formal definition amounts to saying that i is a well defined unitary representation
of G on H.
If u, v € Hy, we have the matrix coefficient

Juwn : Gp — Cdefined by fy v.n(g) = (u, 71 (8)V) 1, - 2.2)

Since Hy, — Hy,, is a G,-equivariant unitary injection for m = n, we may view
‘Hy, as a subspace of H,, . This done, we have

(u, 1 (V) K, = (U, Tm (V)1 foru,ve Hy andg € Gy, (2.3)

in other words f, v.n = fuv.mlc, for u,v € Hy,. Now these coefficients form a
direct system. Formally, we have

A(my) = {ﬁnite linear combinations of the f, , , where u, v € Hnn}

A(m,) — A(my,) using (2.3), and A(r) = li_I)nA(rr,,). 24
In words, A(m,) is the space of regular functions on G, defined by 7, and A(r)
is the space of regular functions on G defined by 7. They correspond to the idea of
trigonometric polynomials inside L2 of the circle, or more generally to the idea of
Harish—Chandra module.
Note that A(7r) is contained in the projective limit 1<£1 A(r,) (defined by restriction
of functions), but it is much smaller.

2.2 Square integrable direct limits

From now on we assume that the groups G, are separable, unimodular, locally com-
pact and of Type I. (We will be dealing with commutative spaces G, /K, and the
commutativity implies unimodularity for G,). Then one has the classical decomposi-
tion

L*(G,) = / (Hx, ®H, ) d(a) (2.5)

Gn

where d (i) is Plancherel measure on the unitary dual (/?\,, and the projective ten-
sor product Hr, ®H; ~contains A(m,) as a dense subspace. This expresses a func-

tion f € L'(G,) N L*(G,) in the form f(g) = I, 7 (f)d () Where 7, (f) =
f G, f(@)mn(g)dg € Hy, @Hj;n is a Hilbert—Schmidt operator on H, and where one
has the Plancherel formula || f|[3 = g I ( DI 5d ().
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266 J. A. Wolf

Fix a closed subgroup Z, in G, that is co-compact in the center. It can be {1} if G,
has compact center. If x € 2 let 5,1\)( ={m, € (/;:, | T (xz) = X(z)_lnn (x)} and
consider the Hilbert space LZ(G,,, ) of L? sections of the G,-bundle (G,, x x©) —
Gn/Zy,. Then

L*(Gpy) = / (Mo, @M ) i,y (00) (2.6)

—

Guy

where d, , (7,,) is Plancherel measure on En\x The decomposition (2.5) then decom-
poses further into

L*(G,) = / L*(Gpy)dn (%) 2.7)

Zn

An irreducible unitary representation m, € G, is called square integrable if its
coefficients f, , n satisfy |fy.o.nl € LZ(GH/Z"). This makes sense because Z, is
co-compact in the center of G,. Then one has the Godement—Frobenius—Schur orthog-
onality relations. In particular there is a number deg 7, > 0 (called the formal degree)
such that

1
||fuun||L2(G 120 = deg || IIH” IIUIIH 2.8)

Now suppose that we have the G arranged so that we have direct systems {m,}
of unitary representations and, for each n, every m, € Gn belongs to exactly one
of those direct systems. Write B, n.7 : Hn, — Haz, for the direct system maps on
the representation spaces. They are unitary. For each such direct system we have the
direct limit unitary representation 7 = limm, of G = li)n G, and the direct limit
representation space H, = H_r)n{Hﬂn, Bm.n.x}

We now make two strong assumptions on the system {G,}. First, suppose that we
can (and do) choose the co-compact closed central subgroups Z, C G, so that

Gy = Gpyymaps Z, = Zy4y. (2.9)

Then we can write Z for each of the groups Z,,, and each of the direct systems {,}

has a common central character x € Z. We now make the further assumption on the
groups G, that

Plancherel-almost-all 7, € (/7\” are square integrable: their | f;, y »| € L2(G,, /7).
(2.10)

As in [17] and [18] we use (2.8) and (2.10) to scale the inclusions Hy, ®H* <
Hy, ®H* for m = n by means of formal degrees and obtain (G, x G,)- equ1var1ant
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Infinite dimensional multiplicity free spaces III 267

isometric inclusions

~ _ 172
Cmn : Ho,®Hy — Ha,, ®H;  defined by fyn > (ieeggfr’:) fuom. (2.11)

In other words &y p.x = ‘ffegZ" (Bm.n.w ® Bm.n.x+). That gives us direct systems of

Hilbert spaces and the dlrect limits
Hy = h_r)n {Hn,,, ﬁm,n,n} and H ®H; = ll_r)n {(Hnn ®H;n), gm,n,n} s (2.12)

of representatlon spaces for the irreducible unitary representations 7 = hm m, of G
andm @ m* of G X G.
In order to sum the Hy, @H;ﬂ and the H @H; as in (2.6), to form L2(G y) =

1i_n)1 L2(Gn, ), we need the direct integral of (2.6) to be consistent with the rescaling
isometries of (2.11). Specifically we need

f(Tn\x §m.n,7‘rdn,x (1)

S B, ey ()~ [, ®H, b, )
J//G/’L\X {m,n,rzdn,x () J/l‘d

fa:gm,n,ﬂ (Hﬂn(gH;n)dn,X(ﬂn) —_— fG/m\X(Hﬂ'm @H;k[m)dmﬂx(ﬂm)
(2.13)

to commute for m = n. In the cases studied here, the 6,1\)( are discrete (or even finite),
so the L2(Gn, ) are discrete direct sums of irreducible representations. Then there is
no consistency problem with the rescaling isometries: one simply takes their discrete
direct sum.

Once the H, @Hj‘rn have been summed as in (2.6), we need to control the integra-
tion over the Z in (2.7) in order to pass to the limit and form L%(G) = fZ L? (G)d(x).
Here we need the conditions of (2.9), that every Z,, = Z, and then we need that

for m, n > 0 the measures d,, and d,, on Z are mutually absolutely continuous.
(2.14)

In the cases studied here condition (2.14) will be easy to verify.

2.3 Construction of A(G)

Our hypothesis (2.10) of square integrability says that Plancherel-almost-all A(7w,) C
Hx, @Hnn , in fact form a dense subspace there. We want the summation L? (Gn,y) =

(Hnn ®H )dn_ x (7r,) to restrict to a summation of the A(ry,) and form a space
A(Gn ) consisting of regular functions on G, that transform by x. In order to do this
we must look at the detailed definition of direct integral.
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268 J. A. Wolf

Definition 2.15 Let (Y, M, 7) be a measure space. For each y € Y let H, be a
separable Hilbert space. Fix a family {sy}qca of maps ¥ — | yey ‘H such that

(i) s (y) € Hy ae. (Y, M, 1), foralla € A,
1) y = (s (), sgp(V))H, belongs to Ll(Y, 7), foralla, B € A, and  (2.16)
(iii) H,y is the closed span of {sy(y)}xea a.e. (¥, 7).

Then the (Hilbert space) direct integral defined by the measure space (Y, M, 7), the
family {H, | y € Y} of Hilbert spaces, and the family {sy}sca of maps, is the vector
space

H= /Hy dt(y): allmapss:Y — U Hy such that
Y yeY

(i) s(y) € Hy ae. (¥, 1),
) y = (s(), S« (y))Hy is measurable, for each @ € A, and (2.17)
(i) y > (s(y), sa(y))Hy belongs to LI(Y, 7), foralla € A

with inner product (s, s') = /(s(y), s' N w, dT(y).
Y

O
The inner product of Definition 2.15 is well defined, and the direct integral H is
a Hilbert space. Our problem now is to find an appropriate family {sy}yeca of maps
to Un,,eé:, A(mry,) in order to put the A(rw,) together to make spaces A(G,,,) and
A(G,) of regular functions on G, along the lines of a direct integral of Hilbert spaces.
In other words we need the conditions that
to form L2(Gn,x)

= / (Hz, @H;‘,ﬂ)dmx () we may choose the s, with s, (77,) € A(r,) (2.18)

—
Gn x

in order to form the A(G, ,) = fG/\A(nn)d,,, » (7,), and then we need the condi-
nx

tions

to form L2(Gn)

= / L2(Gn,x)d,,(x) we may assume Sy / (my ® n:)dnyx(rrn) € A(Gy,y).
Z Grx

(2.19)
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Infinite dimensional multiplicity free spaces III 269

These conditions are automatic when the G, are compact. In Sects. 4 and 5 we will
verify them for the cases where G, is a connected simply connected nilpotent Lie
group that has square integrable representations.

Under the assumptions (2.13) and (2.14) for forming our direct limits of Hilbert
spaces, and (2.18) and (2.19) for restricting to regular functions before the direct limits,
we have the spaces

A(Gy) :=/ / A(@p)dy, y () | d(x) and A(G) := li_I)nA(Gn). (2.20)

Z G,y

Here the A(G,) form a direct system using ordinary restriction of functions, and
A(G) is the direct limit of that system. Each A(G,) is a dense subspace of L%(G,)
but, because of rescaling by the &, ., we do not have A(G) as a subspace of L%(G).
However there is a very useful relation which we now describe.

2.4 Comparison of direct limits

In this section we will assume (2.13), (2.14), (2.18) and (2.19). Then we have direct
systems {L*(G,)} — L*(G) and {A(G,)} — A(G). Now define (G, x G,)-equi-
variant isometric inclusions

Mn - A(ﬂn) - Hnn®H;” by fu,v,n = degnn fu,v,n~ (2.21)

Proposition 2.22 The maps n, of (2.21) satisfy nm © Cmnx(fuvn) = Cmngr ©
N (fu,v.n) and send the direct system { A(G)} into the direct system {LZ(G,,)}. That
map of direct systems defines a (G x G)-equivariant injection

n: AG) > L*(G)

with dense image. In particular n defines a pre Hilbert space structure on A(G) with
completion isometric to L2(G).

Proof We extract the result from [9, Appendix A]. Let C denote the category of topo-
logical vector spaces and continuous linear maps. We compute 1, © & on.w (fu,v.n) =
Nn(fu.v.n), as asserted, and use (2.13) and (2.14) to patch the 7, together to form
maps 1, : A(G,) — L*(G,). The space L2(G,,) carries its usual topology and we
give A(G,) the subspace topology. Now view {A(G,)} and {L?(G,)} as direct sys-
tems in the category C. The 7;, define a morphism {A(G,)} — {L*(G,)} of direct
systems in C. From the universal property of direct limits we then have a morphism
n: h_r)n {AG)} — li_I)nc{Lz(Gn)} of the direct limits in C. Note that 7, is injec-
tive ancf (G, x Gy)-equivariant with dense image. It follows that 7 is injective and
(G x G)-equivariant with dense image.

The topological vector space direct limit h_r)n C{Lz(Gn)} has a pre Hilbert space

structure given by the Hilbert space structures on the L>(G,), and the Hilbert space
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270 J. A. Wolf

direct limit L3(G) = li_r)n{Lz(Gn)} is its Hilbert space completion. Thus 7 :
li_r)nC{A(Gn)} — li_r)nC{Lz(Gn)} is in fact a continuous linear map, injective and
(G x G)-equivariant, from lim ,{A(G,)} to L>(G,). Further, our original A(G) is
. . —C . . : ~
obtained from 11_1’1)1 C{A(Gn)} by forgetting the topology. Thus in particular 7 maps

A(G) into L*(G), and it is a (G x G)-equivariant injection onto a dense subspace.
O

2.5 Homogeneous spaces

We now consider direct limit homogeneous spaces G/K = lim G, /K. Specifically,
we require that G = h_n)l G,, that the K, are compact subgroups of the G, such that
K, =G,NK, form 2 n, and that K = h_r)n K,,. We also assume (2.13), (2.14),
(2.18) and (2.19) so that Proposition 2.22 applies to {G,} and G.

Since K,, is compact, L*(G,/Ky) = L*(Gp)%n, the subspace consisting of the
right- K, -invariant L? functions on G,,. Of course we can define L2(G /K) = L2(G) K.
but for comparison with A(G /K ) we want L2(G/K) to be of the form h_r)n LZ(Gn/K,,).
Since K, is compact, (2.5) gives us

L*(Gu/Ky) = L*(G ¥ =/(Hﬂn®(H;;n)Kn)d(nn). (2.23)

G

we view the direct limit maps By n,» : Hz, — Hgz, as isometric inclusions and
arrange the L>(G,/K,) into a direct system by requiring that

orthogonal projection py, ».x : Hx, — Hy, defines a bijective map Hfl;" — Hf:.

(2.24)
Then every u,, € H,IT{,,',” has unique expression u,, = u, + x with u, € H;IT(,:’ and
x L Bunx(Hz,). As 1, is irreducible and w12 = ||un]|? + ||x||* we have a con-
stant ¢ = ¢y . such that ||u,|| = c|lupm||. Here 0 < ¢ < 1 and u, = piyop.x(Um).

Thus we have an isometry
Ao H,[f: = Hf;" by tm.n.w(Un) = Cmpngttm Where up = ppmopnx(Um). (2.25)
Now we have G,-equivariant isometric injections

Cmonr M, @(HE )K" — Ha, ®(HE YK defined by fiv,.n

12
= Cmnm (?12‘27;:) Su,om.m- (2.26)

Then {(Hﬂn®(H;‘;n)K"), Em,n,ﬂ} is isomorphic to a subsystem of the Hilbert space
direct system {(Hx, @H;ﬂ), Cmon.} of (2.12). As a result we have

Ha @)K = tim { (M, )} G | (2.27)
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Infinite dimensional multiplicity free spaces III 271

in the Hilbert space category, and they fit together under the direct integral (2.23) to
give us

L(G/K) = LG =1im [L2(Gu/Ko). G (2.28)
From (2.4) and (2.24) we have

A(n’n)K” = {finite linear combinations of the f, ,, , where u € H,, and v, € H,Ifn”} and

Vm,n,m - A(ﬂn)K" — A(Trm)Km by fu,v,,,n = fu,v,,,,m where projection P, (Um) = V.
(2.29)

Lemma 2.30 If f € A(my) X" then vy = (f)lG,/k, = -

Proof Let u € Hy, and v, € H,IT(,Z". Then v,, = v, + x € H]IE,Z‘ with x L Hy,.
Given g € Gy compute (Vm,n,ﬂ(fu,vn,n))(g) = fu,vm,m(g) = (u, 7 (g) (v, +x)) =
<7Tm(g71)us vy + X)) = (nm(gil)ua Vp) = {u, Ty (g)(Wy)) = (u, my(g)(vy)) =
fu,v,,,n(g)' m}

Equation (2.29) defines a direct system {A(7,,) %", Vm.n,7 } and Lemma 2.30 shows
that its maps are inverse to restriction. Thus the direct limit

A(m)K = lim {.A(nn)K", um,,,,,,} 2.31)

sits naturally as a G-submodule of the inverse limit 1(ir_n{A(n,,)K" , restriction}. Now,
from Proposition 2.22, we can take right K -invariants as follows.

Our assumptions (2.13) and (2.14) for forming our direct limits of Hilbert spaces,
and (2.18) and (2.19) for restricting to regular functions before the direct limits, carry
(2.20) over to K- and K -invariant regular functions as follows.

A(G,/Ky) = A(G,)Kn =/ /A(n,l)’("dn,x(nn) d(x)

Z \Gux

2.32

and A(G/K) := A(G)* = im{A(Gn/Kp), Vi n)- e
In view of Lemma 2.30 the A(G,/ K,) form a direct system whose maps are inverse to
restriction of functions and A(G/K) is the direct limit of that system. Each A(G,, / K,)
is a dense subspace of LG, /K,) but, because the v, , are not isometric, we do not
have A(G/K) sitting naturally as a subspace of L2(G/K). As in the group level set-
ting we can manage this in a somewhat abstract way. The G,-equivariant isometric
inclusions restrict to

ﬁn,n : A(nn)Kn - HJT,1®(H:;”)K” by fu,v,n = Cn, 1,7 deg Ttn fu,v,n- (2.33)
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272 J. A. Wolf

Proposition 2.34 The maps Em,n,n 0f (2.26), Vi n.x of (2.29) and 1, 7 of (2.33) satisfy

(;im,n o Vm,n,n)(fu,v,n) = (Em,n,n © ﬁn,n)(fu,v,n)

Jfor fuvn € A, Kn, Thus they inject the direct system {AG )K", vy} into the
direct system {L*(G,)%", ¢, ). That map of direct systems defines a G-equivariant
injection

7:AG/K) - L*(G/K)

with dense image. In particular 7 defines a pre Hilbert space structure on A(G/K)
with completion isometric to L*(G/K).

Proof The pointis that ¢, n.7 = Cmm—1.7 * Cm—1lim—2.7 * -+ Cntln7s SO Cmon.r =
Cm,1.7/Cn.1,7- Now compute

(Em,n,n o ﬁn,n)(fu,vn,n) = Em,n,n (Cn,l,n\/ deg Ttn fu,vn,n)

12
deg 7,

= Cm,n,m (degg_nr:) Cn,1,mV deg Ty fu,vm,m

= Cm,1,nv/ deg fu,vm,m = (’ﬁm,n o Vm,n,ﬂ)(fu,v,,,n)-

Our assertions follow as in the proof of Proposition 2.22. O

2.6 Commutative spaces

Suppose that the Gn/ K, are commutative spaces, i.e. that the (G,,, K, ) are Gelfand
pairs. If T, € G then dim Hn” < 1, in other words either Hnl = 0 or there is a
unique (up to scale) unit vector v, € Hn,,". In the latter case (2.24) simply asserts that
v, cannot be orthogonal to B ,n.x (Vn), S0 that Proposition 2.34 is valid. Here there is
a problem: given Hn,, # 0 and m = n we must have H # 0. In the remainder of
this paper we study two situations in which this holds: when the G, /K, are compact
symmetric spaces, and in many cases where the G,,/ K, are commutative nilmanifolds.

3 Limits of compact Lie groups and compact symmetric spaces

Suppose that G, is a compact topological group. Then the Peter Weyl Theorem says
that L%(G,,) is the Hilbert space direct sum of the spaces A () of coefficients, 7, €
G,, In particular one has a dense subspace of L?(G,) given by the algebraic direct
sum

AGn) =2 Al 3.1

n

When G, is a compact Lie group, the spectrum of the ring A(G,,) is a linear algebraic
group, the associated algebraic group of G, for which A(G,) is the ring of regular
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Infinite dimensional multiplicity free spaces III 273

functions. This essentially is Tannaka’s Theorem; see Chevalley [3, Chapter 6]. Thus
A(G,) is the ring of regular functions on G, as well as on its associated algebraic
group. Note that the associated algebraic group is the complexification (G,)c.

3.1 Parabolic direct limits of groups
We make the standing assumption for this section and the next that

the G, are compact connected Lie groups and 32)
{G1, @m.n} 1s a strict parabolic direct system. '

Here parabolic means that the semisimple part of ¢,, ,(G,) is the semisimple part
of the centralizer of a toral subgroup of G, in other words that ¢,, ,([G,, G,])C is
the semisimple component of a parabolic subgroup of (G,,)c. Thus we have Cartan

subalgebras ), C g, such that dg,, ,(h,) C b, and simple root systems ¥, C ih*
such that

if ¢ € W, then there is a unique ¥’ € ¥, such thatdg,, , (V') =v¢.  (3.3)
Now we can enumerate the simple root systems as

v, = {Wn,la ceey Wn,é,l}s £y = rankgn’ and
Un.j =dey ,(Ym,j) for 1 = j = €, andm 2 n. (3.4)

Dually we have enumerations of the systems of fundamental weights as

By = {é;-n,l» cees gn,@,,}a £, = rank g,, and
Enj =den ,(&m,j) for1 = j < £, andm 2 n. (3.5

Now the correspondence

ki&n + -+ ke, ne, = KiEma + -+ ke, Ene,
sends dominant integral weights to dominant integral weights. Fix an index ny and a
dominant integral weight A, for (gng. Dng» Wae)- Forn = no we now have a dominant
integral weight A, for (g,, b, ¥,) and a corresponding direct system of irreducible

representations of the G,, given by

{7tn,n} where Ay = k18ng,1 + -+ + ke, 6,1, and

e (3.6)
7n.5 € Gy has highest weight A, = k1§, 1 +--- + kfnofnlno~

Choose unit highest weight vectors v, ; € Hy, ,. We embed representation spaces

lgm,n,k = lgm,n,m\ : Hﬂn’;\ — Hnm,;h by X(vn,k) = X(vm,k) for X € u(gn) (37)
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274 J. A. Wolf

Then we have the direct limit representation and its representation space:
T = h_r)n 7,5, unitary representation of G = h_r)n G,onHy = ll_r)n Hy, ;- (3.8)

As in (2.11) we now have isometric injections

_ _ 12
G Mo, @HE = My, @HE  defined by fi .0t (deg”'"vk) Fuom-

deg m, 5
(3.9
That gives us direct systems of Hilbert spaces and the direct limits
Mo, @, = lim | (M, 1, ). G} - (3.10)

They are the representation spaces for the irreducible unitary representations ) of G
and ), ® 7§ of G x G. The Peter-Weyl Theorem for Parabolic Direct Limits [18,
Theorem 4.3] exhibits the Hilbert space L?(G) := h_r)n{Lz(G,,), Cm.n} as the orthogo-
nal direct sum of the H, @H;‘fw and shows that the left/right regular representation of
G x G on L?(G) the multiplicity-free discrete direct sum of irreducible representations
;. @ 7, of highest weights (A, A%).

The direct integral conditions (2.13) and (2.14) are automatic here because the inte-
grals are direct sums. Thus, as A varies, the (3.9) and their limits (3.10) sum to give
us

172
Eon: L2(Gp)— LA(Gyy) defined by fopni> (f‘;i’gj;;) fuwm foruveHs
G.11)

and the limit Hilbert space

L*(G) := im{L*(Gn), Gmn)- (3.12)

3.2 The ring of regular functions for parabolic direct limits

As noted earlier, the direct integral conditions (2.13), (2.14), (2.18) and (2.19) are
automatic in the compact group setting. Thus Proposition 2.22 applies, showing that
the A(G,) and A(G) follow the same pattern as in the Peter—Weyl Theorem for Para-
bolic Direct Limits, and the resulting map .A(G) — L*(G) defines both a pre Hilbert
space structure on .A(G) and an interpretation of the elements of L2(G) as the Hilbert
space completion of A(G).

3.3 Parabolic direct limits of compact symmetric spaces

Fix a parabolic direct system of compact connected Lie groups G,, and subgroups K,
such that each (G,,, K,,) is an irreducible Riemannian symmetric pair. Suppose that the
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corresponding compact symmetric spaces M, = G, /K, are simply connected. Up to
re-numbering and passage to a common cofinal subsequence the only possibilities are

| Compact Irreducible Riemannian Symmetric Spaces M, = G, /K, |

| Gp | Kn | RankM, | DimM, |
1 SU (n) x SU(n) diagonal SU (n) n—1 n? —1
2 Spin(2n + 1) x Spin(2n + 1) | diagonal Spin(2n + 1) n 2n% +n
3 Spin(2n) x Spin(2n) diagonal Spin(2n) n 2n7 —n
4 Sp(n) x Sp(n) diagonal Sp(n) n 2n% +n
5 | SUP+9). pP=pPng=4qn SWp) xU@) min(p, q) 2pq
6 | sum 50(n) n—1 (n=Lntd)
7 | su@n) Sp(n) n—1 w2 —n—1
8 | SOWp+4q). P=pPn.qd=4qn S$O(p) x SO(q) min(p, q) pq
9 SO(2n) U(n) ['7’] nn—1)
10 [ Sp(p+9), P=pn. g =4qn Sp(p) x Sp(q) min(p, 4) 4pq
11 Sp(n) U(n) n nn+1)

(3.13)

These are the cases where the G, form a parabolic direct system. Now we set about
carrying the results of Sects. 3.1 and 3.2 from G = h_n)l G,toM = h_r)nMn for the
systems of Table 3.13.

3.4 Square integrable functions and regular functions

Recall the decomposition g, = £, + s, under the symmetry 6 of M,,. Here K, is the
identity component of the fixed point set G¥, ¢, is the +1 eigenspace of d6, and s, is

n’
the —1 eigenspace. We assume the alignments 6, = 6,,|g, so €, C £, and s, C 5p,.

We recursively choose maximal abelian subspaces a,, C s, with a, C a,, and define
m, to be the centralizer of a,, in ,. For the systems of Table 3.13 we have m,, C m,,,
and we recursively choose Cartan subalgebras t, C m, with that t, C t,. Then the
b, :=t, + a, are 6-stable Cartan subalgebras of the g,,.

The restricted root systems

Ay, ay) = {05|an | a € A(gn, bn) anda|an # 0}
have consistent root orders
ifa € AT (g, a,) and afq, #0 thenalg, € AT (gy, an),

and similarly we have consistent root orders on the A(my,, t,,). Together they define
consistent positive root systems

AT (gn, bn) = {o € Agn, by) | either a|q, € AT (gy, a,), oralq, =0 and

O[|t,, € A+(mns tn)} .
Using the parabolic condition we have simple restricted root systems

W, =W (gy, a,) such that if ¥ € ¥, then there is a unique ¥’ € ¥, such that Y =v¢'|,, .
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Now as in (3.4) we enumerate

o ={Yn1,---» ¥ne,} €p=dima,, and 1/fn,jzwm,ﬂan for1< j<{,andm 2= n.
(3.14)

Using the root orders just described, the Cartan—Helgason Theorem says that the
irreducible representation 7, of g, of highest weight A gives a summand of the repre-
sentation of G, on L2 (M,) if and only if (i) Alg, = 0, so we may view A as an element
of ia}, and (ii) if &« € At (g, ; is an integer = 0.

Cond1t10n (1) of the Cartan—Helgason Theorem persists under restriction A +>
Alp,_, because t,—1 C t,. Given (i), condition (ii) says that IA belongs to the weight
lattice of g, so its restriction to b, _| exponentiates to a Well defined function on the
corresponding maximal torus of G,_1 and thus belongs to the weight lattice of g,,_1.
Given condition (i), our arrangements a,, C a,, and ¢, C t,, ensure that condition (ii)
persists under restrictions A — Ay, . With this in mind, we define linear functionals

&, €ia; by

(‘Sn,h ‘//n,j>
(Wn,ja 1pn,j)

=5 for1 < j < ry—except that (i"”{’b'“))_z if 297, ; € Algn, an).

(3.15)

The weights &, ; are the class I fundamental highest weights for (g,, £,) Now as in
Sect. 3.1 the correspondence

kiépa + -+ ke bne, = ki + - ke, e,

sends class 1 dominant integral weights to class 1 dominant integral weights and
defines direct systems of irreducible class 1 representations by

{7tn,2} where Ay = k18ng,1 + -+ + ke, 6no, 1, and

— ) ) (3.16)

7n.5 € Gy has highest weight A, = k1§, 1 +--- + kerzog"vzno
As before, the corresponding embeddings of representation spaces By n,x : Hr,, —
Hz,, are given by choices of highest weight unit vectors v, € Hy,, and by
X (vn) > X(vmy) for X € U(g,). Again we have the direct limit representations
and its representation space

Ty = li_r)mtn,;\ unitary representation of G = ll_r)n G,onHy, = H_r)n{Hnn‘A, Bm.nat-
(3.17)

Note that ), is irreducible, has highest weight A, and has a highest weight unit vector
V) = h_I)n vy, that is invariant under the action of K = hm K,.Given {A,} asin (3.16)
we write Hy, 5 for Hy,, .
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Lemma 3.18 For {A,} as in (3.16) and eachn = n let wy, » be a unit vector in Hf’i
Then orthogonal projection py n5. : Hm,x — Hp,  maps wy, » to a nonzero multiple
Cm,n, A Wn, 2 Ofwn,)w

Proof By G,-equivariance of the projection, py; ».1(Wm.2) is K,-invariant, hence is
a multiple of w, ;. Suppose that the multiple is zero, i.e. that w, ; L wy . Then
Wp.» L Hyu.p, in particular wy, » is orthogonal to the highest weight A vector vy, ;.
AS Uy = Up,a, NOW Wy 2 L vy 2. But the argument of [7, Proposition 2.2] shows
that w,, » cannot be orthogonal to v, ;. We conclude py, 5 (Win,1) = cwy,, for some
nonzero constant c. O

Denote A* = —wg (1) where wy is the longest element of the Weyl group. Then 1*
is the highest weight of the dual 71:7 wandHy  =Hy ..Givenrm, y € Gy x wehave

a2+ € Gy g and we may suppose that its K,-fixed unit vector w;« is normalized so
that the pairing (w;,, w;,+) = 1. Then the space of right- K, -invariant matrix coefficient
functions corresponding to 7, ; is (as a module for the left translation action of G,)

K)l
(H,,M ® H: ) =My, ® WirC={fuyn | U € Huy, Y= He, . (3.19)

T,

Lemma 3.18 ensures (2.24) in our setting, where the regular representations of the
G, on the L2(M,,) are multiplicity free. Thus we have G,-equivariant injections

Ut HAS = HEm L, HAS = w,5+C and HAY = wy-C (3.20)
as in (2.25), and

Em,n,k : Hn,)\ Q (wn,A*C) — Hm,A ® (wm,k*C) by fu‘w,,,n
12
= Cm,n,a (degnm’;\) fu,wm,m (321)

degm,

as in (2.26). Now as in Sect. 2.5, {Hy 3 ® (Wy1+C), L .} is isomorphic to a sub-
system of the system {(H,,,;L@’H:,A), Cmon.a} of (3.11). As a result we have

Hy, @ wyrC :=1im {(Ho s ® wi,25C), G, ) (3.22)

and they fit together under the direct integral (2.23), which here is reduced to a discrete
direct sum, to give us L*(M) where M = 11_11)1 M,, as follows.

L2(M) 1= LG =lim [ L2(Go/Kn). ] (3.23)

We proceed as in Sect. 2.5, but taking advantage of the fact that here the G, are
compact. Define

A(y, ,\)K” = {finite linear combinations of the f, y,.,» Where u € Hy, ;, and v, € 7'(71,(,:’,,A 1,

Vm,n,x - A(nn,A)K" — A(”m,)\)Km by fu,v,,,n = fu,v,,,,m where prOjeCtiOH pm,n,k(vm)
= u,. (3.24)
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Thus Lemma 2.30 says: If f € A(m,,,) %" then vy . (lG,/x, = f-

The ring of regular functions on M, = G,/K, is A(G,/K,) = AG,)X =
>, A(m,,5) and the vy, 5, 5 sum to define a direct system {A(G, /K ;). Vi, »}. Its limit
is

AG/K) == AG)K = lim{A(Gn/Kn), vin.n)- (3.25)

As before, the maps of the direct system {A(G,/K,), v, n} are inverse to restric-
tion of functions, so A(G/K) is a G-submodule of the inverse limit Lil_n{A(Gn/K,,),
restriction}.

Each A(G,/K,) is a dense subspace of Lz(G,Z/K,,) but, because the vy, ,, distort
the Hilbert space structure, A(G/K) does not sit naturally as a subspace of L>(G/K).
Thus we use the G,,-equivariant maps

ﬁn,k : A(nn,A)K" - Hﬂné(wn,k*c) by fu,wn’)‘,n = Cn, 1,0V deg T\ fu,wn’;\,m
(3.26)

where ¢ 0.5 = |l Pm.n.a(Wm.2)||. Now Proposition 2.34 specializes to

Proposition 3.27 The maps Em,n,;\ of (3.21), vy n.5. of (3.24) and 1y, 5. of (3.26) satisfy

(ﬁm,k o Vm,n,k)(fu,v,n) = (Em,n,k ° ﬁn,k)(fu,v,n)

for fuvn € AQmy;) k. Thus they inject the direct system {A(G )X vy} into the
direct system {L*(G )%, Cm.n ). That map of direct systems defines a G-equivariant
injection

7:AG/K) - L*(G/K)

with dense image. In particular 7 defines a pre Hilbert space structure on A(G/K)
with completion isometric to L*>(G / K).

4 Limits of Heisenberg commutative spaces

We now turn to a class of commutative spaces G, /K, on which a nilpotent subgroup
of G, acts transitively. Then that nilpotent group must be the nilradical N,, of G,
the isotropy subgroup K, must be a compact group of automorphisms of N, and G,
must be the semidirect product N,, x K,,. See [16, Chapter 13] for an exposition. These
spaces usually are weakly symmetric, but they are not symmetric. Nevertheless they
are accessible because N, is very similar in structure to the Heisenberg group, and
the theory is modelled on the Heisenberg group case. Here in Sect. 4 we study the
Heisenberg group case, and we examine more general commutative nilmanifolds in
Sect. 5.
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4.1 Regular functions on Heisenberg groups
We first consider the case where G, is the Heisenberg group

H, = ImC + C" with group composition (z, w)(z’, w")
=Gz+7Z+Im(w, w), w+w).

There are two sorts of irreducible unitary representations. The ones that annihilate
the center Z = Im C of H, are the (1-dimensional) unitary characters on the vec-
tor group H,/Z = R?". The ones that are nontrivial on Z, say 7, , with central
character ¢, (z, w) = e'%, are specified by the nonzero real number ¢ and are real-
ized on the Fock space H, ; of entire holomorphic functions f : C" — C such that
f(Cm |f(u))|ze’|’”w'2dw < oo where dw is Lebesgue measure. The representation is
(771 (z, v) f1(w) = e ZHIM W=v/2)v £y, _ ) where + is the sign of /1.

For each real ¢ # 0 the representation 7, ; is square integrable (modulo the center
of H,) and has formal degree |¢|".

For each multi-index m = (mq, ..., m,), m; = 0, we have the monomial w™ =

mj

wy ... wy™. Fort # 0 there is a constant ¢, ; > 0 such that the iy := w™/+/m! :=

Wi . wp™) /N (my ! my!) satisfy

0 form # m/,

1/cp; form =m.

/Mm(w)Mm'(w)eXp(—llllwlz)dw = [
Now we normalize the inner product on Hy,, = H, ; by

o ) = ens / F @) T @) exp(—lrlwl)dw. @.1)

Then the monomials pm form a complete orthonormal set in Hy, , .

In Definition 2.15 of direct integral now, take (¥, M, t) = (R\{0}, M, |t|"dt)
where M consists of the Borel sets. For each multiindex m define s, : ¥ :— |J H, 1
by sm(t) = e 1"l . Then (sm (1), sw (D)3, = € 216 m € L' (Y, 7). In fact

[o/0] o0 o
/(sm(t),sm(t))Hnyt|t|"dt = 2/e—2fr”dt = 2—”/e—2’2"+1r"dt
—00 0 0
=2""I'(n+ 1) =n!/2". (4.2)

Thus (2.16) is satisfied and we have the Hilbert space of (2.17):

o
Hn = / H,i|t]"dt defined by (R\{0}, M, |¢|"dt) and the s (1) = ¢l pim.
—00
4.3)
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Here |f|"dt is the Plancherel measure for the Heisenberg group H,. Since |t|"dt
and dt are mutually absolutely continuous on R\{0} we can reformulate (4.3) as
H, = ffooo ‘H,..: dt, which is independent of n, for purposes of taking direct limits.

For multiindices m and m’ define rqp @ Y :—> U 'Hn,z®H;, by rmm () =
e M m ® Timy. The m ® Ty form a complete orthonormal set in Hnj@H:;[
O (Fmm' (1), Ty m (D)1, = € > 8um mSmy.m» Which is in L'(Y, 7) because
Lo Fmm @), T (D), 2]"dE =2 [ e "dt =27"'(n + 1) = n!/2". Since
the 1-dimensional representations in I/-I; form a set of Plancherel measure zero, and
|t|"dt is the restriction of Plancherel measure to {7, | t # 0} this gives us

o0
L2(H,) = / (Ho s & )11 44)

—00

where the direct integral is defined by (R\{0}, M, |t|"df) and the rpp(f) =
e im @ Ty - Now we carry this over to rational functions.

Definition 4.5 For each real polynomial p(¢) define py () = eI PO m Uy
Let A(H,) denote the set of all finite linear combinations of the pp, ny With multipli-
cation (p;n’m, X pZ,[,)(t) =[p'@®)p"(®)1(tm+e @ Hm'+¢)- The elements of A(H,)
are the regular functions on H, and .A(H,) is the ring of regular functions on H,.
Note that A(H,) is isomorphic to the ring of polynomials on the complex extension
C + C" of the underlying vector space structure of H,, = Im C 4+ C".

Lemma 4.6 The ring A(H,) of regular functions on H, is a dense subspace of
L*(Hy).

Proof The pointwise inner product (pm m/ (1), rm’.m”())n,, = e_z‘”p(t)(?m,mu
Sm',m. Computing as before, [*_e~2l|¢k||t|"dt = (k+n)!/2*+" forintegral k = 0.
If p(t) = Zg pit* this shows

o0
P () P (D)3, | L1 R\ Oy M1y = / le=2 p(o)||t)"dt

—00

d
<O Pkl 4 m)t/ 2 < o,
0

s0 each (pm m (1), rm’.m7 (D)1, € L'(R\{0}, M, [t|"dr). This proves A(H,) C
L*(Hy).

Let f € L*(H,) orthogonal to A(H,). Denote f;(w) = f(t, w). and ry ., =
rm.m' (t). By (4.4) and Fubini, f; is orthogonal to every rm m s a.. ¢ € R. For fixed
t, the rm m ; form a complete orthogonal set in Hn,t&f)?‘l;,. Thus f; = 0ae.r € R.

Now f =0in L2(Hn). We have proved that the subspace A(H,,) is dense in LZ(Hn).
O
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4.2 Functions on the infinite Heisenberg group

Passage to the limit is easy for Heisenberg groups. The group inclusions are given
by (z,w) +— (z,w), identity on the center ImC and the usual C" — C™ by

(Wi, ..., wy) = (wq,...,wy,0,...,0) on its complement. Also, and this is a key
point, the Hilbert space H,, ; sits naturally in H,, ; as the closed span of the monomials
Mm = w™/+/m! for which the exponents m, 41 = --- = m,, = 0. That gives us the

equivariant isometric inclusions &y, : Hpy — Hm,s, sending py, (as an element of
Hy.t) to im (as an element of H,, ;). Now we have

Hyeo =ImC+ C*® = h_r)n H, : infinite Heisenberg group,

H,= 11_11)1 H,.: : Hilbert space with complete orthonormal set {pm =w™ /+/m!},

T, = li_r)nrr,,,, : irreducible unitary representation of Hy, on H;. “@.7

The space &, ; of matrix coefficients of H, ; is spanned by the functions f¢ m:n, :
g — (e, mn 1 (g)m), These coefficients belong to the Hilbert space

L2(H,/Im C; ¢'):= {f - Hy,—C | |f|€ L*(H,/ImC) and f(z, w)=e~" (0, w)}

with inner product {f, f') = f(C" fz,w) f'(z, w)dw.

Since 7, ; has formal degree |¢|" the orthogonality relations say that the inner prod-
uct in &, ¢ 18 (fe.mnss formine) = 18|77 if £ = £ and m = m’, 0 otherwise. Now
the |¢]"/2 fe.m:n,s form a complete orthonormal set in &, ,, and &, consists of the
functions @, ; , given by

Brp(h) = D oemOIE" fomen .o () (4.8)

£, m

where ZZ,m |<,0£,m(l‘)|2 < 00. Thus L2(H,) consists of all functions

Wi (h) = / P gt di = / (32, eem Ol femns ) et (4.9)

such that the ¢y m : R — C are measurable, Zl,m |<pg,m(t)|2 < oo for almost

all 1 € R, and X, 1 loem()]* € L'(R,[t|"dr). Note that ||wn,¢||iz(H)

> mlloeml 2@ poan

When m 2 n we view an n-tuple m as an m-tuple by appending m — n zeroes; then
w™ has the same meaning as function on C" and on C™. Thus the coefficient function
Sfemin: o Hy, — Cis the restriction of fym:n; : Hn — C. Now, as in (2.11) and
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(3.9), we have isometric (H, x Hy)-equivariant injections

{m,n,t : gn,t - gm,t by é‘m,n,t(“ln/zfé,m;n,t) = |t|m/2f£,m;n,t and ;m,n(lpn,go)
== m’m(n—m)/zw (410)

of £, into &, ; and L?(H,) into L(H,,). Specifically, ¢, ,,; maps a complete ortho-
normal set in &, ; to an orthonormal set in &, ; and ¢, , passes to the direct inte-
gral. As expected, the result is the multiplicity-free left/right regular representation of
Hy x Hy On

L?(Heo) := im{L*(Hp), {mn)- 4.11)
Now look back to Definition 4.5, and define

A(Hoo) = lim A(H,)
= {finite linear combinations of the pm m (1) =¢ " p(Hw™w™}. (4.12)

Thus A(Hso) consists of the finite linear combinations of the e~ !#% i Tiqy, and
(for n sufficiently large so that ptm, m' € Hy,;) we have e "X pm Tomr ||

(k + n)! /25" Consider the maps of (2.21):

2 —
L2(Hy)

e+ A(Tng) = Hy  &H; , given by (™" p(t) pm T

n_
= g<(2 l)ltl)p([),u,m o -
Then Proposition 2.22 tells us that

Proposition 4.13 The maps 1y, ;1 Satisfy Nm.t © Smont = Cmon.t © Mot on A(, 1) and
send the direct system {A(H,)} into the direct system {L*(H,)}. That direct system
map defines an (Hoo X Hoo)-equivariant injection ) : A(Hso) — L*(Hoo) with dense
image. In particular n defines a pre Hilbert space structure on A(Hxo) with completion
isometric 10 L*(Hoao).

4.3 Heisenberg nilmanifolds

We first carry the results of Sects. 2.5 and 4.2 over to commutative spaces G, /K,
where G, is the semidirect product H, x K, of a Heisenberg group with a compact
group of automorphisms. The concrete results in this section will require that K,, be
connected and that its action on C" be irreducible.

The classification goes as follows for the cases where K, is connected and is irre-
ducible on C". Carcano’s Theorem ([2]; or see [1, Theorem 4.6] or [16, Theorem
13.2.2]) says that (G,, K,) is a Gelfand pair if and only if the representation of
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(Ky)¢»on polynomials on C", is multiplicity free. Those groups were classified by Ka¢
[5, Theorem 3] in another context. His list (as formulated in [16, (13.2.5)]) is

Irreducible connected groups K, C U (n) multiplicity free on polynomials on C"

Group K, Group (Kn)¢ Acting on Conditions on n
1| SUm) SL(n; C) C" n=2
2 | Umn) GL(n; C) cn n=1
3| Sp(m) Sp(m; C) cr n=2m
4 | UQ1) x Sp(m) C* x Sp(m; C) cn n=2m
51 U1)xS0(n) C* x §0(n; C) cr n=2
6 | um GL(m; C) s2(C") m=>2 n=3smm+1)
7 | sum) SL(m; C) A2(@C") | modd,n=smm —1)
8 | um) GL(m; C) AZ(C™) n=tm@m—1)
9 | SU@W xSUm) | SL(;C) x SL(m;C) | Ct@C™ | n=tm, t£m
10 | U) x SU(@m) GL¥;C) x SL(m; C) ctecm n=4_{m
11 | U®) x Sp(m) GL2;C) x Sp(m:C) | CZ@C¥ | n=4m
12 | SUB) x Sp(m) | SLB3;C) x Sp(m;C) | C3@C? | n=6m
13 | U@) x Sp(m) GL(3;C) x Sp(m;C) | C?°@C? | n=6m
14 | U@ x Sp@) GL4;C) x Sp4;C) | c*eC8 n=32
15 | SU(m) x Sp(4) SL(m; C) x Sp(4; C) " gCS n=8m, m2=>3
16 | U(m) x Sp(4) GL(m;C) x Sp(4; C) " g CS n=8m, m2=>3
17 | UQ) x Spin(7) | C* x Spin(7; C) (& n=23
18 | U@) x Spin(®) | C* x Spin(9; C) cle n=16
19 | Spin(10) Spin(10; C) cle n=16
20 | U(1) x Spin(10) | C* x Spin(10; C) cle n=16
21 | UQ) x Ga C* x Gy c’ n="7
22 | U() x Eg C* x Eg.c c?7 n=27
(4.14)
Now we have the direct systems
Direct systems {(H,, X K;, K;;)} of Gelfand pairs,
K, connected and irreducible on C"
Group K, Acting on Conditions on n
I | SU®) C" n=2
2 | Um) cn n21
3 Sp(m) cr n=2m
4 U(l) x Sp(m) cr n=2m
52 | U(1) x SO@2m) cm n=2m2>=2
50 | U() x SO@m+1) | ¢ZnHl n=2m+12>3
6 | Um) SZ(C™) m>2,n=smm+1) (4.15)
7 | sum) A2(@C") | modd,n= Sm@m —1)
8 | um) A2@C") | n=tmm -1
9 | SU®) x SU@m) CfeC" | n=tm, t+m
10 | S(U®) x U@m)) cfeC" | n=tm
11 | U@) x Sp(m) C2C | n=4m
12 | SU@B) x Sp(m) CeC™ | n=—6m
13 | U@) x Sp(m) CeC™ | n=o6m
15 | SUm) x Sp4) C"eC® | n=8m m=3
16 | U@m) x Sp4) C"eC® | n=8m m=3
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In each case the direct system {K,} is both strict and parabolic. (We separated entry
5 of Table 4.14 into entries 5a and 5b of Table 4.15 in order to have the parabolic
property.)

We now suppose that {K,,} is one of the strict parabolic direct system given by the
rows of Table 4.15.

AsU(n)actson H, =ImC + C" by k : (z, v) — (z, kv) it preserves the equiv-
alence class of each of the square integrable representations 7, ; of H,,. The Mackey
obstruction vanishes and 1, ; extends to a unitary representation?r_;fof H, x U(n)
on H, ;. See [14, Section 4] for a geometric proof. We will also write?r;;for its
restriction, the extension of m, ; to a unitary representation of G, = H, X K.

Let i, 5 denote the irreducible representation of K, of highest weight A, and,  its
extension to G,, = H, x K,, which annihilates H,,. The corresponding representation
space F, ; is a finite dimensional Hilbert space. Denote 7, ;5 = Tn.; ® kn.2. Then
Hu.ts := Hnt @ Fn.a 1s its representation space. Fix an orthonormal basis {u;} of
Fn.a- Then {um ® u;} is a complete orthonormal set in H,, ; 5, and we have matrix
coefficients

feom i, jinen (k) = (e @ ui), (e @K ) (1, K)) (i @ 1))

The formal degree deg m,, ;, = |t|" deg(ky.»), so the |£]"/2 deg(/cn,)\)szg,m,,-,j;,,,,,,\
form a complete orthonormal set in the space &, ;.5 = Hy.1, A@’H; o of matrix coeffi-
cient functions. Asin (2.11), (3.9) and (4.10) we have isometric (G, x G,)-equivariant
injections

St n - 5n,t,)» — 5m,t,)» by Cm,n,t,k((mn deg Kn,)n)l/zfl,m,i,j;n,l,)\)
= (t" degrm. )" fomi jim.in (4.16)

Integrate with respect to t and sum on A to construct isometric (G, x G,)-equivariant
injections &m p : L%(G,) — L%*(Gp).

Theorem 4.17 Forn > 0 let K,, be a compact connected subgroup of Aut(H,) such
that {K,} is a strict parabolic direct system. Define G, = H, X K,, G = li_n)l{Gn}
and K = li_n)l{K,,}. Note G = Hso x K. Then {L*(G,,), Cm.n} IS a strict direct system
of Hilbert spaces in which the maps &, : L2(Gn) — L2(Gm) are (G, x Gp)-equi-
variant unitary injections. That gives us the left/right regular representation of G X G
on the Hilbert space L%(G) := h_r)n{Lz(Gn), Cm.n). Further, that left/right regular

representation is the multiplicity-free ffooo (70 X ﬂt*)\) dt where 1; ) 1= ll_r)n Tt

Now the construction of A(G) follows the lines of (4.12), with properties relative
to L2(G) as in Proposition 4.13. As in Definition 4.5 we define

AG) = 1i_n>1A(Gn) where A(G),)

= {ﬁnite linear combinations of the ef‘tlp(t)fg,m,i,j;n,,,;h} (4.18)
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where p(¢) is a real polynomial in 7. The argument of Lemma 4.6 shows that A(G,,)
is a dense subspace of L%(G,). The maps of (2.21) in this setting are

N D Al n) — Hn,t,)\@)H;;,)\ by Mu..2 (eimP(t)fz,m,i,j;n,t,k)

21
= e(2 >| ‘\/ deg’(n,x p(t)fé,m,i,j;n,t,k-
Then Proposition 2.22 tells us that

Proposition 4.19 The maps 0.5 Satisfy Nm.es © Emnts = Cmntr © Mnta OR
A(7y ¢ .5.) and send the direct system {A(G)} into the direct system {L%(G,)}. That
system map defines an ((Hoo X K) X (Hxo X K))-equivariant injection n : A(Hoo X
K) — L*(Hs X K) with dense image. In particular n defines a pre Hilbert space
structure on A(Hoo X K) with completion isometric to L%(Hs % K).

Recall our working hypothesis that {K,} is one of the 16 systems of Table 4.15.
Since (G, K,,) is a Gelfand pair with K, irreducible on C", Carcano’s Theorem [2]
says that the action of K, on the polynomial ring C[C"] is multiplicity free, and it
picks out the right K, -invariants in LZ(G,,), as follows.

Lemma 4.20 Recall the notation of Sect. 3.1 for &y, A and k) € I/(:, Deﬁnem €
é; bym(hk) = kp, (k) forh € H, and k € K,,. Then 7w, 1 :=7T;7®/K;:A/has a
nonzero K, -fixed vector if and only if K’f’ 5, occurs as a subrepresentation of TutlK,»
and in that case the space of K,-fixed vectors has dimension 1.

Proof This is essentially the argument in [14, Section 14.5A]. Decomposem K, =
Zyeﬁ m, y. Carcano’s Theorem ([2], or see [16, Theorem 13.2.2]) says that each

m,, is either 0 or 1. The K,-fixed vectors of K ® T, all occur in k ® (m+k*), and
they form a space of dimension m,+. The assertion follows. O

We view L%(G,, /K3) as the space of right- K, -invariant functions in L%(G,). With
Lemma 4.20 in mind we set

—

K, ={kn € K, | K%, occurs in the space of polynomials on C"} .

Recall that 7, ; denotes the representation space of k, . Given k, ) € I/{;T the right
K, -invariant in C[C"] ® f:,x is fK” >ibi® K:’)\(bzﬁ))dk where {b;} is a basis of the
kn,»-subspace of C[C"] and {b]'} is the dual basis of .7-'::’ ,.- Normalize it to a unit vector
Wy r.. Then the (left regular) representation of G, on LZ(Gn/ K,) is equivalent to
the representation an,xel/ff [ Ttns ®Knxdt of G, on meel’(\,f L2 (Hui ®
w,,,,,;h(C) dt.

Proposition4.21 If m = n and k, ) € I?;T then Ky, € a%, and inclusion

CIC"] = C[C™] of polynomials maps the highest weight A space for k) onto
the the highest weight A space for kp, .
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Proof The group K, acts on C" by some representation y;,, so the representation of
K, on polynomials of degree d is the symmetric power S¢ (v,). Thus we can compute
the set X, 4 of highest weights of K, on the space P, 4 of polynomials of degree d on
C". Running through the 16 cases of Table 4.15 we see that X,, 4 C X, 4. For example
(Line 3 of Table 4.15) the representation of Sp(m) on polynomials of degree ¢ in C>™"
is the irreducible representation with highest weight g&,, 1, and (Lines 5a and 5b of
Table 4.15) the representation of U (1) x SO (n) on polynomials of degree ¢ in C” is
the tensor product of the —g'” power of the usual representation of U (1) by scalars on
C" with the multiplicity-free sum of irreducible representations of SO (n) of highest
weights {§,.1, 384,1, 580,15 - - .. q€n1} iT g is odd, (0§, 1, 28,1, 4801, - .. q6n 1) iT g
is even.

Now letA € X, 4.Letv, ; denote a (nonzero) highest weight A vector for €, in P, 4,
and similarly let v, ; denote a (nonzero) highest weight A vector for €,,. Divide up the
variables of C" to {wy, ..., w,} for C* and {z,+1, - . . , 2} for its complement in C™.
Express vy, = ZA’B bA,BwAZB where each term has total degree |A| + |B| = d.
Note that K, treats the z; as constants. Evaluating the z; at arbitrary constant values
C = (¢cp+1, - - - » Cn) We have a highest weight A vector for €,. By Carcano’s Theorem
it is a multiple of v, ;. In other words vy, 3 |(;=c} = m v, . The terms bA,BwAzB
with z-degree |B| > 0 yield evaluations of w-degree |A| < d, and cannot contribute
to any m v, ;. Now bA,BWAzB = 0 whenever |B| > 0. This shows that v, ; is a
homogeneous polynomial of degree d in the w, as is v, 3. We conclude that vy, ; is
a nonzero multiple of vy, ;. O

Corollary 4.22 Condition (2.24) is satisfied for the direct systems {K,} of Table 4.15.

Proof Retain the notation X, 4 for those A such that «,,  occurs on the space P, 4 of
polynomials of degree d on C". If A ¢ X, 4 there are no nonzero K,,-invariant vectors
in Hy ¢ 5., so the assertion is vacuous. Now assume A € X, 4 and choose an orthonor-
mal basis {x1, ..., X4} of the representation space for «, 3 in P, 4. According to
Proposition 4.21 that representation space is contained in the representation space for
K, in Py, 4, so the latter has an orthonormal basis {x1, ..., X4(), Xg()+1» - - - s Xg(m)}-
Let {x},..., x(’;(n), x;(n)ﬂ, o x;(m)} ar'ld {xf, ... x;(n)} be the correspondi.ng dual
bases of F,, and F, ;. The K,-invariant vectors in H, ,; are the multiples of
>1 @y, ®x¥, and the K,,-invariant vectors in H,, ;; are the multiples of Z({(m) X ®
x}. The adjoint of unitary inclusion is orthogonal projection, which sends Z{f(m) xXi ®

xito 2111(11) X ® x}. ]

Letw, ; be aright-K ,-fixed unit vector in the highest weight A subspace of L2 (H,, x

K,),foreachk, ; € I/(;T. Note that w,, ; does not depend on . Proposition 4.21 says
that the inclusion &, ; y < &/, maps wy_ to a nonzero multiple of wy, ;. Given A
we recursively choose the wj, ; so that

W p = Cmon,t A Wn,p + X with x L (5‘,1,,‘,)L with 0 < Cn,t § 1. (4.23)
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K, K .
Note "« = wy 3+C and H, ", = wy,,2+C. Now we have (H, x K,)-equivariant
injections

K K
Umn, 0% - Hn;,)\* g Hm’,,;,)u*’ A 1,3 (Wi ax) = Ci e AW 2% (4.24)

as in (2.25), and

Em,n,t,k . Hn,t,A ® (wn,t,k*c) - Hm,t,k ® (wm,t,k*(c)
defined by f Cm,n,t,)»é‘m,n,t,)\(f) (4.25)
asin (2.29) and (2.31). Now as in Section 2.5, {H, ;.1 ® (wp 5+C), Em,,,,,,k} is isomor-

phic to a subsystem of the system {(Hn,,,;‘®7-{:’t’)‘), Cmon.ia)of (3.11). As aresult we
have

Hip ® s C = im {Hy s 5 ® Wy 12C, G} (4.26)

and they fit together under the direct integral (2.23) to give us L*((H, x K,)/K,) as
follows.

L (Hoo 3 K)/K)i= L2 (Hoo x KX = lim {L2((Hy % Kn)/Ka), G} - (427)

Combining Theorem 4.17, Lemma 4.20 and Corollary 4.22 we have

Theorem 4.28 Let {G,,, K,,)} be one of the direct systems of Table 4.15. Define G,, =
H,xK,, G = h_r)n Gpand K = h_r)n K. Then (4.27) is a unitary direct system whose

limit Hilbert space is G-isometric to L*(G)X, and the natural unitary representation
of G on L*(G/K) = L*(G)X is multiplicity free.

Now we turn to regular functions. As in (4.12) we define

A(H, % Ky) : finite lin comb in £, m, i, j, 2 of the e pym i jon.r 2 (O) fomi jinit s

A((Hy x Kp)/Kp) = A(H, x Kp)5r,

Vm,n,t,n - A(T[n,t,)L)Kn — A(”m,t,k)Km by fu,vn,n = fu,vm,m where pm,n,t,k(vm) =Up
(4.29)

where the pg m,i, j;n.r,. are polynomials. Now we have direct systems and their limits

A(Hoo % K)zli_r)n{A(Hn X Kn), &m,n} where Syt " gn,t,)\ — gm,t,)» (4.16), and

A((Hoo 0 K)/K)=Hm{A((Hy x Kn)/Kn), vin,n} Where vy g5+ Epr, > Ep

n,tA m,t,A (4'29)'

(4.30)

As before, each A((H, x K,)/K,) is a dense subspace of L>((H, x K,)/K,).In
order to pass this comparison to the limit we use the maps

gt Al e ) 5" = Mo, ® (Wit 3xC) by £ e [t /deg kn i f-
4.31)
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Proposition 4.32 The ﬁn,t,l Salisfy (ﬁm,l,)\ o Vm,n,t,)»)(f) = ({m,n,k o ﬁn,t,)»)(f) fOl’
fe A(nn,t,A)K" Thus they inject the direct system {A((H, X K,)/K,), V.n} of reg-
ular functions into the direct system {LZ((H,, X Kp)/Kp), Em,n} of square integrable
functions. That map of direct systems defines an (Hso X K)-equivariant injection

7 A((Heo x K)/K) = L*((Hoo % K)/K)

with dense image. In particular 1 defines a pre Hilbert space structure on A((Hxo %
K)/K) with completion isometric to L*((Hxo x K)/K).

5 Extension to commutative nilmanifolds

The results of Sect. 4 depend on four basic facts. First, the 7, ; are determined by their
central character. Second, we have good concrete models H,, ; for the representation
spaces, such that n does not appear explicitly in the formulae for the actions of the
group elements. Third, the injections H,, < H,, restrict to isomorphisms Z, = Z,, of
the centers. And fourth, we have complete information on the Plancherel measure for
the H, . In this section we consider a somewhat larger class of nilpotent direct systems
that satisfy these conditions. In this section we extend our Heisenberg group consid-
erations to nilpotent Lie groups with square integrable representations, following the
general lines of [16] and [18].

5.1 Square integrable nilpotent groups

Here is a quick summary of harmonic analysis for connected simply connected groups
that admit square integrable representations. See [8] for details, [16, Section 14.2] for
an exposition. Let N be a connected, simply connected nilpotent Lie group and n its
Lie algebra. Decompose n = 3+ v and N = Zexp(v) where 3 is the center of n.
Then Z = exp(3) is the center of N. We say that an irreducible unitary representation
 of N is square integrable if its coefficient functions f, ,(g) = (u, w(g)v) satisfy
| funl € L?(N/Z).In that case 7 is determined by its central character, ¥ = m; where
t € 3* and the central character is exp(¢) — €'/(©). In terms of geometric quantization,
7, corresponds to the coadjoint orbit in n* consisting of all linear functionals on n
whose restriction to 3 is ¢. Further, the antisymmetric bilinear form b; (&, n) = t([§, n])
on v is nondegenerate, and (up to a positive constant that depends only on normal-
izations of Haar measures) the formal degree of m; is |Pf(b;)|, where Pf(b,) is the
Pfaffian' of b; : v x v — R. In fact, if 77 is the representation of N that corresponds
to Ad*(N)s C n*, then 7y is square integrable if and only if Pf(bs) # 0. In any case,

Pf(b;) is a polynomial function of #, Pf(b;) = P(¢), and P(0) = 0. 5.1

1 Strictly speaking, Pf(b;) depends on a choice of basis of v, for a basis change of determinant a; multiplies
det bt|pxp by det atz and multiplies Pf(b;) by det a;.
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Again, up to a constant that depends on normalizations, |Pf(b;)| is the Plancherel den-
sity. It follows that if one irreducible unitary representation of N is square integrable
then Plancherel-almost-all are. In the case of the Heisenberg group H,, where we
identified 3* with R, the Pfaffian corresponding to 7, ; is t".

When we are dealing with a sequence {N,} if square integrable nilpotent groups,
we have to keep track of the polynomials (5.1), so we will write

P(n,t) =Pf(b,,) : corresponding to the group N,,. (5.2)

The point of this, from the viewpoint of commutative spaces, is that many Gelfand
pairs are of the form (N x K, K) where N is a connected simply connected Lie group,
K is a compact subgroup of Aut(N), and N has square integrable representations.
See [16, Theorem 14.4.3]. This is simplified by the 2-step Nilpotent Theorem [16,
Theorem 13.1.1] of Benson—Jenkins—Ratcliff and Vinberg, which says that N must
be abelian or 2-step nilpotent. In a certain sense representations treat those groups as
Heisenberg groups:

Lemma 5.3 [16, Lemma 14.4.1] Let N be a connected simply connected 2-step nil-
potent Lie group with 1-dimensional center. Then N is isomorphic to the Heisenberg
group H, where n = %(dim]R n — 1), and in particular N has square integrable
representations.

Proposition 5.4 [16, Proposition 14.4.2] Let N be a connected simply connected
2-step nilpotent Lie group. Let f € w* such that f|; # 0. Denote wy = {z € 3 |
f(z) =0} and Wy := exp(toy). Then

1. Wy is a closed subgroup of Z, hence a closed normal subgroup of N.

2. The functional f is the pullback of a linear functional f' € (n/w;)* and is

nonzero on the central subalgebra 3 /vy of n/voy.

The representation [ ¢ is the pullback to N of the class [ /] € Wv

4. Ifthe representation [ ¢ is square integrable then 7 /] is square integrable, and
in that case N/ Wy has center Z/W ¢ and is isomorphic to a Heisenberg group
H, where n = % dim(n/3).

W

We now consider a strict direct system {N,,} of 2-step nilpotent connected, simply
connected Lie groups that have square integrable representations, where the inclusions
n, — n, map the center 3, < 3,, and the complement v,, < v,, in decompositions
N, = 3n + v,. Then the direct limit algebra n := lim n,, has center j := li)n 3n and
n = 3 4+ v where v = lim v,,. On the group level, Z = h_n)1 Z, = exp(3) is the center
of N .= 11_11)1 N, and we have N = Z exp(v).

We further assume that the dimensions dim Z,, of the centers are bounded. Since
they are non-decreasing we may assume that they are eventually constant. Passing to
a cofinal sequence,

Ny <> Ny, Maps 3, = 3m. (5.9

Under that identification we write 3 for all the 3,,, 3* for all the 37, and Z for all the Z,,.
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Let t € 3*. Write b, for the bilinear form (&, ) +— #([€,n]) on v,. Then ¢
corresponds to a square integrable representation m,; of N, just when the
Pfaffian Pf(b,, ;) # 0. For purposes of comparing the Pfaffians as n varies, we note that
Pf (b, ;) is specified by ¢ and a basis of v,, so we simply assume that these bases are
nested in the sense that the basis of v,,4| consists of the basis of v, together with some
elements that are b, ;-orthogonal to v,,. Thus, if Pf(b,+1,) # O then Pf(b, ;) # 0.
The converse fails in general, but the following lemma deals with the possibility that
Pf(b,,:) # 0 = Pf(by, ;). It depends on the fact [8] that each Pf(b, ;) is a polynomial
function on 3*.

Lemma 5.6 Let a, € 3* denote the zero set of Pf(by, ;) and set a = |J a,,. Then a is
a set of Lebesgue measure zero in 3*.

Proof Since N, has square integrable representations, the Pfaffian Pf(b,, ;) is a non-
trivial polynomial function of r € 3*, so a, is a finite union of lower-dimensional
subvarieties of 3. Now the set a is a countable union of sets a,, of Lebesgue measure
Zero. O

Define T = {t € 3* | each Pf(b,,) # 0}. So 3*\a. For every t € T and every
index n we have a square integrable representation 7, ; € K’; Lett e T,w, ={z €
31 t(z) = 0} and W; = exp(tv;). Then W; is closed in Z, N,,/ W; is isomorphic to a
Heisenberg group Hy(,), and m, ; factors through to the square integrable represen-
tation of N,/ W; with central character e'’. As t varies in T the 7y, act on the same
Fock space Hy(n),1, d(n) = 1dimv,, by formulae independent of d(n).

We normalize the inner products on the Hy(,),; as before, so the py, form a com-
plete orthonormal set, and realize the space &, ; = Hd(n),,QHj}(H)J of matrix coef-
ficients as the closed span of the functions fym:.n: : & — (e, Tn.1(8)Um), as in
Sect. 4. The orthogonality relations say that the inner product on &, ; is given by
(feom:n.ts forming) = |Pf(b,,,,)|_l if £ = ¢’ and m = m’, and is 0 otherwise. Now
the [Pf(bn.)1"/? fo.m: .t form a complete orthonormal set in &, ;, and as before &, ;
consists of the functions @, ; , on Hy(,) given by

B tp(h) = D 0emOIPE )" fomens (h) with D o m@)* < 00, (5.7)

£,m {,m

Now L%(N,) = f;;* EniIPE(by,)|dt = [1 En t|Pf(by,)\dt. Tt consists of all functions
¥, , defined by

Wy () = / B 1. (W)|PE (b |dt

3

= [ (2, oem @O o) PE GOl (59

T

such that the functions @¢ m : 35 — C are measurable with Ze,m |<,og,m(t)|2 < oo for
almost all t € T and Z&m |g0g,m(t)|2 € Ll(;,;;, |Pf(b, ;)|dt). The norms are
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19011720y, = / 1Pni.gllZ, [Py, ldt = / (X, eem®F ) IPEG,)1di
T

T

_ 2

o Ze,m||W’m||L2(3*,\Pf(bn.t)\dt)' (-9
The left/right representation of N, x N,, on &, ; is the exterior tensor product i, ; &n;, ;
it is irreducible and the left/right regular representation of N, x N, on L?(N,,) is the
multiplicity free unitary representation f;,* (e Wty ) |PE (b o)Ndt.

Letm = n.Then |Pf(bn,t)|]/2fg,m;,,,, — |Pf(bm,,)|1/2fz,m;m,z defines an equivari-

ant isometric injection @, o (t) > Dy, (1) of &, ; into &, ;. The norm computation
just above gives

2 2
|Wm,IPf(bn.t)/Pf(bm,r)IWw'|L2(N,,,) = ||'1/"»‘P||L2(N,,)' (5.10)

Thus we have an (N, x Nj)-equivariant isometric injection

Eman : LA(Nw) = L2 (Nin) bY Gnn ) = Yo bty /21 )12+ (5-11)

On the level of coefficients it is given by &mn(Pn.r,0) = Py 1 |Pi(by 1) /PE b )] 1/20- 1N

other words ¢, , sends the function Ze,m (p@,m(l‘)|Pf(bn,t)|1/2f(i,m;n7; on N, to the
function on N,, given by

> (1PEGn0 /PEBn0 P gem®)) (P01 frmim. )

£,m

=" em®PEBn )" frm:r-

I, m

The result is

Theorem 5.12 There is a strict direct system {L*(N,,), Cmn}of L? spaces. The direct
system maps &y - L2(Nn) — Lz(Nm) are (N, x Ny)-equivariant unitary injec-
tions. Let I, denote the left/right regular representation of N,, X N,, on L%(N,) and let
N = h_r)n N,. Then we have a well defined Hilbert space L*(N) := H_r)n{Lz(N,,), Cmon}

and a multiplicity-free unitary representation I1 = h_r)n IT, of N x N on L>(N).

5.2 Semidirect product groups

We need some structural results from [18, Section 7] for a strict direct system
{K», m n} of compact connected Lie groups and a consistent family {y,} of rep-
resentations of the K, on a fixed finite dimensional vector space 3. We’ll use that
information to extend Theorems 4.17 and 4.28 to a larger family of strict direct sys-
tems of nilmanifold Gelfand pairs.

As just indicated, {K,, ¢} is a strict direct system of compact connected Lie
groups. Denote K = lim{K,,, ¢, »} and let {y,,} be a consistent family of unitary repre-
sentations of the K, on a fixed finite dimensional real vector space 3. The U, = y,,(K,)
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form an increasing sequence of compact connected subgroups of dimension < (dim 3)?
in the orthogonal group O(3), so from some index on they are all the same compact
connected subgroup U of O(3). Now we truncate the index set and assume that the
y, all have the same image U in the orthogonal group of 3.

Let K ,I denote the identity component of the kernel of y,,. Then ¢, (K ;,r )C K ,L,
so we have KT = h_n)l{K,;f s Om.nl K;}, and K is the identity component of the kernel
of y. Since K,, is compact and connected, and K ; is a closed connected normal sub-
group, K, has another closed connected normal subgroup L,, such that K, is locally
isomorphic to the direct product K ,;r X Ly.

Proposition 5.13 One can choose the groups Ly so that ¢m ,(Ly) = Ly, for m =
n > 0.

Let L = li_r)n{Ln, ©m,nlL, ). We further truncate the index set so that L, = ¢, 1 (L)
for all n.

Corollary 5.14 Let t € 3, and let K, ; be its stabilizer in K,. If one of the direct
systems {Ky, om.n}s {Kn,t» Omnlk, ) or (K., @m,nlg 1} is parabolic, then the other
two also are parabolic.

Corollary 5.15 Lett € 3, and let K, ; be its stabilizer in K,,. Suppose that the direct
system {K,,, m n} is parabolic. Then there are natural isometric injections F, ; 5 —
Fm.iaform = n, fromthe highest weight A representation space of K, ; to that of K, 4,
and corresponding L2-isometric injections [ +— ((degkp ;.2)/(deg lcn,m))l/zf on
spaces of coefficient functions.

Corollary 5.16 Lett € 3, and let K, ; be its stabilizer in K,. Then L := h_n; L, is
compact, K = KTL where KT := ll_r)n K);, and K is locally isomorphic to KT x L. In

particular K acts on 3 as a compact linear group and 3 has a y (K)-invariant positive
definite inner product.

Now we can proceed along the lines of [18, Section 8]. Fix a strict direct system
{(Gn, K;)} of Gelfand pairs that satisfies

(1) G, =N, x K,, semidirect product, where N, is a connected, simply connected,
nilpotent Lie group with square integrable representations and K, is connected,
(ii) the K, form a parabolic strict direct system,
(iii) the inclusions n,, < n, 4| map centers 3, = 3,+1 and map complements
On = Onti,
(iv) for each n the complement v, is Ad(K},)-invariant. 5.17)

Using (5.17(iii)) we identify each 3, with 3 := lim 3,,. Write K, ; for the identity compo-
nent of the kernel of the action of K, on 3. Since Ad(K},)|;is acompact connected con-
nected group of linear transformations of 3, its dimension is bounded, so the Ad(K},)|;
stabilize and we may assume that each Ad(K,)|; = U for some compact connected
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group U of linear transformations of 3. Proposition 5.13 gives us complementary closed
connected normal subgroups L,, C K, that inject isomorphically under K, — K41,
soeach L, isequal to L := li)n L,. Thus we have decompositions K, = K,l - L and

K = K" L where K,l is the kernel of the adjoint action of K, on 3, K = li)n K,, and

KT =1lim K; For each n, Adg, maps L = L, onto U with finite kernel.

If ¢ 6—3* denote O; = Ad*(L)(r), and let G, 1, K,, ; and L, ; denote the respective
stabilizers of ¢ in G,,, K, and L,,. Since Ad*(G,) acts on O; as the compact group L
there is an invariant measure v; derived from euclidean measure on 3*. Given ¢t € 3*
its stabilizers G; = {g € G | Ad*(g)t =t}, K, = KN G; and L, = L N G;. Their
pullbacks in G,, are G,y ;, K,.; and L,, ;. Note that K, = K¥-L; and K,,; = K,} - L,.;.

Recall T = {r € 3* | each Pf(b, ;) # O}andfixtz € T.Essentially asin the Heisen-
berg group case, the square integrable representation 7, ; extends to a unitary represen-
tationﬁn\,,/of G,.; = N, x K, ; onthe same representation space H, ;. If k,, 1 1 € f,:
has representation space J;, ; ; We write i, ;. for its extension to a representation of
G,,; onFy ;5 thatannihilates V,,. Then we have the irreducible unitary representations

O =Tt ® knr. € Gy with i M, = Hue ® F
e = Tt & kn,tn € Gp,r With representation space mto = M & Futoa-
(5.18)

That gives us the unitarily induced representations

G o —
Tt = Ind G:,t (nn’m) e G,

with representation space H, ;.x ::/ (Hn,Ad*(k), ® fn,Ad*(k),’Ad*(k),\) dvy (k(1)).
(@
(5.19)

According to the Mackey little group theory, (i) 7, ;.5 is irreducible, (ii) 7, ;5 is equiva-
lenttom, »  ifandonlyift’ € O;,sayt’ = Ad*(€)r where ¢ € L,and Ad*(¢) carries A
to A/, and (iii) Plancherel-almost-all irreducible unitary representations of G, are of the
formm, ;5 wheret € T andk, ;) € ?; So the left/right regular representation of G,

=2 / (1.0 {7y, ) (AD"(Kn) (1))
*AdnKa\s*
with representation space L*(G,)= Z / (Hn,t,)L@H;,k,,’k)d(Ad*(Kn)(t)),

A AdH(K\3*
(5.20)

Since n,f . is square integrable and 7, ; ; is irreducible, one knows [18, Theorem
A.1] that i, ; ; has a well defined formal degree. Making use of Corollaries 5.14, 5.15
and 5.16, we have G,-equivariant isometric injections
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294 J. A. Wolf

Cmn 2 L*(G)— L*(G,y,) based on the &y .z 7‘(,1’,,;3’8\)7'(;[’A — Hm,,,A®H;';m,\
where & .12 ((deg 0.0 )2 f) = (deg w1 0) /2 1. (5.21)

With G := lim G,, we now have the
H

left/right regular representation I7 := h_r)n I, of G x G on L*(G)
= W {L2(Gp). G ). (5:22)

Now we turn to regular functions. As one might expect, 5,? ;, Mmeans ’H,?t A@

(Hﬁt’ ;) viewed as matrix coefficients of 712 1. As in the (4.18) we define

A(G, ;):={finite linear combinations of the e_”tllp[,m,[’j;n’t,)\fgym’i’j;n,t’)‘ in Sﬁm},

A(Gn,t) - A(Gm,t) by e_HtHfl,m,i,j;n,t,)L = e_l‘tllfk,m,i,j;m,t,)u and A(G,)
= 1im A(Gy.) (523)

where the pg m.; j:n,,2(t) are polynomials. The norm |[¢]| on 3* is from a U-invariant
inner product.
The representation space H,, ., of m, ;, = Ind gzt (nﬁ :, ;) is the space of L? sec-

tions of the Hilbert space bundle ]H[ZL , — Or = K, /K,,;. We express it as the space

(L2(K,) ® Fip.1.1. ® H. )Xt of K,y j-invariants in L2(K,,) ® Fy.1.; ® Hy.r. Let H2O
denote the space of finite linear combinations of the uy in the space H, ;. Then the

underlying algebraic space is the space A(nn,t,;\)K"" = (AKn) @ Fn 1., ®H5?,ly)K"v’
of K, ;-invariants in A(K,) ® F, 1., ® HE?,IY. With that and (5.23) in mind we define
A(G,) = {ﬁnite linear comb of the eiHal(t)fn,,,;L where f;, ;.2 € (A(K,)
Fnt ® HE?}Y)K“ },

A(Gn) = AGp) by e M p(@) fomi jinsn v e p@) fomijimas
and A(G) = lim A(Gy). (5.24)

where the p(z) are real polynomials on 3*. The maps corresponding to those of (2.21)
are the

Nt Anea) = Ene OY Nnia (e_llt”P(t)fE,m,i,j;t,A)
= e M fdeg .5 p(O) fomijiun
Proposition 2.22 now tells us that
Proposition 5.25 The maps 1y ;.5 satisfy Nm.is © Emontn = Cmont.h © NMntn OR

A(my ;.2) and send the direct system {A(G,)} into the direct system (L*(Gp), Cman)-
That system map defines an (G x G)-equivariant injection n : A(G) — L*(G)
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with dense image. In particular n defines a pre Hilbert space structure on A(G) with
completion isometric to L%(G).

5.3 Commutative quotients

We modify the results of Sect. 5.2 to strict direct systems of commutative spaces that
satisfy (5.17). Here the L? results are recalled from [18, Sect. 9].

Theorem 5.26 Lett € T. Then (G, s, Ky ;) is a Gelfand pair. In particular K, ; is
multiplicity free on Clv,].

We have already used Hilbert bundle model for the induced representation m,, ; , €

—

G, given by my, ;5 = Ind g G" (n ). The representation space H, ;. of m, 5

n,tA

consists of all LZ(K,, /K1) sectlons of the homogeneous bundle p : Hr?t A —
G,/Gu: = Kn/K,, whose typical fiber is the representation space H<> A of nn f

leen k € K, we write k - Hn o

T, z ;. (Ky,1)-fixed unit vector. Then u belongs to the fiber 1- HO
depends only on the coset kK, ;. Define a section

for the fiber p~!(kK, ). Let u € Hn,t,)» be a
andk-u € k-Hfi,,A

n,t,A°

cKn/Kn — H by 0, (kK ) =k - u. (5.27)

n,t,A
Then oy, is a m,; ,(Kp)-invariant unit vector in the Hilbert space Hj ;. (We will

also write ¢, for the corresponding function G, — Hf’,’ ,, such that ¢,(gg;) =

nﬁt,)\(gt)_l(gou(g)) for g € G, and g; € G, ;.) Conversely if o is a 7w, ;3 (Ky)-
invariant unit vector in H, ; », then o (1K, ;) = cu where |c| = 1 by K}, ;,-invariance,
and then o = coy, by K-invariance. In summary,

Lemma 5.28 Lett € T and let u be the unique (up to scalar multiple) 712> :, 5 (Knt)-

fixed unit vector in HQT 5 Then the section oy, given by (5.27), is the unique (up to
scalar multiple) 7, ;. A(K )-fixed unit vector in H, ; ;.

By Theorem 5.26 we can apply (5.21) and (5.22) to the function spaces En =
HZ’M X (Hﬁ,t,k)* on the groups G, ; = N, X K, ;. Making use of Lemma 5. 28 we

have

Proposition 5.29 [f orthogonal projection 52’17 . = SOI 5, Sends a nonzero right
K t-invariant function to a nonzero right K, ;-invariant functlon then orthogonal
projection &, ;5. = En.s,5. Sends a nonzero right K, -invariant function to a nonzero
right K, -invariant function.

Vinberg classified the maximal irreducible nilpotent Gelfand pairs. See [12,13],
or see [16, Table 13.4.1]. A Gelfand pair (G,, K,) is called maximal if it is not
obtained from another Gelfand pair (G/,, K},) by the construction (G, K,) = (G),/C,
K} /(K, N C)) for any nontrivial closed connected central subgroup C of G,. And
(Gn, Kp) is called irreducible if Ad(K}) is irreducible on v,, = n,, /3. See [16] for the
notation.
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296 J. A. Wolf
[ Maximal Irreducible Nilpotent Gelfand Pairs (N;, X K., K,) ([12,13]) |
Group Ky On 3 ngp({}gdlsif reI]nL?i)lfes
1 SO (n) R" Skew R"*"" = so0(n)
2 Spin(7) RS =0 R =ImO
3 Gy R’ =ImO R’ =ImO
4 U)-S0(n) C" ImC n£4
5 U (1))SU(n) cr AZC" o ImC n odd
6 SU(n), n odd c" AZCH
7 SU(n), n odd " ImC
8 U(n) cr Im C"*" = u(n)
9 (U 1)) Spn) H" Re Hy™" @ Im H
10 Un) s2cn R
11 UM)SUm),n =3 AZCH R n even
12 U(1) - Spin(7) & R @R
13 U(l) - Spin(9) cro R
14 (U(1)-)Spin(10) cle R
15 U(l) -Gy c’ R
16 U(l) - Eg c? R
17 Sp(1) x Sp(n) H" ImH = sp(1) n=2
18 Sp(2) x Sp(n) HZ*" Im H2*2 = sp(2)
19 [ (U(M)SUm) x SUn)
m,n 23 Cc"gC" R n
20 | (U1))SUQ) x SU(n) CZocCt Im C>*2 = u(2) n=2
21 | (U))Sp2) x SU®n) HZ @ C" R n<4 n>3
22 U(Q2) x Sp(n) CZ@H" Im C**2 = u(2)
23 U3) x Sp(n) CloH" R n>2
(5.30)

Splitting some cases to retain parabolicity of {K,}, the strict direct systems in
Table 5.30, with dim 3,, bounded, are

Direct Systems of Maximal Irreducible Nilpotent Gelfand Pairs (N, X K, Ky) |

Group Ky oy in podad s | requires
4a U)-So@2n) Cc2n ImC n#£2
4b U)-S0@2n+1) c2ntl ImC

7 SU(n), n odd cn ImC
10 U(n) s2cr R
11 WM))SU@m),n 23 AZC! R n even
17 Sp(1) x Sp(n) H"* ImH = sp(1) n=2
18 Sp(2) x Sp(n) HZX7 Im H?*Z = sp(2)
19 | (U())SU@m) x SU(n)
m,n 23 Cc" g C" R m=n
20a | SUQ)xSUmn),n2=23 | C2@C" | ImC>? =uQ)
20b U(2) x SU(n) C2eC" | mC**Z=u(Q)
21 | (W))SpR) x SUMm) | HZ @ C" R n <4 n>3
22 UQ) x Sp(n) CCPoH" | ImCPZT=1u(Q2)
23 U@3) x Sp(n) C3 o H" R n=2
(5.31)

In each case of Table 5.31, [16, Theorem 14.4.3] says that N,, has square integrable
representations. In the cases dim 3 > 1 of Table 5.31 we have K, = K,;f - L where
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the big factor K,I acts trivially on 3 and the small factor L acts on 3 by its adjoint
representation. Summarizing these observations,

Proposition 5.32 Each direct system {(G,, K,)} of Table 5.31 has the properties (i)
{K,} is parabolic, (ii) the {K,, ;} are parabolic for each t € T, and (iii) N,, has square
integrable representations.

From Theorem 5.26 and the argument of Lemma 4.20,

Corollary 5.33 Let {(G,, K,)} be a direct system of Table 5.31 and lett € T. Then

7, ;.5 has anonzero K, -fixed vector if and only ifiy 1.2, oceurs as a subrepresentation

of nn,,| K> and in that case the space of Ky ﬁxed vectors has dimension 1.

Now everything goes essentially as in the Heisenberg nilmanifold cases of Sect. 4.
We have isometric G,-equivariant injections

Em,n,t,k : gf? - gylyf"[l N by Em,n,t,k ((deg ”iz,t,k)l/zf) = Cm,n,t,k(deg ”m,t,k)l/zf

(5.34)

where as in (4.24), ¢;.n.1.2 1s the ratio (4.23) of lengths of K,, K, fixed uniL vec-

tors. Integrating on ¢ and summing A gives isometric G,-equivariant injections &, , :

L*(G,/K,) = L*(Gp/Kyn), as follows.

Theorem 5.35 For each of the direct systems of Table 5.31 denote G = hm{G L
= th and K = hm{K }. Note G = N X K. Then {L2(Gn/K,,) Cm, n} isa

strict dlrect system of Hllbert spaces in which the maps {m 2 L2(G,) = L*(Gp)
are Gy-equivariant injections. That gives us the left regular representation of G on
the Hilbert space L%(G) = h_r)n{Lz(Gn), Cm.n ). Further, that left/right regular repre-

sentation is the multiplicity-free D, fAd*(L)\j* (T Ad* (), Ad* (k). & n;d*(k)t,Ad* (k)x) dk
where ;) :=lim 71, 1,5.

Similarly using wy, » = ¢monraWna +x withx L &, ;) with0 < ¢y S 1,
A(Gn/Kp) = AG) " = AGNEST, (5.36)
leading to direct systems and their limits by assembling the maps

. K K
Vm,n,t,\ --A(nn,t,)») e A(nm,t‘)\) " by fu,v,,,n = fu,vm,m where Pm,n,l,k(vm) =Up

(5.37)
Then we have direct systems and their limits
A(G) = 1im{A(Gn). Emn} Where Smn,t. : Enp <> Emaa (5:21), and
A(G/K) = 1im{A(Gp)/Kp), Vimn} Where v 1.5, : g}f;’/\ n11<,,t, (537 (5.38)

As before, each A(G,,/K},) is dense in L2(Gn/Kn), and we pass this comparison
to the limit with the maps
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298 J. A. Wolf

T s Ak = Hrp s ® Wi 3xC) by fr>cnies degmpes fo0 (5.39)

We conclude

PI‘OpOSiﬁOIl 5.40 Theﬁn,t,k satisfy (ﬁm,t,kovm,n,l,l)(f) = (gm,n,)»oﬁn,t,}»)(f)forf €
A(nn,,,A)K” Thus they inject the direct system {A(G, /Ky), vin.n} of regular functions
into the direct system {L*(G, / K,), Emn }. That map of direct systems defines a G-equi-
variant injection 7 : A(G/K) — L*(G/K) with dense image. In particular 7 defines
a pre Hilbert space structure on A(G/K) with completion isometric to L*(G/K).

5.4 Reducible quotients

There are more many strict direct sequences of nilmanifold Gelfand pairs (G, K;,),
e.g. those for which the action of K, on n,/3, is reducible. These (G, /K;) are con-
structed from certain basic ones that satisfy several technical conditions (indecom-
posable, principal, maximal and Sp(1)-saturated). See [16,19-21] and [18]. The basic
such direct systems, with K, reducible on n, /3,, dim 3, bounded and { K, } parabolic,
are tabulated in [18, Table 9.15] as follows. Here the numbering comes from [18, Table
9.14], N¢ =N, x Z, with Z; central and maximal for that, Gy = Ny x K¢ and G|, = N;x
K. The generalized Heisenberg algebra by, 7 is ImF + F" with [(z, w), (z/, w)] =
(z+ 7 +Im{w, w'), w+ w’") where F = C, H (quaternions) or O (octonions).

| Strict Direct Systems {(G¢. K¢)} and {(G}, K;)} of Gelfand Pairs with dim 3, Bounded |

Group K/ Ky—module v 3, =[ne el 37 Algebra n),
1 U(n) c" R su(n) bnic
3 U(l) x U(n) C" @ A2C" ROR 0 Dn:C @ Bu(u-1y/2.C
6 SU#) x U(m)) chxm R RO H4m:C
7 U(m) x U(n) cmn g Ct ROR 0 Hmn;c @ bm;C
3 U(1) x Sp(n) x U(1) cr g™ R®R 0 H20:C ® hanC
9 Sp(1) x Sp(n) x U(1) H" ® H" ImH & R 0 b @ hanc
10 Sp(1) x Sp(n) x Sp(1) H" @ H" Im H @ Im H 0 Y © b
11la Sp(n) x Sp(1) x Sp(m) H" ImH H" bnm
11b | Sp(n) x U(1) x Sp(m) H" Im H H>" | hun
11c Sp(n) x {1} x Sp(m) H"* Im H Hm b
18a | SU®n) x SU(Q2) Ccnx? R su2) | bac
18b U(n) x SU(2) cr<2 R su2) | bauc
18c | UM)Sp(%) x SUQ) 2 R su | bac
19a SU(n) x U(2) 2 @ C? ROR 0 hon,c @ hac
19 [ Um)xUQ) 2 @2 ROR 0 honc ® hac
19c | UMSp(h) x UQ) e C? ROR 0 houc @ hac
20aa | SU®n) x SUQ2) x SU(m) <2 @ CcHm RO R 0 H20:C ® hom:C
20ab | SU®n) x SUQR) x U(m) "2 @ CPM R®R 0 H20:C ® bom:C
20ac | SU®n) x SUQ) x U(1)Sp(%) 2 g ROR 0 H20:C D Ham:C
20ba | U(n) x SUQ2) x SU(m) 2 @ M ROR 0 H20;C ® HomC
20bb | Umn) x SUQ2) x U(m) 2 @ ROR 0 H2n:C ® hom:C
20bc | Um) x SUQR) x U(D)Sp(%) c2gcm | ROR 0 H2u:¢ @ bomic
20ca | U)Sp(%) x SU(2) x SU(m) 2 @ ROR 0 H20:C D Ham:C
20cb | UMSp(L) x SUR) x U(m) "2 @ M R®R 0 H20:C D Ham:C
20cc | U)Sp(4) x SUQR) x UMSp(3)} | ©2 @c>m ROR 0 H20:C ® bom:C
2la SU(n) x SU(2) x U(4) "2 @ 24 ROR R® o @ bs;c
21b Un) x SUQ2) x U(4) 2 g4 ROR R® honc @ bs.c
2lc | UMSp(E) x SUR) x U(4) "2 @ C¥*4 R®R R® hon:c @ hs.c

(5.41)
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One obtains the structure of LZ(G /K) and A(G/K) for the cases of Table 5.41 by a
straightforward modification of the considerations involved for the direct systems of
Table 5.31. We leave the details to the reader.

Open Access This article is distributed under the terms of the Creative Commons Attribution Noncom-
mercial License which permits any noncommercial use, distribution, and reproduction in any medium,
provided the original author(s) and source are credited.
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